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Theoretical investigation of an air gap tuned
superconducting triangular microstrip
antenna

ouarda barkat

An analytical model is presented to improve the performance of the equilateral triangular microstrip antenna (ETMA). An
improved model is presented taking into account the insertion of an air gap between the substrate and the ground plane, and
High Tc superconducting material (HTS) for the triangular patch. The full-wave spectral domain technique in conjunction
with the complex resistive boundary condition is used to calculate the characteristics including resonant frequencies, band-
widths, and radiation efficiency. Numerical results for the air gap tuning effect on the operating frequency and bandwidth of
the high Tc superconducting triangular microstrip antenna (HTSTMA) are presented. The effect of temperature on resonant
frequency and bandwidth of the HTSTMA are also given. The computed data are found to be in good agreement with results
obtained using other methods.
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I . I N T R O D U C T I O N

With the recent advances in wireless communication industry,
there is an increasing demand for smaller antennas that can be
easily integrated in monolithic microwave integrated circuits
[1]. Among various types of planar antennas, the microstrip
antenna provides all of the advantages of printed circuit tech-
nology. This antenna consists of a radiating patch on one side
of a dielectric substrate; the patch is generally made of con-
ducting material such as copper or gold and can take any poss-
ible shape. They have some drawbacks such as low radiation
efficiency [2]. High Tc superconducting materials (HTS’s)
provide flexibility and accuracy in integrated circuit design,
and can be used to overcome radiation efficiency of antennas
[3–6]. The triangular microstrip antenna (TMA) is one of the
most preferable for small equipment; it has the advantage of
occupying less metalized area on the substrate than other
existing configurations [7–15]. However, this will produce
even lower gain and smaller bandwidth. An equilateral tri-
angular microstrip antenna (ETMA) has a larger bandwidth
compared to other triangular antenna.

Many techniques of bandwidth enhancement have been
suggested and designed. Bandwidth of antenna can be
increased by using the thick substrate of low dielectric con-
stant or by designing the antenna in a multilayered media
[9–11]. By introducing the air gap, we can obtain the
tunable resonant frequency characteristics; it is possible to

increase the bandwidth. The air gap idea, that an air gap
between the substrate and the ground plane has been pro-
posed by Lee and Dahele [7]. Recently, there have been a
number of investigations of resonant frequencies of tunable
equilateral triangular microstrip patch antennas. These inves-
tigations are based on the transmission-line model and the
cavity model in simple computer aided design formulas for
determining the tunable frequencies [9, 15]. However, the
accuracy of these approximate models is limited and only suit-
able for analyzing simple, regularly shaped antenna or thin
substrates. The full-wave spectral domain technique is exten-
sively used in microstrip analysis and design [12, 16, 17]. This
method gives better results than approximate techniques. In
the current paper, we have developed an analytical model
for analysis of high Tc superconducting triangular microstrip
antenna (HTSTMA) with two lower substrates of which little
has been published. Our theoretical study is carried out by
using a full-wave spectral domain technique in conjunction
with the complex resistive boundary condition.

I I . T H E O R E T I C A L M O D E L

A) Geometrical structure
The air gap tuned HTSTMAs considered in this work are
shown in Fig. 1. It was obtained by depositing a high Tc super-
conducting patch on a dielectric layer, which is mounted on
air layer. This last layer is printed on the grounded plane.
The upper layer being the dielectric substrate material is
taken to be isotropic, has a uniform thickness of d2. The
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lower layer being the air gap of thickness d1 has relative per-
mittivity equal to 1. The high Tc superconducting triangular
patch has thickness t, and side length W.

B) Theory
In this subsection, the full-wave spectral domain approach is
used for analysis and design of an air gap tuned HTSTMAs.
In this approach, starting from Maxwell’s equations in the
spectral domain, the general equations of the electric and
magnetic transverse fields inside the j layer can be written as
[18]

�E(rs, z) =
Ex(rs, z)

Ey(rs, z)

[ ]

= 1
4p2

∫+1

−1

∫+1

−1

�F(ks, rs) �̃e(ks, z)dkx dky ,

(1)

�H(rs, z) =
Hy(rs, z)

−Ex(rs, z)

[ ]

= 1
4p2

∫+1

−1

∫+1

−1

�F(ks, rs) �̃h(ks, z)dkx dky,

(2)

Where

�F(ks, rs) =
1
ks

kx ky

ky −kx

[ ]
eiks·rs , (3)

With

ks = kx x̂ + ky ŷ, rs = x x̂ + y ŷ,

The superscripts of e and h in (1) and (2) denote the TM and
TE waves, which are defined as

�̃e ks, z( ) = �Aje
−i kzjz + �Bje

i kzjz , (4)

�̃h ks, z( ) = (�Aje
−i kzjz − �Bje

i kzjz) · �gj(ks), (5)

with

�gj =

v101j

kzj
0

0
kzj

vm0

∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣, (6)

where Aj and Bj are unknown vectors.
Writing (4) and (5) at the interfaces of the layer (Fig. 2),

and by eliminating the unknowns Aj and Bj, we obtain the
matrix form

˜̄e ks, z−j

( )
˜̄h ks, z−j
( )

⎡
⎣

⎤
⎦ = �T j

˜̄e ks, z+j−1

( )
˜̄h ks, z+j−1

( )
⎡
⎣

⎤
⎦, (7)

Fig. 1. Geometry of air gap tuned HTSTMA.

Fig. 2. Geometry of layers.
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With

�Tj =
�I cos (�kzjdj) −i�g−1

j ks( ) sin (�kzjdj)

−i�gj ks( ) sin (�kzjdj) �I cos (�kzjdj)

[ ]
, (8)

Where �I being the (2 × 2) unit matrix and �kzj is given by

�kzj =
kzj 0
0 kzj

∣∣∣∣
∣∣∣∣. (9)

The relation between the tangential electric and magnetic
field components in dielectric layers below the patch interface
is given by

˜̄e ks, z−M
( )

˜̄h ks, z−M
( )

[ ]
= �T1

�T2
�T3 . . . �TM

˜̄e ks, 0( )
˜̄h ks, 0( )

[ ]
. (10)

Above the patch interface, the relation between the tangen-
tial electric and magnetic field components in dielectric layers
is given by

˜̄e ks, z+N
( )

˜̄h ks, z+N
( )

[ ]
= �TM+1 �TM+2 �TM+3 . . . �TN

˜̄e ks, z+M
( )

˜̄h ks, z+M
( )

[ ]
.

(11)

We can put the product matrix as

�G, = P
1

j=M
�T j =

G11
≺ G12

≺
G21
≺ G22

≺

[ ]
(12)

and

�G≻ = P
M+1

j=N
�T j =

G11
≻ G12

≻
G21
≻ G22

≻

[ ]
, (13)

where
∏ 1

j=M and
∏M+1

j=N means the product of matrices above
and below the patch.

By using the continuity equations for the tangential field
components, we have

˜̄e ks, z+j

( )
= ˜̄e ks, z−j

( )
, (14)

˜̄h ks, z+P
( )

= ˜̄h ks, z−M
( )

+ �̃J ks( ), j = 1, N. (15)

The electric field boundary condition at z ¼ 0 will lead to

˜̄e ks, 0( ) = 0̄. (16)

Finally, the radiation condition in the air region above the
top layer of the structure yields, is given by

˜̄e ks, z+N
( )

= �g0
˜̄h ks, z+N
( )

, (17)

where �g0 can be obtained from the expression of �gj given in (6)
by allowing 1j = 1

Combining (10)–(17), we find that the relationship between
the patch current and the electric field on the patch is given by

�̃E ks( ) = �G ks( ) �̃J ks( ), (18)

where J̃ ks( ) is the current on the patch, and �G is the spectral
dyadic Green’s function, its expression is shown to be given
by [19]

�G ks( ) = Gxx Gxy

Gyx Gyy

[ ]

= 1
k2

s

kx ky

ky −kx

[ ]
�Q

kx ky

ky −kx

[ ]
, (19)

where Q is given by

�Q ks( ) = − �G,

( )
12

�g0
�G.

( )
12− �G.

( )
22

[ ]
�g0

�G
( )

12− �G
( )

22

[ ]−1
.

(20)

After some algebraic operations, Q is given by

�Q ks( ) =

De

Te
0

0
Dh

Th

∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣, (21)

in which

De = −ik2
0[ sin kz1d1( ) cos kz2d2( ) + kz1

kz2
cos kz1d1( ) sin kz2d2( )],

Te = v10 cos kz2d2( ) kz1 cos kz1d1( ) + ikz0 sin kz1d1( )[ ]
[

+i sin kz2d2( ) kz0kz1

kz2
cos kz1d1( ) + ikz2 sin kz1d1( )]

[ ]
,

Dh = −i[kz0kz1 sin kz1d1( ) cos kz2d2( ) + 1r1

1r2
kz0kz2 cos kz1d1( )

× sin kz2d2( )],

Th = v10[ cos kz2d2( ) 1r1kz0 cos kz1d1( ) + ikz1 sin kz1d1( )[ ]

+ sin kz2d2( ) 1r1

1r2
kz2 cos kz1d1( ) + i1r2

kz0kz1

kz2
sin kz1d1( )]

[ ]
,

where

ks = k2
x + k2

y

( )1/2
, kz0 = k2

0 − k2
s

( )1/2
,

k0 = v210m0

( )1/2
,

kz1 = k2
1 − k2

s

( )1/2
, k1 = v2101r1m0

( )1/2
,

kz2 = k2
2 − k2

s

( )1/2
, k2 = v2101r2m0

( )1/2
.
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Integral equation method in conjunction with the Galerkin
method has been a very popular choice for electromagnetic
modeling. It gives the fundamental quantity of interest,
namely electric current distribution on the patch surface
from, which all the other required antenna parameters can
be obtained. From this analysis, the surface current on the
patch can be expanded into a series of known basis functions
Jxn and Jym

�J rs( ) =
∑N

n=1

an
Jxn rs( )

0

[ ]
+
∑M

m=1

bm
0

Jym rs( )

[ ]
, (22)

where an and bm are the coefficients of the basis functions.
Unlike the rectangular, circular, and annular patches, the

triangular patch does not have a simple current distribution.
The choice of basis function (Jx, Jy) is very important for
rapid convergence to true values. The following expressions
give the current basis Jx and Jy when the x component is an
even function of y, for the dominant mode TM10 [11]

Jx(x, y) = cos
2py
3W

( )
cos

2px
W

��
3

√
( )

, (23)

Jy(x, y) = sin
4py
3W

( )
− sin

2py
3W

( )
sin

2px
W

��
3

√
( )

. (24)

The Fourier transform of the basis function is obtained by
using

�̃J(kx , kY ) = 1
l2

0

∫W

0

∫x.tg(p/6)

−x.tg(p/6)

�J(x, y)ei(kxx+kY y)dydx. (25)

To include the effect of the superconductivity of microstrip
antenna in full-wave analysis, the impedance is determined by
using London’s equation and the model of Gorter and
Gasimir, it is given by [20]

ZS = RS + iXS, (26)

where Rs and Xs are the surface resistance and surface
reactance.

When the thickness t of the superconducting patch is less
than three times the penetration depth l0 at zero temperature,
the surface impedance can be approximated as follows:

ZS =
1

ts
. (27)

The conductivity s components are given by [21, 22].

s = (sn(T/Tc)4) − i
1 − T/Tc

( )4

vm0 l
2
0

( )
, (28)

where sn is often associated with normal state conductivity at
transition temperature of superconductor Tc and v is the
angular frequency.

The electric field integral equation which enforces the bound-
ary condition must vanish on the patch surface,which is given by

�E rs( ) = 1
2p( )2

∫
dks F ks, rs( ) (�G ks( ) − ZS) J̃ ks( ) = 0, (29)

where

�ZS =
Zs 0
0 Zs

∣∣∣∣
∣∣∣∣.

Substituting (20) into (29) and using the selected basis
functions as testing functions, we obtain the following homo-
geneous matrix equation:

[�Bkn]NxN [�Bkm]NxM

[�Bln]MxN [�Blm]MxM

[ ]
[an]NX1

[bm]MX1

[ ]
= [0]NX1

[0]MX1

∣∣∣∣
∣∣∣∣, (30)

where

�Bkn =
∫+1

−1

∫+1

−1

dks
1
k2

s
(Gxx − ZS)J̃ xk( − ks)J̃ xn(ks), (31)

�Bkm =
∫+1

−1

∫+1

−1

dks
kxky

k2
s

GxyJ̃xk( − ks)J̃ ym(ks), (32)

�Bln =
∫+1

−1

∫+1

−1

dks
kxky

k2
s

GyxJ̃yl( − ks)J̃ xn(ks), (33)

�Blm =
∫+1

−1

∫+1

−1

dks
1
k2

s

(Gyy − ZS)J̃ yl( − ks)J̃ ym(ks). (34)

Therefore, for existence of nontrivial solutions, the deter-
minant of (30) must be zero.

det (�B(f )) = 0. (35)

In general, the root of equation (35) is the complex res-
onant frequency ( f ¼ fr + ifi), fr is the resonant frequency,
and 2fi /fr is the bandwidth of the antenna.

Once the complex resonant frequency is determined, the
eigenvector corresponding to the minimal eigenvalue of the
impedance matrix �B gives the coefficients of the current on
the triangular patch. Current density is thus obtained in the
numerical form. This current density can be used for comput-
ing the radiation electric field from the vector Fourier trans-
forms in the region z ≥ d1 + d2 of Fig. 1.

�E(x, y, z) = 1
4.p2

∫+1

−1

∫+1

−1

�̃E(kx , kx , d1 + d2)

× e−jk0(z−d1−d2). cos (u)ej(kx .x + ky .y)dkxdky. (36)

Using the stationary phase method, we can obtain the
far-zone field radiations.
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Ew = jk0
e−jk0r

2pr
ejk0 cos (u) (d1+d2)( − Ẽx(kx , ky , d1 + d2)

× cosw+ Ẽy(kx , ky, d1 + d2) cosw), (37)

Eu = jk0
e−jk0r

2pr
ejk0 cos (u) (d1+d2)(Ẽx(kx , ky, d1 + d2)

cosw+ Ẽy(kx , ky , d1 + d2) cosw), (38)

In equations (37) and (38), kx and ky are evaluated at the
stationary phase point as

kx = −k0 sin u cosw,

ky = −k0 sin u sinw.

The benefits of using high temperature superconductors
in microstrip antennas can be quite substantial owing to
reduced losses, which translates to an increase in the effi-
ciency of the antenna. The efficiency of the antenna can be
defined as

efficiency = Pr/(Pr + Pc + Pd), (39)

where Pr is the power radiated by the antenna, Pc is the
power dissipated by Ohmic losses in the patch element,
and Pd is the dielectric loss in the supporting substrate,
given by

Pr = (1/4h)
∫∫

EuE∗
u + EwE∗

w

∣∣∣ ∣∣∣ r2 sin u du dw, (40)

Pc = Zs

∫∫
H2

w + H2
r

∣∣∣ ∣∣∣dS, (41)

Pd = (v1tgd/2)
∫∫

Ez| |2 dV . (42)

I I I . N U M E R I C A L R E S U L T S A N D
D I S C U S S I O N

A) Validation of results of perfect ETMA
Computer programs have been written to evaluate elements
of the impedance and resistance matrices, and then solve
matrix equation (30). To enhance the accuracy of the
numerical calculation, the integrals of the matrix elements
(31–34) are evaluated numerically along an integration
path deformed above the real axis (in the complex ks

plane) to avoid the singularities. Also, Muller’s method
that involves three initial guesses is used for root seeking
of (35). The resonant frequencies are complex and have a
small positive imaginary part. The curves of Figs 3 and 4
show variation of the basis function (Jx and Jy). The
number of basis functions needed to reach 3-digit accuracy

in the surface-current computations was 10 functions of Jx,
and 10 functions of Jy.

In order to validate our results, we have proceeded to a
comparison with the case presented in the literature. In
Fig. 5, we have calculated the resonant frequencies of
TMA structure with a single layer for the mode TM10,
for different values of side length W and relative permit-
tivity 1r2. The considered structure was carried out by
using the Galerkin method in the spectral domain. The
comparison of resonant frequency was conducted for
two different values of relative permittivity, which have
been suggested in [12], note that the agreement is very
good.

The resonant frequency of the structure presented in Fig. 1,
is calculated and compared with the results presented in [13].
These results represent the effect of substrate thickness on res-
onant frequency, are shown in Fig. 6(a). When the substrate
thickness is increased, resonant frequency increased, it is
also to be noted that increasing substrate permittivity
reduces resonant frequency. Very good agreement between
the computation data and results of [13] is seen. The effect
of substrate thickness d2 and relative permittivity on band-
width is shown in Fig. 6(b). It is seen that the bandwidth

Fig. 3. Variation of the basis function Jx.

Fig. 4. Variation of the basis function Jy.
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increases monotonically by increasing d2 and decreases by
increasing relative permittivity.

B) Resonant frequency and bandwidth of HTS
equilateral triangular microstrip single layer
antenna
A small microstrip antenna in high frequencies is sensitive to
conductor resistance of patch because of its low radiation
resistance, and decrease of radiation efficiency. In order to
overcome them, the use of HTS’s for the triangular patch
have been proposed in this work. The influence of tempera-
ture (T ) of superconducting film t of the antenna without
air gap, is considered in Fig. 7. The superconducting triangular
patch was assumed to be made of YBCO thin films thickness
350 nm. The superconducting material characteristics are:
sn ¼ 106 s/m, l0 ¼ 100 nm, and Tc ¼ 89 K. It is observed
that the effect of varying the temperature on resonant

Fig. 5. Resonant frequency of a TMA against the side length W(d2 ¼

0.159 cm, d1 ¼ 0 cm).

Fig. 6. (a) Resonant frequency. (b) Bandwidth versus d2 of perfect TMA (W ¼
10 cm, d1 ¼ 0 cm).

Fig. 7. (a) Resonant frequency. (b) Bandwidth versus the temperature of
HTSTMA structure; sn ¼ 106 S/m, l0 ¼ 100 nm and Tc ¼ 89 K, d2 ¼

254 mm, d1 ¼ 0 mm, t ¼ 350 nm, and W ¼ 1.4 mm.
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frequency and bandwidth is significant only for temperatures
near the critical temperature Tc.

The dependence of resonant frequency on thickness t of
superconducting patch of the antennas is shown in
Fig. 8(a). It is observed that, when the film thickness t
increases, the resonant frequency increases quickly until
the thickness t reaches the value penetration depth l0.
After this value, increase in the frequency of resonance
becomes less significant. When t exceeds l0, increasing the
superconducting film thickness will decrease the bandwidth
slowly, as shown in Fig. 8(b).

C) Air gap tuning effect on HTS equilateral
triangular microstrip
Change in the resonance frequency of a TMA with perfect
conductor patch, caused by variation in air gap thickness
was theoretically studied in [14, 15]. The results of these
studies are compared with our theory in Table 1. The

comparison among the theories and measurements shows
good agreement.

The tunability has been theoretically studied in Fig. 9.
The design data are presented for three different substrates
having widely varying dielectric constant. The supercon-
ducting patch is fabricated with a YBCO thin film. The
resonant frequency normalized with respect to that with
d1 ¼ 0 is plotted against (d1/d2) with d2 ¼ 0.508 mm. In

Fig. 8. (a) Resonant frequency. (b) Bandwidth versus the thickness of patch of
HTSTMA structure; (sn ¼ 106 S/m, l0 ¼ 100 nm and Tc ¼ 89 K, T ¼ 50 K,
d2 ¼ 254 mm, d1 ¼ 0 mm, and W ¼ 1.4 mm).

Table 1. Comparison of calculated resonant frequencies of equilateral tri-
angular microstrip patch (W ¼ 15.5 mm, d2 ¼ 0.508 mm, 1r2 ¼ 2.2,

1r1 ¼ 1).

Fr (GHz)

d1(mm) Measured [15] Guha [15] Nasimuddin [14] Present model

0.35 9.512 9.547 9.518 9.678
0.28 9.433 9.447 9.437 9.485
0.00 8.324 8.325 8.325 8.516

Fig. 9. (a) Resonant frequency normalized. (b) Bandwidth normalized versus
d1/d2 of HTSTMA structure (sn ¼ 106 S/m, l0 ¼ 140 nm and Tc ¼ 89 K, T ¼
50 K, d2 ¼ 0.508 mm, t ¼ 350 nm, and W ¼ 1.0 cm). (1r2 ¼ 13, FR0 ¼
5.097 GHz); (1r2¼ 9.6, FR0 ¼ 5.82 GHz); (1r2 ¼ 6.6, FR0 ¼ 6.87 GHz).
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Fig. 9(a), the resonant frequency versus air separation (d1/
d2) for various substrate materials is shown. It is observed
that when the air separation grows, the resonant frequency
increases rapidly until achieving a maximum operating fre-
quency at a definite air separation dmax. Note that the effect
of the air gap is more pronounced for small values of d1.
This air gap tuning effect increases when the substrate rela-
tive permittivity value is increased. Graphical represen-
tation of the bandwidth is shown in Fig. 9(a). Note that
it increases monotonically with increasing air separation.

D) Radiations patterns of HTS equilateral
triangular microstrip single layer antenna
Figure 10 shows the calculated radiation patterns (electric field
components, Eu, Ew), of the HTS equilateral triangular patch
printed on substrate thickness (d2 ¼ 254 mm). The mode
excited is TM10. It is seen that the strongest radiation occurs
in the broadside direction (u ¼ 0).

E) Efficiency of HTSTMA structure
The efficiencies of the YBCO and copper triangular microstrip
patch antennas are shown in Fig. 11. It is observed that there is
a maximum improvement of 7.35% at 4.5 GHz in the effi-
ciency of the HTSTMA structure when compared to the
copper antenna at the same temperature. The benefits of
using high temperature superconductors in microstrip anten-
nas can be quite substantial owing to the reduced losses, which
translates to an increase in the efficiency of the antenna
[23–25].

I V . C O N C L U S I O N

Theoretical results for resonant frequency and bandwidth
have been presented for various ETMAs configurations. A
spectral domain approach has been used for the numerical
calculation. To include the effect of the superconductivity of
the microstrip patch in spectral domain analysis, surface

complex impedance has been considered. Numerical results
for the effect of temperature and thickness of HTS thin film
on resonant frequency and bandwidth have been presented.
The properties of the HTSTMA structure were stable at temp-
eratures slightly lower than the critical temperature. Also,
computations show that the air separation can be adjusted
to have the maximum operating frequency of the supercon-
ducting microstrip antenna. On the other hand, the band-
width increases monotonically with increasing air gap width.
The calculated results have been compared with the measured
one available in the literature and good agreement has been
found.
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