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We generate ray-class fields over imaginary quadratic fields in terms of
Siegel-Ramachandra invariants, which are an extension of a result of Schertz. By
making use of quotients of Siegel-Ramachandra invariants we also construct ray-class
invariants over imaginary quadratic fields whose minimal polynomials have relatively
small coefficients, from which we are able to solve certain quadratic Diophantine
equations.
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1. Introduction

Let K be an imaginary quadratic field, f be a non-zero integral ideal of K and let
CI(f) be the ray-class group of K modulo f. Then, by class field theory, there exists
a unique abelian extension of K whose Galois group is isomorphic to C1(f) via the
Artin map

o: Cl(f) = Gal(K;/K). (1.1)

We call it the ray-class field of K modulo f, which is denoted by Kj;. Since any
abelian extension of K is contained in some ray-class field Kj, the generation of ray-
class fields of K is a key step towards Hilbert’s 12th problem. In 1964, Ramachandra
[10, theorem 10] constructed a primitive generator of K; over K by applying the
Kronecker limit formula. However, his invariants involve products of high powers of
singular values of Klein forms and the discriminant Delta function, which are quite
complicated to use in practice. On the other hand, Schertz tried to find rather
simpler generators of K; over K for practical use. And he conjectured that the
Siegel-Ramachandra invariants would be the right answer and gave a conditional
proof (see [11, theorems 3 and 4] or [12, theorem 6.8.4]).

In this paper we shall first generate ray-class fields Kj over K via Siegel-Rama-
chandra invariants by improving Schertz’s idea (theorem 4.6). By making use of the
quotient of Siegel-Ramachandra invariants we shall also construct a primitive gen-
erator of K; over K whose minimal polynomial has relatively small coefficients, and
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present several examples (see theorem 5.4, remark 5.6 and examples 5.8 and 5.9).
This ray-class invariant becomes a real algebraic integer with certain conditions (see
lemma 6.2 and theorem 6.3). Lastly, we shall apply the real ray-class invariant to
solving certain quadratic Diophantine equations (see theorem 6.3 and examples 6.6
and 6.7).

Notation. For z € C we denote by z the complex conjugate of z and by Im(z)
the imaginary part of z, and set ¢, = e?™*. If G is a group and g1, ga, ..., g, are
elements of G, let {(g1,92,.--.,9r) be the subgroup of G generated by g1, g2, - -, gr,
and let G™ be the subgroup {¢" | g € G} of G for n € Z~o. Moreover, if H is a
subgroup of G and g € G, we mean by [g] the coset gH of H in G. The transpose of
a matrix « is denoted by *a. If R is a ring with identity, R indicates the group of
all invertible elements of R. For a number field K, let O be the ring of algebraic
integers of K and let di be the discriminant of K. If a € O, we denote by (a) the
principal ideal of K generated by a. When a is an integral ideal of K, we mean by
N (a) the absolute norm of an ideal a. For a positive integer N, we let (y = e2mi/N
be a primitive Nth root of unity.

2. Shimura’s reciprocity law

We shall review an algorithm for finding all conjugates of the special value of a
modular function over an imaginary quadratic field by using Shimura’s reciprocity
law.

For a lattice L in C, the Weierstrass p-function is defined by

1 1 1
= wenvo) ((Z_w) w )

Let H = {z € C | Im(z) > 0} be the complex upper half-plane. For 7 € H, we let

)

1 1 .

g92(7) = 60 Z o g3(1) = 140 Z 6 A(r) = ga(r)* — 27g3(7)*.
weln1\{0} welr1\{0}

Then the j-invariant is defined by

92(7)
A(r)

For a rational vector r = [1] € Q? \ Z2, we define the Fricke function by

j(r)=1728 (r € H).

fr (T) — _2735 92 (7)93 (T)

A7) p(rim 4+ ro; 1, 1)) (r € H).

And, for a positive integer N, let

oo~ {[ g esem || 4= Gman).

Fn = Q(j(T)7f,,-(T): re %ZQ \ZQ).
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We call F the modular function field of level N over Q. Then the function field
C(X(N)) on the modular curve X(N) = I'(N) \ (H U P*(Q)) is equal to CFy,
and Fy consists of all functions in C(X(N)) whose Fourier coefficients lie in the
cyclotomic field Q(¢x) [7, ch. 6, §3]. As is well known, Fy is a Galois extension of

F1=Q((r)) and
Gal(Fn/F1) 2 GL2(Z/NZ)/{tl2} 2 Gy - SLa(Z/NZ)/{£1>}, (2.1)
where
oc={s §s<or
N=11y 4 € (Z/NZ) }

More precisely, the element [} 9] € Gy acts on Fy by

Z CTLC]'7rl/N'_> Z cqujrl/Nv (2.2)

n>>—oo n>>>—oo

where Zn>>_oo cnq?/ N'is the Fourier expansion of a function in Fy and o4 €
Gal(Q(¢n)/Q) satisfies (3¢ = ¢%. And, v € SLo(Z/NZ)/{£1>} acts on h € Fy by

h7(r) = h(37),

where ¥ is a preimage of vy of the reduction SLy(Z) — SLa(Z/NZ)/{£I>2} [7, ch. 6,
theorem 3.
Now let K be an imaginary quadratic field of discriminant dx and set

; 1Vdk if dg =0 (mod 4), 23)
C L (—1+ Vdg) ifdg=1 (mod 4), '
so that Ok = Z[f]. Then its minimal polynomial over Q is
X% — 1dg ifdg =0 (mod 4),

min(0,Q) = X2 + ByX + Cy =
X2+ X+1i1-dx) ifdg =1 (mod4).

PROPOSITION 2.1. When § = NOgk for a positive integer N, we have
Kf = K(N) = K(h(@): h e .7:1\[79),

where Fg = {h € Fn | h is defined and finite at 0}. If N = 1, then K1) is merely
the Hilbert class field of K.

Proof. See [7, ch. 10 § 1, corollary]. O

For a positive integer N we define a subgroup Wy ¢ of GL3(Z/NZ) by

Wo = { [’5 - SB‘)S _?S] € GLy(Z/N7)

tse Z/NZ}.

Then we have the following proposition.
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PROPOSITION 2.2. We attain a surjective homomorphism

ono: W — Gal(K(ny/Kq))
o= (h(e) = ha(e))thN,ea

whose kernel is

{ié ?} if K # Q(v=1),Q(/=3),
1 0] 0 -1 ,
{i_ A 0]} if K = Q(v=T),
1 0] -1 -1 0 1 ,
{i_ 1_,i Lo ,+ o 11} if K = Q(v/-3).
Proof. See [3, §3] or [16, §3]. O

On the other hand, observe that the subgroup
{[(w)] € CY(NOk) | w € O is prime to N}
is isomorphic to Gal(K(n)/K (1)) via the Artin map o in (1.1).

PROPOSITION 2.3. Let N be a positive integer and let w € Ok be prime to N.
Write w = 50 +t with s,t € Z. Then, for h € Fy ¢ we obtain

t — Bgs —Cpys

h@WW=W@,WW“:[s t

:| S WN,Q.

Proof. See [14, theorem 6.31]. O
For convenience we denote the quadratic form aX? + bXY + cY? € Z[X,Y] by

[a,b,c]. Let C(dk) be the form class group of discriminant dg. Then we identify
C(dg) with the set of all reduced quadratic forms, namely [2, theorem 2.8]

C(dr) = {[a,b,c] € Z|X,Y] | ged(a,b,c) = 1, b — dac = dk,
—a<b<a<cor0<b<a=c}.

Here we note that if [a,b,c] € C(dk), then a < \/—dg /3 [2, p. 29] and C(dk) is
isomorphic to Gal(K(y)/K) [2, theorem 7.7]. For Q = [a,b,c] € C(dk), we let

—b d
o= VT g

Further, we define 8 = (8,)p € [[,, GL2(Z,) as follows.
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CASE 1 (dg =0 (mod 4)).

_ 1
g 21 if pta,
[ 1
Bp = 12 Oc if pla and p 1 c,
[ a1y _e_ 1y
al 2 c 12 if pla and plc.

CASE 2 (dg =1 (mod 4)).

(b— 1)/2]

if
) itpta

1
o 2

if pla and p 1 ¢,

5, — [ —1lb+1) —c]

1 0
—a—3(b+1) —c+3(1-b)
1 -1

] if pla and ple.

PROPOSITION 2.4. For a positive integer N, we achieve a one-to-one correspon-
dence

Wio/ker(ong) x Cldi) — Gal(K(ny/K)
(@, Q) = (h(8) = h*2(00))nery.,-
Here, & is the preimage of « of the reduction
WN’Q/{:l:IQ} — WN’g/ker(apN’g)

and the action of Bg on Fn is described by the action of 3 € GLo(Z/NZ)/{£I2}
so that 3 = 3, (mod NZ,) for all primes p|N.

Proof. This is immediate from proposition 2.2 and [3, §4]. O

3. Siegel-Ramachandra invariants

In this section we introduce the arithmetic properties of Siegel functions and de-
scribe some necessary facts about Siegel-Ramachandra invariants for later use.

For a rational vector r = [71] € Q2 \ Z2, we define the Siegel function g.() on
H by the following infinite product:

o0
gr(T) — _qu(rl)/Qewirg(rlfl)(l _ q:1627rir2) H (1 . q:_l+T1627Ti7‘2)(1 . qﬁvrzfnef%rirg),
n=1

where By(X) = X2 -X+ % is the second Bernoulli polynomial. Then it has no
zeros and poles on H (see [15] or [6, p. 36]). The following proposition describes the
modularity criterion for Siegel functions.
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PROPOSITION 3.1. Let N > 2 be a positive integer and let {m(r)} =71 ]e(1/N)22\22
be a family of integers such that m(r) = 0 except for finitely many r. A finite
product of Siegel functions

¢ II  gtm™

r€(1/N)Z2\Z?

belongs to Fn if

Zm NTl 2 *Zm NT‘Q
Z (r)(Nr1)(Nrs) =0 (mod N),

0 (mod gcd(2,N)-N),

Zm -ged(12,N) =0 (mod 12).

Here,
¢ = Lot € QGoe).

Proof. See [6, ch. 3, theorems 5.2 and 5.3]. O
PROPOSITION 3.2. Let r,s € (1/N)Z?\ Z? for a positive integer N > 2

(i) gr(7)'2N satisfies the relation

gr(T)2N = g_p ()12 = gy ()12

where (X)) is the fractional part of X € R such that 0 < (X) <1 and

)

(i) gn(7)'2N belongs to Fn. Moreover, a € GLo(Z/NZ)/{*+I2} acts on it by
(00 (1)) = g ()12
(iii) Fory=[2%] € SLy(Z) we have
(QT(T)) o = g"w‘(T).
9s(T) grys(7)

Proof. See [6, ch. 2, §1]. O

Let L be a lattice in C and let ¢t € C\ L be a point of finite order with respect
to L. We choose a basis [wy,ws] of L such that z = wy/wy € H and write

t = riwy + rows  for some [:1] €Q?\ z%
2

We also define a function g(t, [wy,ws]) = grr17(2), which depends on the choice of
w1, we. However, by raising it to the 12th power we obtain a function g*2(t,L) of t
and L [6, p. 31].
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Now let K be an imaginary quadratic field of discriminant d, let f be a non-
trivial proper integral ideal of K and let N be the smallest positive integer in f. For
C € CI(f), we define the Siegel-Ramachandra invariant of conductor f at C by

g;(C) = g"*N (1,57 1),

where ¢ is any integral ideal in C. This value depends only on f and the class C,
and not on the choice of c.

PRrROPOSITION 3.3. Let C,C" € CI(f) with f # Ok.

(i) g5(C) lies in K as an algebraic integer. If N is composite, gs(C) is a unit in
K;.

(ii) We have the transformation formula
5(0)7 ) = g(CC,
where o is the Artin map stated in (1.1).
(iii) g;(C")/g;(C) is a unit in Kj.
Proof. See [7, ch. 19, theorem 3] and [6, ch. 11, theorem 1.2]. O

Further, we let a be an integral ideal of K that is not divisible by f. For a class
C € CI(f), we define the Robert invariant by

912(17 fcfl)./\f(a)

(NN

where ¢ is any integral ideal in C. This depends only on the class C. Note that
uq(C') belongs to Ky, but it is not necessarily a unit [6, ch. 11, theorem 4.1]. We

shall take products of such invariants with a linear condition in order to get units.
Let Cy be the unit class in CI(f), and let R} be the group of all finite products

[T a(Co)™®  (m(a) € Z)

taken with all integral ideals a of K prime to 6N satisfying Y, m(a)(N(a) — 1) = 0.
Then 9‘{;‘ becomes a subgroup of the units in Kj [6, ch. 11, theorem 4.2].
Let wg, be the number of roots of unity in Kj, and define the group

Zn(C’) =0

c
and Zn(C)N(ac) =0 (mod wa)},
c

qu(wa)Z{ II o™
5

CeCl

where a¢ is any integral ideal in C' prime to 6N and the exponents n(C) are
integers. The value N (ac) (mod wg;) does not depend on the choice of ac [6, ch. 9,
lemma 4.1], and so the group is well defined.
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PROPOSITION 3.4. We have

RN = d4(wk,)-
Proof. See [6, ch. 11, theorem 4.3] O
LEMMA 3.5. Let f = NOg for a positive integer N > 2 and let C' be an element
of CI(f) satisfying N'(ac/) = 1 (mod wg,) for some integral ideal ac: in C' prime
to 6N. Then any Nth root of the value g;(C")/g;(Co) is a unit in Kj.

Proof. Observe that g;(C”)/g;(Co) € Pj(wk;). It then follows from proposition 3.4

that
/
%(C") =u"  for some u € R
95(Co)
Since u is a unit in Ky and {x € Q({n) C K(n) = Kj, any Nth root of the value
95(C")/gi(Cp) is also a unit in Kj. O

Let f be a non-trivial integral ideal of K and  be a character of CI(f). The conduc-
tor of x is defined by the largest ideal g dividing f such that y is obtained by a com-
position of a character of Cl(g) and the natural homomorphism Cl(f) — Cl(g), and
we denote it by f,. Similarly, if x’ is a character of (Ok /f)*, then we define the con-
ductor of X’ by the largest ideal g dividing f for which x’ is induced by a composition
of a character of (Ok /g)* with the natural homomorphism (Ok /f)* — (Ok/g)*,
and denote it by f,/. The map

(Ok/H)* = CI(f)

ot s (@) 3.1)

is a well-defined homomorphism whose kernel is
{a+ie(Ok/f)" |a€ Ok}

For a character x of CI(f), we derive a character x’ of (Ok /f)* by composing with
the map (3.1). Then, by definition, f, = f,/ is immediate.

Now let x be a non-trivial character of CI(f) with f # Ok and let xo be the
primitive character of CI(f, ) corresponding to x. We define the Stickelberger element
and the L-function for x by

Silx,99) = Y x(C)log|gs(C),
CeCI(f)

a
Lis0= ¥ ek (eo).
(0)#aCOK
ged(a,f)=1

respectively. The second Kronecker limit formula explains the relation between the
Stickelberger element and the L-function as follows.
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PROPOSITION 3.6. Let x be a non-trivial character of Cl(f) with f, # Ok. Then
we have

e L 2mxo0 (V0 xfxl) G (v
fo(17X0) g(l XO([p])) - 6N(fx)w(fx)Tfy()_(O) 7dK Sf(Xagf)a

ptix

where ¢ is the different ideal of K/Q, v is an element of K such that Y0 k¥, is an
integral ideal of K prime to f,, N(fy) is the smallest positive integer in f,, w(fy)
is the number of roots of unity in K that are =1 (mod f,) and

T,(v)= Y.  Xo([zOg))e?mi et
$+fxe(OK/fx)X

Proof. See [6, ch. 11, §2, LF2). O

REMARK 3.7. Since X is a non-trivial character of Cl(f, ), we obtain Ly, (1,x0) # 0
[4, ch. V, theorem 10.2]. Furthermore, the Gauss sum T (Xo) is also non-zero [7,
ch. 22, §1, G3]. If every prime ideal factor of f divides f,, then we understand the
Euler factor [],;, Pl (1 — xo([p])) to be 1, and hence we conclude that S;(x, g5) # 0.

4. Generation of ray-class fields by Siegel-Ramachandra invariants

In this section we improve the result of Schertz [12] concerning construction of
ray-class fields by means of Siegel-Ramachandra invariants.

Let K be an imaginary quadratic field of discriminant dx and let wg be the
number of roots of unity in K. For a non-trivial integral ideal § of K, we regard
w(f) as the number of roots of unity in K that are equivalent to 1 (mod f). Let ¢
be the Euler function for ideals, namely

1
¢(f) =10x/H*=N§ ] (1- =) (4.1)
i ( N(n))

p prime

PROPOSITION 4.1. If f is a non-trivial integral ideal of K, then we get

w(f
1K7:] = hico ) 2L
WK
where hy is the class number of K.
Proof. See [8, ch. VI, theorem 1]. O

LEMMA 4.2. Let H C G be two finite abelian groups, let g € G\ H and n be the
order of the coset [g] in G/H. Then for any character x of H, we can extend it to
a character ¥ of G such that ¥ (g) is any fized nth root of x(g™).

Proof. See [13, ch. VI, proposition 1]. O

Now, let f be a non-trivial proper integral ideal of K with prime ideal factorization

f=]]ei"
=1
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and let Cjy be the unit class in CI(f). Consider the quotient group

G = (0k/))*{a+fe (Ox/f)* | a€ Ok}

Then one can view G as a subgroup of CI(f) via the map (3.1). For each i, we set
Gi = (Ox/pi") {o+pi" € (Ox/pi")" | € OL}.

PROPOSITION 4.3. Assume that |G;| > 2 for every i. Then, for any class C (#
Cy) € CI(f) there exists a character x of CI(f) such that x(C) # 1 and p;|f, for
all 1.

Proof. Since C # Cy, there is a character x of CI(f) such that x(C) # 1. We set
n to be the order of C' in the quotient group Cl(f)/G. Then C™ = [(5)] for some
B € Ok that is relatively prime to f. Suppose that f, is not divided by p; for some
i. If G; # (B +p;"), then we can find a non-trivial character ¢ of (Og /p;*)* for
which 1 is trivial on {a+p;" € (Og/p")* | @ € O} and (B + p;?) = 1. By
composing with a natural homomorphism (O /§)* — (Ok/p;*)*, we are able to
extend 9 to a character ¢’ of (Ok/f)* whose conductor is divisible only by p;.
Observe that ¢’ is trivial on {a + f € (Og/f)* | @ € O}, and so ¥’ becomes a
character of G. It then follows from lemma 4.2 that we can also extend 3’ to a
character ¢” of CI(f) such that ¢"(C) = 1. Now assume that G; = (+ p;"). Since
|G| > 2, there is a non-trivial character ¢ of (Og /p;")* such that ¢ is trivial on
{a+pl' € (Ok/pl)* |a € OF} and (B +pl) #1, x(C™)~'. In a similar way,
one can extend ¢ to a character ¢” of CI(f) in such a way that fy~ is divisible
only by p; and ”(C) # x(C)~!. Therefore, the character x” of CI(f) satisfies
XU (C) # 1, pilfyyr and fy|fyyr in both cases. By continuing this process for all 4,
we finally obtain the desired character. O

LEMMA 4.4. With the notation above, |G;| = 1,2 if and only if p}'* satisfies one of
the following conditions.

Case 1 (K # Q(v-1),Q(v=3)).
e 2 is not inert in K, p; is lying over 2 and n; = 1,2 or 3.
e 3 is not inert in K, p; is lying over 3 and n; = 1.
e 5 is not inert in K, p; is lying over 5 and n; = 1.
CASE 2 (K = Q(v-1)).
e p; is lying over 2 and n; = 1,2,3 or 4.
e p,; is lying over 3 and n; = 1.
e p,; is lying over 5 and n; = 1.
Cast 3 (K = Q(v/-3)).
e p,; is lying over 2 and n; = 1 or 2.

e p; is lying over 3 and n; =1 or 2.
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e p, is lying over 7 and n; = 1.
e p; is lying over 13 and n; = 1.
Proof. First, we note that

Gl = ppr) 2P, (4.2)

WK

Let p; be a prime number such that p; is lying over p;. It then follows from (4.1)
that

P(pi") = (4.3)

1'7,1'—1

p?”i — p?”FQ if p; is inert in K,
Pt —p; otherwise.

If K # Q(v/-1),Q(v/=3), then wx = 2 and

. 2 if pI|20k,
w(pm{ b 20Kk (4.4)

1 otherwise.
If K=Q(v-1), then wg =4 and

1 ifp;=1 (mod4),

d —4
(K> = () =q-1 ifp; =3 (mod 4), (4.5)
pl pl 0 lf pZ = 27

where (dg /p;) stands for the Kronecker symbol. Since 205 = (1 — /—=1)2Of, we
deduce that

4 i p = (1 - /=1)Ox,
wpl) =192 ifp' #(1—+/-1)Ok and p"

1 otherwise.

20k, (4.6)

If K =Q(v/-3), then wg = 6 and

1 ifp;=1,7 (mod 12),

d -3
(K> = () =< -1 ifp;=5,11 (mod 12) or p; = 2, (4.7)
Di bi .
0 if p; = 3.

Here we observe that 2 is inert in K and 3 is ramified in K, so to speak: 30k =
(3(34+/=3))?0Ok. One can then readily show that

3 ifpl = (3(3+v-3))Ok,
w(pi) =<2 if pit =20k, (4.8)
1 otherwise.

Therefore, the lemma follows from (4.2)—(4.8). O
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REMARK 4.5. If 2 is not inert in K, p; is lying over 2 and n; = 1, then

K=K,

—ng .

P;

Indeed, we see from proposition 4.1 that

k) = 20 ) e, (4.9)

K, STl

Since ¢(p;') =1 and w(fp; ™) = w(f) in this case, we obtain the conclusion.

From now on we assume that Kj # K. —., for every ¢ and let IN; be the number
of i such that |G;| = 1 or 2. After reordering prime ideal factors of f if necessary, we
may suppose that |G;| =1 or 2 for ¢ = 1,2,..., N;. For any intermediate field F' of
the extension K;/K we mean by Cl(K;/F) the subgroup of CI(f) corresponding to
Gal(K;/F) via the Artin map o stated in (1.1).

THEOREM 4.6. Let f be a non-trivial proper integral ideal of K with prime ideal
factorization § = [[;_, pi" such that |G;| =1 or 2 fori=1,2,..., Nj. Assume that
K; # Kfpfni for every i and

A

; ) <3 (4.10)
Then, for any class C € CI(f) and any non-zero integer n, we get

Ky = K(gs(C)"). (4.11)

In particular, if Ny = 0 or 1, then the assumption (4.10) is always satisfied, and
hence we have the desired result, (4.11).

Proof. Let F = K(g;(Cp)™). On the contrary suppose that F is properly contained
in Kj, i.e. CI(K5/F) # {1}. Then we claim that there exists a character x of CI(f)
satisfying x|ci(x,/r) # 1 and pi|f, for i = 1,2,..., Nj. Indeed, we deduce that
M, = |{characters x of CI(f) | x|ci(x,/F) # 1}
= [{characters x of CI(f)}| — [{characters x of CL(f) | x|ci(x,/r) = 1}|

= [K;:K] — [F:K]
1
= (1~ )
> L[K:K]. (4.12)

Thus, if Ny = 0, the claim is clear. Observe that a trivial character is not contained
in the set stated in (4.12). Now assume INj > 1 and let

My = |{characters x # 1 of CI(f) | p; { f, for some i € {1,2,..., N} }|.
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First, we suppose INj # 2. Then we derive that

My = |{characters x of CI(f) | p; t f, for some i € {1,2,...,Ns}}| —1
= [{characters x of CI(f) | fy|fp; "* for some i € {1,2,..., Ny}}|[ -1

Ny
< Z |{characters x of Cl(fp; ")}| — 1

i=1
N

= Z[Kfp_m:K] -1

i=1

_ Ny M 1

If N; =1, then My < %[K;:K] — 1 since Kj # K. -, for every i. And, if Ny > 3,
then w(f) = w(fp; "*) = 1 for every i because f has at least three prime ideal factors.
Hence, we attain M, < §[K;:K] — 1, again by the assumption (4.10). Now, assume
N; = 2. Since f has at least two prime ideal factors, we obtain that

My = |{characters x of CI(f) | f|fp; ™" for some i € {1,2}}| — 1

2
= Z |[{characters x of Cl(fp; "*)}| — |{characters x of Cl(fp; "*p3 ")} — 1

i=1

_ Z o K] = [K oy ni K] =1

fp/“ w(fpy "'ps ") e
(Z ST Hr )¢<p2>)[Kf'K} !

Here we note that w(fp; ™) # 1 occurs only when f = pi'p5?, and w(fp; "'py "?) =
wi in this case. Using this fact, one can check that if assumption (4.10) holds then

sz ") wier M) 1
(Z B(p ¢(p1 ) (p5° )) S 2’ (4.13)

which yields My < %[K}:K] — 1. Thus, for any N; > 1 we have M; > My, and so
the claim is proved. Furthermore, the proof of proposition 4.3 shows that there is a
character ¢ of CI(f) for which x¢"|cyx,/r) # 1, fx|fxwr and pi|fyy for all . So,
by replacing x by xv", we get a character x of CI(f) satisfying x|cix,/r) # 1 and
p;|fy for all .

Since x is non-trivial and f, # Ok, we have S;(x, gs) # 0 by proposition 3.6. On
the other hand, we deduce that

Sio) =+ 3 X(C)loglg(O)]

CeCI(f)

= 3 W) logl(g(Co)") | (by proposition 3.3)

CeCI(f)
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1
- n Z ( Z X(C1C5) 10g|(gf(co)”)0(clc2)>
[C1]€CI() /CUK[/F)  C2€Cl(K[/F)

-1 Y sl @l X we)

" leaeaify ek, /r) CoeCI(K; /F)

because g;(Cop)" € F' and x|cyk,/r) # 1. This gives a contradiction. Therefore,
F = Kj, and so Kj = K(g;(C)") for any C € CI(f) since g;(C)" = (g;(Co)™)?(©)
by proposition 3.3. O

REMARK 4.7.

(i) If Ny = 2 and f = p{'p5>, then one can show that the inequality (4.13)
holds except in the case where K # Q(v/—1),Q(+v/—3), 2 is ramified in K
and f = p%z)p(s). Here, p(,) stands for a prime ideal of K lying over a prime
number p. Therefore, we are able to establish theorem 4.6, again under the
above condition.

(ii) Schertz conjectured [12, conjecture 6.8.3] that (4.11) holds for any non-trivial
proper integral ideal § of K. In theorem 4.6 we present a conditional proof of
his conjecture.

5. Ray-class fields constructed by smaller generators

In this section we shall construct ray-class invariants over imaginary quadratic fields
whose minimal polynomials have relatively small coefficients.

Let K = Q(v/—d) be an imaginary quadratic field with a square-free integer
d > 0, let f be a non-trivial proper integral ideal of K and let 6 be as in (2.3). In
what follows we adopt the notation of §4.

LEMMA 5.1. Let r,s € (1/N)Z?\ Z? for a positive integer N > 2. Then we obtain
that
gr(o)gcd(Q,N)AN

lies in the ray-class field K ny = K; with f = NOk.
Proof. This is immediate from propositions 2.1 and 3.1. O

LEMMA 5.2. Let

f=NOk =]]w"
=1

for an integer N > 2 and let p be an odd prime dividing N (if any). Assume that
K; # Kfpfni for every i. Then there is an element 3 € Ok prime to 6N for which
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Nk o(B) =1 (mod wg, ), and the ray class [(3)] € CI(f) is of order k,, where

1<p_ (if)) if ptdi, ordy(N) =1 and N = p,

WK
-1
kp = 2<p_ (if)) if ptdic, ord,(N) =1 and N # p,
P otherwise.

Here (dg /p) is the Kronecker symbol.

Proof. Let

, 4N it3|N,

~ |12N if 3N,
with prime decomposition N’ = [],¢™. Then n, = ord,(N’) = ord,(N) and
wg; divides N’ [6, ch. 9, lemma 4.3]. Hence, it suffices to ﬁnd g8 € Ok for which
Ngso(B) = 1 (mod N’) and the order of the ray class [(8)] € CI(f) is kp. For

simplicity, we let m = p — (di /p) and define a homomorphism
NK/Q,n: (OK/TLOK)X — (Z/HZ)X
w+nOk — Nk /g(w) +nZ
for each integer n > 2.

CASE 1. First, suppose that p { dx and ord,(N) = 1. We claim that the homomor-
phism ~
Nijop: (O /pOk)* — (Z/pL)*

is surjective and ker(NK/@,p) >~ 7Z/mZ. Indeed, we can write

Ok /PO ={z +yvV—-d+pOk | z,y € Fp}

because ged(2,p) = 1. Then one can readily show that the map
{w+pOk € (Ok/pOK)”* | Ngjo(w) =1 (mod p)} — C(IFy)
x4+ yvV—d+pOr — (z,9)

is a well-defined isomorphism, where C: z? — (—d)y* = 1 is the Pell conic over F,,.
Hence, ker(Ny /g ) =2 C(F,) = Z/mZ 9, §2.1] and the claim is proved by (4.1). We
choose w € O so that ker(Ng/qp) = (w+pOk). Then, by the Chinese remainder
theorem, there exist w’ € Ok for which for each prime £ divides N':

,  Jw (mod £™Ok) if £ =np,
I
1 (mod ¢™Ok) ifl+#p.

We observe that w’ is prime to 6N and that w’+ N’O is contained in ker(NK/QN,)
and is of order m in (O /NOg)*. If N = p, then the ray class [(w')] € CI(f) is of
order m/wg because

{e+pOk € (O /pOK)* |e € O} C ker(NK/Qp) = (W + pOk).
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When N =# p, we derive that

m/2 if —14+ NOg € (W' + NOg),
m otherwise.

(the order of [(w")] in C1(f)) = {

Therefore, we can find 5 € Ok with the desired properties.
CASE 2. Now, assume that ord,(N) > 1 or p|dk. Let

2N
1+?\/—d ifp:3,
B = 6N (5.1)

Then Nk g(8) =1 (mod N') and 8+ NOk is of order p in (O /NOf)* because
p? divides Nd. And we claim that

{e+ NOk € (Ox/NOg)* |e € le(}ﬂ<ﬁ+NoK> ={1+ NOxk},

since p is an odd prime and K # Kfpv—ni for every . Thus, the ray class [(5)] € CL(f)
is of order p, as desired. ‘ O

REMARK 5.3. If p is an odd prime such that p — (dx/p) is a power of 2, then p
is either a Mersenne prime or a Fermat prime. Observe that forty-eight Mersenne
primes and five Fermat primes were known as of May 2014.

THEOREM 5.4. Let f=[[;_, p'" be a non-trivial proper integral ideal of K and
let C" be an element of G (C CI(f)) whose order is an odd prime p. Assume that
K; # Kfpv—ni and |G;| > 2 for every i. If p > 3 or |G;| > 3 for every i, then for
any non-zero integer n the unit

generates Ky over K.
Moreover, if f = NOg for an integer N > 2 and C' = [(")] for some 3’ € Ok
prime to 6N with Ni,o(8') =1 (mod wg,), then

g{%]”(a)m

t

K=K |-

f gr o (@)™ |’
[1/x]

where 3 = s +t with s,t € Z and

) ged(N, 3) if N is odd,
4 gcd(%N, 3) if N is even.
Proof. Let F = K(g;(C")"/gi(Co)™). Suppose F' C Kj, namely, CI(K;/F) # {1}.

We then claim that there exists a character x of CI(f) such that x|cix,/r) # 1,
x(C") # 1 and p,|f, for every 7. Indeed, one can achieve

{characters x # 1 of CI(f) | x(C") = 1}| =
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Tt also follows from (4.12) that

1
[{characters x of CI(f) | x|cix,/r) # 1} = 1Kj:K] > ;)[K}:K] -1

Thus, there is a character x of CI(f) satisfying x|ci(k,/r) # 1 and x(C”) # 1. Since
C’ € G, we may write C' = [(§')] for some 3’ € Ok which is prime to f. Choose
C" € CI(K;/F) of prime order ¢ satisfying x(C") # 1. Here, we assume that f, is
not divided by p; for some i. We then consider the following two cases.

CASE 1 (C" € G). The proof of proposition 4.3 shows that there exists a non-
trivial character ¢ of G; such that ¥([3' + p.]) # x(C")~'. And, we can extend
1 to a character ¢’ of G whose conductor is divisible only by p;. Since C” ¢ G
and ¥/((C")*) = 1, one can also extend 1’ to a character ¢ of CI(f) so as to
have ¢”(C") = 1 by lemma 4.2. Note that the character yy” of CI(f) satisfies
x"'(C") # 1, x¢"(C") = x(C") # 1, pilfyy and fy|fyy . And we replace x by
Y.

CASE 2 (C" € G). Let 8" € Ok such that C” = [(")] in CI(f).

(i) If G; # ([8” + p;"]), we can choose a trivial character v of the proper
subgroup ([8” +p;"]) of G;. Since ([8" +p]) = {1} or Z/¢Z in the group G,
we have either ([3'+pi"]) = ([3"+p;"]) C G or ([F'+p;")N([B"+p;"]) = {1}.
And, by using lemma 4.2, we can extend 1t to a non-trivial character v of
G, such that ¢(8 + pl'*) # x(C")~! due to the fact that p > 3.

(ii) Now assume that G; = ([8" + p;"’]) = Z/{Z. Then £ > 2 because |G;| > 2. If
B +ple{a+pl e (Ok/pi)* | @ € Ok}, there is a non-trivial character
¥ of G; for which ¥([3” + pl*]) # x(C”)~!. Observe that ¢([3" + pi]) = 1.

On the other hand, if ' + p"* & {a +p]" € (Ok /p;")* | @ € OF}, then ([5'+
pi ]y = ([8” + p;"]) and p = £. And we see that p,¢ > 3 by hypothesis. Let
1 be a character of G; such that ¥ ([3 + pl'']) = (,. Then 9,92, ... P~ 1
are distinct non-trivial characters of G; and we derive

o] 118"+ p}]) # X(C)  higjcp1] =p = 2.
Meanwhile, 11 ([3"” + p;"]) = ¢, for some 1 < s <p— 1. If
8"+ ) = (18" + pi])
for some 1 < j1,72 < p—1, then C,S,(jlfﬁ) =1, and so j; = j2. Hence, we have
{wf [1 (8" +p]) # x(C)7h (18" +p1]) # x(C") hiisp1l
>p—3>0.
We choose a character 1) of G; in the above set.

Therefore, in all cases we can extend v to a character ¢” of CI(f) in a similar
fashion, and it satisfies x¢"(C") # 1, x¢"(C") # 1, pi|fxy~ and fy|fyy~. Now, we

replace x by xv".
By continuing this process for every ¢, we get the claim.
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Since x is non-trivial and p;|f, for every i, we have S;(x, g;) # 0 by proposition 3.6
and remark 3.7. On the other hand, we deduce that

(x(C") = 1)S;(x, 95)

=(X(CH=1) > x(C)loglgi(C)
CEeCI(f)

gi(cenr
g;(C)"

" [C1]€CI(F) /CU(Ks /F) ( CLEeCI(K;/F)

_1 ) X(Cy) log (g*(cl)n )U(Cl)

n
" eneaif /i, F) 91(Co)
= ()7

— 2 Y X(O)og

n
CeCI(f)

=% > X(O)log

CEeCI(f)

(by proposition 3.3)
<gf(c/)n )0(0102) )
95 (Co)™

(¥ o)

CLeCI(K;/F)

1

X(ClCQ) log

because  is non-trivial on C1(Kj/F'). And it yields a contradiction, since x (C")—1 #
0. Therefore, we conclude that F' = Kj.

If f = NOg for a positive integer N > 2 and 3’ = s + t is prime to 6N with
Ngo(8') =1 (mod wg, ), then any Nth root of the value g;(C’)/g;(Co) generates
K; over K by lemma 3.5. Write min(#,Q) = X? + ByX + Cy. Then we have, by
definition,

9;(Co) :9[1/01\[](9)12]\]

and

' = C a(C") _ _Bes s 0 12N _ 0 12N
95(C") = g5(Co) g[t—g;s t]HJN]( ) g[iﬁ\ﬂ( )

by propositions 2.3, 3.2 and 3.3. Therefore,

g[s;x] (0)12
t
Ki=K| ———=—
Nz |
L]
and hence we get the conclusion by lemma 5.1. O

REMARK 5.5.

Uz

(i) Asin lemma 4.4 one can show that |G;| = 3 if and only if p;
the following conditions.

Case 1 (K # Q(v~1),Q(v-3)).

e 2 is inert in K, p; is lying over 2 and n; = 1.

satisfies one of

e 3 is not inert in K, p; is lying over 3 and n; = 2.

e 7 is not inert in K, p; is lying over 7 and n; = 1.
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CASE 2 (K = Q(v/-1)).
e p; is lying over 13 and n; = 1.
Cask 3 (K = Q(v/-3)).

e p; is lying over 3 and n; = 3.

e p; is lying over 19 and n; = 1.

The first claim of theorem 5.4 would be an improvement of Schertz’s result [12,
theorem 6.8.4].

REMARK 5.6.

(i) Suppose

gD g5(C")
(g«co)) 7 4(Co)

for every C' € G\ {1}. Then we may consider only case 1 in the proof of
theorem 5.4. Thus, one can prove that theorem 5.4 is still valid for any prime
p with the assumptions K # K, -n: and |G;| > 2 for every i.

(ii) Let f = NOk for a positive integer N > 2 and let £ be an odd prime dividing
N. For any odd prime p dividing kg, there exists 5’ € Ok prime to 6N for
which Ng,o(8') =1 (mod wg;) and the order of the ray class [(3')] is p by
lemma 5.2.

The following corollary would be an explicit example of theorem 5.4.
COROLLARY b5.7. Let f = NOg for a positive integer N > 2 and let p be an odd

prime dividing N (if any). Further, we set 3 € Ok as in (5.1) and C' = [(B)] €
CI(f). Assume that K; # Ky, |G| > 2 for every i and p* divides Ndy.

(i) If p =3 and |G;| > 3 for every i, then the special value

ifdg =0 (mod 4),

g1 a/3 (9)3
[2/3+1/N]
L]

ifdg =1 (mod 4),

generates Ky (= K(ny) over K. It is a unit in Kj and is a 4Nth root of
91(C")/95(Co).
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(if) If p > 3, then the special value

9[6//1)](9)
1/N . _
P ifdg =0 (mod 4),
[1/n]

g 12/p (9)
[6/p+1/N}

}(9) ifdg =1 (mod 4),

9[ 0
1/N
generates K; over K. Further, it is a unit in K; and is a 12Nth root of
91(C")/g5(Co).

Proof. Note that 3 is prime to 6N, Ng,o(f) =1 (mod wk,) and the ray class
[(B)] € CI(f) is of order p by lemma 5.2. Hence, if p > 3 or |G;| > 3 for every i,
then by theorem 5.4, we obtain

5= (i)

(i) If p = 3, then we can write

2N
P=Yav  on

Here we observe that

91(Co) = 9,0 (0)'*N

by definition and
9[2/3](9)12]\[ ifdge =0 (mod 4),
_ a(C) _ 1/N
90 = 1(Co)” = g s 1O ifdg =1 (mod 4),
Losstim]
by propositions 2.3, 3.2 and 3.3. Since ( € Fn, we see that the functions

9{2/3](7')3 . 9[ 4/3 ](7)3

1/N 2/34+1/N
3 3
“fw] “fw]

belong to F by proposition 3.1. Thus, its special value at 6 lies in K = Ky,
by proposition 2.1, and so it generates Kj over K.
(ii) If p > 3, then we may write
6N
—0+1 ifdge =0 (mod 4),
b

12N 6N
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And, in a similar way one can readily show that the special value vP generates
K; over K. On the other hand, v'? is an element of K; by theorem 5.4.
Therefore, we get

Ky = K(v),
owing to the fact that ged(p, 12) = 1.
O

EXAMPLE 5.8. Let K = Q(v/=7) and § = 1(—1+ /7). Then the class number
hK is 1.

(i) Let f = 90k. Then 3 is inert in K and so |G;| > 3 for every . Hence, the special
value

generates K gy over K by corollary 5.7.
Here we note that Gal(K g)/K) = Wy 9/{£I>} by proposition 2.4, and hence we

obtain
Woo/{£1l2}
_ (1 0] [2 0] [4 o] [8 7] [o 7] [t 71 [2 7] [3 7]
o 0 1]7[0 2|7[0 4] |1 O] |1 171 2|1 3] |1 4]’
(4 71 [5 71 [6 7] [7 7] [7 5] [8 5] [0 5] [1 5]
1 5] (1 6]7|1 7]7|1 8|2 072 1|2 2|72 3]’
2 5] [3 5] [4 5] [5 5] [6 5] [7 3] [8 3] [1 3]
12 4]7[2 5|72 6]7|2 7|2 873 1|73 2|73 4]’
2 3] [4 31 [5 3] [ 1] [6 1] [7 1] [8 1] [o 1]
3 5|73 773 8|4 0]|4 1|’[4 2|4 3|4 4]
(1 17 [2 1] [3 1] [4 1]
4 5|74 6]7[4 7|14 8] )

And, in general, if « € GLy(Z/NZ)/{£I>} for a positive integer N > 2, then one
can find o € SLy(Z) satisfying

— 1 0 /
a= [0 det(a)] -’ (mod N)

by (2.1). If a function g,(7)™/gs(7)™ lies in Fy for some r,s € Q2 \ Z? and
m € Z~q, we attain
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by (2.2) and proposition 3.2. Here

(r) —1 if mNry(r; — 1) is odd and det(«) is even,
a =
1 otherwise,

for r = [;1] € Q?\ Z2. In our case, the function

belongs to Fg and so we can find all conjugates of v over K by using proposition 2.4.
Therefore, we derive the minimal polynomial of v over QQ as

min(y, Q) = H (X =) (X =77)
T€Gal(K (9)/K)
=X 490X +1152X70 —22371X% 4 458 820X — 29836 953X 67
+491027613X5 — 1938660903 X5 — 20725828 920X 4
+ 218606 201 947X 5 — 87981 391 440X 5% — 9726 726 330 846X 5!
+ 74685511048 146 X0 — 296 777 453 271 966 X *°
+ 741 369035 579 850X % — 1250 575046 567 529X 7
+ 1668303 706 335 570X°¢ — 3404 755 297 594 260X °°
+ 12286071601 634 287X %4 — 32591 232085 278 402X °3
+ 35114 715622084 023 X2 + 37809379416 794 814X 5!
— 111424993786 127475X°° — 44163 687 277 340 892X 19
+ 282536 182 740 148 884 X 48 — 43713 385246 904 949X 47
— 422588747471 994 153X 46 4 222731 731 243 593 448 X 4°
+ 334105708 870044 999 X 4 — 414 268 957 496 144 781 X 43
+ 13834 474218095 754X 42 + 634 423 686 065 669 232X 4!
— 404320599974 193 246 X0 — 761 298 152 585 541 393X 39
+ 489 778 367 476 257 828 X 3® 4 416 185 685 059 783 914X 37
— 442068 360 347 754 785X 3¢ 4 416 185 685 059 783 914X 3°
+ 489778367476 257 828 X3 — 761 298 152 585 541 393X 33
— 404320599 974 193 246 X 32 4 634 423 686 065 669 232X 3!
+13834474218095 754X 3% — 414268 957 496 144 781 X
+ 334105 708 870 044 999X 28 4 222 731 731 243 593 448 X 27
— 422588 747471 994 153X 20 — 43713 385 246 904 949X %5
+ 282536 182 740 148 884X %" — 44163 687 277 340 892X %3
— 111424993786 127 475X %% 4 37809 379 416 794 814X %!
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+35114 715622084 023X 2° — 32591 232 085 278 402X 1*
+ 12286071601 634 287X '8 — 3404755297 594 260X 17
+ 1668303 706 335 570X *® — 1250575046 567 529X *°
+ 741 369035 579 850X 14 — 296 777 453 271 966 X 13
+ 74685511048 146X 12 — 9726726 330 846 X 1
— 87981 391440X 'Y + 218606 201 947X ° — 20725 828 920X ®
—1938660903X7 + 491 027613X° — 29836 953.X° + 458 820X*
—22371X3 +1152X2 + 90X + 1,

which claims that ~ is a unit as desired.
On the other hand, the Siegel-Ramachandra invariant

9;(Co) = 9{199](9)108

also generates K(g) over K by theorem 4.6. Observe that it is a real algebraic
integer, and so its minimal polynomial over K has integer coefficients [6, lemma 2.1
and theorem 2.2]. One can then compute the minimal polynomial of g[ 0 }(9)108
over K as follows: 1/9

min (gh?g} (6)108, K)
~ X360 — 5.8014 x 1010 X3 +1.2510 x 1033X3 — 1.2073 x 10%X33

+5.2876 x 1054 X732 — 1.3770 x 108 X3 + 4.5041 x 10%° X
+7.1821 x 10'7X% + 3.5929 x 1025 X8 4 6.0405 x 100X 27
—2.6727 x 10"3 X206 + 4.0906 x 10'65X25 4 1.5461 x 10178 X 24
+2.5470 x 10"%9X? — 8.8165 x 10"97X** + 1.2086 x 10°°° X!
—6.5232 x 1079X? 4+ 11931 x 10°2' X1 + 1.1532 x 1070 X8
+1.8902 x 1021 X7 45,0656 x 10%33 X164 4.0609 x 107 x1?
+1.3087 x 10235 X 4+ 1.8279 x 10235 X 13 4 1.0208 x 10X 2
+1.3732 x 1024 X ™ — 5.1693 x 10*2° X0 4+ 1.5848 x 10*%° X
+1.2122 x 10218 X% — 1.7829 x 10*11 X7 + 1.2402 x 10?91 X6
+5.8968 x 104 X + 7.7183 x 10'%4 X* +1.3109 x 10144 X
—1.2605 x 10'%X? + 1.1125 x 107°X + 5.8150 x 10%.

But, we notice here that the coefficients of min(y, Q) are much smaller than those
of min(g; o 1(0)1%, K).
[175]

(ii) Let f = 50k. Then 5 is inert in K and so |G;| > 3 for every i. By lemma 5.2
we get an element (3 € Ok prime to 30 for which Ng,o(f8) =1 (mod wg,) and the
ray class [(8)] € CI(f) is of order 3. Indeed, § = 6+/—7+ 7 satisfies these conditions.
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Since 8 = 120 + 13, the special value

1z @

generates K 5) over K by theorem 5.4.
Since the function

1] )

](T)

9{ 0
1/5
belongs to Fa5 by proposition 3.1, in order to estimate the minimal polynomial of
7 over Q we need to describe the action of Gal(/ (25 /K ). Since

[K(25)IK] =300 and [K(5)K] = ].2,

we have

H (X _IYT) = min(’%K)st
T€Gal(K (25 /K)

and hence we can find all conjugates of v over K in a similar way as in (i). The
minimal polynomial of v over Q is thus
min(y,Q) = X?* — 3X% 4+ 3X%2 - 3X2! 4 11X%0 - 3X19 £ 24x18 —24x17
+4X10 —18X1° 453X 1 — 39X 1 — 11X — 39X + 5310
—18X°% 4+ 4X8 — 24X7 4 24X6
—3X°+11X* - 3X%+3X% - 3X + 1.

On the other hand, the Siegel-Ramachandra invariant

95(Co) = 9,0] (6)%°

also generates K (5) over K by theorem 4.6, and its minimal polynomial over K is

min (g[ 195} (6)%°, K)
= X2 — 531770250 X' + 52496 782 397 690 625X *°
+ 12347712418 332 056 278 906 250X °
+ 517064 715 767 117 085 870 064 453 125 000X ®
+ 5105793 070 560 695 709 489 861 859 357 910 156 250X 7
+ 30043009 324 891 990 472 511 274 397 078 094 482 421 875X
+ 356 967 020 673 816 044 809 943 223 760 162 353 515 625 000X °
+ 5338772150500 577 473 141 088 454 029 560 089 111 328 125 X
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+ 263440400470 778 826 352 188 828 480 243 682 861 328 125X 3
— 4471591 562072879 160 572 290 420 532 226 562 500X 2
+ 62983472112 150751 054 286 956 787 109 375X
+931322574615478 515 625.
EXAMPLE 5.9. Let K = Q(v/=5) and # = /=5. Then the class number hx is 2.

(i) Let f = 40k. Then 2 is ramified in K, and hence |G;| > 2 for every i. Since
G = W479/{:|:12} and

wsn={ 6 38 D6 9}

one can check by using propositions 2.3 and 3.2 that the ray class ¢’ =
[(3v/—=5 + 2)] in CI(f) is of order 2 and satisfies

(gfw') )“C’ L 9(@)
95(Co) 91(Co)
for every C' € G\ {1}. Thus, we see from remark 5.6 that

o=+

Furthermore, since Nk ,g(3v/—5+2) =1 (mod 48), the special value

also generates K4y over K.
Now that the function

913/ ()*
i
9,9,] ()*
lies in Fg by proposition 3.1, in order to estimate the minimal polynomial of

7 over Q we need to know the action of Gal(K(s)/K). The form class group
C(dg) of discriminant dyx = —20 consists of two reduced quadratic forms,

0
1/4

@1 =1[1,0,5] and Q2 =12,2,3].
Thus, we have

1 0 —14++v-5 -1 -3
0Q1:V_57 ﬂQ1:|:O 1:| and 0Q2:27ﬂQ2:|:1 0:|

Then Wgo/{£I>} and C(dx) determine the group Gal(K)/K) by proposi-
tion 2.4. It follows from proposition 4.1 that

[K(S)IK} =32 and [K(4):K] = 8,
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and so we attain

I[I &-97)=min(y,K)*"
r€Gal(Ks)/K)

Therefore, the minimal polynomial of v over Q is

min(y, Q) = X' +3024X " 4+ 128 700X 2 + 53296 X *°
—124026X® + 53296 X% + 128 700X * + 3024 X2 + 1.

On the other hand, we deduce that

min (g[ 194] (0)*8, K)
= X% —1597237832768X " — 15846 881 298 723 072X 6
— 26992839 895872106 496X ° 4 655492 492 138 238 044 037 120X *
— 169817799 503 383 057 556 832 256 X >

— 20680171 763 956 163 581 837 312X
— 2550974942361 763927031 808X + 16 777 216.

(ii) Let f = 5Ok. Then 5 is ramified in K, and hence |G;| > 2 for every i. Since
5 divides dx = —20, the special value
9[6/5] (0)
1/5
}(9)

a 9[ 0
1/5

generates K(5) over K by corollary 5.7.
It then follows from propositions 3.1 and 4.1 that

€ Fos

and
[K(25):K] = 500 and [K(s5):K] = 20.

We deduce that

I  (X—v)=min(y, K)%.
TEGal(K(25)/K)

Observe that

1 0 —1++v-5 2 1
0@1 = V-5, ﬂQl = |:0 1] and 9@2 = f’ BQ2 = |:0 1:|
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in this case. Therefore, we obtain the minimal polynomial of v over Q as
follows:

min(y, Q) = X' + 10X 4+ 50X7% + 170X 4 420X%0 + 732X + 965X
+1380X33 +2545X3% + 4460X3 + 6798X30 4 7880X2
+1605X28 — 11800X27 — 11035X 26 + 15 554X 25
+31975X % +3050X 23 — 29125X22 — 20 050X %
—2145X2° —20050X 1% — 29125X 18 + 305017
+31975X ¢ +15554X 1 —11035X1* — 11800X 13
+1605X2 +7880X M +6798X 10 + 4460X° +2545X°
+1380X7 4+ 965X° 4 732X5 4+ 420X + 170X3
+50X2%10X + 1.

6. Application to quadratic Diophantine equations

Let n be a square-free positive integer, K = Q(v/—n) and 6 be as in (2.3). We
assume —n = 2,3 (mod 4), so that dx =0 (mod 4) and Ok = Z[y/—n]. By means
of ray-class invariants over K, Cho [1] provided a criterion for whether a given odd
prime p can be written in the form p = 22 + ny? for some x,y € Z with additional
conditions z =1 (mod N), y =0 (mod N) for each positive integer N.

PROPOSITION 6.1. For a positive integer N, we let fn(X) € Z[X] be the minimal
polynomial of a real algebraic integer that generates K(yy over K. If an odd prime
p divides neither nN nor the discriminant of fn(X), then

p=ax?+ny* withz,y €Z, r=1 (mod N), y =0 (mod N)

= (pn) =1 and fn(X) =0 (modp) has an integer solution,
where (—n/p) is the Kronecker symbol.
Proof. See [1, theorem 1]. O

LEMMA 6.2. Let N > 2 be an integer.
(i) For s€ Z\ NZ,

gr o 1(0)

[o/n ]
gr o 1(0)

[1/n]

18 a real number.
(ii) ForteZ,
9[1/2](9)

je(t/2N)mi t/N

1s a real number.
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Proof. We obtain, by definition,

e(t/zN)nig[l/z](e) L B2 g2ty ﬁ L2 (1 — i 2
/N ne1
_ B»(1/2)/2 r B n+1/2 P T o 1/2 ¢
dy J;[o( N J_;[l )
PO T (= g g G
n=1
—q2 H{1 bR GV T,
n=1
and we deduce that
~igp 0.1(0) = igy/ e (/NI f[l — a5 G — a5 ¢R)
= i) (G — i) T[AL— 03 (G + G) + 8"
n=1
Since qg, ¢4 + (y' and ({5 — ¢5y) are real numbers, we prove the lemma. O

THEOREM 6.3. Let N be a positive integer and let f = NOg with prime ideal
factorization
T
f=]]r"
i=1

Assume that Ky # K, —n and |G;| > 2 for every i.

(i) Let s be an integer prime to N such that the order of [s] in (Z/NZ)* /{£1}
is an odd prime p (if any). If p > 3 or |G;| > 3 for every i, then the special
value o

ow]

9,9%] o)m
generates Ky over K as a real algebraic integer, where m is an integer
dividing N for which m(s*—1) =0 (mod ged(2, N)-N) andm = N (mod 2).

(ii) When N is even, we set C' = [((N/2)0 + t)] € CI(f) with t € Z such that
2=1 (mod N). We further assume that

(gfw') )‘“C) 9:(C")
91(Co) 91(Co)
for every C € G\ {1}. If 4 divides Nn, then the special value

g 1/2](‘9)4
o(2t/N)mi t/N
9,9 ](9)4
1/N
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is a real algebraic integer and generates K(ny over K. In particular, if 4
divides N, then the special value

9[ 1/2 ] (9)2
o(t/N)mi t/N
L]

also generates K(ny over K as a real algebraic integer.

Proof. (i) Let C' = [(s)] € CI(f). Then the order of C’ in CI(f) is p, and so we see

from theorem 5.4 that ()
9i
Knyy=K ,
) <9f(CO)>

and the function

lies in Fy, from which we attain

Q{S/ON](@)M
T g g @ S
/]

by propositions 2.1 and 3.1. Since v'2V/™ = g:(C")/g;(Cy), the special value 7 also

generates K () over K as a real algebraic integer by lemma 6.2. Note that m = N
always satisfies the condition m(s?> —1) =0 (mod ged(2, N) - N). Indeed, if N is
even, then s? — 1 must be even because s is prime to N.

(ii) Now that

2
(J\;H +t> = —%N—}—tNH—kﬁ =1 (mod NOk),

the ray class C” is of order 2 in CI(f). Then it follows from remark 5.6 that

g;(C ’))
Knyy=K ,
™ <9f(00)
and the function .
9[ 1/2 ] (1)
o(2t/N)mi t/N

lies in Fy, which yields

g
i /N
— o(2t/N) g[to (0)4€K(N)
[1/x]

v

by propositions 2.1 and 3.1. Since v3N = g;(C")/g;(Co), the special value 7 also
generates Ky over K and is a real algebraic integer by lemma 6.2.
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In particular, if 4 divides IV, then we have
9{ 1/2 } (T)2
o(t/N)mi t/N

oo @

0
1/ )
by proposition 3.1. And, similarly, we get the conclusion. O

REMARK 6.4. Recently, Jung et al. [5] proved that if N = dx = 0 (mod 4) and
|dx| > 4N*/3 | then the ray class C' = [(3N)0 + (3N) + 1)] € CI(f) satisfies

(Mﬂf@%m@U

91(Co) 91(Co)
for every C € G\ {1}. Thus, if K; # K -n: and |G;| > 2 for every 14, the special
value l )
9[ 1/2 ](9)
o(1/241/N)mi 1/2+1/N
2
g1 0 1(0)
[/

generates Ky over K as a real algebraic integer by theorem 6.3.

COROLLARY 6.5. Using the notation and assumptions in theorem 6.3, let p be an
odd prime satisfying p*|N (if any). If p > 3 or |G;| > 3 for every i, then the special
value
9,0 ](9)’"
p+1/N
“Ljw]

generates Ky over K as a real algebraic integer, where

1P if N is odd,
" |2p if Nis even.

Proof. Let s =1+ N/p. For a positive integer ¢, we have

; N
=1+ —i (mod N)

b
and hence the ray class [(s)] € CI(J) is of order p and m(s*—~1) =0 (mod ged(2, N)-
N). Therefore, the corollary follows from theorem 6.3(i). O

Now, we are ready to apply the ray-class invariants in theorem 6.3 to the quadratic
Diophantine equations described in proposition 6.1.

EXAMPLE 6.6. Let K = Q(v—1), § = v—1 and § = 90g. Then 3 is inert in K,
and hence |G;| > 3 for every i. Since the ray class C’ = [(4)] in CI(f) is of order 3,
the special value
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generates K(gy over K as a real algebraic integer by corollary 6.5. Here we observe
that Gal(K(g)/K) = Wy g/ker(pg,9) by proposition 2.4, and we have

Wo,0/ker(9,0) S
o Bl B G ]

6 1|7 1|’(2 2[’(3 2|14 2|’|5 2|’

[1 3} [1 2] {2 7] {2 6] [2 5} [2 4}

where g is the homomorphism stated in proposition 2.2. Hence, we obtain the
minimal polynomial fo(X) of v over K as

fo(X) = X" —36X17 4 234X16 4 1086 X" +2547X ! +12294X13
+32415X 12 + 41976 X M + 45459X 10 + 55 748 X7 4 51 480X
+22914X7 —1092X°% — 5310X° — 1719X* + 6X°
+99X°% + 18X + 1
and so we achieve disc(fo(X)) = 254 - 3135 . 1275 . 8272, On the other hand, an
odd prime p satisfies (—1/p) = 1 if and only if p = 1 (mod 4). Therefore, if p #
2,3,127,827, we see by proposition 6.1 that a prime p can be expressed as p = z2+y?

for some z,y € Z with conditions z = 1 (mod 9), y =0 (mod 9) if and only if p = 1
(mod 4) and fo(X) =0 (mod p) has an integer solution.

EXAMPLE 6.7. Let K = Q(v/—5), 0§ = v/—5 and f = 40k. Then 2 is ramified in K
and so |G| > 2 for every i. In a similar way as in example 5.9 one can show that
the ray class C’ = [(2¢/—5 + 1)] € CI(f) satisfies

o(C
(gfw/)) RIS
9i(Co) 9i(Co)
for every C € G\ {1}. Thus, the special value

Wk N W =Lt
o s W ot

)

Ak

on W o = e

)

= SN

9[1/2] (9)2
oTi/4 1/4 .
9,0,] (0)

v =

generates K(4) over K as a real algebraic integer by theorem 6.3, and we get the
minimal polynomial f4(X) of v over K as follows:

fi(X) = X® +16X"7 - 12X° +16X° + 38X* — 16X° — 12X° — 16X + 1.
On the other hand, the discriminant of f;(X) is 2% - 5* and we derive that an
odd prime p satisfies (—5/p) = 1 if and only if p = 1,3,7,9 (mod 20). Therefore, if
p # 2,5 we conclude that a prime p can be written in the form p = 2245y for some
x,y € Z with conditions z =1 (mod 4), y =0 (mod 4) if and only if p=1,3,7,9
(mod 20) and X3 + 16X7 — 12X° + 16X° + 38X* — 16X3 — 12X% — 16X + 1 =0
(mod p) has an integer solution.
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