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Abstract The main result is that the ellipticity and the Fredholm property of a ¥DO acting on Sobolev
spaces in the Weyl-Hormander calculus are equivalent when the Hormander metric is geodesically
temperate and its associated Planck function vanishes at infinity. The proof is essentially related to
the following result that we prove for geodesically temperate Hérmander metrics: If A + a) € S(1,9) is a
CN, 0 < N < oo, map such that each a” is invertible on L27 then the mapping A — by € S(1, g), where b,”
is the inverse of a/’, is again of class ch. Additionally, assuming also the strong uncertainty principle
for the metric, we obtain a Fedosov-Hormander formula for the index of an elliptic operator. At the very
end, we give an example to illustrate our main result.
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1. Introduction

The question of spectral invariance is of a significant importance in the theory of
pseudodifferential operators. Recall that a pseudodifferential calculus is said to be
spectrally invariant if for every WDO with 0 order symbol (consequently, continuous
on L?) that is invertible on L? its inverse is again a WDO with a 0 order symbol.
This property has been proved by several authors for various global (and local) calculi
including the Shubin calculus, the SG (scattering) calculus, the Beals-Fefferman calculus,
etc. (see [5, 14, 16, 26, 25, 34]). In their seminal paper [9], Bony and Chemin (see also
[10]) generalised these results by proving the spectral invariance for the Weyl-Hormander
calculus [22, 23] when the Hormander metric satisfies the so-called geodesic temperance
(see [9, 27]). In the first part of this article (Section 3) we slightly improve the proof of [27,
Lemma 2.6.25, p. 155], also given in [9], related to the norm estimate of a composition of
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operators changing the right-hand side of the estimate. Subsequently, we avail ourselves of
these results to prove the following fact, which sheds more light on the spectral invariance
of the Weyl-Hormander calculus: the process of taking inverses in S(1,g) preserves the
regularity. To be more precise, if A — a, is a CN-mapping with values in S(1,g) such
that a is invertible on L?, then the mapping A +> by, where b is the inverse of a”,
is also of class CIV, 0 < N < oo. In fact, we prove this result for matrix-valued symbols.
In the second part of the article (Section 4), we investigate the Fredholm properties of
WDOs with symbols in the Weyl-Hormander classes when acting between the Sobolev
spaces naturally associated to them. The main result is that the Fredholm property
of a WDO can be characterised by the ellipticity of the symbol; that is, a YDO is a
Fredholm operator between appropriate Sobolev spaces if and only if its symbol is elliptic
(see [7, 30, 25, 26] for similar types of results concerning special instances of the Weyl-
Hormander calculus). This result heavily relies on the vanishing at infinity of the Planck
function associated to the Hormander metric as well as on the main result of Section 3,
which, in turn, depends on the spectral invariance and the geodesic temperance of the
metric. As a consequence of the proof of the main result, we derive that elliptic operators
always have parametrices when the Hérmander metric is geodesically temperate and its
associated Planck function vanishes at infinity. For geodesically temperate metrics, to
the best of our knowledge, this is an improvement over already existing results because it
does not require the strong uncertainty principle (which is the condition usually imposed
for the construction of parametrices).

If the metric satisfies the strong uncertainty principle, then the Fedosov-Hormander
integral formula (see [18, 17, 19, 22]) expresses the index of an elliptic operator with
symbol a € S(1, g) as the integral of the form tr(a~!da). As a consequence of this result,
in the final part of Section 4, we prove the same holds true for elliptic operators with
symbols in S(M, g) for any admissible weight M. Of course, this agrees with the Atiyah-
Singer index theorem [1, Theorem 2.12] (cf. [22, p. 422] and [18, p. 320]).

Finally, in Section 5, as an illustrative example, we consider the operator

—A+(z)7%, 0<s<l.

This is not an elliptic operator in any of the ‘classical’ calculi (like the Shubin calculus,
the SG calculus and the Beals-Fefferman calculus; see Lemma 5.2 and the comments after
it), but it is elliptic in the Weyl-Hormander calculus when one chooses an appropriate
metric. Consequently, we can apply the results of the article to describe its Fredholm

property.

2. Preliminaries

Let V be an n-dimensional real vector space with V' being its dual. The 2n-dimensional
vector space W = V x V' is symplectic with the symplectic form [(z,&), (y,n)] = (£, y) —
(n, x). We will always denote the points in W with capital letters X, Y, Z,.... Let X — gx
be a Borel measurable symmetric covariant 2-tensor field on W that is positive definite
at every point. We will always denote the corresponding positive-definite quadratic form
at X € W by the same symbol gx; that is, gx(T) =gx (T, T), T € Tx W. Denoting by
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Qx the corresponding linear map W — W' and by o : W — W’ the linear map induced
by the symplectic form, one defines the symplectic dual of @x by Q% = O*Q;(lo. The
corresponding symmetric covariant 2-tensor field X — g% is again Borel measurable and
positive definite at every point and can be given by g% (T) = supgey (o) T> S]*/9x (S).
We say that X +— gx is a Hormander metric (i.e., an admissible metric in the terminology
of [8, 27]) if the following three conditions are satisfied:

(4) (slow variation) there exist C' > 1 and r > 0 such that
gx(X = Y) =r? = C7gy(T) < gx(T) < Cgy(T). VX, Y. T € W:
(#) (temperance) there exist C > 1 and N € N such that
(9x(D)/gy (TN = CU+g% (X = Y)Y, VX, V. T e W;
(#4) (the uncertainty principle) gx(T) < ¢%(T), VX, T € W.

We point out that in [12, 33] X > gx is called feasible if it satisfies only (i) and (4) and
strongly feasible if it satisfies (), (1) and (ii7). We call C, r and N the structure constants
of g. We say that g is symplectic if g = g°. Denote A4(X) =inf e w0 (9% (T)/9x (T)V/?;
it is Borel measurable and A4(X) >1,VX € W. Given Y € W and r > 0, denote Uy , =
(X e W|gy (X —Y) <2} and define

6 (X, Y)=1493xNgy(Uxr—Uy), X, Y €W,

where g% A g5 denotes the harmonic mean of the positive-definite quadratic forms ¢% and
g% The function (X,Y) — §,.(X,Y) is Borel measurable on W x W and when r < ¢/,
where 7’ depends only on the structure constants of g, the function 8, enjoys very useful
properties (see [27, Section 2.2.6] for the complete account).

A positive Borel measurable function M on W is said to be g-admissible if there are
C>1,r>0and N €N such that

gx(X—=Y)<r?= C'M(Y) < M(X) < CM(Y);
(MX)/M(Y)F < CA+g5 (X =YV, VX,V e W.

We denote by g}? the geometric mean of gx and g%; that is, g}? = \/gx 0% = \/g‘)’( - gx (cf.
[27, Definition 4.4.26, p. 341]). Then, X > g?; is a symplectic Hérmander metric called
the symplectic intermediate of g; every g-admissible weight is also g7 -admissible (see [33,
Theorem 5.6]; see also [27, Proposition 2.2.20, p. 78]). Furthermore, gx < gﬁ <¢%.

For any Banach space E with norm | - || g, we denote by L (E) = L, (E, E) the Banach
space of all continuous operators on E equipped with the operator norm | - ||z, () induced
by |- |g- When E is finite-dimensional, we drop the index b and employ the notations
L(E) and || |lze) instead of £, (E) and |- ||z, (&), respectively.

Given a g-admissible weight M, the space of symbols S(M,g) is defined as the space
of all a € C*®°(W) for which

la(X; Ty, ..., Ty
sup 1 1/2
Xew M) T2 9x(THY

k
lall$y g = sup <00, ¥k € N. (2.1)

https://doi.org/10.1017/51474748020000584 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000584

1366 S. Pilipovi¢ and B. Prangoski

With this system of seminorms, S(M,g) becomes a Fréchet space. One can always
regularise the metric making it smooth (hence Riemannian) without changing the notion
of g-admissibility of a weight and the space S(M,g). The same can be done for any g-
admissible weight (see [22], [27, Remark 2.2.8, p. 71]). In fact, given any g-admissible
weight M, there exists a smooth g-admissible weight M € S(M, g) and C > 0 such that
M(X) < CM(X), VX € W. The definition of S(M, g) can be naturally extended to
matrix-valued symbols. Namely, let ¥ be a finite-dimensional complex Banach space

with norm |||y, and denote by | -, the induced norm on L( V). One defines
the space of L( f/)—valued symbols S(M, g; L( f/)) as the space of all a € C®(W; L( f/))
for which ||a||g€()M gLy <% where the latter norms are defined as in (2.1) with

la®(X: Ty, ..., Tl)||5(‘-,) in place of [P (X T, ..., T})|. Then, S(M,g;/l(f/)) =SM,g9)®
L(V) is a Fréchet space (the topology on the tensor product is 7 = € because L( V) is
finite-dimensional).

For any a € S(W) (or a € S(W; L( f/))), the Weyl quantisation a* is the operator

a"o(z)
1

2m)n

where dy is a left-right Haar measure on V with d& being its dual measure defined on V’
so that the Fourier inversion formula holds with the standard constants. Consequently,
a® as well as the product measure dydé on W are unambiguously defined; a" extends
to a continuous operator from S'(V) into S(V) (respectively from S'(V; MH=8(V)®V
into S(V; f/) =S(V)® f/; again, m = €). The definition of the Weyl quantisation extends
to symbols in §'(W) (respectively S'(W; L( f/))) and in this case a¥ : S(V) —» S'(V)
(respectively a® : S(V; V)—S'(V; f/)) is continuous. When a € S(M, g) (respectively a €
S(M, g; L( f/))) for a g-admissible weight M, then a is continuous as an operator on S( V')
(respectively on S(V; f/')) and uniquely extends to an operator on S'(V) (respectively
on S'(V; V); cf. [22]). Furthermore, if a,b € S(W) (respectively a,b € S(W; L( f/'))), then
a®b™ = (a#b)", where a#b € S(W) (respectively a#b e S(W; £(I7))) is given by

/ / e UE o ((z+ y)/2.8)(y) dydé., ¢ € S(V) (respectivelyp € S(V: V),
'JV

a#b(X) = % e 2N =Y1X=Y2l (Y1) b(Y2) dY1d Y.
T Jwxw
The bilinear map # uniquely extends to a weakly continuous bilinear map S(Mj, g) x
S(Ma, g) — S(M; Ms, g) (in the sense of [22, Theorem 4.2]) and it is also continuous when
these spaces are equipped with the Fréchet topologies described above. This holds equally
well in the £(V)-valued case (see [22]).

Given Y € W and r > 0, denote Uy, ={X € W|gy(X — Y) < r?}. We say that a €
C®(W) is gy-confined in Uy, (see [9, 27]) if

*) laD(X; Th, ..., TDI(L+ g5 (X — Uy )F/?
llall = sup sup

gy U ; < oo, Vk e N.
Y. Y,r i<k XeW nj=1gX(Tj)1/2

We will use the same notations even when a is £( f/)—valued (of course, instead of the
absolute value one employs |-, i, in the above definition); from the context, it will
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always be clear whether we are considering scalar or £(V)-valued symbols. For fixed Y
and 7, the set of gy-confined symbols in Uy , coincides with S(W) (respectively with
S(W:L(V))). A family S(W) 5 ¢y, Y € W, (respectively S(W;L(V)) 3 ¢y, Y € W)
is said to be uniformly gy-confined in Uy, if supycw ||<py||;k; Uy, <0 Vk € N. There
is 79 > 0 that depends only on the structure constants of g such that for each r < ry
there is a smooth uniformly gy-confined family in Uy ,, Y > ¢y, W — S(W), such

that suppgy € Uy ,, ¢y >0 and
/ Py (X)lgy|'?dY =1, VX e W, (2.2)
w

where |gy| = detgy computed in (any) basis of W comprised of a basis of V' and the
corresponding dual basis of V' (see [27, Theorem 2.2.7, p. 70]); notice that |gy|Y/2dY
is the volume density induced by g. Let a; € S(Mj, g) (respectively a; € S(M;, g; L( f/)))7
j = 1,2, and a; y = 4;Qvy, Y € W. Then

al#c@(X):/ ar vy #as, vy (Olgys 19y, V2 dY1dYs, VX € W
Wx W

(cf. the proof of [27, Theorem 2.3.7, p. 91]). Furthermore, given a € S(M, g) (respectively
a€S(M,qg;L(V))), and denoting as before ay = agy, we have

a“’u:/ a$u|gy|1/2dY, u e S(V) (respectivelyu € S(V; V)),
w

where the equality holds if we interpret the integral in Bochner sense as well as pointwise.
Furthermore, for ¢y, Y € W (as above) and any ' > r, there exist two strongly Borel
measurable uniformly gy-confined families in Uy ,/, ¥ > ¢y, Y >0y, W — S(W),
such that ¢y = Yy #0y, Y € W (see [27, Theorem 2.3.15, p. 98]). The Sobolev space
H(M,g), with a g-admissible weight M, is the space of all © € §'(V') such that

[ MO oy R ay <o (2.3)
It is a Hilbert space with inner product

(0, 0) 511t g) = / MY O0%u.080) 121 |9y |/2dY (2.4)
w

and its definition and topology do not depend on the choice of the partition of unity ¢y,
Y € W, and the families ¥y, 08y, Y € W. The space S(V) is continuously and densely
included in H(M,g) and the latter is continuously and densely included in S'(V). If
a € S(M',g), a¥ restricts to a continuous operator from H(M,g) into H(M /M, g). In
particular, if M;/Ms is bounded from below, then H (M, g) is continuously (and densely)
included in H(Ms, g). Furthermore, H(1,g) is just L?>(V). (We refer to [27, Section 2.6]
and [9] for the proofs of these properties of the Sobolev spaces H (M, g).) The definition
of H(M,g; V) is similar: w € 8'(V; V) is in H(M, g; V) if (2.3) is finite with |02 ull g2y
replaced by ||(9y[)wu||L2(V; ) where I: V — V is the identity operator. It is a Banach

space because it is topologically isomorphic to H(M, ¢) ® V. Fixing an inner product on v
naturally induces an inner product on L?(V; V), which, in turn, induces an inner product
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on H(M,g; V) (similarly as in (2.4)) and the latter becomes a Hilbert space. Moreover,
the above isomorphism verifies that all facts we mentioned for the scalar-valued case
remain true in the vector-valued case as well.

For any A € L(S(V),S'(V)) and any linear form L on W, we denote by ad LY - A
the commutator of L* and A; that is, adL*-A=LYA— AL" € L(S(V),S'(V)). When
LX =T, X], for some T € W, it will be convenient to identify the linear form L with 7.
If a € S(M, g), the following seminorms are always finite for all uniformly gy-confined in
Uy, families ¢y, Y € W,

a1 s 0 = sup sup M) ™ Mad L¥...ad L - ¢ a® |l £ 12) < 00, Yk €N,
oy =Ly (Lpst

where L; X = [T}, X| and, as mentioned above, we identified L; with T}. In fact, a result
of Bony and Chemin [9, Theorem 5.5] (see also [27, Theorem 2.6.12, p. 145]) proves
that the converse is also true. Namely, if A € L(S(V),S'(V)) is such that for all families
¢y, Y € W, that are uniformly gy-confined in Uy ,, adLy...adL} ¢y A € LAV,
VY € W, Vk €N, and the seminorms [|A||}),, . are finite for all k € N, then A= a", for
some a € S(M, g). In fact, with gy, ¥y, 0y, Y € W, as before, one needs to check this
only for the uniformly confined family 6y, ¥ € W, and

k l
VEeN,3C>0,3eN, [aly , < Clla”lS) 4 o

with ||aw||(ol;(M’ @ defined via 6y, Y € W. The facts presented above for the scalar case
hold equally well in the vector-valued case with ¢} and ad L* replaced by (¢y1)* and
ad(LI)™, respectively. In fact, the validity of these results is a direct consequence of the
topological isomorphism S (M, g; £( V) =S(M, 9)® L( 17).

On a couple of occasions we will impose the following additional assumption on g; we
will always emphasise when we assume it. We say the Hérmander metric g is geodesically

temperate if there exist C' > 1 and N € N such that
9x(T) < Cgy (DA +d(X, YNV, VX, Y. T e W, (2.5)

where d(-,-) stands for the geodesic distance on W induced by ¢7*. A number of metrics
that correspond to different calculi are geodesically temperate: the ST-calculus, the
semi-classical, the Shubin calculus (see [9, Example 7.3], [27, Lemmas 2.6.22 and 2.6.23,
p. 154]). In fact, [8, Theorem 5 (i)] proves that if the positive Borel measurable functions
¢ and ® on R2" are such that

9ue = @(2,6) % dz|* + ®(7,8) 2| dE|?

is a Hormander metric, then g satisfies (2.5) with d(-,-) standing for the geodesic distance
induced by ¢°. Applying this result to gj:: = g ! dz|? +9d1|dE|?, we conclude that the
latter is geodesically temperate. As g = ¢~ ®~1g¥ [27, Lemma 2.6.22, p. 154] verifies
that ¢ is also geodesically temperate (¢® > 1 because ¢ is a Hormander metric). In
particular, the geodesic temperance is valid for the Beals-Fefferman calculus [2, 3, 4] (cf.
[22, Example 3]) as well as the Nicola-Rodino calculus [29].
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3. Inverse smoothness in S(1, g; L( f/))

The result of Bony and Chemin [9, Theorem 7.6] (see also [27, Theorem 2.6.27, p. 158])
verifies that the Weyl-Hormander calculus is spectrally invariant provided the Héormander
metric g is geodesically temperate. That is, given a € S(1,g) such that a* is invertible
on L?(V), its inverse is a pseudodifferential operator with symbol in S(1,g) (i.e., the
operators with symbols in S(1,g) form a W*-algebra in the C*-algebra L;,(L?*(V)); cf.
[20, 30] and the notation there). In this section, we prove that this process of taking
inverses preserves the regularity in the following sense. If A > g, is of class CY, 0 < N < oo,
with values in S(1, g; £( V)) such that a? is invertible in £, (L*(V; V)), then the mapping
A +> by, where bY is the inverse of @, is also of class CV.

Before we state and prove this result, we need the following technical results. They
have the same form as [27, Lemma 2.6.25, p. 155] and [27, Lemma 2.6.26, p. 156] (see
also [9, Lemmas 7.4 and 7.5]) but, as we noted in the introduction, for the first one, the
right-hand side of the estimate in our article has a precise form. Moreover, the second
lemma is a slightly more general variant of the corresponding second cited lemma.

Lemma 3.1. Let g be a Hérmander metric. Then YNy >0, 3Cy > 0, kg € N, V]\{l >
0, 3C; >0, Ik e N, Yv e Zy, VJ C{0,...,v—1}, J £, Veo,...,c, € S(W;L(V)),
VYy,...,Y, € Wit holds that

w w
ey - ||Lb(L2(v; %))

i i . v—]JU{0,v—1}]
V=l AT ) (k1) (ko)
= G M el $R uy el gy (?ggf”q”SIYr ij,r)

(k1)

[(JU{OH\{v—1}] v—1
- | maxiic; U
(jeK"J”gU’ ?FT)

[To-(v5 Vi ™ [To0(v5, Vi)™,
j=0

jedJ
with K = (JU(J+1)\{0,v} and K’ = (NN [Lv—1D\(JN(J +1)).

Remark 3.2. In the previous lemma, K = @ implies [(JU{0})\{v—1}| =0 and in this
case we set

(k1)

max || C;
(;ex | J”QYJ"UY]*T

[((JU{OD\{v—1}|
) 1.

Similarly, K’ = @ implies v —|JU{0,v —1}| = 0 and in this case we set

v—|JU{0,v—1}]
(ko) _
(st o, ) -1
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Proof. Applying the same technique as in the proof of [9, Lemma 7.4] (see also the proof
of [27, Lemma 2.6.25, p. 155]) we infer!

2
w w2 2v-2|J| ~2+2]J] (k1) (k1)
e 12, ooy = €827 (el S ) (el oy )
v—1 v—1
(k1) (k1) (ko) (ko)
1_[ ”CjIlQYJaUYij l_[ ”CngYijY]-»T l_[HCj”ngwUY,]wT 1_[ ||Cj||gy7-»UYj,T
j€J\{0} je(J+D\{v} ’ J=1 ’ ’ Jj=1 ’
J¢J jEJ+1
v—1
—2 N —2N-
[[6-(Vi. Vi) 2N | | T]6-(Y5 Yig) 22 ] (3.1)
7=0 jedJ

with Cy and kg > 2n+ 1 depending only on Ny and C) > Cy and k; > ky depending on
Ny + Ny. Now, one can deduce the claim of the lemma by considering the four cases,
whether 0 or v—1 belongs to J or not. We illustrate the main ideas for the case when
0¢J and v—1 ¢ J. Because J # @, it follows that v > 3. Denote s = min{j|j € J},
t=max{j|lj € J}. Clearly 1 <s <t <v—2; K,K'#0; t+1¢J; s ¢ J+1. Denote ¢ =

Max; ek ||cj||(k1) Us ps C=MaXjeg ||cj||(k0) v - The products in (3.1) are equal to
- . ngv Yj’ ng, Yj’
v—1
(k1) (k1) (ko)
[T ey o || T el oo |1 T 1652 oy
JeJ\{0} Jje(J+D\{v} Jj=1
J#EHL g¢J
v—1
11 (ko) (ko) (ko)
I1 leillgy vy [ Heeallyy oy, lleslyy) vy, o
j=1
J#s, jEJ+1
~2|J|52(v—|J|-2) (ko) (ko)
<c*'c ||Ct+1||gyt+1,Uyt+1,,»||0s||gys,UYS.,--
Because t+1,s € K and ko < ki, we infer ||cs||"® <2, llepp || o) < ¢ and

9vs-Uys.m = 9Ye41 Uy =
the above is bounded by ¢2(1/+Dz20=1/1=2) Because |J|+1 = |[(JU{0D\{v—1}| and v —
|[J|—2=v—]JU{0,v—1}|, we deduce the claim of the lemma. O

The following is a slight generalisation of [9, Lemma 7.5] (cf. [27, Lemma 2.6.26,
p. 156]).

Lemma 3.3. Let g be a geodesically temperate symplectic Hormander metric. There exist
Co > 0 and ky € Z4 that depend only on the structure constants of g, and for all k € N
there exist Cy, Ny > 0, ky € Z, such that forveZ, and aq,...,a, € S(1,g; L(V)) it holds

LHere and throughout the article we use the principle of vacuous (empty) product; that is,
0
Hj:l Tj =1.
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that

w a¥
la”... ||Op(1 o=

v—4k 4k
Ny (ko) (k1)
< GO+1) (CO max laslls, g, z:(V))) (Cljiri&.lff lasls s, z:(V))) '

Proof. Let ¢y € S(W), Y € W, be the decomposition of unity given in [27, Theorem
2.2.7, p. 70]; that is, Y > ¢y, W — S(W), is a smooth family of nonnegative functions
such that suppgy € Uy, and (2.2) holds true. Denote a; y = ¢ya;, j =1,...,v. Set
ag,y =0yl and ay41 y =@y I, with I: Vo>V being the identity operator. Let k € Z.
Fix Yy € W and let L;j(X) = [T}, X], with gv,(T;) =1, j =1,...,k. Employing the same
technique as in the proof of [27, Lemma 2.6.26, p. 156] (see also the proof of [9, Lemma
7.5]), we deduce that ||ad(L1)™...ad(Ly )™ - Oy, )" a]’ ... @ gy cr20v: 7y 18 bounded by
a sum of (v+2)* terms @y, of the form

ok =/ 1 186" b1l 2y 2 v iplaval 2 gy V2 Y1 dY (3.2)
WV

where b; = (]_[%EJ dr,)aj v, and Ej, j =0,...,v+1, are disjoint possibly empty subsets
of {1,...,k}.? Let J ={j € N|E; ##}. Cleatly, |J| < Z]’|Ej| < k. Similarly as in the
proof of [27, Lemma 2.6.26, p. 156], we define ¢; = b; = a;y; for j ¢ J and ¢; =
b, (]_[%Ej gy, (To)~'/?) for j € J. Employing the geodesic temperance of g(= ¢%), in an
analogous fashion, as in the proof of the quoted result, we infer

j—1

9v,(T) < Co+ DV Y 8,V Vi)™ j=1. v+ La=1...k
1=0

where C' and N depend only on the structure constants of g and the constants in (2.5).
If J\{0} # ¢, we infer

k (N=1)k i
16" - byl p2ev vy = €70 +1) leg - C$U+1||L(L§(v; )

j—1 |EJ‘
I1 (Zarm, YM)NQ)

jeJ\{0} \i=0
k N-1)k
= C*o+ DN eyl gy D B (33)
n

where the very last sum has at most (v 4 1)* terms and each F,0<su<@w+ 1)*) is of
the form

- . 2
Fy=]18:(Y;, Yyr)mn?
§=0

with m; , € N satisfying 5 _om; , <>, 1Ej| < k. If J={0} (i.e., only Ep is nonempty),
then (3.3) remains true if the sum over u has only one term F, = 1; that is, m; , =0,

2We employ the convention [], 4 Bs =1d.
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j=0,...,v. For each u, let J, ={j € N|m; , # 0}; clearly, |J,| < Zj mj . < k. Define

v
E 2 7 N2
By = Fy [1 5 (Y3, Vi)™ = T 80(Y;, Vi) ™V
JE((JUH\{v+1HU((J-1)NN) j=0
J Ju,

Then, Y/_y ;. < 3k+1. Let J, = {j € N|; , #0}. Then, |J,| <3k+1, v € J, and

k N-1)k .
b bl 2y iy < CROFDN RN et el pavs vy P (34)
"

JNO,v+1} € T, N (T, +1). (3.5)
For each 11 we apply Lemma 3.1 with N > 0 such that supycyy [y, 8-(Y, 2) "0 gz |"2dZ <
00, Ny =kN? and j,t c{0,...,v} (with v+1 in place of v) to obtain

V1= Tl 1 T (k1) (k1)
<G, ) IICOIIgYO, Uy&rllcuﬂllgyuﬂ,UYM’T

v+1—] 7, U{0, v} [(T D{OD\ (v}
(ko) (k1)
) (m@}; llc; IIgYOj, ij,r) (mé}x llc; IIQJJ,, ij,r)

w w
ey - - Chi1 "L(Lz(\/: V)

JEK, JjeKy

4 _ _ 2
J 18-V Vi T 805 Vi) ™Y,
J=0 jedu
where K, = (J,U(J, + DI\{0,v+1} # 9 (because v € J,,) and K}, = (NN [1,v)\(J, N (], +
1)); of course, we may assume ky < k;. Notice that i(;i =@ if and only if ju ={0,...,v}.
By construction, there exists C’ > 1, which depends only on the structure constants of

g, such that ”Cf”ngj, Uy,.r < C”k||aj.yj ||§;l:j)Uy],rv forall e N, j=1,...,v. Furthermore,

ifje f(l’“ then (3.5) implies ¢; = a;, y; - Finally, notice that the seminorms of ¢y and ¢,11
depend only on the structure constants of ¢ (recall ag, v, =0v, 1, a1, v =¢vI). Plugging
these estimates in (3.4), we infer (because v € J,)

1B 08 2y 7y < CLO+ DN DR T80(Y;, Yy~
j=0

o) v+1-]J,U{0}] . |7,U{0}]-1
. Cy max | a;| 0 . ¢ max |la: R ’ _
Z( o max laillgq o rery) 1 max lasllg e (3.6)
i

with (g depending only on the structure constants of g and Cj independent of v and
at, ..., 4. As |J, U{0}] <3k +2 <4k +1, we deduce

o v+1—] 7, U{0}] . 17, U{0}—-1
C! max |a;i|'.° . C! max |a;||"t%
( Oj:l...,v” ]”S(Lg;ﬁ(v)) i v” J”S(l,g;uv»

.....

v—4k 4k
ko) / (k1+k)
< ¢/ max ||a;|* . C! max | a; . )
—< Oj:l...,v” ]”S(ngﬁ(V)) i v” J”S(ngﬁ(V))

.....
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Having in mind the latter and the fact that the sum over u has at most (v+1)* terms, we
can employ the estimate (3.6) in (3.2) to conclude the claim of the lemma; the estimates
for |y, D™ a"... a) ”Eb(L2(v; ) (when k£ = 0) can be obtained in an analogous fashion
as for the case when k € Z,.. O

The following remarks will prove useful throughout the rest of the article; we will
frequently tacitly apply them.

Remark 3.4. If E;, j =1,2, are two locally compact Hausdorff topological spaces and
f;: By — S(W;L(V)), j =1,2, are continuous mappings, then the mapping

(o) > FL () (), Er x By — S(W;L(V)), (3.7)

is continuous. This is a direct consequence of [27, Corollary 2.3.3, p. 85]. Consequently,
if By = E3 = FE, the mapping A — f{(V)#H (L), E— S(W; L( V)), is continuous.

If B, j =1,2, are as above and f; : E; — S(Mj,g;ﬁ(f/)), j = 1,2, are continuous
mappings where M; and M, are admissible weights for g, then [27, Theorem 2.3.7, p. 91]
verifies that the mapping

(o) > £ (W) #E2 (1), By X By — S(My My, g3 L(V)) (3.8)

is continuous. AgaiI}, if F1 = E> = E, this implies that the mapping A — f;(L)#£ (1),
E — S(MiMs,g; L(V)), is also continuous.

Remark 3.5. If E;, j = 1,2, are two smooth manifolds without boundary (we always
assume the smooth manifolds are second-countable and thus paracompact) and f; : E; —
S(W:L(V)), j =1,2, are of class CV, 0 < N < oo, then so is the map (3.7). This can be
easily derived from [27, Corollary 2.3.3, p. 85]; in fact, because the problem is local in
nature, it is enough to prove it when F; and E> are Euclidean spaces. If X; is a smooth
vector field on E; and f; is smooth, j = 1,2, then

X1 x Xo(fi (M) #f2(w) = Xify Q) #fa(n) + £ (M) # Xofa (1) (3.9)

(of course, X1f1(A) and Xofa(u) are smooth maps into S(W;L(f/))). Consequently, if
FEy = E; = E, the mapping A — f; (M) #H(A), E— S(W; L( V)), is smooth and the smooth
vector fields on E are derivations of the algebra C*(E;S(W; L( V) (with the associative
product #). If f;, j = 1,2, are of class CN, N >1, and X a smooth vector field on E, we
still have

X(E()72(0) = Xt (W) 72 (0) + £ (M) 77 X£(1). (3.10)

If By and E> are as above and f; : B; — S(M',g;ﬁ(f/)), j =1,2, are of class CV, 0 <
N < o0, where M;, j = 1,2, are admissible weights for g, then the mapping (3.8) is also
of class CV (by [27, Theorem 2.3.7, p. 91]). When f;, j = 1,2, are smooth, (3.9) holds
true. In particular, if £y = F5 = E and M; = M5 = 1, the smooth vector fields on E are
derivations of the unital algebra C*°(F;S(1, g; L( 17))) (with the associative product #).
Furthermore, if f; and f, are of class C, N > 1, and X is a smooth vector field on E,
then (3.10) remains valid.
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The main result of the section is the following.

Theorem 3.6. Assume that g is a geodesically temperate Hérmander metric. Let E be a
Hausdorff topological space and £ : E — S(1, g; L( V) be a continuous mapping. If for each
reE, f()»)“’ is an invertible operator on L*(V; V), then there exists a unique continuous
mapping f:E— 50, g; L( V) such that

fOOHEL) = f)#EV) =1, VA € E. (3.11)

If E is a smooth manifold without boundary and f: E — S(1, g; L( V)) is of class CV,
0<N <oo, then f: E— S(1,¢:L(V)) is also of class CN.

Proof. The existence of f: E — S(,g; L( f/)) that satisfies (3.11) is a direct consequence
of [27, Theorem 2.6.27, p. 158]% and the uniqueness easily follows from the fact that
S(1,g;L( V)) is a unital associative algebra. We need to prove the continuity and the fact
that f is of class CV, respectively. Throughout the proof, we fix an inner product on V
and denote by |- || and || - Iz the induced norms.

Once its existence has been established, the continuity of f follows from general
facts concerning Fréchet algebras. The set of invertible elements of the Banach algebra
Ly(L2(V; V)) is open and thus its inverse image under the continuous mapping a — a"
S, g; L( V) = Lo(L2(V; V), is open in S(1,g; L( V)) and it coincides with the set of
invertible elements of S(1, g;L( V)) because of spectral invariance [27, Theorem 2.6.27,
p. 158]. Hence, [35, Chapter 7, Proposition 2, p. 113] implies that the inversion on this
set (equlpped with the topology induced by S(1, g; L( V))) is continuous, which implies
that f is continuous. However, we will give a direct proof of the continuity of f in the
case E is a locally compact Hausdorff topological space without invoking [35, Chapter 7,
Proposition 2, p. 113] by extending the arguments employed in the proof of [27, Theorem
2.6.27, p. 158].

Assume first that g is symplectic; thus, ¢ = g% = ¢°. Let E be a locally compact
Hausdorff topological space and let r: F — S(1,g; L( V)) be a continuous mapping
such that [[r(A)" |z, r2(v, 77y <1, VA € E. Then Ad—rM)") P =T1d+ Y > (x(M)¥)™ as
operators on L2(V; f/) Fix Ag € F and a compact neighbourhood K of Ay. There exists

0 < & <1 such that sup, g [r(A)"” ||£b(L2(V iy <&, and for every k € N there exists Cr>1

k
such that sup,x ||m)||(s()1 ool <

way as in the first part of the proof of [27, Theorem 2.6.27, p. 158] one deduces that

3 ol #m (k)
for each k € N there exists 0 < & <1 and €}, > 1 such that sup, . [Ir() ”S(l,g;t:(f/)) <

C’,gg}cn Thus, I+ 0_, r(L)”™ converges to a continuous function R: E — S(1, g; £( V)
such that R(L)" is the inverse of Id —r(A)¥ in L?(V; f/). A direct inspection also yields
I—-r(AW)#RA) =RW#U —r(M) =1, for all A € E.

Let f be as in the statement of the theorem. We continue to assume that g is symplectic.
Fix Ao € E. Let K be a compact neighbourhood of Ag. Because (f(A)*)*f(X)" is positive
invertible on L?(V; f/)7 f is continuous and K compact, it follows that there exists C' >0

< Ci. Now, by employing Lemma 3.3 in an analogous

3This result is given only for the scalar-valued case, but one can easily verify that the same
proof works in the vector-valued case as well.
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and for each A € K there exists 0 < ¢, < C such that
c,\||u||L2(V 7 = < ((FW)Y TN u,u) < C"“”L?(v 7y Yue LA2(V; f/), Vie K.

Definer(A) =1 — g’_lf(k)*#f(k) and, thus, r(L)* =Id — C~'(f(A)¥)*f(A)™. The mapping
r: K — S(,g;L(V)) is continuous and ||r()»)w||5b(L2(V; iy <l VieK. As K is compact,
we infer sup, .y ||r(A)w||£b(L2(V; iy < 1. The first part now implies that there exists a

continuous mapping Rx : K — S(1, g; £(V)) such that

Rx MW)HEQ)* HE) =T =£Q)* #EA)#RKk (L), VA e K. (3.12)
Similarly, there exists a continuous mapping Rx : K — S(1,¢; £(V)) such that

Rix (WAL HEN)* =T = ) H#EOW)*#Rx (M), VA € K. (3.13)

Now, (3.12) and (3.13) imply that Rx)#fO)* = f(V*#Rg (L), VA € K. Thus, by
defining fre(h) = R (L)#E£(L)*, we deduce that fr: K — S(1, g; L( V)) is continuous and
satisfies the conclusion of the theorem on K. Covering F by compact neighbourhoods
and noticing that, when KN K' # @,

fic V) = Fx WA #E (0) = E (M), YA e KN K,

we conclude the proof of the first part of the theorem when ¢ is symplectic.

Assume now that g is a general geodesically temperate Hérmander metric. Then g7 is
also a Hérmander metric by [27, Proposition 2.2.20, p. 78], g7 is geodesically temperate
(cf. [27, Remark 2.6.21, p. 153]) and every admissible weight for g is also admissible
for g#. Let E be a locally compact Hausdorff topological space. Because S(1, g; £( V)) is
continuously included in S (1, g7; £( V)) the first part of the proof verifies the existence of
a continuous mapping f:E— 951, g7 L(V)) such that (3. 11) holds. We need to prove that
f is well-defined and continuous as a mapping into S(1, g; L( V). Let ke Z,.Given S e W

Ty ... T m
and Tj € W, j=1,....k, satisfying gs(T}) = 1, define Mg """ (X) =], gx (T},)?,
Ty T, . .
X € W. One easily verifies that My i l’"’, {l,.... 1} C{1,...,k}, are admissible weights
for ¢ and g7 with uniform structure constants for g and g# (cf. the proof of [27,
Theorem 2.6.27, p. 158]); of course, the structure constants depend on k. Notice that
T T ~
a7, .or, £(1) € S(Mg e tm 0% £(V)), YA € E. Moreover,
< IEwng™

m,g#;[/(“/)) S(l.g SL(V))

187, ...BTlmf(A)||(:()MT YVegeN,reE. (3.14)
S

Applying a7, to the identity (3.11), we infer a7, F()#£(1) +£0)#07,£(0) =0 and thus
o (1) = —f ) #0r, £ (A)#£(1). By induction, one can verify that dp, ... 7, f(}) is a finite
sum of terms of the form

S ARE e AL (3.15)

where each f}\(j) is either f(1) or 8T11 .07, £(A) and s < 2k +1; furthermore, each oy,
j=1...,k, appears exactly once in (3.15). Fix Ag € F and a compact neighbourhood K
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of Ag. Then dr, ... Bka(A) — 0 ... 07, f()»o) is a finite sum of terms of the form
(K0 D = S ) (3.16)

with fx(j) and f)\%) as above and s < 2k+ 1. The quantity (3.16) is equal to
£ i He ) HED —EVHRT T # D
j=1

We take the norm | - ”;O()MTl of the above sum. Because of [27, Theorem

g LTk gt L))
Ty, T

2.3.7, p. 91], there exist p € Z, and C > 0 independent of S and T; (because M e Hm

have uniform structure constants with respect to g# and s < 2k +1) such that this norm

is dominated by

s 7—1 s
O] @ _ 6@ UM
CZ<H 1o ”S(MLQ#:E(V))) 157 = ho ||S<Mj,g#;z:<V>> H 1. Wit g#:ccm |
ji=1 \i=1 I=j+1
(3.17)

where Zl~/[j, j=1,...,s, are given as follows: when fA(j) =f(») then ]\Zj(X) =1,vVXeW,
and when /= a7, ... 97, () then §,(X) = Mg "™ (X), VX € W. Because f and
f are continuous with values in S(1, g7 ; £( V)) and S, g;L( f/)), respectively, and K
is compact, it follows that (3.17) tends to 0 as A — Ao uniformly in Se W, T, € W,
j=1,...,k, satisfying gs(T;) =1 (cf. (3.14)). Thus,

sup 7, ... 07, £0)(S) = a7, ... 07, FR) () () = 0. ash — Ao, (3.18)

In an analogous fashion, one also deduces

sup 197, ... 0, E () () < 00, YA € K.

SeW
T,y TreW, gs(Tj):l

Consequently f(K) C S(1,9,L£(V)) and (3.18) implies f is continuous at Ao as an
S(1, g; L(V))-valued mapping.

Assume now that E is a smooth p-dimensional manifold with f being of class C,
1 < N < oo. The above verifies that f.E— S, g; L( f/)) is continuous. In order to
prove f is of class CV as an S(1,¢; £L(V))-valued mapping, let Ao € E and let K be a
regular compact set (i.e., K = W) containing Aq in its interior and K is contained in a
coordinate neighbourhood U of Ay with local coordinates (A!,...,A?). The maps

£:U— SAg: L), ) =—F#a,E0#EQ), j=1,...,p,
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are well defined and continuous. We will prove that

p
=20l FO) =) = Y (7 = 2D (o) | = 0, as A — Ao, in S(Lg: £(V)).  (3.19)

=1

Notice that

P
£0) =) =Y (7 =aDE; 00)

j=1

P - ~
= —FO)# [ £ —Fh0) — Y (W =218, f (ko) | #E (o)

=1

P . ~ ~ ~
=Y 07 =) EG) —F o)) #0,5 £ o) #E (ho).

J=1

Thus, by [27, Theorem 2.3.7, p. 91], for each k € Z, there exists ¥’ € Z; and C’ > 0 such
that

(k)
r
A—=nol ™" [FO) = F(r0) = D07 = 2)E; (ko)
=1 S(Lgs £(V))
(k")

p .
F() — (o) — Y (W =203, £ (o)
j=1

’

S —_—
[A — Aol i
S(1,g;£L(V))

(k') (k)
||f()»)|IS(1 [:(f,))llf()»o)lls(1 (T

p
’ (k) (k") K’
+CIE0 —FCIS) o) IEGIS) ﬁ(p))zlllayf()»o)lls(lg iy
J:

As f: F — S, g'ﬁ(f/)) is continuous and f: F — S(l,g;ﬁ(f/)) is of class CV, we
deduce the validity of (3.19). Because g € int K is arbitrary, we conclude that fisct
as an S(1, g; L( V))-valued mapping whose partial derivatives are f (recall that these are
continuous S(1, g; £(V))-valued mappings). In the same way one proves that f is Ck, for
every k € Z,, k < N: that is, it is of class CV on int K and, as K is arbitrary, it is of class
CN on E as an S(1, g; L( V))-valued mapping. O

As a consequence of this theorem, we have the following result.

Corollary 3.7. Assume that g is a geodesically temperate Hormander metric and M
and My are g-admissible weights. Let E be a Hausdorff topological space and f : E —
S(M, g; L( f/)) be a continuous mapping. If for each A € E, £(A)Y restricts to an invertible
operator from H (M, g; V) onto H(M/M,g; V), then there exists a unique continuous
mapping £ : E — S(1/M, g; L(V)) such that

FOV#E0) = E)A#EQ) =1, Va € E.
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If E is a smooth manifold without boundary and f: E — S(M, g; L£( V) is of class CN,
0<N<oo, thenf:E— SQ/M,qg;L(V)) is also of class cN.

Proof. By [27, Corollary 2.6.16, p. 150], we can find a; € S(1/M,g), by € S(My,g),
ae€S(M/M,qg), be S(M/My,g) such that by#a; =1 = a;#b; and b#a =1=a#b. If f
is of class C, 0 < N < oo, the mapping

f; (1) = (aD)#H W #(a D), E— S, g, LV)),

is also of class CV, and it satisfies the assumptions of Theorem 3.6. Hence, there exists
fi: E— S(1,9,L(V)) of class CV such that f; (L)#f (W) = I = f;(L)#E (L), Then f(1) =
(a1 D#E, (W) #(al), E +— S(1/M,g; L( V)), is the sought-after mapping. The proof of the
uniqueness is easy and we omit it. O

4. Ellipticity and the Fredholm property

The relationship between the class of pseudodifferential operators that are Fredholm
between appropriate Sobolev spaces and those that are elliptic is the subject of this
section. We will prove the equivalence of these two properties provided the metric is
geodesically temperate and its associate function A4 tends to infinity at infinity.

We start with the following simple but useful result.

Lemma 4.1. Let g be a Hormander metric and My, My and M g-admissible weights. If
MM,/ M,y vanishes at inﬁnity, then for any a € S(M,g; L(V)), a¥ restricts to a compact
operator from H(My,g; V) into H(Ms,g; V).

Proof. By [27, Corollary 2.6.16, p. 150], we can choose a; € S(M;,g), a; € S(1/M;, g)
satisfying a;#a; = 1 = a;#a;, j = 1,2. Then, a¥ = (aD)” ((axD)F#a# (1) (a D)™
Because (ap])#a#(a1]) € S(MMy/ M, g: L(V)) and MM,/M; vanishes at infinity, [22,
Theorem 5.5] yields that ((agl)#a#(a;1))" is compact on L*(V; f/) and the result of
the lemma follows. O

The ellipticity is defined in a usual way.

Definition 4.2. Let g be a Hormander metric and M a g-admissible weight. We say
that a € S(M, g; L(V)) is S(M, g; L(V))-elliptic if there exist a compact neighbourhood
of the origin K € W and C > 0 such that |det a(X)| > CM(X)¥™V for all X € W\K.

Remark 4.3. Of course, in the scalar-valued case, this definition reduces to the familiar
one when working in the frequently used calculi (the Shubin calculus, the SG calculus,
etc.; cf. [29, 31]); see also [11] for the notion of hypoellipticity in the scalar-valued setting
of the Weyl-Hormander calculus.

Remark 4.4. When a € é’(M,g;L( f/))7 we always have deta € S(M ™ V,g). Thus,
for a given a € S(M, g; L(V)), the S(M, g; L(V))-ellipticity of a is equivalent to the
S(MImV ) ellipticity of det a.
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Remark 4.5. There exists ¢y > 1 that depends only on dim V and || - [l ;; such that

for any invertible A: V — V we have 1/||All 2y, < IA ) < c6||A||ii(“‘3/‘)/’1/|detA|.
Consequently, for a € S(M, g; L(V)) the S(M, g; L(V))-ellipticity of a is equivalent to the
following: There exists a compact neighbourhood of the origin K € W and C' > 0 such

that a(X) is invertible on W\ K and ||a(X)’1||L(‘~,) <C/M(X), VX € W\K.

Theorem 4.6. Let g be a Hormander metric satisfying Ay — o0 and M be a g-admissible
weight. If a € S(M, g; L(V)) is elliptic, then for any g-admissible weight My, a* restricts
to a Fredholm operator from H(My,g; V) into H(My/M, g; V') and its index is independent
Of M1 .

Proof. Let @ = o' away from the origin and modified on a sufficiently large compact
neighbourhood of the origin so as to be a well-defined element of S(1/M,g: L(V)).
Then a#a—1¢€ S(1/rg, g; L( V)) and Lemma 4.1 verifies that a“a™ —1d is a compact
operator on H (M, g; V). Similarly, a¥a" —1Id is a compact operator on H(M;/M, g, 17).
Consequently, a® : H(My, g; V) — H(M/M,g; V) is Fredholm. To prove that the index
is independent of Mi, let My be another g-admissible weight and denote by A; the
restriction of a" to H(M,,g; V) —> H(M;/M,g; f/)7 j = 1,2. Because of [27, Corollary
2.6.16, p. 150], we can choose by € S(My/Ms,g) and by € S(My/My,g) such that
b1#by = 1 = ba#b,. Consequently, the restrictions By and B of (b)Y and (b)Y
to H(M,g; V) — H (M, g; V) and H(My/M,yg; V) —> H(M,/M,g; f/), respectively, are
isomorphisms. Because (bal)#a#(bil) —a € S(M/Ag,g; L( V)) and ALg — o0 at infinity,
Lemma 4.1 implies that ByAsBy — Ay : H(My,g; V) — H(M/M,g; f/) is compact.
Consequently, ind As = ind Bo A3 B; = ind A4;. O

Remark 4.7. When working in the ‘classical’ pseudodifferential calculi, if there exists
C,8 > 0 such that 1,(X) > C(l+go(X))?, ¥VX € W (i.e., if the metric satisfies the
strong uncertainty principle), then given an elliptic a € S(M,g) one can construct a
parametrix of a (see [6, 28]; see also [13, 21]) and derive from that the index of
a“\H(My, gt H(M, g) = H(My /M, g) does not depend on M;; in fact, one can derive the
stronger result that the dimensions of the kernel and cokernel are independent of M (cf.
[29, Section 1.6]). The significance of the above result is that the index is independent
of My even when only requiring A, — 00; however, we cannot say anything about the
invariance of the dimensions of the kernel and cokernel. As we will see at the end of this
section, if one additionally assumes that g is geodesically temperate, then the invariance
of the dimensions of the kernel and cokernel will follow.

Our next goal is to prove a converse result to that of Theorem 4.6. Namely, if av
restricts to a Fredholm operator between Sobolev spaces, then it is elliptic. The proof relies
on Theorem 3.6 and, consequently, on the spectral invariance of the Weyl-Hérmander
calculus and the geodesic temperance of g. We first prove this result for symbols in
S(1,g; L( f/)) and derive the general case from the latter.

Before we proceed, we need the following result whose proof is the same as for [30,
Lemma 2.7] and thus we omit it.
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Lemma 4.8. Let g be a Hérmander metric and a € S(1,g; L( f/)) ~be such that A~=
a” |20y ) has finite-dimensional range. Then, there exist ¢; € S(V; V'), ¥; e S(V; V),
j=1.. s such that :4f = ng=1 (fro)¥j, fe L2~(V; V). Consequently, the kernel of A
15 in S(V; VHYQS(V; V) and, thus, a € S(W; L(V)).

Theorem 4.9. Let g be a geodesically temperate Hormander metric satisfying by — 0.
If ae S(1,9; L( V)) is such that a™ restricts to a Fredholm operator on L?(V; V) then a
1s elliptic.

Proof. Throughout the proof, we fix an inner product on V and denote by |-l and
I Ilzi the induced norms. Denote A= a’|2¢y. i7)- Because A is Fredholm, 0 is an
isolated point of the spectrum of the positive operator A*A (see [15, Lemma 7.2]). Let T’
be a circle about the origin in C with radius r < 1 that contains no other point of the
spectrum of A*A except possibly 0 and define

1
B= —,/(Md—A*A)—ld,\.
21 Jp

Then B is an orthogonal projection and [32, Section 5.10, Theorems 10.2 and 10.1, p.
330] imply that the range of B is ker A* A = ker A4; that is, B is an orthogonal projection
onto ker A (this trivially holds if ker A = {0}). Set @, = Al — a*#a € S(1,¢:L(V)), reT.
The mapping A > @, I' = S(1, g; £( V7)), is continuous (and in fact smooth) and & is
invertible on L2(V; V). Theorem 3.6 ylelds the existence of a continuous (and in fact
smooth) mapping A > b, I = S(1, g; L( V), such that by #a, = I = @, #b;, » € I'. Define

2w
bX) = — /w)dx_—/ b (X)etdt, X e W,
7T

Clearly b e C®(W; L( f/))~and, since A > by is continuous and I is compact, one easily
derives that b € S(1,g; L(V)). For each m € Z., define

Con,t = BTGZnij/'rrz,eQnij/m, when 27 (j —1)/m <t <2mj/m,j=1,...,m.

Clearly ¢, € S(1,9; L( f/)). Furthermore,

r 2

r LIS . 2w -
by = — ot dt = — ) b onim e e §(1, g; L(V)).
o | e QJT;rezﬂe e Sy L(V))

Now

A

w w . (k)
10" = bnlley2cvi vy = Cllb= m”sa g: L(V))

C m 275/ m B ) 5
< i it i 2745 /m (k) -
s 1/27r(jl)/m breit € = breznii/me Isa.geccony
J:

The right-hand side tends to 0 as m — oo because t — Brezzeitl [0,27] = S(1,g: L(V)),
is uniformly continuous. Consequently, b2 — b* in L,(L*(V; V)). On the other hand,

Con > b ne”, as m — 00, pointwise in L, (L*(V; f/)), so the dominated convergence

theorem 1mphes bY — Bin Ly (L*(V; V)). We conclude b 2v. vy =B. As the range of B
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is the finite-dimensional space ker A, we can apply Lemma 4.8 to deduce beS(W;L(V)).
One easily verifies that B+ A* A is invertible on L?(V; V) and, consequently, there exists
ceS(,g; L( V)) such that ¢¥ L2V = = (B+A*A)~. We infer ¢c#(b+ a*#a) = I, which
yields

cH#a Ha=1—c#b. (4.1)

Because ¢#be S(W;L(V)) and c#a*#a—ca*a € S(1/rg, g5 L( V)), we deduce ca*a—1I €
S(1/rg, g5 LC V). As 1/A4 vanishes at infinity, the continuity of the determinant on £( 1%
implies

|det ¢(X)||det a(X)|? = |det(c(X)a*(X)a(X)—T+1)| > 1/2,

for all X outside of a compact neighbourhood of the origin. Because ¢ € S(1, g; £( f/))7
the claim in the theorem follows. O

The main result of the section is the following one.

Theorem 4.10. Let g be a geodesically temperate Hormander metric satisfying Ly — 00
and M and M two g-admissible weights. If a € S(M, g; .C(V)) is such that a™ restricts
to a Fredholm operator from H (M, g; V) into H(My/M, g, V) then a 1is elliptic.

Proof. Take an elliptic b € S(1/Mi,g) and an elliptic ¢ € S(M1/M,g). Then a =
(cD)#a#(bl) e S(1, g; L( V)) and a¥ = (¢I)*a™ (bI)" is a Fredholm operator on L?(V; V)
(cf. Theorem 4.6). By Theorem 4.9, |deta(X)| > 1/C and [|a(X)~ 1||£(V) < (C for all X
outside of a compact neighbourhood of the origin K € W (cf. Remark 4.5). Because
f=a—(cha(bl) € S(1/ry, g; L(V)), we have

|det(cI)a(bI)(X)| = |det a(X)||det(I —a(X) 1 f(X))|, VX € W\K.
As 1/A, vanishes at infinity the claim of the theorem follows. O

As a consequence of the proof of Theorem 4.9, we derive that the geodesic temperance of
g implies that elliptic operators always have parametrices if one merely requires A, — oo.
To the best of our knowledge, in the literature the construction of parametrices is always
done under the assumption of the strong uncertainty principle (see the references cited
in Remark 4.7). In addition to being of an independent interest, this strengthens the
conclusion of Theorem 4.6 because it yields the invariance of dimensions of both the
kernel and cokernel of an elliptic operator and not just its index.
Theorem 4.11. Let g be a geodesically temperate Hérmander metric satisfying
Lg — 00 and M a g-admissible weight. If a € S(M,q:L(V)) is elliptic, then there are
r,re € S(W,L(V)) and elliptic a;,as € S(1/M, g; L( V) such that m#a=14+mr and
atay = I+ 1o and consequently a® is globally regular. Furthermore, r{*(S'(V; V) and
3 (S’ (V; V) are finite-dimensional subspaces of S(V; V).

4That is, there exists ¢ > 0 that depends only on dim V and ||- | i7 such that |det(I + P)| > 1/2
for all P e L(V) satisfying || Pl ;) <.
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In particular, kera®™ is a finite-dimensional subspace of S(V; V) and for any
g-admissible weight My, ker(a'“"H(Ml,g; i) = kera®.

Proof. To prove the existence of a; and 71, assume first M = 1; that is, a € S(1, g; L( V)
is elliptic. Then A = ¥ \20v. ) Is @ Fredholm operator on L?(V; V) by Theorem 4.6
and we can repeat the proof of Theorem 4.9 verbatim to conclude the existence of b €
S(W;L(V)) and an elliptic ¢ € S(1, g; L( V)) such that B = b 2(v iy L2V V) >
L2(V;V)isan orthogonal projection on the finite-dimensional subspace ker A € L2(V; V)
and the equality (4.1) holds. Then @ = c#a* € S(1, g; L(V)) is elliptic. Set r = —c#b €
S(W;L(V)). Lemma 4.8 implies

ker A = bY(L2(V; V) = b*(S'(V; V) CS(V; V)

and, consequently, r’(S'(V; V)) is a finite-dimensional subspace of S(V; f/).

When a € S(M, g; L( f/)) is elliptic for general M, pick a; € S(1/M, g) and az € S(M, g)
such that~ as#a; = 1 = a;#ay and apply the above to the elliptic symbol (a;l)#a €
S(1,g; L(V)).

To prove the existence of ay and ry, similarly as above, it suffices to consider the case
when M =1. But then one can apply an analogous construction as in the proof of Theorem
4.9 to the elliptic symbol a* € S(1, g; L( V). O

Remark 4.12. With g, M and a as in Theorem 4.11, in view of Theorem 4.6, we can also
conclude that the dimensions of the cokernels of the Fredholm operators "y, g7

H((M,yg; 17) — H(M, /M, g; f/) are the same for any g-admissible weight M;.

4.1. The Fedosov-Hormander integral formula for the index

If the Hormander metric ¢ satisfies the strong uncertainty principle — that is, there are
C,8 > 0 such that A4(X) > Cl+gX), VX e W, and a e S(l,g;ﬁ(f/)) is elliptic —
then ind ¢ can be given by the Fedosov-Hormander integral formula [22, Theorem 7.3]
(see also [17, 19]). As a consequence of this result, we derive that the same is true if
a is an elliptic symbol in S(M, g; L( f/)). Before we state the result, we fix the notion.
Let F' be a smooth manifold without boundary. A regular domain in F' is a properly
embedded codimension 0 submanifold with boundary. If D is a regular domain in F', then
the topological boundary and interior of D coincide to its respective manifold boundary
and interior (see [24, Proposition 5.46, p. 120]).

Proposition 4.13. Assume that the Hormander metric g satisfies the strong uncertainty
principle and let a be an elliptic symbol in S(M,g;L(V)) for some g-admissible weight
M. Let D be any compact reqular domain in W that contains in its interior the set where
a s not invertible. Then

(n—D1! —1 7 \2n—1
—m./al) tr(a da) . (42)

The orientation of D is the one induced by W , where the latter has the orientation induced
by the symplectic form.

inda” =
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Remark 4.14. If we fix a basis for V' and take the dual basis for V', the orientation on
W is given by the nonvanishing 2n-form d&; A dz' A... A d&E, A dz™.

Proof. Because D is a compact regular domain in W, there exists a smooth exhausting
function f: W — R (i.e., a smooth f such that each sublevel set f~!(—o0,c|, c € R, is
compact) such that f~!(—o0, s] = D and s is a regular value of f; see [24, Theorem 5.48, p.
121]. Then, f~(—o00,s) =int D and f~1(s) = 8 D; of course, without loss of generality, we
can assume s > 1. Fix an inner product on W and denote by |-| the Euclidean distance
induced by it. For each r > 0, denote by B, the open ball with centre at the origin and
radius r. There exists 71 > 1 such that D C B,,. Let r > r be arbitrary but fixed. Take
x € D(W)suchthat 0< x <1, suppx € B, and x =1 on B_T1 Set

AX) = x(XOf (X)+5(1 = x (X)]X], with 5 = max{f(X)| X € B,} > s.

Clearly, fy € C(W), 7 (s) =D, f7'(3r) =8B, f{ *([s,57]) = B,\int D and s and 3r
are regular values of f;. Consequently, B,\int D is a compact regular domain in W (see
[24, Proposition 5.47, p. 121]) with 3(B,\int D) = § D UdB,.. Notice that d((a~'da)?" ")
is a finite sum of forms of the type £(a~'da)?". Thus,

dtr(a tda)*" P =trd((a 1 da)®*" Y = ktr(a 'da)?",

for some k € Z. But tr(a~'da)?” = 0 because moving a factor a~'da from the end to
the beginning produces a minus sign (the trace is invariant under cyclic permutations).
Consequently, Stokes’ formula applied on the manifold B,\int D gives

tr(a tda)®" ! —/ tr(a~tda)?" "t =0,

9B, 9D

where the orientations on 3B, and 9D are the ones induced by B, and D respectively
(and the latter have the symplectic orientations given by W). Notice that the orientation
induced by B,\intD on 3D is the opposite one. The validity of this follows from the
fact that the smooth vector field gradf; = (dfi)* defined by any Riemannian metric on
W (for example, the Euclidean metric) is outward pointing on 9D when viewed as the
boundary of D but inward pointing when viewed as part of the boundary of B, \int D.
Consequently, it is enough to prove (4.2) with B, in place of D.

Take a positive elliptic symbol be S(1/M,g). Let v € D(W) be such that 0 <y <1,
supp¥ C Byys and ¥ =1 on B,,;. Define b = ¢ + (1 —¥)b. Then, b e S(1/M,qg) is a
positive elliptic symbol; in fact, b =1 on B,;+; and b = b on WA\ B, 2. Furthermore, (bI)a
is an elliptic symbol in S(1, g; £( V)). We claim that ind(bI)* = 0. To see this, we first
note that (bI)" is formally self-adjoint. Denote by B the operator

OD" | ayat.g vy HA/M, g V) > LP(V; V).

Then *B: L*(V; V')(= L*(V; V)) - H(1/M,g; V)’ is continuous, ker’B is isomorphic
to coker B (this holds in general) and * Bu = (bI')* 4, Yu € L2(V; V'), with I’ the identity
operator on V'. Thus, ker! B = {u € L?(V; V)| (bI")* % = 0}. The latter space is isomorphic
to

ker((bI)" 2y 7)) = {u € L*(V; )| (b])"u = 0}

https://doi.org/10.1017/51474748020000584 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000584

1384 S. Pilipovi¢ and B. Prangoski

Because ¢ satisfies the strong uncertainty principle, there exists k € Z, such that
C7 M (X)™F < M(X) < Cry(X)F, VX e W.

As 1/be S(M,g) (see the proof of [27, Lemma 2.2.22, p. 80]), (I — (b~ D)#(b))**
S(l/k’g“,g;/.:( V). Ifue ker((b])“’ng(v: f/)), then

uw=d—Ob DD ue HOF g; VYSHA/M,g; V)

and, consequently, u € ker B. Analogously, u € ker B implies u € ker((b[)“’ng(V; ) We
conclude that ind(bI)™ = 0.

Now, ind ™ = ind((b])#a)"™ =ind((bl)a)"™, where the second equality follows from the
fact that ((b)#a)" —((bI)a)™ is compact because (bl)#a—(bI)a € S(1/1q, g; L( f/)) and
Ag — 00 (see Lemma 4.1). For the operator ((bI)a)" we can apply the Fedosov-Hormander
formula [22, Theorem 7.3] to obtain

. . (n—1! / —1 2n—1
da” =ind((b)a)¥ = —————— tr(((bI d((bl e
ind a ind((bD)a) G-I s r(((bI)a)” " d((bl)a))
Because b =1 on a neighbourhood of dB,, we infer ((bI)a)~*d((bl)a) = a~'da on 9B,.
This completes the proof. O
5. Example

In this section we give an example of an operator that is not elliptic in any of the
‘classical’ calculi, but it is elliptic in the Weyl-Hormander calculus for an appropriate
metric. Consequently, the results from the previous section will imply that it is a Fredholm
operator between the appropriate Sobolev spaces associated to the calculus. The operator
we consider is

—A+(z)"%, 0<s<1.

Remark 5.1. The left symbol of the operator a(z,&) = |£|%+ (z)~2° is equal to its Weyl

symbol (and, in fact, is equal to the t-symbol for any 7 € R). This follows from the fact

that the Weyl symbol is given by J~1/2 1/2 — ¢=5DsDs; one easily verifies that

J 124 = q.

a, where J~

Lemma 5.2. The symbol a(z,&) = |E|2 4+ (2)72° of the operator —A+(z)72°, 0 < s <1,
is not elliptic in any symbol class generated by a Hérmander metric g of the form g, ¢ =
o(z,8)72|dz|? + & (x,£)72|dE|? if @ is bounded from below; that is, if ®(x,&) > ¢, for all
z,&E e R™.

Proof. Assume that q is elliptic for some Hérmander metric ¢g of this form. Then, there
exist R >1 and C > 1 such that

2&1| = 3¢, a(2,8)| < Cla(z,8)|/P(,8) < ¢ " CEP +(z)™2), if |z]* +|&]° > R*.

Consequently, this inequality is true for all points (z®,£®), where x{k) =k, g{’” =1/k%,
2V =" =0,j=2...n, k>R, keZ, But this implies that 2 < ¢ ' C(k~* +k*(1+
k?)~%), for all k > R, which is a contradiction. O
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The lemma implies that —A + (z)~2%, 0 < s < 1, is not elliptic in any of the ‘classical’
calculi like the Shubin, the SG and the Beals-Fefferman calculus, because in each of these
calculi the weight @ is always (as part of the assumptions) bounded from below. However,
the operator is elliptic in the Weyl-Hérmander calculus for an appropriate choice of the
metric.

Lemma 5.3. Let 0 < s < 1. The Riemannian metric g, ¢ = (2)72|dz|? + (z)5(E) 2| dE|?
is a geodesically temperate Hormander metric and Ay(x,§) = (z)175(&). Furthermore,
M(z,&) = (x) 25+ |£|? is admissible for g.

Proof. The symplectic dual of g is 9o e = (£)2(z)72%|dz|? + (z)?|d&|?. To prove that g
is slowly varying, it is enough to find 0 < r <1 and C > 1 such that for z,y,&,n € R"
satisfying |z —y| < r(z) and |§ —n| < r(§)(z)~* it holds that

C7l<(y)(a) ' < Cand C71 < (2)*(€) () () < C. (5.1)

We claim that one can take any r < min{1/4,1/2Y/%}. To see this, notice that (y)2 <
14 2r2(z)2 +2|2]? < 4(z)2. Similarly, (z)? < 2r?(z)2+2(y)? and, consequently, (z)? <
(16/7)(y)?, which proves the first part of (5.1). Analogously, for the second part we infer

()5 (&) 2 < 2r%(z)2 + 2(y) D) (E) 2 < 29725 (1) 25 (£) 2+ 2%(y) 2 (£) 2,

which implies (z)2%(€)72 < 4(y)?°(£)2. When |n| < 2|£|, the right-hand side of the second
part of (5.1) easily follows. The validity of the latter is also trivial when 1 > |p| > 2|&]|.
Assume || > 2|&] and [n]| > 1. Then, [n—§&| > [n|—[§| > [n]/2 and thus

() < V2In] <2V2[n—&] < 2v2r(E)(z)° < (8),

which together with the above implies the right-hand side of the second part of (5.1).
The proof of the left-hand side is similar and we omit it.
Next, we prove that g is temperate. We have to find C, N > 1 such that

(%)) < C(1+lz—yPE) @) > +E—nP@?)", (5.2
(@) E) 22 2 < C(1+1z—y2E %) > +1E—n>@?)",  (5.3)

for all z,y,&,n € R™. Because (y)?(z)™2 <24 2|z — y|*(z)~2, we immediately deduce the
validity of (5.2) for (y)?(x)~2. To prove it for (z)%(y)~2, we first infer (z)?(y)™2 <2+
2|z — y|?(y)~2. This immediately implies the validity of (5.2) when |z| < 2|y|. Assume
|z| > 2|y|. Then, |x —y| > |z| —|y| > |x|/2, which implies () < 2(z — y) and we estimate
as follows:

(z—y) < 23/(1—s)<$ B y)1+s/(1—s)<$>—s/(1—s) < 98/(1=s) (1 +lz— y|2<$>—23)1/(272s).
Because (z)?(y)~2 < 2+42|z — y|? the validity of (5.2) follows. Next, we prove (5.3). As

()2(&) 2 < 20> () 72 ((2)* () 72) (€ — )2,

(5.2) implies (5.3) when the exponent on the left hand side is 1. The proof when the
exponent is —1 is similar and we omit it.
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As hy(z,8) = (x)17%(£) > 1, we deduce g < ¢g°. Consequently, g is a Hormander metric.
The fact that ¢ is geodesically temperate immediately follows from the observations given
at the very end of Section 2.

We turn our attention to the g-admissibility of M. Clearly, M is strictly positive. We
need to find 0 < r <1 and C, N > 1 such that

(Iz =yl < r(z) and [§ —n| < 7(5)(z)"*) = C7' < M(2,6)/ M (y,n) < C; (5.4)

(M (2,6)/M(y )™ < C(1+|z—yl*(&)*(z) > +¢ —77|2<l‘)2)N, for allz,y,&,n e R™.
(5.5)

We claim that (5.4) holds true for any fixed r < min{1/4,1/2'/¢}. To see this, notice that

2
M(2.8)/M(y.n) < Wf—' ()% ()2

(y)=2s

The term (y)2*(z)~2* is bounded because of (5.1). When |&| < 2|n]|, the first term is also
bounded. Assume |£| > 2|n|. First notice that

E° _2piE-nl _ G@XE-a® Gk’
I+ (y) =25 = () mP+1 7 (y*mP+1 (y)**In*+1
where the second inequality follows from the boundedness of (y)(z)~!. Because |£| > 2|n|
implies |& —n| > |€]/2, we deduce || < 2r(§) < 2r42r|&|, which, in turn, implies |£] < 1.
Consequently, the upper bound in (5.4) holds true. To prove the lower bound, arguing
as before, we deduce that it is enough to check that |n|2/(|€|> + () ~2°) is bounded. This
follows from

b

Inl? Ae)E—q2  2r2(E)?
EP+ @) > = (@EP+l TSRl RSP

It remains to prove (5.5). In view of (5.2), it is enough to prove that both

E12/(n1? + (y)"2*) and |n|?/ (&> + ()" %)

are bounded by the right-hand side of (5.5) for some C, N > 1. We prove this only for the
first term; the second term can be treated similarly. We estimate as follows:

517 _ 2*lE—nl 9 < 2z —y)**[§ —n)®

+ 25 e —n2(z)? +2

2 +(y) =2 = (y)*Mm|*+1 - (> m*+1
< 4z — )P IE —nl> + 41§ —nl*(x)* +2
< 2(z —y)*(2) " +20& — | (@) " +4IE —nl* () +2.
The very last term is bounded by the right-hand side of (5.5) for some C, N > 1. O

Proposition 5.4. The symbol a(z,&) = |&|? + () 72° of the operator —A + (z)72°, 0 <
s <1, is elliptic in S(M, g) with g and M as in Lemma 5.3.

Proof. As a = M, it is enough to verify a € S(M, g). The only nontrivial part is to prove
that the first derivatives with respect to & satisfy the appropriate bounds when |£] < 1.
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This follows from
10, a(x,£)] < 20&|(z) " (2)* < (&7 + (@) ) (@)* < V2(EI” + (@) ) (@)*(€)7.
O

Now, Theorem 4.6 implies (as A, — 00) that A = —-A+(z)™*, 0<s <1, is a
Fredholm operator between H (M, g) and H(M;/M,g) for any g-admissible weight M;
and M (z,&) = |£|%2 + (2)~2%. Moreover, its index is independent of M. In fact, Proposition
4.13 gives ind A = 0. This is trivial when n > 2 and when n =1 one can easily calculate the
integral on a circle with centre 0. Let ¢ € ()7_, H()\.I;, g). For every a, B € N*, 2P£% belongs
to S(Mg"”"/(l_s),g) and, thus, [27, Theorem 2.3.18, p. 100] verifies that the same holds for
J12(2PE*) as well. Because zf D%¢ = (J~Y2(2P£*))p € L2(R™), for all o, 8 € N*, one
has ¢ € S(R™). The closed graph theorem implies that S(R™) is topologically isomorphic
to 1(121 H (A’g“,g), where the linking mappings in the projective limit are the compact

k—o00
inclusions H(A’;H,g) — H(A’g“,g); because the strong dual of H(A¥,g) is isomorphic to
H(A;k,g), we also have S'(R™) = li_n} H(A;k,g). Employing a similar technique as in

k— o0

the second part of the proof of Proposition 4.13, we deduce that ker A € S(R™). But,
(Ap,p) > 0, Yo € S(R™)\{0}, which implies that A is injective on S'(R™). As indA =0
we can immediately deduce that A restricts to an isomorphism from H (M, g) onto
H(M;/M,g) for any g-admissible weight M;. The latter implies that A restricts to a
topological isomorphism on S(R™) as well. The above representation of S'(R™) yields
that A is also a topological isomorphism on S’'(R™). Because g is geodesically temperate
(by Lemma 5.3), Corollary 3.7 (i.e., spectral invariance) implies that the inverse of A is
a pseudodifferential operator with symbol in S(1/M, g).
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