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It is well-known that cellular automata can be characterized as the set of
translation-invariant continuous functions over a compact metric space; this point of view
makes it easy to extend their definition from grids to Cayley graphs. Cayley graphs have a
number of useful features: the ability to graphically represent finitely generated group
elements and their relations; to name all vertices relative to an origin; and the fact that they
have a well-defined notion of translation. We propose a notion of graphs, which preserves or
generalizes these features. Whereas Cayley graphs are very regular, generalized Cayley
graphs are arbitrary, although of a bounded degree. We extend cellular automata theory to
these arbitrary, bounded degree, time-varying graphs. The obtained notion of cellular
automata is stable under composition and under inversion.

1. Introduction
1.1. Synopsis of the model
Here is a brief and informal overview of the topic.

Cellular Automata: from grids to graphs. Cellular automata (CA) consist of a Z" grid of
identical cells, each of which may take a state among a finite set . Thus, the configurations
are in X2". These evolve by the next state of a cell from the state of its neighbours
according to a fixed local rule f, which is applied synchronously and homogeneously
across space. CA constitute the most established model of computation that accounts for
euclidean space. They were introduced to describe self-replicating machines, but are used
to model synchronization problems as well as an immense variety of physical, biological,
sociological phenomena. This paper deals with a two-fold extension of CA. First, the
underlying grid is extended to an arbitrary bounded degree graph G. Informally, this
means having configurations in V(9. Second, the graph itself is allowed to evolve over
time. Informally, this means having configurations in (J; Z"(@. This leads to a model
where a local rule f is applied synchronously and homogeneously on every possible
subdisk of the input graph, thereby producing small patches, whose union constitute the
output graph. Figure 1 illustrates the concept of these CA over graphs.

Why this extension?. There are countless situations in which some agents (e.g. physical
systems, computer processes, biochemical agents...) interact with their neighbours,
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Fig. 1. Representation of a graph transformation F induced by the homogeneous and synchronous
application of a local rule f on every vertex of a graph.

leading to a global dynamics, the state of each agents evolving through the interactions. In
most of these situations, the notion of who is next to whom also varies in time (e.g. agents
become physically connected, get to exchange contact details, move around. . . ). For a very
concrete example, think of a mobile phone network: the agents are the mobile phones, and
their neighbours the mobile phones that they can call, i.e. the ones whose phone numbers
they have. The entire graph evolves in time, but this global dynamics emerges from a
neighbour-to-neighbour interactions. Ideally, it does so in a causal manner: new contacts
are always contacts of contacts. Sometimes new mobile phones get created, and others
get thrown out. For a more theoretical example, think of discrete versions of relativity
a la Regge calculus (Regge 1961; Sorkin 1975): the agents are the simplicial complexes
describing the spacelike geometry, and their neighbours are those which are adjacent. The
entire graph evolves in time, but in a way which respects causality: information cannot
propagate faster than light. At the intuitive level, the general concept of a global dynamics
caused by neighbour-to-neighbour interactions and with a time-varying neighbourhood, is
therefore not so difficult to visualize. This paper deals with the provision of a theoretical
framework, in which such phenomena may eventually be modelled.

Constructive versus Axiomatic approach. There are two main approaches to define CA.
The one with the local rule f is the constructive one, as one immediately sees how to
compute the evolution of a CA, and even how to enumerate all possible CA. But CA can
also be defined in a more topological way as being exactly the shift-invariant continuous
functions from XZ" to itself, with respect to a certain metric. Through a compactness
argument, the two approaches are equivalent. This topological approach is difficult to
carry through to CA over graphs. In Arrighi and Dowek (2012), one of the authors,
together with Dowek, proposed a first formalism for an extension of CA to time-varying

https://doi.org/10.1017/50960129517000044 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129517000044

P. Arrighi, S. Martiel and V. Nesme 342

Fig. 2. A Cayley graph representation of the group with two generators {a,b} with relations
a-b=b-aand a=a"' and b = b~!. This group has four elements (e,a,b and a - b), hence the
presence of four vertices in its representation.

graphs, without achieving a proper generalization of the classical topological definition
of CA. In particular, they failed to provide a set of configurations (i.e. labelled graphs)
that could be equipped with a compact topological structure. The main contribution of
this paper is the construction of such a set of configurations and the formalization of a
topological definition for CA over time-varying graphs. The construction was achieved
through the definition of a new set of graphs, the set of pointed graphs modulo — which
we refer to as generalized Cayley graphs. It is worth the trouble, as the equivalence
between the axiomatic and the constructive definitions of CA over generalized Cayley
graphs shows the generality, the composability, and under certain conditions also the
reversibility of CA over graphs.

1.2. Generalizing Cayley graphs

Cayley graphs are graphs associated to a finitely generated group, more precisely to a finite
set of generators and their inverses. For instance, let this set be = = {a, al,b, b_‘,...}.
Then the vertices of the graph can be designated by words on 7, e.g. a,a’>,a”',a-b,..., but
more precisely they are the equivalence classes of these words with respect to the group
equality, e.g. b~! - b-a and a designate the same vertex, ab and ba designate the same
vertex for a commutative group, etc. (often this group equality is specified in terms of
finite set of relations). Figure 2 represents a Cayley graph of a commutative group with 2
generators. The edges are those pairs (u,u.a). The same group can admit non-isomorphic
Cayley graphs, depending on the choice of generators. Cayley graphs have been used
intensively because they have a number of useful features:

e Once an origin has been chosen, all other vertices can be named relatively to the
origin.

e The resulting graph represents the group, i.e. the set of elements and their equality.
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Fig. 3. The different types of graphs. (a) A graph. (b) A pointed graph. (c) A generalized Cayley
graph. In (c), vertices have no name and the formal way of describing this graph structure is given

in Section 7.

There is a well-defined notion of translation of the graph, which corresponds to
changing the point representing the origin, or equivalently applying an element to all
vertices.

The set of configurations over a given Cayley graph (i.e. labellings of the graph) can
be endowed with a structure of a compact metric space, which has been used in order
to define CA over them.

Yet, Cayley graphs are very regular. We propose a notion of graph which conserves or
generalizes all of these features to arbitrary, bounded-degree graphs. Basically, generalized
Cayley graphs are your usual connected, undirected, possibly infinite, bounded-degree
graphs, but with a few added twists:

Each vertex has ports in a finite set 7, similarly to the graph model used in Kappa
models, for instance (Danos et al. 2012). A vertex and its port are written u :a.

An edge is an unordered pair {u :a,v :b}. Le. edges are between ports of vertices,
rather than vertices themselves. Because the port of a vertex can only appear in one
edge, the degree of the graphs is bounded by |z|. We shall consider connected graphs
only.

The graphs are rooted i.e. there is a privileged pointed vertex playing the role of an
origin, so that any vertex can be referred to relative to the origin, via a sequence of
ports that lead to it.

The graphs are considered modulo isomorphism, so that only the relative position of
the vertices can matter.

The vertices and edges are given labels taken from finite sets X and A, so that they
may carry an internal state just like the cells of a cellular automaton.

The labelling functions are partial, so that we may express our partial knowledge
about part of a graph. For instance, it is common that a local function may yield a
vertex, its internal state, its neighbours, and yet have no opinion about the internal
state of those neighbours.

The set of all generalized Cayley graphs (see Figure 3c) of ports 7, vertex labels £ and
edge labels A are denoted Axa,. Thorough definitions for it are provided in Section 2.
Yet, Figure 3 summarizes their construction as pointed graphs whose vertex names are
dropped, and is in fact sufficient to follow most of the paper.
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It is clear from this definition that there are generalized Cayley graphs which are not
Cayley graphs. Cayley graphs, on the other hand, can be recovered as shown in Section 7.

1.3. Generalizing cellular automata

CA can also be characterized in purely mathematical terms as the set of translation-
invariant continuous functions (Hedlund 1969) for a certain compact metric. As a
consequence, CA definitions are quite naturally extended from grids to Cayley graphs,
where most of the theory carries through Roka (1999) and Ceccherini-Silberstein and
Coornaert (2010). In this case, the set of configuration is ¢, where G is a fixed Cayley
graph. Moving on, there have been several approaches to generalize CA not just to Cayley
graphs, but to arbitrary connected graphs of bounded degree:

e With a fixed topology, in order to describe certain distributed algorithms (Derbel et al.
2008; Gruner 2010; Papazian and Remila 2002), or to generalize the Garden-of-Eden
theorem (Ceccherini-Silberstein et al. 2004; Gromov 1999).

e Through the simulation environments of Giavitto and Spicher (2008), Von Mamme
et al. (2010) and Kurth et al. (2005) which offer the possibility of applying a local
rewriting rule simultaneously in different non-conflicting places.

Whilst the above-cited works extend the CA from grids to graphs, the graph remains
untouched by the evolution. Le. configurations are in ¢ for some given fixed graph, and
the evolution is a function over this space. CA over time-varying graphs appear

e through concrete instances advocating the concept of CA extended to time-varying
graphs as in Tomita et al. (2009), Kreowski and Kuske (2007), Klales et al. (2010),
some of which are advanced algorithmic constructions (Tomita et al. 2002, 2005);

e through Amalgamated Graph Transformations (Boehm et al. 1987; Lowe 1993;
Meétivier and Sopena 1997) and Parallel Graph Transformations (Ehrig and Lowe 1993;
Kreowski and Kuske 2011; Ryszka et al. 2015a,b; Taentzer 1996, 1997), which work
out rigorous ways to apply a local rewriting rule synchronously throughout a graph.

In the above-cited papers, and in the present one, there is a set of configurations of all
possible graphs (informally, | JZ¢), and the evolution is a self map over this set, thus
allowing for time-varying graphs. Yet, the approach of this paper is different in the sense
that it generalizes Cayley graphs, and then applies the mathematical characterization
of CA as the set of translation-invariant continuous functions in order to generalize
CA. Compared with the above mentioned CA papers, the contribution is to extend
the fundamental structure theorems about CA to arbitrary, connected, bounded degree,
time-varying graphs: A Curtis-Hedlund-Lyndon like theorem is proven together with
its consequences on the composability and invertibility of CA over generalized Cayley
graphs. Compared with the above mentioned Graph Rewriting papers, the contribution is
to deduce aspects of Amalgamated/Parallel Graph Transformations from the axiomatic
and topological properties of the global function.

Causal Graph Dynamics. The work (Arrighi and Dowek 2012) by Dowek and one of the
authors already achieves an extension of CA to arbitrary, bounded degree, time-varying
graphs, also through a notion of continuity, with the same motivations. However, graphs
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in Arrighi and Dowek (2012) lack a compact metric, which is left as an open question. As
a consequence, all the necessary facts about the topology of Cayley graphs get reproven. It
also leaves open whether causal graph dynamics are computable. These issues vanish in
the new formalism which suggests that the new formalism itself is the main contribution
of this paper.

1.4. This paper

Section 2 provides a generalization of Cayley graphs, as labelled pointed graphs modulo.
Section 3 provides the basic operations upon generalized Cayley graphs. Section 4 provides
facts about the topology of generalized Cayley graphs. It follows that continuous functions
are uniformly continuous. Section 5 establishes a notion of CA over generalized Cayley
graphs. An equivalence theorem between an existential and a constructive approach is
given. It also shows that recognizing valid local rules is a recursive task, as well as that
of computing their effect over finite graphs; this grants our model the status of a model
of computation. Section 6 provides important corollaries: the stability of the notion of
CA over generalized Cayley graphs under composability and taking the inverse function.
It quickly mentions the status of the Garden of Eden theorem in this setting, as well
as interesting subclasses of graph dynamics. Section 7 provides a characterization of
generalized Cayley graphs, as a certain kind of algebraic structure on words.

2. Generalized Cayley graphs

The present section formalizes generalized Cayley graphs. Some readers may be content
with their informal description of Subsection 1.2. Others may wish to deepen their fun-
damental algebraic properties, in terms of languages and relations, with due comparison
with Cayley graphs: this is done in Section 7.

Vertex names. Let m be a finite set, I = n?> be its square and V = P(IT*) the set of
languages over the alphabet I1. The operator ‘. represents the concatenation of words
and ¢ the empty word, as usual. Whilst generalized Cayley graphs are up to isomorphism,
we still need to manipulate plain graphs, non-modulo, at different stages. The vertices of
these graphs non-modulo (See Figure 3a) are uniquely identified by a name u in V. (This
particular choice of the universe of names is actually irrelevant until Definition 2.8, when

it becomes natural.)

Construction. Definitions 2.1 to 2.4 are as in Arrighi and Dowek (2012). The first two are
reminiscent of the many papers seeking to generalize CA to arbitrary, bounded degree,
fixed graphs (Boehm et al. 1987; Ceccherini-Silberstein et al. 2004; Derbel et al. 2008;
Ehrig and Lowe 1993; Gromov 1999; Gruner 2010; Kreowski and Kuske 2007; Lowe
1993; Papazian and Remila 2002; Taentzer 1996, 1997; Tomita et al. 2002, 2009, 2005).
They are illustrated by Figure 3a.

Definition 2.1 (Graph). A graph G is given by

e an at most countable subset V(G) of V, whose elements are called vertices;
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Fig. 4. Basic operations over generalized Cayley graphs. (1) From X to X°: taking the subdisk of
radius 0. In general, the neighbours of radius r are just those vertices which can be reached in r
steps starting from the origin, whereas the disk of radius r, written X", is the subgraph induced by
the neighbours of radius r + 1, with labellings restricted to the neighbours of radius r and the edges
between them. (2a) A pointed graph modulo X. (2b) X, the pointed graph modulo X shifted by
ab. (2¢) Xpeqe the pointed graph modulo X shifted by bc.ac, which also corresponds to the graph
X, shifted by ch.ac. Shifting this last graph by ch.ac = ca.bc produces the graph (2b) again.

e a finite set m, whose elements are called ;

e a set E(G) of non-intersecting two element subsets of V(G) :w, whose elements are
called edges. In other words, an edge e is of the form {u :a,v : b}, and Ve,e €
E(G)ene ) =e=¢.

The graph is assumed to be connected: For any two u,v € V(G), there exists vy,...,v, €

V(G), ag,bg...,an—1,b,—1 €  such that for all i € {0...n— 1}, one has {v; :a;,viy1 :b;} €

E(G) with vp = u and v, = v.

Definition 2.2 (Labelled graph). A labelled graph is a triple (G, o,0), also denoted simply
G when it is unambiguous, where G is a graph, and ¢ and J respectively label the vertices
and the edges of G:

e ¢ is a partial function from V(G) to a finite set X;
e ¢ is a partial function from E(G) to a finite set A.

The set of all graphs with ports n is written G,. The set of labelled graphs with states X, A
and ports 7 is written Gs . To ease notations, we sometimes write v € G for v € V(G).

In the above definition, the labelling functions are possibly partial, e.g. a vertex may
be potentially stateless. Allowing for this possibility is convenient to describe local rules,
which produce vertices and their relations to neighbouring vertices, not the states of the
neighbouring vertices. A concrete example of this is given in Section 5 and Figure 4.
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We now want to single out a vertex. The following definition is illustrated by Figure 3b.

Definition 2.3 (Pointed graph). A pointed (labelled) graph is a pair (G, p) with p € G. The
set of pointed graphs with ports = is written P,. The set of pointed labelled graphs with
states X, A and ports 7 is written Psa .

The idea is now to get rid of all the unnecessary information in these graphs. The next
definition of isomorphism formalizes the notion of vertex renaming in a graph.

Definition 2.4 (Isomorphism). An isomorphism R is a function from G, to G, which is
specified by a bijection R(.) from V to V. The image of a graph G under the isomorphism
R is a graph RG whose set of vertices is R(V(G)), and whose set of edges is {{R(u) :
a,R(v) : b} | {u : a,v : b} € E(G)}. Similarly, the image of a pointed graph P = (G,p)
is the pointed graph RP = (RG, R(p)). When P and Q are isomorphic, we write P ~ Q,
defining an equivalence relation on the set of pointed graphs. The definition extends to
pointed labelled graphs.

Notice that pointed graph isomorphism renames the pointer in the same way as it
renames the vertex upon which it points; which effectively means that the pointer does
not move. Later we shall introduce a distinct kind of operation, which moves the pointer,
not to be confused with this isomorphism.

When describing a graph, we do not need to specify the name or the identity of the
vertices in order to uniquely describe this graph. In the following definition, we use the
notion of isomorphism to get rid of all names in the graph.

Definition 2.5 (Generalized Cayley graphs). Let P be a pointed (labelled) graph (G, p). The
generalized Cayley graph X is P the equivalence class of P with respect to the equivalence
relation ~. The set of generalized Cayley graphs with ports n is written X,. The set of
labelled generalized Cayley graphs with states X, A and ports 7 is written Xz a 5.

These pointed graphs modulo constitute the set of configurations of the generalized CA
that we consider in this paper.

Paths and vertices. Since we are considering pointed graphs modulo isomorphism, vertices
no longer have a unique identifier, which may seem impractical when it comes to
designating a vertex. Two elements come to our rescue. First, these graphs are pointed,
thereby providing an origin. Second, the vertices are connected through ports, so that each
vertex can tell between its different neighbours. It follows that any vertex of the graph
can be designated by a sequence of ports in (n%)* that lead from the origin to this vertex.
The origin is designated by ¢. For instance, say two vertices designated by a path u and a
path v, respectively. Suppose there is an edge e = {u : a,v : b}. Then, v can be designated
by the path u.ab, where ‘.’ stands for the word concatenation. We now formalize these
ideas.

Definition 2.6 (Path). Given a generalized Cayley graph X, we say that o € IT" is a

,,,,,

starting from the pointer, it is possible to travel in the graph according to this sequence.
More formally, o is a path if and only if there exists (G,p) € X and there also exists
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U0, --.,0y € V(G) such that for all i € {0,...,n — 1}, one has {v; :a;,vi11 :b;} € E(G), with
vo = p and o; = a;b;. Notice that the existence of a path does not depend on the choice
of (G,p) € X. The set of paths of X is denoted by L(X).

Notice that paths can be seen as words on the alphabet IT and thus come with a natural
operation ‘. of concatenation, a unit ¢ denoting the empty path, and a notion of inverse
path & which stands for the path o read backwards. The detailed algebraic structure of
the set of paths L(X) of a generalized Cayley graph X is described in Section 7.

Two paths are equivalent if they lead to same vertex.

Definition 2.7 (Equivalence of paths). Given a generalized Cayley graph X, we define the
equivalence of paths relation =y on L(X) such that for all paths oo € L(X), & =x o
if and only if, starting from the pointer, o« and o lead to the same vertex of X. More

!/

formally, o =y o if and only if there exists (G,p) € X and vy,...,04,0],...,0), € V(G)

s Yn

such that for all i € {0,...,n—1}, i € {0,...,n" — 1}, one has {v; : a;,vi41 : b;} € E(G),

,,,,,,,,,,

v, = vy. We write & for the equivalence class of o with respect to =y.

For mainly technical reasons, it is often useful to undo the modulo, i.e. to obtain a
canonical instance (G(X),¢) of the equivalence class X.

Definition 2.8 (Associated graph). Let X be a generalized Cayley graph. Let G(X) be the
graph such that

e the set of vertices V(G(X)) is the set of equivalence classes of L(X);

e the edge {&:a,p :b} is in E(G(X)) if and only if o.ab € L and o.ab =y f, for all « € &
and f € f.

We define the associated graph to be G(X).

Conventions. Section 7 proves that

e a generalized Cayley graph X,
e its associated graph G(X),
e the algebraic structure (L(X),=y),

can be viewed as three presentations of the same mathematical object. It further provides
an axiomatization of these algebraic structures. Altogether this justifies the fact that each
vertex of this mathematical object can be designated by

e & an equivalence class of L(X), i.e. the set of all paths leading to this vertex starting
from %,

e or more directly by o an element of an equivalence class & of X, i.e. a particular path
leading to this vertex starting from e.

These two remarks lead to the following mathematical conventions, which we adopt for
convenience. From now on,

e 7, o are no longer distinguished. The latter notation is given the meaning of the former.
We shall speak of a ‘vertex’ « in V(X) (or simply o € X);
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e it follows that ‘=x’ and ‘=" are no longer distinguished. The latter notation is given
the meaning of the former. L.e. we shall speak of ‘equality of vertices’ & = f (when

strictly speaking we just have @ = ).

In any case, we make sure that a rigorous meaning can always be recovered by placing
tildes back.

3. Basic operations
3.1. Operations on generalized Cayley graphs

Overview. Intuitively, given a generalized Cayley graph X, X" denotes the subdisk of
radius r around the pointer. The pointer of X could be moved along a path u, leading to
Y = X,. It could be moved back where it was before, leading to X = Yz. We could also
move the pointer, and then take the subdisk, which we denote X|. The purpose of this
subsection is to provide a thorough formalization of these basic operations on generalized
Cayley graphs. Yet, Figure 4 summarizes these basic operations, and is in fact sufficient
to follow most of the paper.

Subdisks. For a pointed graph (G,p) non-modulo (see Arrighi and Dowek (2012) for
details):

e the neighbours of radius r are just those vertices which can be reached in r steps
starting from the pointer p;

e the disk of radius r, written G}, is the subgraph induced by the neighbours of radius
r + 1, with labellings restricted to the neighbours of radius r and the edges between
them, and pointed at p.

Notice that the vertices of G}, continue to have the same names as they used to have
in G. For generalized Cayley graphs, on the other hand, the analogous operation is the
following:

Definition 3.1 (Disk). Let X € X5, be a generalized Cayley graph and G its associated
graph. Let X" be G.. The generalized Cayley graph X" € Xz, is referred to as the disk
of radius r of X. The set of disks of radius r with states Z, A and ports 7 is written A 5 ...

A technical remark is that the vertices of X" no longer have quite the same names
as they used to have in X. This is because, in a generalized Cayley graph, vertices are
designated by those paths that lead to them, starting from the vertex ¢, and there were
many more such paths in X than there are in its subgraph X". Still, it is clear that there is
a natural inclusion V(X") € V(X), meaning that u € X" implies that there exists a unique
u' € X such that u = u'. Thus, we commonly say that a vertex of u € X" belongs to X,
even though technically we are referring to the corresponding vertex u' of X. Similarly,
we commonly say that a vertex of ' € X belongs to X" when we actually mean that there
is a unique vertex u of X" such that u = . Figure 5 presents a generalized Cayley graph
together with its disk of radius 0.

Definition 3.2 (Size). Let X € Axa, be a generalized Cayley graph. We say that a vertex
u € X has size less or equal to r 4 1, and write |u| <r + 1, if and only if u € X".
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Fig. 5. A generalized Cayley graph and its disk of radius 0. Notice that the equivalence classes
describing vertices in X are strict subsets of those in X, even though their shortest representative
is the same. For instance, the path ca.ch is in da in X but is not a path in X°, and thus does not
belong to da in X°.

Shifts. It helps to have a notation for the graph where vertices are named relatively to
some other pointer vertex u.

Definition 3.3 (Shift). Let X € A5, be a generalized Cayley graph and G its associated
graph. Consider u € X or X" for some r, and consider the pointed graph (G, u), which is
the same as (G,¢) but with a different pointer. Let X, be (é,vu). The generalized Cayley
graph X, is referred to as X shifted by u.

The composition of a shift by u and then a shift by v (i.e. (X,),) coincides with a shift
by u concatenated with v, and so it may be written X,,,.

The composition of a shift, and then a restriction, applied on X, is simply written X],.
Whilst this is the analogous operation to GJ, over pointed graphs non-modulo, notice that
the shift-by-u completely changes the names of the vertices of X]. As the naming has
become relative to u, the disk X| holds no information about its prior location, u.

According to Definition 3.3, G(X) and G(X,) are isomorphic. Given R such that,
G(X,) = RG(X), the restriction of R™! to V(G(X,)) is uniquely determined; hence, the
definition is sound.

It also helps to have a notation for the paths to ¢ relative to u.

Definition 3.4 (Inverse). Let X € X, be a generalized Cayley graph and G its associated
graph. Consider u € X. Let G’ be the associated graph of X,, R be an isomorphism such
that G’ = RG, and @ be R(¢). The vertex u € X, is referred to as the inverse of u.

Notice the following easy facts: (X,), = X,.,, u.i = &. Notice also that the isomorphism
R such that G(X,) = RG(X) maps v to u.v. This last property suggests that we may define
shifts upon graphs (non-modulo) as a certain class of isomorphisms. In order to formalize
this notion within the set of graphs without appealing to graphs modulo, we need that
the vertices of our graphs non-modulo be of a particular form.
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Fig. 6. (a) Is a valid graph as all its vertices names are disjoint subsets. However, (b) is not valid as
vertices names {ab} and {ab, ca.2} intersect.

3.2. Operations on graphs

This subsection only becomes useful when tackling the notion of localizability in subsection
5.2, and may be skipped for now. In Section 2, we said that a graph G € G, would have
vertex names in V. But now we shall allow vertices to have names in disjoint subsets of
V.S, with S = {¢,1,2,...,b} a finite set of suffixes. For instance, given some generalized
Cayley graph X, having vertices u,v in V(X), we may build some graph G having vertices
{v}, {u1}, {u3,v.1} ...1e. subsets of V(X).S. Later, {u.1} is interpreted as the vertex which
is ‘the first successor of u, {u.3,0.1} as the vertex which is ‘the first successor of v and
the third successor of u,” {v} as the vertex which is ‘the continuation of v.” Disjointness is
just to keep things tidy: One cannot have a vertex which is the first successor of u ({u.1},
say) coexisting with another which is the ‘the first successor of u and the second successor
of v’ ({u.1,v.2}, say) — although some other convention could have been used. Still, some
form of suffixes is necessary in order to provide just the little, extra naming space that
is needed in order to create new vertices. Figure 6 presents two examples of choices of
names for the same graph, one being valid while the other is not.

Definition 3.5 (Shift isomorphism). Let X € X be a generalized Cayley graph. Let G € G,
be a graph that has vertices that are disjoint subsets of V(X).S or V(X").S for some r.
Consider u € X. Let R be the isomorphism from V(X).S to V(X,).S mapping v.z +— #.v.z,
for any v € V(X) or V(X"), z € S. Extend this bijection pointwise to act over subsets
of V(X).S, and let .G to be RG. The graph u.G has vertices that are disjoint subsets of
V(X,).S, it is referred to as G shifted by u. The definition extends to labelled graphs.

The next two definitions are standard, see Boehm et al. (1987), Lowe (1993) and
Arrighi and Dowek (2012), although here again the vertices of G are given names in
disjoint subsets of V(X).S for some X. Basically, we need a notion of union of graphs,
and for this purpose, we need a notion of consistency between the operands of the
union.

Definition 3.6 (Consistency). Let X € X, be a generalized Cayley graph. Let G be a
labelled graph (G,o,0), and G’ be a labelled graph (G’,¢’,0’), each one having vertices
that are pairwise disjoint subsets of V' (X).S. The graphs are said to be consistent if and
only if

LYxeGVX €G@ xNX #£0=x=x,
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ii.Vx,y € GVx,y € G'Va,d,b,b € n ({x:a,y:b} € E(G)N{X :d,y" :b'} € E(G)
Ax=x"Na=d)=b=bANy=Y),
iii. Vx,y € GVx',y' € G'Va,ben x=x = 0({x:a,y:b}) = ({x":a,y :b}) when both
are defined,
(iv)Vx € GYX' € G x =X = a(x) = ¢/(x') when both are defined.

They are said to be trivially consistent if and only if for all x € G, X' € G/, we have
xNx = 0.

The consistency conditions aim at making sure that both graphs ‘do not disagree.
Indeed, (iv) means that ‘if G says that vertex x has label a(x), G’ should either agree
or have no label for x’; (iii) means that ‘if G says that edge e has label d(e), G’ should
either agree or have no label for ¢’; (ii) means that if G says that starting from vertex
x and following port a leads to y via port b, G’ should either agree or have no edge on
port x:a’

Condition (i) is in the same spirit: It requires that G and G/, if they have a vertex in
common, then they must fully agree on its name. Remember that vertices of G and G’
are disjoint subsets of V(X).S. If one wishes to take the union of G and G’, one has to
enforce that the vertex names are still disjoint subsets of V' (X).S.

Trivial consistency arises when G and G’ have no vertex in common: thus, they cannot
disagree on any of the above. Figure 7 gives an example of the two operations of shift
isomorphism and union.

Definition 3.7 (Union). Let X € &, be a generalized Cayley graph. Let G be a labelled
graph (G,0,0), and G’ be a labelled graph (G’,¢’,0’), each one having vertices that
are pairwise disjoint subsets of V(X).S. Whenever they are consistent, their union is
defined. The resulting graph G U G’ is the labelled graph with vertices V(G)U V(G’), edges
E(G)U E(G'), labels that are the union of the labels of G and G'.

Finally, recall that for a pointed graph (G, p) non-modulo, G}, is the subgraph induced
by the neighbours of radius r + 1, with labellings restricted to the neighbours of radius r
and the edges between them, and pointed at p (Arrighi and Dowek 2012).

4. Generalized Cayley graphs: topological properties

Having a well-defined notion of disks allows us to define a topology upon Xsa,, which
is the natural generalization of the well-studied Cantor metric upon CA configurations
(Hedlund 1969).

Definition 4.1 (Gromov—Hausdorf—Cantor metrics). Consider the function

d: XE,A,n X XZ,A,n — RJr
X,Y)—dX,Y)=0 ifX=Y
(X,Y)—d(X,Y)=1/2" otherwise,

where r is the minimal radius such that X" # Y".
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ba.l

O

Fig. 7. Operation over graphs. (1) A prefixing of a graph by the word ab. The structure of the
graph is preserved, only the names of the vertices are changed. (2) A graph union. Here the two
graphs on the left-hand side intersect on vertices ¢, 1, ab.1 and ab.2. As the two are consistent (e.g.
in both graph, vertices ¢ and ab.2 are connected along an ab edge), their union can be computed,
resulting in the right-hand side graph.

b

The function d(.,.) is such that for € > 0 we have (with r = |—log,(e)]):
dX,Y)<e= X" =YY"
It defines an ultrametric distance.

Soundness: [Non-negativity, symmetry, identity of indiscernibles] are obvious.
[Equivalence]

dX,Y)<e<=dX,Y)=1/2withke NA1/2" <e
sk=min{reN|X #Y A1/ <e
S K =max{re N | X" =Y I A1/2 <e
< X" =YY" with r = |—log,(e)].
[Ultrametricity] Consider k such that 1/2¥ = d(X,Z) and I such that 1/2! = d(X,Y). By
definition of the metric X,Z differ only after index k and X,Y differ only after index I.

Suppose k < I so that Y,Z differ only after index k. But then d(Y,Z) = 1/2F which is
dX,2).
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[Triangle inequality] is obvious from the ultrametricity.

The fact that generalized Cayley graphs are pointed graphs modulo, i.e. the fact that
they have no ‘vertex name degree of freedom’ is key to proving the following property.
Indeed, compactness crucially relies on the set being ‘finite-branching,” meaning that the
set of possible generalized Cayley graphs, as one progressively enlarges the radius of a
disk, remains finite. This does not hold for usual graphs.

Lemma 4.1 (Compactness). (Xsar,d) is a compact metric space, i.e. every sequence admits
a converging subsequence.

Proof. This is essentially Konig’s Lemma. Let us consider an infinite sequence of graphs
(X(n))en. Because X and A are finite, and there is an infinity of elements of (X (n)), there
must exist a graph of radius zero X° such that there is an infinity of elements of (X (n))
fulfilling X(n)° = X°. Choose one of them to be X(ng), i.e. X(n9)° = X°. Now iterate:
Because the degree of the graph is bounded by =, and because £ and A are finite but
there is an infinity of elements of (X(n)) having the above property, there must exist a
pointed graph of radius one X! such that (X')° = X° and such that there is an infinity
of elements of (X(n)) having X(n)! = X'. Choose one of them as X(n;), i.e. X(n;)! = X',
etc. The limit is the unique graph X’ having disks X** = X* for all k. O

Recall the difference in quantifiers between the continuity of a function F over a metric
space (X, d):

VX eXVe>0Iy>0VY e X, dX,Y)<n=dF(X),F(Y))<e,
and its uniform continuity:
Ve>03y >0VX,Y e X, dX,Y)<n=dFX),F(Y) <e.

Uniform continuity is the physically relevant notion, as it captures the fact that F does not
propagate information too fast. In a compact setting, it is equivalent to simple continuity,
which is easier to check and is the mathematically standard notion. This is the content of
Heine’s Theorem, a well-known result in general topology (Fedorchuk et al. 1990): Given
two X and ) be metric spaces and F : X — ) continuous, if X is compact, then F is
uniformly continuous.

The implications of these topological notions for CA were first studied in Hedlund
(1969), with self-contained elementary proofs available in Kari (2011). For CA over
Cayley graphs, a complete reference is Ceccherini-Silberstein and Coornaert (2010). For
Causal Graph Dynamics (Arrighi and Dowek 2012), these implications had to be reproven
by hand, due to the lack of a clear topology in the set of graphs that was considered.
Here we are able rely on the topology of generalized Cayley graphs and reuse Heine’s
Theorem out-of-the-box, which makes the setting of generalized Cayley graphs a very
attractive one in order to generalize CA. Figure 8 illustrates the notion of continuity in
the case of graph dynamics.
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Fig. 8. Continuity of a transformation F. The label and connectivity of vertex v’ only depends on
the neighbourhood of its antecedent v.

5. Causality and Localizability
5.1. Causality

The notion of causality we propose extends the known mathematical definition of CA
over grids and Cayley graphs. The extension is a strict one for two reasons: not only the
graphs become arbitrary, but they can also vary in time.

The main difficulty we encountered when elaborating an axiomatic definition of causality
from Xsa, to Az an, was the need to establish a correspondence between the vertices of
a generalized Cayley graph X, and those of its image F(X). Indeed, on the one hand, it
is important to know that a given u € X has become u’ € F(X), e.g. in order to express
shift-invariance F(X,) = F(X),. But on the other hand, since «’ is named relative to ¢, its
determination requires a global knowledge of X.

The following analogy provides a useful way of tackling this issue. Say that we were
able to place a white stone on the vertex u € X that we wish to follow across evolution
F. Later, by observing that the white stone is found at v’ € F(X), we would be able
to conclude that u has become u'. This way of grasping the correspondence between
an image vertex and its antecedent vertex is a local, operational notion of an observer
moving across the dynamics.

Definition 5.1 (Dynamics). A dynamics (F, R,) is given by

e afunction F : Aspar = Xsar;

e amap R,, with R, : X — Ry and Ry : V(X) —» V(F(X)).

For all X, the function Ry can be pointwise extended to sets, i.e. Ry from P(V (X)) to
P(V(F(X))) maps S to Rx(S) = {Rx(u) | u € S}.

The intuition is that Ry indicates which vertices {u/,v',...} = Rx({u,v,...}) = V(F(X))
end up being marked by a white stone as a consequence of {u,v,.. € X} = V(X) being
marked. Notice that no particular assumption is made on Ry. In particular, Ry can be
non-injective, thus effectively allowing vertices to disappear through the dynamics. Now,
clearly, the set {(X,S) | X € Xsar S = V(X)} is in one-to-one correspondence with X/ 4,
with £’ = X x {0, 1}. Hence, we can define the function F’ that maps (X,S) = X' € Xy A,

https://doi.org/10.1017/50960129517000044 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129517000044

P. Arrighi, S. Martiel and V. Nesme 356

to (F(X),Rx(S)) = F'(X') € Xyan and think of a dynamics as just this function
F' : X5z — Xy ar. This alternative formalism turns out to be very useful.

Definition 5.2 (Shift-invariance). A dynamics (F,R,) is said to be shift-invariant if and
only if for every X and u € X, v € X,

o F(Xu) = F(X)ry(w);
e Rx(uv) = Rx(u).Rx,(v).

The second condition expresses the shift-invariance of R,. Notice that Ry(e) =
Rx(e).Rx(¢); hence Rx(e) = e.

In the F' : Xy ar — Xy a, formalism, the above two conditions are equivalent to just
one F'(X,) = F'(X)ry(w)-

Definition 5.3 (Continuity). A dynamics (F, R,) is said to be continuous if and only if

o F:Xsan— AXsar is continuous,

e for all X, for all m, there exists n such that for all X', X" = X" implies dom R}, =
V(X™), dom R} = V(X") and R}, = RY,

where RY denotes the partial map obtained as the restriction of Ry to the codomain

F(X)™, using the natural inclusion of F(X)" into F(X).

The second condition expresses the continuity of R,. It can be reinforced into uniform
continuity: For all m, there exists n such that for all X, X', X" = X" implies R}, = RY.

Indeed, in the F' : Xy pr — Xz A, formalism, the two above conditions are equivalent
to just one: F’' continuous. But since continuity implies uniform continuity upon the
compact space Xs A, it follows that F’ is uniformly continuous, and thus the reinforced
second condition.

Finally, our last condition forces the ‘expansion’ of the graph through F to be bounded.
This is done by requiring that any vertex in the image graph is at a bounded distance of
the continuation of a vertex of the initial graph.

Definition 5.4 (Boundedness). A dynamics (F,R,) from Xsa, to AXxa, is said to be
bounded if and only if there exists a bound b such that for all X, for all w € F(X), there

exist ¥’ € im Ry and v’ € F(X)!, such that w' = u'.v".

The following is our main definition:

Definition 5.5 (Causal dynamics). A dynamics is causal if and only if it is shift-invariant,
continuous and bounded.

At this point, we introduce several examples that shall appear regularly across the
paper to illustrate key notions of our construction. A more complex and physically sound
example is developed in the appendix.

Inflating grid. An example of causal dynamics is the inflating grid dynamics illustrated in
Figure 9. In the inflating grid dynamics, each vertex gives birth to four distinct vertices,
forming a square. All those squares are glued together to form a new graph whose
structure respects the initial structure. In other words, the image graph looks like ‘a scaled
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Fig. 9. The inflating grid dynamics. Each vertex splits into four vertices. The structure of the grid is
preserved. For this precise graph, all edges are connected to ports as stipulated on the pointed
vertex (port :a on top, :b on the right, :c on the bottom and :d on the left).

by a factor of 2’ version of the initial graph. Graph have maximal degree 4, and the set
of ports is © = {a,b,c,d}. Moreover, vertices carry a label in X = {. , O} The rule is
chosen such that a black vertex gives birth to a square with three black vertices and one
white vertex, whereas a white vertex simply gives birth to four white vertices. For this
dynamics, the R, operator is defined as follows:

Ry (up.uy..... up) = T(ug). T (uy)..... T (uy),

where T is the function acting on letters in n> as given by the following tables:

uen’ T (u) ucn’ T (u)

aa aa.db ca ca.ca

ab ab.db.ac cb ca.cb.db
ac ac.ac cc ca.cc.db.ac
ad ad.bd cd ca.cd.ac
ba bd.ba.db da da

bb bd.bb.db.ac db db.db

be bd.bc.ac dc dc.db.ac
bd bd.bd dd dd.ac

Indeed, for any graph X, Ry maps a path in X into the corresponding path in F(X).
Since F(X) ‘looks’ like X up to a scale factor of 2, it is sufficient to define Ry locally, just
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Fig. 10. To each original vertex of X, Ry associates a vertex of F(X), within the corresponding
square of four vertices. Here, from the point of view of the vertex on the left, the right vertex is on
port ¢, meaning it sees it as being ‘south.” Moreover, it sees a port b on the other end the edge,
meaning that the right vertex sees him as being ‘west.” By convention, the (newly generated)
pointed vertex always lie in the ‘north-west’corner of the square. Therefore, the path linking the
two pointed vertices in F(X) starts by reaching the ‘south’ side of the left square (i.e. the side
where ports ¢ are connected, which corresponds to an initial path ca), cross the edge between the
two squares (i.e. the c¢b edge), then reach the ‘north-west’ side of the right square (which
corresponds to a path ac). Hence, we have Ry(cd) = T(cd) = ca.cb.ac.

by specifying how it maps a path of length 1 (i.e. an edge) of X into a path of F(X). This
is what T does.

Since there are four different ports, T must be defined for all combination of two ports
forming an edge, hence the 16 cases in the tables above. The apparent complexity of T is
due to the fact that among the four vertices of each square of the image graph, only one
can be identified with the old vertex of the ancestor graph that gave rise to them. Thus,
T applied to an edge must produce a path starting from the old vertex of the square and
leading to the old vertex of the neighbouring square. Sometimes this path has to cross
both squares, as in the case of T'(cc), whereas, in other cases, the two vertices are already
next to each other, as in T'(da). Figure 10 presents Ry for a given X.

Remark: One way to obtain a simpler dynamics is to restrict the set of configurations
where port a always faces port ¢ and port b always faces port d. This ensures that any
configurations will, at least locally, look like a grid. As this subset of configurations is
compact, and stable by application of the dynamics, all the results of this paper carry
through. Under this restriction, the T described boils down to four cases: T(ac) = ac.ac,
T(ca) = ca.ca, T(bd) = bd.bd and T(db) = db.db.

The turtle dynamics. The turtle dynamics acts on graphs of degree at most one, without
labels: £ = & and n = {0}. Since our graphs are connected, there exist only two distinct
graphs of degree 1. The dynamics simply exchange the two graphs at each time step: The
graph composed of a lonely vertex, Xy, becomes an edge connecting two vertices, X1, and
vice-versa. The R, operator for this dynamics is simple. Ry, is only defined on the empty
path (the only path of Xy) and returns the empty path. Ry, can act on the empty path to
produce the empty path, and on the path 00 to produce the empty path again. Figure 11
depict the turtle dynamics and its associated R, operator.
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O R 0

X0

X, é_@;@% F(X))

Rx,
Fig. 11. The turtle dynamics is entirely specified in this figure, since there are only two distinct

graphs in its configuration space. Dashed arrows represent the R, operator. In both cases, Ry
maps every path of the graph to the empty path.

Finally, it is possible to show the following result on the growth speed of paths through
the application of a map R, associated to a causal dynamics.

Lemma 5.1 (Bounded inflation). Consider a causal dynamics F from Xsa, to Xs a,. There
exists a bound b such that for all X and u € X", we have |Ry(u)| < (r + 1)b.

Proof. Let ac € I1, and let E the subset of Asa, of those X such that ac € X. E is
closed — any sequence of elements of E converging in Asa, converges in E — and AXxa,
is compact, therefore E is compact. By continuity modulo, the function X +— |Ry(ac)| is
continuous from E to N; since E is compact, it must be bounded. The result then follows
from the triangle inequality and shift-invariance. U]

5.2. Localizability

The notion of localizability of a function F captures the exact same idea as the constructive
definition of a CA, namely that F arises as a single local rule f applied synchronously
and homogeneously across the input graph. Its formalization crucially relies on the
conventions, notations and operations of Subsection 3.2.

The general idea is that the local rule f looks at part of the generalized Cayley graph
X (a disk X”) and produces a piece of graph G = f(X"). The same is done synchronously
at every location u € X producing pieces of graph G’ = f(X]). The produced pieces must
be consistent so that we take their union. Their union is a graph, but taking its modulo
leads to a generalized Cayley graph F(X).

We now formalize this idea. First, we must make sure that a local rule is an object that
adopts the same naming conventions for vertices as those of the basic graph operations
of Subsection 3.2.

Definition 5.6 (Dynamics non-modulo). Consider a function f from &5, to Gsaz. It is
said to be a dynamics if and only if for all X the vertices of f(X) are disjoint subsets
of V(X).S, where S is a finite set of the form S = {e,1,...,d} for some integer d and
¢ € f(X).
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Intuitively, the integer z € S stands for the ‘successor number z.” Hence, the vertices
designated by {1},{2}... are successors of the vertex ¢, whereas {¢} is its ‘continuation.’
The vertices designated by {ab.1},{ab.2} ... are successors of its neighbour ab € X". A
vertex named {1,ab.3} is understood to be both the first successor of vertex ¢ and the
third successor of vertex ab. Recall also that ¢, just like ab, are not just words but entire
equivalence classes of these words, i.e. elements of V' (X).

Second, we disallow local rules that would suddenly produce an infinite graph.

Definition 5.7 (Boundedness non-modulo). A function f from &Y , , to Gsa is said to be
bounded if and only if for all X, the graph f(X) is finite.

Third, we make sure that the pieces of graphs that are produced by the local rule are
consistent with one another.

Definition 5.8 (Local rule). A function f from A§ ,, t0 Gz ax is @ local rule if and only if

it is a bounded dynamics and

e for any disk X"*! and any u € X°, we have that f(X") and u.f(X!) are non-trivially
consistent;

e for any disk X**2 and any u € X**!, we have that f(X") and u.f(X") are consistent.

It is clear that we do not need to formulate any consistency condition beyond u € X2 +1,
because f(X") and u.f(X]) then become trivially consistent, as they share nothing in
common, see Figure 12. The only subtlety in the above definition is to impose that within
u € XY, the produced pieces of graphs f(X") and u.f(X!) be non-trivially consistent, i.e.

>2r 41

Fig. 12. The consistency conditions for a local rule. The drawing represents disks of a generalized
Cayley graph X upon which a local rule f of radius r is applied. f(X”) and u.f(X]) have to be
non-trivially consistent since ¢ and u are at distance 1. f(X") and v.f(X]) have to be consistent but
their intersection is allowed to be empty. f(X") and w.f(X],) are trivially consistent as they are too
far to interact in one time step. The disk X"*! is enough to check all the non-trivial consistency
conditions, as it comprises first neighbours and their r-disks. The disk X¥*! is enough to check all
the consistency conditions, as it comprises all the 2r + 1 neighbours and their r-disks.
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ba aa

€ aa ba € ab
. ta:a, caa ca:b cazh, ca:h, ca:h, -
(2) — (1)
€ ab bb € aa
ca:h cazh b:b a: :h:b, ca:
(4) I(LZI l):b:

bb ab
bb € 1
) :b:b :b:b:n,:b

Fig. 13. A way to complete the local rule of the shift cellular automaton into a localizable graph

dynamics.
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consistent and overlapping, see Figure 12. The point here is to enforce the connectedness
of the union of the pieces of graphs via a local, syntactic restriction.

To illustrate the concept of local rule, we now describe local rules inducing a classical
CA, the inflating grid and the turtle dynamics introduced in Section 5.1.

Cellular automata. First notice that, because causal graph dynamics are strictly more
powerful than CA, it is a tricky task to associate to a given CA a single, canonical causal
graph dynamics. Consider, for instance, a one-dimensional CA with internal state in a
finite set X. The corresponding set of graphs would be the set of graphs with vertex labels
in ¥ and with ports © = {a,b}. The graphs of this set are (potentially finite) lines. Not
all of these lines can be interpreted as CA configurations: They have to be infinite and
to have edges of the form ab (i.e. no edges of the form aa or bb). In fact, if one tries to
transform a given local rule inducing our CA into a local rule for a corresponding causal
graph dynamics, one must choose what to do when the neighbourhood is incomplete (i.e.
when the rule acts on a vertex on the edge of a finite line) or ill-formed (i.e. when there is
a aa or bb edge in the vicinity of the vertex). There are two distinct ways of tackling this
issue:

— The canonical approach. Consider the subset of graphs composed by the well-formed
infinite graphs of our configuration set. This subset has the nice property of being
a compact subset. Even better, it is isomorphic, as a metric space, to the set of
configurations of the initial CA. We can simply construct a local rule that will
replicate the topology of the neighbourhood it sees, and change the labels of the
vertices according to the local rule of the CA. This approach is canonical since it
requires no additional choice.

— The non-canonical approach simply consists in completing the local rule by choosing
what to do when the neighbourhood is ill-formed or incomplete.

Figure 13 depicts a choice of rule completion for the shift automaton. The shift automaton
is the one-dimensional cellular automaton that simply shifts the configurations one step in
the right direction. Among all the possible neighbourhoods in the causal dynamics version
of the shift, only one, up to internal states, is well-formed (the seventh neighbourhood).
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b

O
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Fig. 14. Standard case of the inflating grid local rule. The left-hand side of the rule is a generalized
Cayley graph of form X? (a disk of radius 0). The right-hand side is a graph whose vertex names
are subsets of V(X?).S. Here they are just singletons, curly brackets are dropped: e.g. we wrote
ac.3 for {ac.3}, which should be understood as ‘the third successor of my neighbour on edge ac.’

For all the other neighbourhoods, one must decide what to do precisely. Here, we chose
the following approach: When the vertex has no right neighbour (i.e. no neighbour on its
port b), it creates a new vertex and shift its state inside it (see cases 1, 4 and 5). When the
vertex has no left neighbour (i.e. no neighbour on its port a), it assumes that an internal
state 0 (white) is coming from the left and thus switch to state 0 while still propagating
its internal state to the right (see cases 1, 2 and 3). The canonical completion for the same
cellular automaton would simply consists in the case 7, as all the other cases would never
appear in the configuration subset we would consider.

Inflating grid. The local rule is of radius zero: it ‘sees’ the neighbouring vertices and nothing
more. In order to be exhaustive, we would need to list all possible neighbourhoods, there
are finitely many of those, and, for each of them, specify the corresponding generated
subgraph. However, in the standard case, the local rule is applied on a vertex surrounded
by four neighbours. It then generates a graph of 12 vertices, each with particular names
(see Figure 14). In particular cases, when less than four neighbours are present, the
rule generates a graph of 10, 8, 6 or 4 vertices, each with particular names (see Figure
15). The local rule is not exhaustively described here, since there exists 625 different
neighbourhoods of radius 0. In any case, all generated vertex names are carefully chosen,
so that when taking the union of all the generated subgraphs, the name collisions lead to
the desired identification of vertices (see Figure 16).

Definition 5.9 (Localizable function). A function F from Asa, to Axa, is said to be
localizable if and only if there exists a radius r and a local rule f from A5, to Gsan
such that for all X, F(X) is given by the equivalence class modulo isomorphism, of the
pointed graph

U urxy)

ueX
with ¢ taken as the pointer.
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Fig. 15. A particular case of the inflating grid local rule.

5.3. Equivalence theorem

The following theorem shows that the constructive definition (Localizable functions) is in
fact equivalent to the existential, axiomatic definition (causal dynamics).

Theorem 5.1 (Causal is localizable). Let F be a function from X5 a , to Ax 4. The function
F is localizable if and only if there exists R, such that (F,R,) is a causal dynamics.

Sketch of the proof: [Loc.=Caus.] We consider a localizable function from Xz a, to XAz A
induced by a local rule f, and prove it must be a continuous, translation invariant and
bounded dynamics. Dynamicity and translation invariance in obtained by noticing that
each generated subgraph f(X]) has a unique vertex named ¢ (i.e. whose name, as a
set of paths, contains ¢). This implies that the subgraph u.f(X)) has a unique vertex
named u. Hence, we can build a functional relation between the vertices u in X and
the vertices of F(X). This defines an R, operator which we can show is translation
invariant.

Boundedness is easy to check: Since the local rule is finite, the size of the generated
subgraphs is bounded, which bounds the growth speed.

Continuity is obtained by considering the worst case scenario where the local rule
collapses all the neighbourhoods as much as it is allowed to.

[Loc.<=Caus.] Here, we need to start from a causal dynamics and build a local rule
inducing it. Using continuity, we can extract subgraphs around each vertex reached
by the origin (ie. around each Ry(u) for u € X) that will constitute the image of
the local rule. Continuity ensures over this compact space ensures uniform continuity,
which ensures that for large enough subgraphs, we will find a functional dependance
between neighbourhoods in X and such subgraphs. The technicality of this process lies
in the naming choices for the vertices in the image graphs of the constructed local
rule.

In the proof of Theorem 5.1, the renaming Sy takes a generalized Cayley graph F(X)
into a mere graph H(X). It does so by providing names for the vertices of F(X), that are
subsets of V(X).S. The idea is that w' in F(X) gets named Sx(w’), which is the set of
those u.z, such that ' = Rx(u) is close to w/, and z is an integer encoding the remaining
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é a b

local rule

:b

b

€. prefixing ab.
a e C\ e :b R m :d b
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:b :
:d :
ra ¢ @ : K N, @ a :b @ :d b
union

e
5

Fig. 16. Local rule implementation of the inflating grid dynamics. First, the local rule is applied on
the neighbourhood of every vertex of the input graph. The obtained graphs are prefixed (see
Definition 3.5) by the vertex they are issued of. Third, a union of graphs is performed to obtain
the output graph. Last, the corresponding pointed graph modulo is returned.
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path between v’ and w’. The following lemma formalizes this idea as well as some useful,
technical although expected properties.

Lemma 5.2 (Local renaming properties). Let (F,R,) be a causal dynamics. Let b be the
maximum of the bounds from Definition 5.4 and Lemma 5.1. Let m = 3b + 2. Let r
be the radius such that for all X,X’, X" = X" implies F(X)" = F(X')" and R} = RY,
from Definition 5.5 and Heine’s Theorem. We denote V(X?) = UXeth V(X). Let z be an
arbitrary injection from V' (X?)\e to N. Let z(¢) be the empty word. Let Y be a generalized
Cayley graph. Consider Sy such that for all w’ € F(Y'), we have

Sy(w) = {uz(W')|Wv'=w AueY Au =Ry(u) Av € F(Y))).

We have
i. VWi, wh € F(Y), Sy (w}) N Sy (w5) # 0 = Sy (w}) = Sy (wh);
ii. e € Sy (¢e);

iii. Yw' € F(X,)", u.Sx;(w') = u.Sx,(w');

iv. Yo' € F(X,), Sx(Rx(u).v") = u.Sx, (v').

Proof.

i. Consider wi,wj such that Sy(w}) and Sy(w}) have a common element u.z(v'). This
entails that w| = u’.v" = w} is the same vertex in F(Y'), and thus that Sy (w}) = Sy (w}).

ii. Since z(¢) = ¢, e.6 = ¢, & = Ry(e) and ¢ € F(Y)".
iii. Consider the u = ¢ case. Let w’ be a vertex of F(X)?, and «' € F(X) a vertex such that
w' v = w, with [v'| < b+ 1. We necessarily have that v’ € F(X)?*!. Moreover, since
F(X)**2 = F(X")**2, we have F(X)" = F(X")’. Also, using R% = RY,, we have that

' = Ry(u) = v = R}(u) < v =R}, (1) = u = Ry (u),

where the middle equivalence uses the natural inclusion of X" into X. As a consequence,
the two sets

Sx(W) = {uz()|Wv' =w AueX Au =Rx(u) Av' € F(X))),

Sxr(W) = {uz@) o' =w Aue X" Au =Ry(u) Av € F(X")0)
are equal, up to the natural inclusion of X" into X. The same holds for Sy, and Sy;.
Then, since the shift operation (u.) is from V(X") to V(X), full equality holds between

u.Sy, and u.Sy;.
iv. Consider some u'.v'.w' € F(X) with «' = Ry (u), v' = Rx,(v) and w' € F(X,,)".

uSy, ' w) =u{xz(y)[vw =x'y ANxeX,
A X =Ry, (x) Ay € F(Y)")
= {uxz(y) v W =u Xy NuxeX
Au.x = Ry(ux) Ay € F(Y)?}
= Sx(W .v'.w)
= Sx(Ry(u)v'.w) O
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Fig. 17. Proof of continuity.

Proof. [Loc.=Caus.] Let F : Xs . — Xzan be a localizable dynamics with local rule
f from X pq tO Gsax: F(X) is the equivalence class, with ¢ taken as the pointer vertex,
of the graph H(X) = Ju.f(X]).

[Dynamics] Using the dynamicity of the local rule f, for all X", we have ¢ € f(X").
Therefore, for all u € X, we have u € u.f(X") and thus u € H(X). Let R be an
isomorphism such that G(F(X)) = RH(X). Let u € V(X), we define Ry(u) to be R(),
where i‘/v is the vertex of H(X) that contains u in its name. Notice that (H@, u) =
(RxH(X), Rx (1)) = (G(F(X)), Rx (1)) = F(X)Ry(w)-

[Translation-invariance] Take u € X. We have H(X,) = Jv.f(X],). This is equal to
H(X,) =1u. Uu.v.i(vX;'U), which in turn is equal to u.H(X). Next, we have that F(X,) =
(H(Xy),e) = (w.H(X),uu) = (H(X),u) = F(X)r, - It follows that F(X,) = F(X)gr, ), and

so G(F(Xy)) = Rx(u).G(F(X)). We have therefore

G(F(X)) = Rx(u).G(F(X,)) = Ry(u).Rx,H(Xy) = Ry(u).Ry,u.H(X).

But since the relation G(F(X)) = RH(X) defines Ry, we have proven that for all u € X,
Ry = (Rx(u).Rx,u.). It follows that, for all uv € X, Rx(u.v) = Rx(u).Rx, (v).

[Boundedness] for all X, for all w' € F(X), consider w € H(X) such that w' = R(w)
when G(F(X)) = RH(X), and u € X such that w € u.f(X]). Since ¢ € f(X]), we have
u € u.f(X]). Since f is bounded, w lies at most at a some distance b of u in H(X). Since
G(F(X) = RH(X), w lies at most at a some distance b of ' = R(u) = Ry(u) in F(X).

[Continuity] The following is illustrated in Figure 17. Let m € N. We must show that

there exists n such that F(X)" = H(X)} is determined by X".
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Consider a sequence vy = &,01,...U,4+1 Of vertices of H(X) such that for all i € {0...m}
there exists e; = (v; : aj,vir1 : birq) in E(H(X)). For such an e; to exist, and given
Definitions 3.6 and 3.7, it must appear in some u;.f(X;, ). Moreover, if d(e;) is defined, it
must be defined in some u;.f(X],). Consider uo, uy,...u, a sequence of vertices of X such
that this is the case. Also, since v;;1 is a subset of V(X).S, there exists w; € X, z; € S such
that w;.z; € v;. Again consider wy = ¢, wy,... w41 a sequence of vertices of X such that
this is the case.

Since e; is in u;.f(X,,), it follows that v; and v are in u;.f(X,,). This entails that v,
and v,y are subsets of u;.V(X,,).S, thus in particular w;, wiy; € u;.V(X,,). Therefore, we
have both wi; € u;.X,, and wiyy € uiy1.X,,,,. As a consequence, u; and ;4 lie at distance
2(r+1) in X, and it follows that (J_, ,u.X; < X2m*D0+D=1 Hence, X2mthirth-1
determines E(H (X)) and their internal states.

For a(v;) to be defined, there must exists x; € X such that o(v;) is defined in x;.f(X}).

Consider xg, x1,...,X, a sequence of vertices of X such that this is the case. But since
vi € x.f(XY,), we must have that w; € x;. X7. Thus, x;;, lies at distance at most r + 1
of u;.X} . Hence, x; lies at distance at most r + 1 of [Ji5' u.X] = X*"r+D~1. Hence,

xj € X2+ “and thus (J_,_, xi.X5, S X202+l Henge, X2mtDr+D=1 determines
the internal states of H(X).

Summarizing, X", with n = 2(m + 1)(r + 1) — 1 determines F(X)" = H(X)".

Consider some v” € R¥. This means that v” € (RH(X))? and v" = R(v') for some
v" € H(X) that contains v € X in its name. Hence, v’ € H(X)!", where we used R(¢) = e.
Since this is determined by X", we have v € X". Hence, domRY < X". Moreover, consider
X’ such that X" = X". Therefore, v € X", H(X)! and H(X')!" are isomorphic, and this
isomorphism sends v’ to the w’' of H(X')!" whose name contains v. Therefore, F(X)" and
F(X')" are equal, and the same paths designate R} (v) and R¥ (v), which are thus equal.

[Caus.=>Loc.] Let (F,R.) be a causal dynamics. Let by and by be respectively the bounds
given by Definition 5.4 and Lemma 5.1, and b = max(by + 1,b;). Let m = 3b 4 2. Let r
be the radius such that for all X,X’, X" = X" implies F(X)" = F(X')" and R} = R},
from Definition 5.5 and Heine’s Theorem. We will construct f from X" to Gz, so that
for all X", the graph f(X") is a well-chosen member of the equivalence class F(X")’.
Hence, we must instantiate F(X")? via a suitable, local naming of its vertices. We use the
isomorphism Sy- of Lemma 5.2 for this purpose, i.e. f(X") = Sx-G(F(X")").

[Dynamics] For all X", f(X") has vertices that are subsets of V(X").S, by definition.
These sets are disjoint, by Lemma 5.2 (i) applied to pairs of vertices of F(X")". Moreover,
e € f(X"), since ¢ € F(X")" and Sy-(¢) = ¢ by Lemma 5.2 (ii).

[Boundedness] For all X", the graph f(X") is finite, by construction.

[Consistency] In order to show the consistency of f, we will show that for all X, u € X,
we have that w.f(X]) is the subgraph H(X)? of H(X), where H(X) is a well-chosen
member of the equivalence class F(X). Hence, we must instantiate F(X) via a suitable
naming of its vertices. We use the isomorphism Sy of Lemma 5.2 for this purpose, i.e.

H(X) = SxG(F(X)).
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Start from wu.f(X]) = u.Sx: G(F(X")"), which is equal to u.Sx, G(F(X,)"), by Lemma 5.2 (iii)
and using the fact that F(Y )" = F(Y"). This, in turn, is equal to u.(Sy, G(F(X,))) > using
the natural inclusion of F(Y)’ into F(Y). This, in turn, is equal to
u.(SX“m.G(F(X)))b, by shift-invariance, which is equal to u.(.Sx G(F(X)))b, by Lemma
5.2 (iv). This, finally, is (SXG(F(X)))Z = H(X)", since it is true that for any graph G and
any isomorphism T, TG) = (TG)”T(H) and thus G? = T_l(TG)”T(u).

Summarizing, w.f(X!) = H(X):. Moreover, if u € X°, then notice that u € f(X") and
u € u.f(X"), and hence they are non-trivially consistent.

Since f is consistent, and f(X") is a representant of F(X")’, it remains only to remark
that F(X) = [Ju.F(X)", which is true because b was chosen to be strictly larger the one
given by Definition 5.4, insuring that all the vertices and edges of F(X") are covered,
along with their labels. L]

5.4. Computability

Our causal dynamics over generalized Cayley graphs is a candidate model of computation
accounting for space, but without this space being fixed. As a candidate model of
computation, we must check that it is computable. The following shows that we can
decide whether a syntactic object is a valid instance of the model.

Proposition 5.1 (Decidability of consistency). Given a dynamics f from X5, to Gz an, it
is decidable whether f is a local rule.

Proof. First of all, notice that there is a finite number of disks X” of radius b, with
labels in finite sets A and X. The following informal procedure verifies that f is a local
rule:

e For each X" check that ¢ € f(X").

e For each X™*! check that for all u € X°, f(X") and u.f(X") are non-trivially consistent.

e For each X¥*2 check that for all u € X**+!, f(X") and w.f(X!) are non-trivially
consistent. ]

Finally, we prove that if the initial state is finite, its evolution can be computed.

Proposition 5.2 (Computability of causal functions). Given a local rule f and a finite
generalized Cayley graph X, then F(X) is computable, with F the causal dynamics
induced by f.

Proof. Since f is a local rule, the images of disks of radius r included in X are all finite,
and consistent with one another. Moreover, the finite union of finite, consistent graphs, is
computable. L]
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6. Properties
6.1. Composability

We characterized causal dynamics as the continuous, shift-invariant, bounded functions
over generalized Cayley graphs. An important question is whether this notion is general
enough. A good indicator of this robustness is that it is stable under composition.

Definition 6.1 (Composition). Consider two dynamics (F, R.) and (G, S.). Their composi-
tion (G, S.) o (F,R,) is (Go F, T,) where Tx = Sgx) © Rx, i.e. Tx(v) = Sr(x)(Rx(v)).

Indeed, stability under composition holds for classical and reversible CA, but has failed
to be obtained for the early definitions of probabilistic CA and quantum CA (see Arrighi
et al. (2011), Diirr and Santha (1996), Schumacher and Werner (2004) and Arrighi et al.
(2008) for a discussion).

Theorem 6.1 (Composability (Arrighi and Dowek 2012)). Consider two causal dynamics
(F,R.) and (G, S.), both over Asx a,. Then their composition is also a causal dynamics.

Proof. [Continuous] In the F',G' : Xy ar — Xva, formalism, it suffices to state that
the composition of two continuous functions is continuous. Without this formalism, this
decomposes into the following:

e (G o F) is continuous because it is the composition of two continuous functions.

e Consider T, = Sp() © R.. For all X, for all m, there exists n such that for all X',
X™ = X" implies Ty = T¥. Indeed:

Fix some X and m. Since (G, S,) is a causal dynamics, there exists n’ such that for all X”,

F(X')' = D' = F(X)" implies SFxn = Sp = Sf(x)- Fix this n'. Since (F,R.) is a causal

dynamics, there exists n a radius such that for all X', X" =D = X" 1mphes F(X)"

F(X')" and R} = R}y = RY,. Now, for this n, T}, = S}y, o Ry, = Spl o R}, = Spi o Rg,

which, by the symmetrical is equal to Ty

[Shift-invariant] We have G(F(X,)) = G(F(X)ryw) = GF(X))s;m Ry Tx(uv) =
Sro)(Rx(uv)) = Srx)(Rx(u).Rx,(v))) = Sro)(Rx(4))-SP(x)p, o (Rx,(v)) = Tx(u).
Srx,)(Rx,(v)) = Tx(u).Tx,(v).

[Bounded] Since (G, S.) is a causal dynamics, there exists a bound b” such that for all X,
for all w” € G(F(X)), there exists X" = Sp(x)(x’) and v" € G(F(X )) , such that w” = x"v".
Since (F, R.) is a causal dynamics, there exists a bound b’ such that there exists 4’ = Sp(x)(u)
and v € F(X)" such that x' = u'.v". Let u” = Spux)() = Spx)(Rx (1)) = Tx(u). Now,
according to Lemma 5.1 applied to (G, S.) and points u' and X/, there exists a bound ¢
such that there exists t’ € G(F(X ))C}fburl) and x” =u".t". Let b = c.(b' + 1) + b", we now

u

have that for u” = Srux)(W') = Spx)(Rx(u)) = Tx(u) there exists v".t" € G(F(X))? such

u

that w”’ =u".t"v". ]

The above proof was done via the axiomatic characterization of causal dynamics, as
this paper enjoys a more straightforward formalization than Arrighi and Dowek (2012).
In Arrighi and Dowek (2012), the same result is proven via the constructive approach
to causal graph dynamics (localizability), which has the advantage of extra information
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Fig. 18. The local rule inducing the turtle dynamics. There are two distinct neighbourhoods (a
vertex with a single neighbour, and a lonely vertex). In the first case, the local rule generates a
single vertex with name {¢, aa.c}. Notice that both vertices will each generate a vertex, and that
these two vertices will be identified, since {¢, aa.c} = aa.{aa.¢,¢}. In the second case, the local rule
generates two vertices linked by an edge. Here, the particular names of those vertices do not
matter, so long as they do not intersect. Since the vertex is alone in the graph, only one subgraph
is generated, and the subsequent graph union is trivial.

about the composed function. It establishes the following. Consider F a causal dynamics
induced by the local rule f of radius r (i.e. diameter d = 2r + 1). Consider G a causal
graph dynamics induced by the local rule g of radius s (i.e. diameter e = 2s + 1). Then
Go F is a causal graph dynamics induced by the local rule g of radius t = 2rs+r + s (i.e.
diameter f = de) from D' to Gy A, which maps X' to

U vexp) with X' = uf(X).

veX’ ueXt

The same result, with the transposed proof, still holds.

6.2. Invertibility, reversibility
Let us turn our attention to some set-theoretical properties.

Definition 6.2 (Shift-invariant invertible). Consider a shift-invariant dynamics (F, R,). It
is a shift-invariant invertible if and only if F is a bijection, and there is an S, such that
(F1,8,) is a shift-invariant dynamics.

Notice that there exists some shift-invariant dynamics (F, R,) such that F is a bijection
but there exists no S, such that (F~!,S,) is a shift-invariant dynamics (Outline: take
n = {a,b}, and map the four-sized directed segment to the seven-sized directed segment
pointed on the first four positions and the three-sized directed segment to the seven-
sized directed segment but pointed on the last three positions). In this paper, we do not
consider them. Notice also that there exists some shift-invariant dynamics (F, R,) such
that (F~1,S,) is a shift-invariant dynamics, but Sr(x) is not the inverse of Ry. The Turtle
example of Figure 18 illustrates this possibility.
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Again, in this paper, we do not consider them: We restrict ourselves to vertex-preserving
invertible dynamics.

Definition 6.3 (Vertex-preserving invertible). A shift-invariant dynamics (F, R,) is vertex-
preserving invertible if and only if F is a bijection and for all X we have that Ry is a
bijection.

Those are automatically shift-invariant invertible:
Lemma 6.1 (Vertex-preserving invertible is shift-invariant invertible). If (F, R,) is a vertex-

preserving invertible shift-invariant dynamics, then (F~!,S,) is a shift-invariant dynamics,
with SY = (RF—I(Y))_I.

Proof. Consider Y and v'.v' € Y. Take X and u.v € X such that F(X) =Y, Rx(u) =u
and Ry (u.v) = u'.v. We have
F!(Yu)= F~' (F(X)Rew)
= F~'(F(X,))
= X(Ry) ()
=F ' (Y)s,w)
Moreover, take v € X, such that Ry(u.v) = Rx(u).Ry, (v) = v'.v'. We have

Sy (' v') = (Rx) ™" (Rx(u.))
= u.v
= (Rx)™'(u).(Rx,) "' (v")
= Sy ().Sy, (v))
0

Back to the case of a causal dynamics, the classical question to ask is whether the
inverse is also a causal dynamics.

Definition 6.4 (Reversible). A causal dynamics (F,R,) is reversible if and only if it is
shift-invariant invertible with inverse (F~',S,) a causal dynamics.

The big question is whether the causality of a forward-time causal evolution F, entails
that of the backward-time evolution F~!. In other words, is causality stable under
inversion? This question was answered positively in the earlier formalism of Arrighi and
Dowek (2012), with a more lengthy proof.

Theorem 6.2 (Reversibility). Consider (F,R,) a causal dynamics. If (F,R,) is vertex-
preserving invertible, then it is reversible, with inverse (F~!,S,) where Sy = (RF—I(Y))il.

Proof. For this proof, it is convenient to switch to the F' : Xy a, — Xy ar formalism,
introduced right after Def. 5.1. Since F’ = (F, R,) is shift-invariant invertible, we have that
F'=! = (F~1,8,) is shift-invariant. Since F’ is continuous over the compact space Xy,
with &' = X x {0, 1}, we have that F'~! = (F~1,S,) is continuous. Since Ry is bijective, so
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is Sr(x), and thus so is Sy for any Y. Hence, S is surjective and so (F~1,S,) is bounded
with bound 0. L]

Discussion: Garden-of-Eden. Another important result in CA theory, and which is related
to invertibility questions, is the so-called Garden-of-Eden (a.k.a Moore-Myhill theorem),
which states that pre-injectivity (i.e. injectivity over the set of finite configurations) is
equivalent to surjectivity (over the set of configurations). This result has been extended to
CA over Cayley graphs, provided that the group which induces the Cayley graph has a
certain property (it must be amenable), see Ceccherini-Silberstein et al. (2004). Extending
this result to a wider class of graphs is impossible for the surjective implies pre-injective
part, and is the subject of ongoing research for the pre-injective implies surjective part,
see for instance, Gromov (1999).

In the setting of this paper, there are at least two good reasons for the Garden-of-Eden
theorem not to hold. The first reason is that here, CA have been extended to generalized
Cayley graphs, encompassing not just amenable Cayley graphs, but also the non-amenable
ones, and may others: In fact, all arbitrary finite degree graphs. The second reason is that
here, CA have been extended to time-varying graphs, for which pre-injectivity becomes
a much weaker constraint (counting arguments fail as injectivity can be maintained by
generating extra vertices, instead of saturating the space of internal states). For instance, a
causal dynamics which just adds a vertex to every free port, is injective but not surjective.
It could be interesting, however, to look for non-trivial subclasses of causal dynamics for
which the Garden-of-Eden still holds.

6.3. Subclasses of causal dynamics

Finally, we mention two natural subclasses of graph dynamics. The first is that where
only the topology of the graph is evolving, i.e. there is no internal state on vertices nor
edges.

Definition 6.5 (No-state a.k.a graph-only dynamics). A dynamics (F,R.) is a graph-only
a.k.a no-state dynamics if and only if it is defined over A7, i.e. the graphs carry no internal
state.

All of our results apply unchanged in this graph-only setting, as there was nowhere
a particular need for an internal state. Moreover, it seems clear that causal graph-only
dynamics can simulate general causal dynamics elegantly (see Lemma 1 of Martiel and
Martin (2015) for a detailled proof). But it is not so clear whether this still holds in the
reversible case, for instance.

The second, dual class is that where only the internal states are evolving, ie. the
dynamics does not change the graph. This is of course is a widely studied case (Boehm
et al. 1987; Ceccherini-Silberstein et al. 2004; Derbel et al. 2008; Ehrig and Lowe 1993;
Gromov 1999; Gruner 2010; Kreowski and Kuske 2007; Lowe 1993 ; Papazian and Remila
2002; Taentzer 1996, 1997; Tomita et al. 2002, 2009, 2005).
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Definition 6.6 (Graph-preserving a.k.a state-only dynamics). A dynamics (F, R,) is a graph-
preserving a.k.a state-only dynamics if and only if for all X, the graphs X and F(X) have
the same structure, i.e. they are the same up to labellings o, .

Again all of our results apply unchanged in this state-only setting, as there was nowhere
a particular need for changing the topology, although changing the topology is one of
the main contributions of this paper. Still, it could be said that the paper does port
the Curtis—Hedlund-Lyndon theorem to CA over arbitrary graphs, and not just Cayley
graphs, which had not been done. Some results could of course be made tighter for
state-only causal dynamics, such as that of the radius of a composition.

This graph-preserving class was defined by demanding that a certain property be
preserved by the graph dynamics. Thus, it falls into the broad class of subspace-preserving
dynamics.

Definition 6.7 (Subspace-preserving dynamics). Consider {X,...,A,} a partition of
Xy ax. A dynamics (F, R.) is a subspace-preserving dynamics with respect to the partition
if and only if for all i, we have that X € &} implies that F(X) € A].

On the other hand, the no-state class was defined by restricting the definition space of
the causal dynamics. Thus, it falls into the broad class of subspace-restricted dynamics.

Definition 6.8 (Subspace-restricted dynamics). Consider ) < A5 a,. A dynamics (F,R,) is
a subspace-restricted dynamics with respect to ) if and only if its definition is restricted to ).

In both of these broad classes, it seems cautious to demand that the subspaces be
themselves compact spaces, as was the case with the no-state and graph-preserving classes.
Indeed, most of the structural results of this paper stringly rely on the compactness of
the configuration space (especially Theorem 5.1). Dynamics over non-compact subspaces
could probably defined with an ad-hoc construction. Finally, let us mention that in our
study of reversibility, we required that our causal dynamics (F, R.) be vertex-preserving, i.e.
that Ry be a bijection between V(X) and V(F(X)). This differs from graph-preservation:
the connectivity may vary. It is not clear whether this vertex-preserving class could have
been defined through a subspace-preservation construction.

7. Adjacency structures

The sole purpose of this last section is to deepen the notion of generalized Cayley graphs.
we provide an alternative, more algebraic definition of them, as a language endowed with
a theory of equivalence. We then prove the equivalence between this definition and the
definition given in Section 2.

7.1. Paths structures

Definition 7.1 (Path structure). Given a generalized Cayley graph X, we define the
structure of paths S(X) as the structure (L(X),=yx). The set of all path structures is
the set {S(X) | X € A,}. It is written S(X;).
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Given two generalized Cayley graphs, any difference between them shows up in their
path structure.

Proposition 7.1 (Generalized Cayley graphs and path structures isomorphism). The function
X — S(X) is a bijection between X, and S(AX}).

Proof. [Surjectivity]. By definition of S(A}).

[Injectivity]. Let us suppose that S(X) = S(Y), ie. that L(X) = L(Y) and =x==y.
Then =x and =y must have the same number of equivalence classes and so X and Y
have the same number of vertices. Let us choose two graphs P € X and Q € Y. For any
vertex u of P, there is a unique equivalence class ¢ of =y such that the paths of ¢ lead
to u in P. Since =y and =y are supposed equal, ¢ is also an equivalence class of =y.
Conversely, given ¢ an equivalence class of =y, there is a unique v of Q such that the
paths of ¢ lead to v in Q. Then, the paths which point to u in P are the same as those
which point to v in Q. We can now define a function R which maps each vertex u in P to
its corresponding vertex v in Q. Because this is a bijection, we can then extend R to be a
bijection over the entire set V. Let us consider two vertices u and «’ in P linked by and
edge {u :i,u’ : j} and their corresponding vertices v and v’ in Q. As P € X, we have that
the equivalence classes i.ij = u'. As the classes representing v and v’ are equal to @i.ij and
. Thus, R is a graph isomorphism, and P and Q are isomorphic. This is true for every
PeXandQeY thus X =Y. L]

7.2. Paths as languages

Inversely, we could have started by defining a certain class of languages endowed with
an equivalence, namely adjacency structures, and then asked whether the path structures
of generalized Cayley graphs fall into this class. This is the purpose of the following
definitions and lemma.

Definition 7.2 (Completeness). Let L = I1* be a language and = an equivalence on this
language. The tuple (L,=_) is said to be complete if and only if

i Yuvell” uvelL=uelL;
il. Vuu e LY'weIl" (u=pu NuvelL)= WwveL Auv=Luv);
. Yu € LVYa,b€n wuab € L = (u.ab.ba € L A\ u.ab.ba =g u).

The completeness conditions aim to make sure that (L,=p), seen as some algebra of
paths, is complete. Indeed: (i) means that ‘a shortened path remains a path’; (ii) means
that ‘If one of two equivalent paths admits an extension, then so does the other path, and
both extensions will be equivalent’; (iii) means that ‘if a step takes you from 4 to B, the
inverse step takes you from B to A’

Definition 7.3 (Adjacency structure). Let L = IT" be a language and =, an equivalence on
this language. The tuple (L,=) defines an adjacency structure if and only if it is complete
and

VYu,u' € LVa,b,cen (u=pu ANuabe€ LAu.ace L)y=b=c.
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When this is the case, L is referred to as an adjacency language and =, as an adjacency
equivalence. We denote by (L,=) an adjacency structure of language L and equivalence
relation =. The set of all adjacency structures is written S;. From now on, S represents
an element of S;.

The added adjacency structure condition aims to make sure that (L,=p), seen as some
algebra of paths, is port-unambiguous, meaning that ‘once at some place A, taking port
a leads to a definite place B’

Definition 7.4 (Associated (generalized Cayley) graph). Let S be some adjacency structure
(L,=L). Let P(S) be the pointed graph (G(S),%), with G(S) such that

e the set of vertices V(G(X)) is the set of equivalence classes of S;
e the edge {fi:a,7:b} is in E(G(S)) if and only if u.ab € L and u.ab =L v, for all u € &
and v € 7.

We define the associated graph to be G(S). We define the associated pointed graph to be
P(S). We define the associated generalized Cayley graph to be X(S).

Soundness: The properties of adjacency structures ensure that the ports of the vertices are
not used several times. Moreover, G(S) (and thus P(S)) are connected as every vertex is
path connected to the vertex &.

Lemma 7.1 (Path structures are adjacency structures). Let X be a generalized Cayley
graph. Then S(X) is an adjacency structure. Hence, S(X;) = S.

Proof. [Completeness]. If u.v is a valid path in X, then the truncated path u is a valid
path in X and belongs to L(X).

If two paths u and v in X lead to the same vertex, i.e. u =y v, then extending u and v
by the same path w will still lead to the same vertex i.e. if u.w € L(X) uw =x v.w.

If u.ab is a valid path in X, then the extension u.ab.ba consisting in going back on the
last visited vertex is still a valid path and leads to the vertex pointed by u.

Summarizing, the completeness properties are verified by construction of the language
of path L(X) and the relation =y.

[Adjacency structure]. Let us consider two paths u and v in L(X) and three ports a, b, ¢
such that u =x v and w.ab =x u.ac. Then, for the graph X to be well defined, we have
that b =c. Ul

Not only do we have that path structures are adjacency structures, but it also turns out
that any adjacency structure can be generated this way, i.e. it is the path structure of some
generalized Cayley graph.

Proposition 7.2 (Adjacency structures are path structures). Let S be some adjacency
structure. The equality S = S(X(S)) holds. Hence, S; = S(X,).

Proof. Let S = (L,=;) and S’ = S(P(X)) = (L', =p). Next, we will write S = S’ if and
only if L = L' and =; ==, with the relations =;, =;, viewed as subsets of (L U L)%
[S = S(X(S))]:
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Let us consider w € L. By construction of X(S), there exists a path w in X(S). By
definition of the function X, we have that this path will be represented by the word
w € L. Now, let us consider two words u and v in L such that u = v. By construction of
X(S), u and v will be two paths of X(S) leading to the same vertex. By definition of the
function X, the two words u and v in L’ will be equivalent regarding to the relation ='.

[S(X(S)) = S]: O

Let w' € L'. By definition, there exists a path @’ in X(S) labeled by w’ from the pointed
vertex to a vertex u. By Definition 7.3, there exists a word in L describing the path o,
hence w’ € L. Similarly, we prove the inclusion =, ==;.

7.3. Graphs as languages

Generalized Cayley graphs. Summarizing, S(.) is bijective from Proposition 7.1 and So X =
Id from Proposition 7.2, thus X is bijective, i.e. the following theorem comes out as a
corollary:

Theorem 7.1 (Generalized Cayley graphs and adjacency structures isomorphism). The
function X — S(X) is a bijection between X, and S,, whose inverse is the function
S— X(S).

Therefore, Xs and Sy are the same set, namely the set of generalized Cayley graphs.
Discussion. Generalized Cayley graphs extend Cayley graphs:

Proposition 7.3 (Recovering Cayley graph). Consider H a group with law * and generators
the finite set h = {a,b,...}. Let 1 = {a,a”! | a € h} be the generators together with their
inverses, T = {(a,a”!), | a € n} the generators paired up with their inverses. We define L
to be 7. Consider the morphism mapping:

e ainnmtoda=(aa')inT;

e theterma=*vin H to a.v in L;

e the equivalence u = v over H to the equivalence u =, ¥ over L.

Then, S = (L,=.) is an adjacency structure, and the generalized Cayley graph X coincides
with the Cayley graph of H.

Proof. All of the adjacency structures conditions are met:

i. U0 € L = u € L by definition of L.

L= 0 =>urv=_un,sinceu=u =>u*v=u*v.
fii. ua=uaa ' =, u sinceura*al=u

(-) (@=L @ ANu(a,b) € LAW.(a,c) € L)= b =c=a"' by definition of L. ]

One might have thought that any adjacency structure over the language (L,=), with
L = 7" is a Cayley graph, but this is not the case: The fact that =, corresponds to
group equality does matter in the above proposition. The Petersen graph, for instance, can
be endowed with such an adjacency structure, while being famously not a Cayley graph
(Godsil et al. 2001), see Figure 19.
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Fig. 19. The Petersen graph as a generalized Cayley graph structure.

But generalized Cayley graphs extend Cayley graphs in a much wider way than just
including Petersen-like graphs. Indeed, whereas Cayley graphs are highly symmetric,
generalized Cayley graphs can be arbitrary connected graphs of bounded degree. Still, this
extension is an advantageous one, since all of the key features of Cayley graphs remain:
We are able to name vertices relative to a point, through the word describing the path
from that point, and in fact the topology of the graph describes the equivalence structure
upon words. We have a well-defined notion of translation, which is described as part of
the basic operations upon these graphs in Section 3. We can define a distance between
theses graphs, which makes Ax 4, a compact metric space, as done in Section 4.

8. Conclusion

Summary. First, we have shown that a notion of graphs with ports modulo isomorphism
(Definitions 2.1-2.5) provides a generalization of Cayley graphs, in the following sense:
Each vertex can be named relatively to the origin; each graph represents a language
and its equivalence relation (Definitions 7.2-7.3, Theorem 7.1); and they are equipped
with a well-defined notion of translation (Definition 3.3). Second, we have shown that
the set of these graphs forms a compact metric space (Definition 4.1 and Lemma 4.1),
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entailing that continuous functions over this set are also uniformly continuous (Heine’s
theorem). Third, this allowed us to characterize CA over those generalized Cayley graphs
as the set of shift-invariant, continuous, bounded dynamics (Definitions 5.1-5.5). This
physically motivated mathematical definition would have remained excessively abstract
without our main result, showing that such causal dynamics are necessarily localizable,
i.e. that they can be expressed as the synchronous, homogeneous application of a local
rule (Definitions 5.6-5.9, Theorem 5.1). Fourth, we showed that the property of being
a local rule is decidable and hence that causal dynamics are computable (Propositions
5.1-5.2). Finally, we showed that the composition of two causal dynamics is itself a causal
dynamics (Theorem 6.1), and that the shift-invariant inverse of a causal dynamics is again
a causal dynamics (Theorem 6.2).

Further works. The mathematical relation between the causal dynamics of Arrighi
and Dowek (2012) and ours remains to be clarified — for instance, decidability remains
to be proven for the causal graph dynamics of Arrighi and Dowek (2012). Still, they
are important features of models of computation. The fact that they are relatively
straightforward to prove in this paper is a good indicator that the formalism presented is
appropriate.

Our short terms plan, however, include interpreting CA over generalized Cayley graphs
as a dynamics over simplicial complexes as was started in Arrighi et al. (2014); deepening
the study of the reversible case; formalizing the stochastic case. Moreover, one of the
authors has been studying the intrinsic simulation and intrinsic universality of causal
graph dynamics in Martiel and Martin (2013), an approach which can still be taken
further.

This work has been funded by the ANR-10-JCJC-0208 CausaQ grant, by the John
Templeton Foundation grant ID 15619, and by the Stic-Amsud grant FoQCoSS. It also
benefited from discussions with Christophe Crespelle, Gilles Dowek, Emmanuel Jeandel,
Viv Kendon, Jean Mairesse, Bruno Martin, David Meyer, Simon Perdrix and Eric Thierry.
We thank the anonymous referees, who pushed for a better paper.
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Fig. Al. (a) Each triangle can contain up to six particles, each corresponding to distinct velocity.

The presence of a particle of a given velocity is depicted by a filled circle, its absence by an empty
circle. (c) Here the triangle hosts three particles moving from left to right, right to left and bottom
to right. Arrows are dropped for visibility. (d) Simple particle propagation. In the case where there
is no collision pattern, or if they are side-by-side, not much happens: Each particle moves freely to
the next triangle in its trajectory, and preserves its velocity.

Appendix. Lattice Gas Over Dynamical Geometry

This appendix is dedicated to the introduction of a more detailed example. This dynamics
is based on a particular instance of Lattice Gas Automaton where particles can create
or delete cells depending on the way they collide. The asymptotical behaviour of this
dynamics was thoroughly studied by Meyer et al. both in the one-dimensional case
(Hasslacher and Meyer 1998) and in the two-dimensional case (Klales et al. 2010). We
present here a two-dimensional implementation of their dynamics using a causal graph
dynamics.

Informal presentation of the dynamics. In the original example, the ‘lattice’ is really a
two-dimensional simplicial complex, i.e. triangles that are glued together along their faces
to form a discrete surface. Each triangle potentially hosts 0 to 6 particles, each with a fixed,
distinct velocity (see Figure Al). At each time step, particles just propagate according to
their velocities. Except in four distinguished cases of collision patterns, depicted in Figure
A2, and provided that these patterns do not happen next to each other.

Local rule. In order to encode these configurations inside a graph, we simply encode
each triangle into a vertex of degree 3: = = {0, 1,2}. Each glueing is then encoded into
an edge inside the graph. Internal labels are used to encode the presence of particles:
¥ = {0,1}%. In order to ensure that collision patterns are not side-by-side, we need to set
the radius of the local rule to at least 2. Figure A3 does not show radius 2, but only the
radius 0, to show the non-trivial part of the local rule’s action, assuming that the graph
transformation is triggered. In other just in order to detect side-by-side collision patterns
and thus avoid inconsistent geometrical transformations to occur next to each other.
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Fig. A2. Certain collision patterns, when they are isolated, trigger special behaviours. (1) When

three particles collide inside a triangle, the triangle is split into three new triangles. (2) Conversely,
when three particles cross the faces of three adjacent triangles, the three triangles merge to form a
new triangle. (3),(4) When particles meet at a face between two triangles, the face is rotated to
create two triangles as depicted.
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Fig. A3. In all these examples, we assume that the vertices carry labels that indicate the presence
of particles, and that these form the one collision pattern that triggers this corresponding
geometric transformation. We also assume that this collision pattern is found isolated, i.e. not
side-by-side with another. (a) In this case, the local rule splits the centre vertex into three vertices,
naming them ¢, 1 and 2. The other vertices are untouched and are simply attached to the new
vertices. (b) Here, the reverse transformation is performed. The three middle vertices are identified
in a single vertex names {¢, 10,20}. Keep in mind that three similar graphs will be generated by the
three middle vertices. These graphs will be identical and thus identified during the graph union. (c)
In this case, the two centre vertices simply redistribute their edges, no vertex is created.
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