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Big principal series, p-adic families and L-invariants

Lennart Gehrmann and Giovanni Rosso

ABSTRACT

In earlier work, the first named author generalized the construction of Darmon-style
L-invariants to cuspidal automorphic representations of semisimple groups of higher
rank, which are cohomological with respect to the trivial coefficient system and
Steinberg at a fixed prime. In this paper, assuming that the Archimedean component
of the group has discrete series we show that these automorphic L-invariants can be
computed in terms of derivatives of Hecke eigenvalues in p-adic families. Our proof is
novel even in the case of modular forms, which was established by Bertolini, Darmon
and Iovita. The main new technical ingredient is the Koszul resolution of locally ana-
lytic principal series representations by Kohlhaase and Schraen. As an application of our
results we settle a conjecture of Spiel: we show that automorphic L-invariants of Hilbert
modular forms of parallel weight 2 are independent of the sign character used to define
them. Moreover, we show that they are invariant under Jacquet—Langlands transfer and,
in fact, equal to the Fontaine-Mazur L-invariant of the associated Galois representation.
Under mild assumptions, we also prove the equality of automorphic and Fontaine-Mazur
L-invariants for representations of definite unitary groups of arbitrary rank. Finally, we
study the case of Bianchi modular forms to show how our methods, given precise results
on eigenvarieties, can also work in the absence of discrete series representations.

Introduction

Let f =) ", anq" be a normalized newform of weight 2 and level I'y(M) such that M = pN
with p prime, p{ N and a, = 1. Inspired by Teitelbaum’s work (cf. [Tei90]) on L-invariants for
automorphic forms on definite quaternion groups, Darmon in [Dar01] constructed the automor-
phic L-invariant £(f)* of f, depending a priori on a choice of sign at infinity. Let a,(k) be the
Up-eigenvalue of the p-adic family passing through f. In [BDI10] Bertolini, Darmon and Iovita
(see also [Das05]) prove the following formula:

day

dk |y
In particular, the automorphic L-invariant is independent of the sign at infinity. They also prove
a similar formula for Orton’s L-invariant (cf. [Ort04]) in higher weight. Moreover, if f admits a

LEf) = -2 (0.1)
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Jacquet—Langlands transfer JL(f) to a definite quaternion group, which is split at p, they show
the analogous formula

day,

dk |y

for Teitelbaum’s L-invariant, thus proving that automorphic L-invariants are preserved under
Jacquet—Langlands transfers. This result was extended to Jacquet-Langlands transfers to
indefinite quaternion groups over the rationals, which are split at p, by Dasgupta and
Greenberg [DG12], Longo, Rotger and Vigni [LRV12] and Seveso [Sev13].

Over the last few years the construction of automorphic L-invariants was generalized to
various settings, e.g. to Hilbert modular cusp forms of parallel weight 2 by Spief (see [Spil4])
and to Bianchi modular cusp forms of even weight by Barrera and Williams (see [BW19]). These
generalizations have been defined as automorphic L-invariants appear naturally in many context,
from proving exceptional zero conjecture formulae to constructing and studying Stark—Heegner
points.

Most recently, the first named author defined automorphic £-invariants for certain cuspidal
automorphic representations of higher rank semi-simple groups over a number field F', which are
split at a fixed prime p of F' (see [Geh21]). The most crucial assumptions on the representation
m are that it is cohomological with respect to the trivial coefficient system and that the local
factor m, of m at p is the Steinberg representation. Our main aim is to prove the analogue of
equation (0.1) for these L-invariants. Previous works used explicit computations with cocycles
and it seems unlikely that one can generalize these to higher rank groups; instead, we give a
new, more conceptual approach, which is novel even in the already known cases.

In §1 we recall the definition of automorphic L-invariants. Just as in the case of modular
forms these L-invariants depend on a choice of sign character at infinity. They also depend on
a choice of degree of cohomology, in which the representation occurs. For this introduction, we
suppress it because we are mostly interested in the case that there is only one interesting degree.
Given a simple root i of the group and a sign character e the space of L-invariants

Li(m,p) C Hom™ (Fy, E)

Lr(JL(f)) = -2

is a subspace of codimension at least one. Here F denotes a large enough p-adic field. If strong
multiplicity one holds, its codimension is exactly one. Whether a character of Fy belongs to
the space of L-invariants is decided by certain maps between cohomology groups of p-arithmetic
subgroups with values in duals of (locally analytic) generalized Steinberg representations. These
maps are induced by cup products with one-extensions of the smooth generalized Steinberg rep-
resentation corresponding to the simple root ¢ with the locally analytic Steinberg representations
(see §1.1 for a description of these extensions due to Ding, cf. [Dinl9]).

As a first step, in §2.2 we show that one can replace generalized Steinberg representations
by locally analytic principal series representations and the extension classes by infinitesimal
deformations of these principal series. As a consequence, we prove an automorphic analogue
of the Colmez—Greenberg—Stevens formula (see Proposition 2.4). Let us remind ourselves that
the Colmez—Greenberg—Stevens formula (see, for example, Theorem 3.4 of [Dinl19]) states that
one can compute Fontaine—-Mazur L-invariants of Galois representations by deforming them in
p-adic families. Our analogue states that one can compute automorphic L-invariants from the
cohomology of p-arithmetic groups with values in duals of big principal series representations,
i.e. parabolic inductions of characters with values in units of affinoid algebras.

Thus, we reduce the problem to producing classes in these big cohomology groups. Here is
where we need to impose further restrictions. First, we assume that the group under consideration
is adjoint. Under this assumption Kohlhaase and Schraen constructed a Koszul resolution of
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locally analytic principal series representations (cf. [KS12]), which we recall in §3.1. Using that
resolution we can lift overconvergent cohomology classes which are common eigenvectors for all
Up-operators to big cohomology classes. Second, in order to have a nice enough theory of families
of overconvergent cohomology classes (in the spirit of [AS08]) we consider only groups whose
Archimedean component fulfils the Harish-Chandra condition. This implies that the automorphic
representation we study only shows up in the middle degree cohomology of the associated locally
symmetric space. We further assume that the map from the eigenvariety to the weight space W
is étale at the point corresponding to the automorphic representation . Etaleness is implied by
a suitable strong multiplicity one assumption and, thus, holds for example for Hilbert modular
forms. Under these hypotheses we can show that we can lift the cohomology class corresponding
to 7 to a big cohomology class valued in functions on an open affinoid neighbourhood of the
trivial character in weight space (see Theorem 3.12). This allows us give the generalization of
(0.1) in Theorem 3.16. In particular, we see that automorphic L-invariants are codimension one
subspaces under our étaleness assumption.

As a first application, in §4.1 we prove a conjecture of Spie (cf. [Spil4, Conjecture 6.4]):
we show that the L-invariants of Hilbert modular forms of parallel weight 2 are independent
of the sign character used to define them. We further show that in this situation automorphic
L-invariants are invariant under Jacquet—Langlands transfers to quaternion groups which are
split at p. In fact, we show that all these L-invariants agree with the Fontaine-Mazur L-invariant
of the associated Galois representation.! In particular, one can remove the assumptions in the
main theorem of [Spil4| (see Theorem 6.10(b) there). Furthermore, the equality of automorphic
and Fontaine-Mazur L-invariants makes the construction of Stark—Heegner points for modular
elliptic curves over totally real fields unconditional. Similarly, we prove the equality of automor-
phic and Fontaine-Mazur L-invariants for definite unitary groups under mild assumptions in
§4.2, i.e. we give an alternative proof of the main result of [Din19] for our global situation.

We end the paper by considering the easiest case of a group that does not fulfil the Harish-
Chandra condition, i.e. we study Bianchi modular forms. As we cannot deform the automorphic
representation over the whole weight space, in general one cannot compute the L-invariant
completely in terms of derivatives of Hecke-eigenvalues. But at least in case the Bianchi forms
is the base change of a modular form, we overcome this problem; we show that the L-invariants
of the base change equal the L-invariant of the modular form.

The assumption that the coefficient system is trivial is not necessary for the arguments of this
article. However, the construction of automorphic L-invariants relies on the existence of a well-
behaved lattice in the Steinberg representation, which is not known for twists of the Steinberg
by an algebraic representation in general. In case the existence of such a lattice is known, e.g. if
G is a form of PGLy by a result of Vignéras (see [Vig08]), one can easily generalize our results
to arbitrary weights and non-critical slopes.

Notation

If X and Y are topological spaces, we write C'(X,Y) for the set of continuous functions from X
to Y. All rings are assumed to be commutative and unital. The group of invertible elements of
a ring R will be denoted by R*. If M is an R-module we denote the gth exterior power of M
by A%M . If R is a ring and G a group, we denote the group ring of G over R by R[G|. Given
topological groups H and G we write Hom®(H, Q) for the space of continuous homomorphism
from H to G. Let x: G — R* be a character. We write R[x| for the G-representation, which

! The same result has been obtained by Spie by different methods; see [Spi20].
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underlying R-module is R itself and on which G acts via the character x. The trivial character
of G will be denoted by 1. Let H be an open subgroup of a locally profinite group G and M an
R-linear representation M of H. The compact induction c—indg M of M from H to G is the space
of all functions f: G — M which have finite support modulo H and satisfy f(gh) = h~'.f(g) for
allhe H, g€ G.

The setup
We fix an algebraic number field F'. In addition, we fix a finite place p of F' lying above the
rational prime p and choose embeddings

Q,—Q—C.

If v is a place of F', we denote by F}, the completion of F' at v. If v is a finite place, we let O,
denote the valuation ring of F, and ord, the additive valuation such that ord,(w) =1 for any
local uniformizer w € O,.

Let A be the adele ring of F), i.e. the restricted product over all completions F;, of F. We
write A (respectively, AP>°) for the restricted product over all completions of F' at finite places
(respectively, finite places different from p). More generally, if S is a finite set of places of F' we
denote by A® the restricted product of all completions F, with v ¢ S.

If H is an algebraic group over F' and v is a place of F, we write H, = H(F,). We put
Hy = HU| o Ho.

Throughout the article we fix a connected, adjoint, semi-simple algebraic group G over F'.
We assume that the base change G, of G to Fy is split. Let Ko C G denote a fixed maximal
compact subgroup. The integers § and g are defined via

0 =1kGs — 1tk K
and
2q + 6 = dim G — dim K.

Finally, we fix a cuspidal automorphic representation m = ®,m, of G(A) with the following

properties:
(i) 7 is cohomological with respect to the trivial coefficient system;

(ii) 7 is tempered at oo; and
(iii) my is the (smooth) Steinberg representation Sty (C) of Gy.
We denote by Q, C Q a fixed finite extension of Q over which 7 has a model (see Theorem C
of [Jan18] for the existence of such an extension).

HypoTHESIS (SMO). We assume that the following strong multiplicity one hypothesis on m
holds. If 7’ is an automorphic representation of G such that:

(i) m = m, for all finite places v # p;
(ii) 7, has an Iwahori-invariant vector; and
(iii) 7., has non-vanishing (g, K2 )-cohomology;

then 7 is cuspidal, 7r;J = 7 and T is tempered.

It is known that this holds for cuspidal representations of GL, by work of Jacquet and
Shalika [JS81b, JS81a] and Piateski-Shapiro [Pia79] and thus, in particular, for representations
of G = PGL,,.

For general groups strong multiplicity one fails, see, for example, [HP83]. Hence, it is harder to
find explicit results about representations 7 for which the hypothesis SMO holds, but nevertheless
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it is expected that SMO should hold in many cases; for example, for generic representation of
GSp, [Sou87]. The same strategy of [Sou87] could apply as long as we have an injective transfer
from (a subclass of) representations of G to representation of GL,,, e.g. tempered representations
of unitary groups that at each prime are not endoscopic.

1. Automorphic L-invariants

In the following, we briefly sketch the construction of automorphic £-invariants. For more details,
see [Geh21].

1.1 Extensions

In this section we recall the computation of certain Ext!-groups of (locally analytic) generalized
Steinberg representations due to Ding (see [Dinl9]). We fix a finite extension E of Q,. If V
and W are admissible locally Q-analytic E-representations of Gy, we write Ext} (V, W) for the
group of locally analytic extensions of V' by W.

Given an algebraic subgroup H C Gg,, we denote the group of Fy-valued points of H also
by H. We fix a Borel subgroup B of the split group G, and a maximal split torus 7' C B and
denote by A the associated basis of simple roots. For a subset I C A we let P; D B be the
corresponding parabolic containing B.

Suppose M is a smooth representation of P; over a ring R; we define its smooth induction
to Gy as

ip (M) ={f: Gy — M locally constant | f(pg) =p.f(g) Vp € P, g € Gp}.

The generalized R-valued (smooth) Steinberg representation associated with I C A is given by
the quotient

v (R) = ﬁg(R)/ Yo i (R).

ICJCAI#T

Likewise, if V is a locally Qp-analytic E-representation of FPj, we define its locally analytic
induction to G} as the space of functions

(V) ={f: Gy — 7 locally Q,-analytic | f(pg) = p.f(g9) Vp € Pr, g € Gp}.

We define the locally analytic generalized Steinberg representation with respect to I as the
quotient

AR TEY D S 10!
ICJCAI#T
We put St¢y (R) = vF (R) and St (E) = VF'(E). Similarly, replacing locally analyticity with
continuity we define the continuous Steinberg representation StCth (E) and, more generally,
V& (E). Tt is easy to see that V§ (E) is the universal unitary completion of both v (E) and
w(E)
Let i € A be a simple root and A € Hom®(B, F) a continuous homomorphism. Note that
A is automatically locally analytic and is trivial on the unipotent radical of B. Thus, it can
be identified with a character on T. We write 7) for the two-dimensional representation of B

m(b) = <(1) A(lb)> : (1.1)

given by
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By the exactness of the parabolic induction functor for locally analytic extensions (see [Kohll,
Proposition 5.1 and Remark 5.4]) we have a short exact sequence of the form

0 — IF(E) — I5(m) — I5(E) — 0.
We write
E™(\) € Exty, (I3(E), I (E)) (1.2)
for the associated extension class. Further, we define the class
EM(N) € Exty, (i5(B), TF(E)) (1.3)

as the pullback of this extension along i¥ (E) — I3 (E). Finally, taking pushforward along
I5(E) — Stg, (E) yields the extension class

EM(N) € Ext;n(z'l%j(E), Stg;). (1.4)
By an easy calculation we see that the map
Hom™ (B, E) — Ext;n(i%j(E), Stg; (E)), A—E&EM(N)
defines a homomorphism. The inclusion B — F; induces an injection
Hom®(P;, E) — Hom (B, E).
The quotient can be identified with the space Hom® (Fy, E) via the map
Hom® (F;, E) — Hom®(B, E)/ Hom®(P;, E), X+— Aoi. (1.5)
Alternatively, let i denote the coroot associated with i. Then, the kernel of the map
Hom® (B, E) — Hom®(F;, E), Ar—Xj=Xoi" (1.6)
is equal to Hom®*(P;, E) and, hence, the map induces an isomorphism
Hom® (B, E)/ Hom®(P;, E) — Hom® (F;, E),
which is the inverse of the isomorphism above up to multiplication by two.

THEOREM 1.1 (Ding). The following hold.

(i) The map Hom“(B, E) — Ext;n(i%z_(E), Ste, (E)), A EM(N) is surjective with kernel
Hom®(P;, F) C Hom®(B, E).
(ii) The canonical map Ext} (vp, (E), Stg, (E)) — Ext,}m(i%(; (E),Stg, (E)) is an isomorphism.

an
(ili) The induced map Hom®(Fy,E) %Ext;n(v%ﬁ(E),Sta (E)), A—E™(Noi) is an iso-
morphism.

Proof. The third claim is a direct consequence of the first two. For the proof of the first two claims
in the case G = PGL,,, see §2.2 of [Dinl19]. The general case is proven in §2.4 of [Geh21]. O

1.2 Flawless lattices
We recall the notion of flawless smooth representations over a ring R.

DEFINITION 1.2. A smooth R-representation M of Gy is called flawless if:

(i) M is projective as an R-module; and
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(ii) there exists a finite length exact resolution
0—C,,— - —Ch—M—0

of M by smooth R-representations C; of G, where each Cj is a finite direct sum of modules
of the form

c-indf (L)

with K, C Gy a compact, open subgroup and L a smooth representation of K, that is
finitely generated projective over R.

The following is our main example.
THEOREM 1.3 (Borel-Serre). The Steinberg representation St¢y (R) is flawless for every ring R.

Proof. 1t is enough to prove that St¢y (Z) is flawless. By [BS76, Theorem 5.6], St¢y, (Z) can be
identified with the cohomology with compact supports of the Bruhat-Tits building of G,. Thus,
its simplicial complex gives a flawless resolution of StoGop (Z). O

1.3 Cohomology of p-arithmetic groups
Let A be a Qp-affinoid algebra in the sense of Tate. Given a compact, open subgroup KP? C
G(AP>), an A[Gy]-module V' and an A[G(F')]-module W, which is free and of finite rank over
A, we define C4(KP,V;W) as the space of all A-linear maps ®: G(AP>)/KP x V — W. The
A-module Cp(KP,V; W) carries a natural G(F)-action given by

(7-@)(g,v) = 7-(2(v g, 7 ).

Suppose V' is a topological A-module equipped with a continuous A-linear Gy-action we put
CHKP, V; W) = C(G(AP>®)/KP, Hom% (V,W)). Here W is endowed with its canonical topology
as a finitely generated free A-module.

Let E be a finite extension of Q, with ring of integers Og. Suppose that V is a smooth
E-representation of G, that admits a flawless Gp-stable Og-lattice M. As M is finitely generated
as an Og[Gp]-module, the completion of V' with respect to M is the universal unitary completion
Vi of V. The following automatic continuity statement holds (see [Geh21, Proposition 3.11]).

PROPOSITION 1.4. Suppose that V' is a smooth E-representation of G that admits a flawless
Gy-stable Og-lattice M. Then the canonical map

HY(G(F), CE(KP, V'™ E(e))) — HYG(F),Ce(K", V; E(e)))

is an isomorphism for every character €: 7o(G~) — {£1}, every compact, open subgroup K? C
G(AP*>°) and every degree d > 0.

This proposition combined with Theorem 1.3 implies the following.
COROLLARY 1.5. The canonical map
H(G(F), C3 (K, St (B); B(e)) — HYG(F), Cu(K?, $t35, (B); B(6)))
is an isomorphism.
For a compact, open subset K, C Gy and a character e: m9(Goo) — {£1} we put
HY(X o 16, W) = HUG(F), Co(KP, B[Gy/ Kpls W(€).

If the level K* x K, is neat, this group is naturally isomorphic to (the epsilon component of)
the singular cohomology with coefficients in W of the locally symmetric space of level K? x K,
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associated with G. More generally, let V' be a topological A-module, which is locally convex as a
Qp-vector space, with a continuous A-linear Ky-action. We consider c—indf('; V with the locally
convex inductive limit topology. This is a continuous A-module with a continuous G,-action.
We put

HY (X kv i, , Hom (V, W))© = HYG(F), C4(KP, c-ind(? V; W (e))).
Again, this space can be identified with the cohomology of the corresponding locally symmetric
space with values in the sheaf associated with Hom¢% (V, A).

1.4 Automorphic L-invariants
For the remainder of the article we fix a finite extension F of @, that contains Q, and a compact,
open subgroup K¥ = J[ . Kv © G(AP) such that (mP)E” £ 0. We may assume that K, is
hyperspecial for every finite place v such that m, is spherical.

As vp (E) = v7°(Z) ® E we have a canonical isomorphism

CZ(KP,U%OI(Z); W) = CE(KP,U%I’(E); W)
for any E-vector space W. Hence, we abbreviate this space by C(KP,vp; W) (and similarly for
Stg;, in place of vpy).
Let I, € Gy be an Iwahori subgroup. By Frobenius reciprocity the choice of an Iwahori-fixed
vector yields a Gy-equivariant homomorphism
. G
(:—111de‘D E— Stg,, (1.7)
which, in turn, induces a Hecke-equivariant map
ev®: HY(G(F),C(K?,Stg,; E(€))) — H (X u1,, E)". (1.8)
Let
T =T(K? x I))p = Co(KP x I,\G(A®)/KP x I,,, E)
be the E-valued Hecke algebra of level K¥ x I,. By abuse of notation, we denote the model of
7 over E also by 7. If V is a T-module, we put

Vir] = im(f)
f
where we sum over all T-homomorphisms f: (7°)5" >/ — V. Similarly, we define
TP = T(KP)g = C.(KP\G(AP>®)/K? E)
to be the Hecke algebra away from p and, given a TP-module V', we put
VP = im(f)
f

where we sum over all TP-homomorphisms f: (7#°)K* - V.
For the proof of the following proposition that crucially relies on the hypothesis (SMO) we
refer to [Geh21, Proposition 3.6].

PROPOSITION 1.6. The map ev(® induces an isomorphism
HY(G(F),C(K?, St ; E(e)))[x"] = H(Xko 1, B)[7].
on isotypic components. There exists an integer m, > 0 such that

J

dimE I‘Id()([(pxlp , E)e[ﬂ'] =My - dim(ﬂ-oo)KpXIp . (d iy

)Vd}O

for each sign character e.
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By Corollary 1.5, we have a canonical isomorphism

HY(G(F), C(KP,$t&,; B(6))) = HY(G(F), C (KPSt ; B(e))).
Composing with the homomorphism coming from dualizing the continuous inclusion Stg; —
StCth yields the map

HY(G(F),C(KP,St&,; E(e)) — HY(G(F), CF(K?, St&, : E(c)))
in cohomology. Thus, for every i € A we get a well-defined cup-product pairing

HY(G(F),C(K?,Stg,; E(e))) x Exty, (vF (E), St (E))
- Hd+1(G(F)’C(KP7 U%?» E(E))),

which commutes with the action of the Hecke algebra TP. By Theorem 1.1 we have a canoni-

cal isomorphism Hom® (Fy, E) = Ext;n(v%j(E), Stg, (E)). Hence, taking cup product with the
extension £ (\ o 4) associated with a homomorphism \ € HomCt(F;, E) in (1.4) yields a map

DN BYG(F), C(KP, St ; B(e)))[rP] — B G(F), C(KP, vs; B(e)))[x*]

K3
on 7P*>-isotypic parts.

DEFINITION 1.7. Given a character €: mo(Goo) — {£1}, an integer d € Z with 0 < d < J and a
root ¢ € A we define

Ez(d) (m,p)° C HomCt(F;, E)

(g+d) ()\)e

as the kernel of the map A — ¢;

Alternatively, we can consider cup products with extensions associated with homomorphisms
A: B — FE and define the L-invariant as a subspace of

Hom® (B, E)/ Hom® (P;, F).

This subspace is mapped to the L-invariant defined above via the map (1.6) induced by the
coroot 7" associated with i.

PROPOSITION 1.8. For all sign characters €, every degree d € [0,9] N Z and every root i € A the
L-invariant

Ez(d) (m,p)° C HomCt(F;‘, E)

is a subspace of codimension at least one, which does not contain the space of smooth

homomorphisms.

Suppose m; = 1. Then, in the extremal cases d =0 and d = § the codimension is exactly
one.
Proof. This is Proposition 3.14 of [Geh21]. O

Remark 1.9. Let log,: E* — E denote the branch of the p-adic logarithm such that logp(p) = 0.
Let us assume that E contains the images of all embeddings o: F, — Q,. We put log, , =
log, 00: Fy — E. The set

{ordy} U{log, , | o: Fy — E}

is a basis of HomCt(Fl;k , E). Suppose L C Hom“t(Fg,"7 E) is a subspace of codimension one that
does not contain ordy. Then for each embedding o there exists a unique element £7 € E such
that log, , —£7 ordy € £ and these elements clearly form a basis of L.
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2. L-invariants and big principal series

By the Colmez—Greenberg—Stevens formula (see [Dinl9, Theorem 3.4]) one can calculate
Fontaine-Mazur L-invariants of certain local Galois representations by deforming them (or rather
the attached (¢,I')-modules) in rigid analytic families. The goal of this section is to prove an
automorphic version of that formula.

This implies that L-invariants can be related to the existence of cohomology classes with
values in (duals of) families of principal series.

2.1 Linear algebra over the dual numbers
Let R be a ring and R[] = R[X]/X? the ring of dual numbers over R. Let M be an R[e]-module.
We define several maps on dual spaces associated with M. First, multiplication with ¢ induces
the map pu: M/eM — eM — M. We denote by

pr: Homp(M, R) — Hompg(M/eM, R)
its R-dual. Second, reducing modulo ¢ yields the map
red: Homp (M, R[e]) — Hompg(M/eM, R).
Finally, the map add: Rle] — R, a + be — a + b induces the map
add,: Homp (M, R[e]) — Hompg(M, R).
The following easy computation is left to the reader.
LEMMA 2.1. The maps p}, red and add are functorial in M and the following equality holds:
red = p} oadd,.

2.2 Infinitesimal deformations of principal series
Let T'C B C GF, be the maximal torus respectively the Borel subgroup chosen in §1.1. The
map

7: Hom®(B, E) — Hom™(B, E[e]*), A+ [z 1+ A(2)¢]

defines an injective group homomorphism. Its image is the set of all continuous characters y: B —
Ele]* such that x = 1 mod e. The underlying E-representation of 7()) is the two-dimensional
representation 7 defined in (1.1). Thus, we can view I3 (7\) = I5'(7())) as an E[e]-representation
of Gp. Reducing modulo € induces the map

redy: HY(G(F),Cqi (K, I (1); Ele] (e))) — HY(G(F), CE (K?, I5(E); E(€)))

in cohomology.
Let iV be the coroot associated with i. Given a character A\: B — E we put \; = Ao i".

LEMMA 2.2. Let A\: B — FE be a continuous character. If the isotypic component
H(G(F), CH(KP, TH(E); E(€))) [
is contained in the image of red?\er’e, then the homomorphism \; belongs to [,Z(d) (7, p)E.
Proof. The inclusion I%'(E) — I3'(7)) induces the map
HH(G(F), CH(KP,IH (12); B(€))) — HTP(G(F), CE (KP, I (E); E(e)))

in cohomology. Its image is the kernel of the cup product with the extension class & an()\) defined
in (1.2).
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Thus, by Lemma 2.1 our assumption implies that the n-isotypic component
H(G(F),C8(KP, T8 (E); E(e)))[rP] is contained in the kernel of the cup product with £2()).
We have the following commutative diagram.

Hq”(G(F),C%(K‘“,H%’(E);E(e)))uﬂ)H“d*l( G(F),Ci (KP, IF(E); E(e)))
:l UEm () l
H(G(F), C (KP, T8 (E); E(e))) —— HIY N (G(F), Cp(KP, i (E); E(e)))

HIH(G(F), C (KPSt (E); B(e))) o HI+ (G(F), Cp(KP, v (E): B(e)

The claim now follows from the first part of the next lemma and a simple diagram chase. (|
LEMMA 2.3. Let J C A be a subset.
(i) The canonical map
HY(G(F),Cp(KP,vF, (E); E(e)[n"] — HY(G(F),Cp(KP,i¥, (E); E(e)))[x"]
is injective for all d.
(ii) It is an isomorphism in degree d = q + |J|.

Proof. The Jordan-Holder decomposition of i (E) consists of all generalized Steinberg rep-
resentations vy (E) with J C I, each occurring with multiplicity one. Thus, the second claim
follows from [Geh21, Proposition 3.9].

Via the well-known resolution (see, for example, [Orl05, Proposition 11])

0—i3(E)— P HE) - - P F(E) —iFE) — vF(E) —0
ICJCA JCICA
[ANT|=1 [N\J]=1
one can reduce the first claim to the following statement: Let £;; be any smooth extension of
vy (E) by vg (E), where J C I C A with |I| = [J|+ 1. Then the map
HY(G(F),Cr(K®, v, (E); B(€)))[r*] — HYG(F),Cp(KP, E.1; E(e))) 7]

is injective for all d. Equivalently, it is enough to show that the cup product
U
HY(G(F),Cp(K?, v, (E); B(e)))[xP] —5 BN (G(F), Cu(KP, vF, (E); E(e)))[x”]
is the zero map for all d. Let &7 7 be the unique up to scalar non-split smooth extension of vl%‘; (E)
by v%’J(E). By [Geh21, Corollary 3.8], the cup product
E
HEY(G(F), Cp(KP, v (E); E(e))[r") ——5 H¥2(G(F), Co(KP, v (E); E(e))) 7]

is an isomorphism. Therefore, it is enough to prove that taking the cup product with £;;U &y 5
induces the zero map on H*(G(F),Cp(KP,v% (E); E(e€)))[mP]. This is true because £;5 U &y, is
a smooth 2-extension of vg (E) by itself and the space of all such extensions is zero by [Orl05,
Theorem 1]. O

2.3 The automorphic Colmez—Greenberg—Stevens formula
Let A be an F-affinoid algebra and y: B — A* a locally analytic character. The parabolic
induction I5'(x) is naturally an A[Gp]-module. Given an ideal m C A we let xm: B — (A/m)*,
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x +— x(x) mod m denote the reduction of x modulo m. Similar to Proposition 2.2.1 of [Han17],
one can prove that

Hom (I3 (), A) ®4 A/m = Homzt/m(HaBn(Xm), A/m).

Let m € Spm A be an E-rational point such that xm = 1gp. Thus, the reduction map induces
the maps

red(h: HY(G(F),C (K, T (x); A(0))) — H(G(F), C(KP, I3 (E): B(0)))

in cohomology.
Let ¥ be the coroot associated with i. We put x; = xoi" € Hom(Fy,A). Suppose
v: Spec E[e] — Spm A is an element of the tangent space of Spm A at m. The pullback ;. of x;
along v is of the form x;, =1+ (9/9v)x; - € for a unique homomorphism (9/9v)x;: Fy — E.
Lemma 2.2 immediately implies the following.

PROPOSITION 2.4. Suppose that the image of redffd’E contains the wP*-isotypic component of

HTH(G(F), C5H(KP, T30 (E); E(e))). Then the homomorphism (9/v)y; belongs to £\ (r,p)¢ for
every element v of the tangent space of Spm A at m.

3. Overconvergent cohomology

After giving a brief overview on Kohlhaase and Schraen’s Koszul resolution of locally analytic
principal series (see [KS12]) we recall the control theorem relating overconvergent cohomology to
classical cohomology as proven by Ash—Stevens, Urban and Hansen (see [AS08, Urbl11, Hanl7]).
Combining the two results allows us to construct classes in the cohomology of (duals of) principal
series. If G, fulfils the Harish-Chandra condition, i.e. if § = 0, we can lift the construction to
families of principal series. This implies our main theorem.

3.1 Koszul complexes

In [KS12], Kohlhaase and Schraen construct a resolution of locally analytic principal series
representations via a Koszul complex. We recall their construction in a slightly more general
setup: instead of restricting to p-adic fields as coefficient rings we allow affinoid algebras. The
proofs of [KS12] carry over verbatim to this more general framework.

Let us fix some notation: we denote the Borel opposite of B C G, by B. Let N C B be its
unipotent radical. The chosen torus 7' C B C G, determines an apartment in the Bruhat-Tits
building of Gy. We chose a chamber C of that apartment and a special vertex v of C as in
§3.5. of [Car79]. The stabilizer Gy C G, of v is a maximal compact subgroup of G, and the
stabilizer I, C Gy of C' is an Iwahori subgroup. Let &g be the Bruhat-Tits group scheme over
Oy associated with G . We define

Iy = ker(Iy — &o(Op/p")).

The open normal subgroups I C I, form a system of neighbourhoods of the identity in /. The
subgroup Ty = T'N Gy 0 is maximal compact subgroup of T'.

Let X*(T') (respectively, X.(T")) denote the group of Fp-rational characters (respectively,
cocharacters) of T'. The natural pairing

(,): X*(T)x X (T) — Z
is a perfect pairing. There is a natural isomorphism 7'/Ty = X, (T) characterized by

{(x,t) = ordy(x(?))-
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We denote by ®T the set of positive roots with respect to B and put
T-={teT|ordy(a(t) <0Vaec '}

Let A be a Qp-affinoid algebra. Restricting to Ty gives a bijection between locally analytic
characters x: BN I, — A* and locally analytic characters x: Ty — A*. Given such a character
X we write

Ay, ={f: I, — A locally analytic | f(bk) = x(b)f(k) Vb€ BN 1, k€ I,}

for the locally analytic induction of x to I,. It is naturally an A[/p]-module. Restricting a function
f € A, to the intersection I, N N induces an isomorphism of A, with the space of all locally
analytic functions from I, N N to A. There exists a minimal integer ny = 1 such that x restricted
to BN I,> is rigid analytic. For any n > n, we define the A[I,]-submodule

Ay = {f € A | f is rigid analytic on any coset in I,/I,'}.
For later purposes, we define the dual spaces
D} = Hom$ (A}, A).
By Frobenius reciprocity we can identify End A[GP](c—indi" (A})) with the space of all functions
U Gy — Enda(AY) such that:

(i) W is Ip-biequivariant, i.e. W(k1gks) = k1V(g)ko for all ki, ks € I,, g € Gp; and
ii) for every f € A7 the function G, — A7, g — ¥(g)(f) is compactly supported.
X b X

Let ¢ be an element of 7'~ and f € AY. The function I, — A, u+— f (tut~') defines an element
of A7.
X

LEMMA 3.1. For every element t € T~ there exists a unique Ip-biequivariant function ¥;: G, —
End4(A}) such that:

(i) supp(¥;) = It~ 11,; and
(it) Wit 1)(f)(u) = f(tut™") for any f € A} and u € I, N N.

Proof. This is a minor generalization of [KS12, Lemma 2.2]. O

For t € T~ we denote by U; the endomorphism of c—indi" (AY) corresponding to W;. The
following is a straightforward generalization of [KS12, Lemma 2.3].

LEMMA 3.2. We have U U; = U,; for all t,teT.

Now let us fix a character x: T — A* and let yg be its restriction to Tp. Given an open
subset C' C G, which is stable under multiplication with B from the left, we denote by

I 0)(C) ST (x)

the subset of all functions with support in C'. Restricting functions to I, gives an Iy-equivariant
A-linear isomorphism

I3 () (BIp) — Ay,-
Thus, by Frobenius reciprocity its inverse induces a Gy-equivariant A-linear map
aug, c—indip (AY,) — c—imdip (Ayo) — I8 (%) (3.1)

for any integer n > n,,,.
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As the group G, is adjoint, there exist elements t; € T, i € A, such that
t; € ﬂ ker(7)
jeA\{i}
and

ordy(i(t;)) = —1.

The element ¢; is uniquely determined by the value i(t;)~! € Fy, which is a uniformizer. Every
element ¢ € T' can uniquely be written as t = to [[;c o ;" with ¢t € Ty and integers n; € Z. Let us
fix a choice of t;, i € A, and put

yi = U, — x(ti).

PROPOSITION 3.3. The Gy-equivariant A-linear map aug, is surjective with kernel Y iea im(y;).
Proof. The same proof as for [KS12, Proposition 2.4] works here. O
By Lemma 3.1 the Gp-representation c—indip (A%,) is a module over the polynomial algebra
A[X; | i € A, where X; acts through the operator T;. The Koszul complex of c—indip (A%,) with
respect to the endomorphisms (y;)iea is the complex A% (A%) ® C—indip (Ay,) with boundary
maps
k
di(en N Ney @ ) =Y (=) T ey Ao neg Ao Aey, @iy (f). (3.2)
=1

The following is the main technical theorem of Kohlhaase-Schraen (cf. [KS12, Theorem 2.5])
generalized to affinoid coefficient rings.

THEOREM 3.4 (Kohlhaase-Schraen). For any n > n,, the augmented Koszul complex
° : G n
AA(AA) ®a c-1nd1p‘° (A;O) — IB(x) — 0
with boundary maps (3.2) and augmentation map (3.1) is exact.
Remark 3.5. All of the results above remain valid if one replaces A} by A,,.

Example 3.6. Suppose Gp = PGL,,(F}), T is the torus of diagonal matrices and B is the Borel
subgroup of upper triangular matrices. The simple roots of T" with respect to B are given by
i(diag(z1,...,xy)) = xix;_ll
for 1 <i<d— 1. For each simple root 1 < i < d— 1, we might choose for t; the image of the
diagonal matrix
diag(1,...,1,m,...,m),
where 7 is a uniformizer and exactly the first ¢ entries are equal to one. For the Iwahori subgroup

I,, we may choose the image in G} of all matrices in GL,(Oy), which are upper triangular
modulo p. Then I consists of all matrices in I, which are congruent to the identity modulo p".

There is also a smooth variant of the above result, which is probably well-known. As we
could not find a reference in the literature, we give a proof of said variant in the following.

Let €2 be field of characteristic zero. With the same formula as before, we can define commut-
ing Hecke operators U; € Endg, (c—indIGpp (E)) for t € T~. Let 1: Ty — Q* denote the constant
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character on Tp. In case 2 = E we can identify F with the subspace of constant functions in A}
and the induced embedding

c-ind}” (E) = c-ind (A7) (3.3)

is equivariant with respect to the operators Uy, t € T~.
The operators U; € Endg, (c—indip (Q)) are invertible. Moreover, by the Bernstein decompo-
sition the map

QX i € A] — Endg, (c-ind5 (), X; — U,

is injective and Endg, (c—indi‘“ (©)) is a free module of finite rank (and, therefore, flat) over

QX i € A] (see, for example, [Ree92] for more details). As c—indIGp'“ (Q) is a flat module over
its endomorphism algebra by a theorem of Borel (see [Bor76, Theorem 4.10]), it is thus also flat

as a Q[XF!|i € Al-module.
Therefore, for any choice of elements a; € 2* the Koszul complex
AH(QY) ®q c-ind]” ()
associated with the regular sequence y; = U;;, — a;, 1 € A, is a resolution of the Gy-representation
. .G (Yi)iea . .G
M, = coker(@ c-ind* () e, c-ind;? (Q))
1EA
Let xq: T — * be the unique smooth unramified character such that x4(t;) = a;. As before,
we extend x, to a character of B. Let ¢ € i%(x,) be the unique element such that:

(i) ¢ is invariant under Ip;

(ii) the support of ¢ is BI,; and

(iii) #(1) = 1.

Note that in case x, =1 is the trivial character the image of ¢ under the quotient map
i% (Q) — St>°(Q) is non-zero and, thus, generates the space of Iwahori invariants of the Steinberg
representation.

By Frobenius reciprocity ¢ induces a Gp-equivariant homomorphism

c-indj” © — i (xa). (3.4)

One can argue as in the proof of [Oll14, Proposition 4.4] that the map (3.4) induces an
isomorphism

Mq — i3 (Xa)-
In conclusion, we see that the augmented Koszul complex
A% (AR) @ 4 c-ind7? () — iF (xa) — 0 (3.5)

is exact.

3.2 Overconvergent cohomology
We show that the result from the previous section together with the theory of overconvergent
cohomology allows us to construct cohomology classes with values in duals of locally analytic
representations.

Before sticking to the case which is most relevant for our applications let us consider
the general case: let A be a QQp-affinoid algebra and x: 7 — A a locally analytic character.
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Denote by xq its restriction to Ty and fix elements t; € T, ¢ € A, as before. For n > n,, the
continuous dual of the augmentation map (3.1) of the previous section yields the map

aug: HY(G(F), CH (K, I8 () A(6))) — HY Xz, DL, )°

for every sign character € and every integer d > 0. We denote the operator induced by Uy, ¢ € A,
on the right-hand side also by U;, and similar for U;. Then, Proposition 3.3 implies the following.

COROLLARY 3.7. We have

im(augy ) C m ker(Uy, — x(t;)).
[ISTAN

For the remainder of the section we study the case of the trivial character 1 = 1p: T — E*
of T with values in the units of the p-adic field . We denote its restriction to Ty also by 1. Let
n > 1 be any integer. The map (3.3) induces a homomorphism

HY(X kv x1,,Dy)* — HY(Xgox1,, B)° (3.6)

in cohomology, that is, equivariant with respect to the commuting actions of the Hecke algebra
TP and the operators Uy, t € T~

In the following, we study the finite slope parts of the above cohomology groups (see, for
example, [Han17, §2.3], for definitions and notation).

THEOREM 3.8 (Ash-Stevens, Urban and Hansen). Let { = [[;ca .

(i) The space Hd<XKp><]p,D]7f)e admits a slope decomposition with respect to U; and every
rational number h.

(ii) If h is small enough with respect to t and the trivial character 1 (see, for example, the first
formula on page 1690 of [Urb11] or equation (21) of [ASO8]), then the map

Hd(XKp x Iy s 'Dﬁl)ggh — Hd(XKp xIp > E)g’gh.
is an isomorphism. In particular, this is an isomorphism for h = 0.

Proof. For the first claim see §2.3 of [Hanl17] and for the second see [Han17, Theorem 3.2.5].
The third claim is [Urb1l1l, Proposition 4.3.10]. Note that in all cases the authors consider all
primes lying above p at once. The same proofs work in our partial p-adic setup. O

Composing the dual of the augmentation map

angj: HY(G(F), Cg (KP, I} (E); E(€))) — HY(Xkv 1, DY)° (3.7)
with the map (3.6) yields the map
HY(G(F), C(KP. IH (E); E(e)) — B (Xkoxr,, B). (3.8)
As the diagram
(3.3) aug,

c-ind}? B —— c-ind}? A} 3 (E)

o |

Stz (E) Stg, (E)
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is commutative up to multiplication with a non-zero constant, which comes from the choice of a
Iwahori-fixed vector in (1.7), so is the induced diagram in cohomology as follows.

HYG(F), CH (K, TP (E): B(€))) —— o HI(X sy B

| v

HY(G(F), C(K?, St (E); E(€))) — HY(G(F), CH(KP, St (E); E(€)))

PROPOSITION 3.9. Let a; € E*, i € A, be elements with p-adic valuation equal to 0 and
Xa: T — E* the unique smooth unramified character such that x,(t;) = a;. The natural inclusion
1% (Xa) — 1% (xa) induces an isomorphism
HY(G(F), Cj (K, T3 (xa); E(€))) = HUG(F), Co(K?, i (xa); B(e)))
for all d > 0. In particular, the map (3.8) induces an isomorphism
HY(G(F),C3 (KP, T (B); E(6))[7"] = H (X kv w1, E)" ]
on m-isotypic components in degree q.

Proof. The second claim is a direct consequence of the first claim and Lemma 2.3.

Given an Iy-representation M we denote by CoindIGpp M the coinduction of M to Gy,
i.e. the module of all functions f: G, — M such that f(kg) =kf(g) for all k € I,, g € Gy.
By taking continuous duals the Koszul complex of Theorem 3.4 with y; = U, — a; yields a
quasi-isomorphism

Hom (I3 (xa), E) = AR (E®) @ Coind;? (D})

of complexes. Note that taking continuous duals in this case is exact by the Hahn—Banach
theorem. Similarly by the smooth Koszul resolution (3.5) we have a quasi-isomorphism

Homp (i (va), E) = AL(E®) 95 comdiv (E)

and the canonical diagram

HomS} (I (xa), E) > A%(E) @5 Coind{” (D})

| |

Homp (i% (Xa), E) - A%,(E®) ©5 Coind;” (E)

is commutative.
From the associated spectral sequences for double complex, we deduce that it is enough to
prove that the map of complexes

AL(E?) 95 HY(X ko x1,, DY) — AR(E?) 95 HY( Xk x1,, E) (3.9)

is a quasi-isomorphism for all d > 0. The modules on the left-hand side admit a slope decom-
position for U; by Theorem 3.8(i), whereas the modules on the right-hand side admit a slope
decomposition because they are finite-dimensional E-vector spaces.

As the operators y; commute with U; they respect the slope decomposition on both sides
(see [Urbll, Lemma 2.3.2]). On the slope less than or equal to zero part the map (3.9) is even
an isomorphism of complexes by Theorem 3.8(ii).
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Thus, we are reduced to proving that
AL(E®) @ H (X kv w1y, D) — AL(E®) @5 HY (X ko, B) ™"

is a quasi-isomorphism for all d > 0.

In fact, both sides are acyclic: standard properties of Koszul complexes imply that the oper-
ators y; act as multiplication by zero on the cohomology of the complexes. By the definition
of a slope decomposition the operator U; — [];,.a @; acts via isomorphisms on both complexes
and, thus, on their cohomology. However, because U; — [],ca @i lies in the ideal generated by
the operators y;, it also acts via multiplication by zero, which proves the claim. O

Remark 3.10. In order to keep the article short and avoid unnecessary notation, we decided to
stick to the special case above. However, Proposition 3.9 also holds in a much more general
situation, e.g. one can allow arbitrary coefficient systems and arbitrary non-critical principal
series representations, given that the slope is small enough with respect to .

3.3 Overconvergent families
Let W be the weight space of T, i.e. it is the rigid space over F such that for every FE-affinoid
algebra A its A-points are given by

W(A) = Hom (T, A*).

It is smaller than the usual weight space as we only consider characters of the torus in Gg,. For
any open affinoid &/ C W and we let xy; be the corresponding universal weight. As in §3.1 we
define the space of n-analytic functions and distributions A}, and DY for n > 0.

We suppose now that the group G, has discrete series or, equivalently, that § =0 (see
[Kna0O1l, Theorem 12.20] for the equivalence of these two properties). Thus, by Proposition 1.6,
the representation 7°° appears only in the middle degree cohomology H?(X v 1, , E). Hence, we
put L;(m, p)c = L9 (x, p)~.

Let Tsph C T® be the spherical Hecke algebra of level K? x I, over E, i.e. the commutative
Hecke algebra generated by all Hecke operators at finite places v such that K, is hyperspecial.
We define Tgpp, to be the commutative algebra generated by Ty and all Uz-operators for ¢ € T .
Let m; C Ty (respectively, mh C ’]I‘sph) the maximal ideal associated with 7. We assume the
following weak non-Eisenstein assumption on the maximal ideal m, throughout this section.

HypoTHESIS (NE). We have
HY( X ko1, E)m, =0
unless d = q.

Ezxample 3.11. If the group G is definite, the hypothesis is automatically true. By strong multi-
plicity one and the Jacquet—Langlands correspondence, it is also true for inner forms of PGLg
over totally real number fields.

Let U be an open affinoid of W and define Oy 1 to be the rigid localization of Oy (U) at the
weight 1 (which is the cohomological weight of 7), i.e.

Oyy = lim OwU').
leU’'cu

The following theorem is instrumental in calculating L-invariants.
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THEOREM 3.12. After localization at the ideal m, of Ty, and restricting to a small enough
open affinoid U containing 1, the canonical reduction map

HY( X ke x1, DY, ), — HI(X ko1, B)y

my mr
is surjective. Moreover, HY( X g « Ips D;Lu)fnw is a free Oy 1-module of rank equal to the dimension
Of Hq(XKp XIp s E);17r .

In addition, we have H*(Xgv x1,, D}, )5, = 0 for all d # q.

Proof. The case of PGLg over a totally real field is proven in detail in [BDJ21, Theorem 2.14].
The main ingredient in their proof is the vanishing of the cohomology outside middle degree.
Thus, the same proof works in our more general setup. ([l

DEFINITION 3.13. We say that m, is p-étale (with respect to €) if every Hecke operator h € Tgpp

acts on HY(X g x1,, Dy, )i, as multiplication by an element «ay, € Of1-

Theorem 3.12 immediately implies the following.

COROLLARY 3.14. Assume that dimg HY(Xgvx1,, )y, = 1. Then m, is p-étale.

Example 3.15. Suppose G is an inner form of PGLy over a totally real number field. Then the
above corollary together with strong multiplicity one implies that m, is p-étale.

Let t; € T~, 1 € A, be a choice of elements as in §3.1. Suppose m; is p-étale (with respect
to €) with associated eigenvalues avu,, € Oy, @ € A. By possibly shrinking U/, we may assume
that ay,, € Oy Every element ¢t € T' can be written uniquely as a product ¢ = o [Licati with
to € To, n; € Z. Hence, there exists a unique character xq: 7" — Of; such that

Xalp, = xv

and

Xa(ti) = O[Uti .

THEOREM 3.16. Suppose that m, is p-étale (with respect to €) with associated character
Xa: T — O Then for every tangent vector v of U at 1 we have:

9 ;
Iy Xevi € Li(m,p)

where X, denotes the composition x, oi". Moreover, the subspace L;(m,p)¢ C HomCt(F;, E)
has codimension one.

Proof. Let my; C Oy be the maximal ideal corresponding to the trivial character. We put A =
Ou/m% and yo = xy mod m%. Let us write Yo = Yo mod m% : T — A. Using Theorem 3.12 and
arguments with Koszul complexes as in the proof of Proposition 3.9 one shows that the image
of the map

HY(G(F), CH (KP, T (Xa); A()y — HU (X kv x1,, E)ip

is the intersection of the kernels of the homomorphisms Uy, — 1. Therefore, the first claim follows
from Proposition 2.4.

We may assume that F is large enough. We explain how to choose appropriate tangent vectors
so that L;(m, p)¢ contains elements of the form log, , —£7 ordy for every embedding o: F, — E.
This will show that the L-invariant has codimension at most one.

Let E(ky) be the ring of power series in the k, and let Oy ; denote the free part of Op. By
smoothness of the weight space, we can embed O, in E(k,;) and the structural morphism of
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E[0O; ] into Oy can be described via the map
ko
Op 3 (u) — Ha(u) .
g
We can, hence, identify Xq, with a map from Fy to O. For all n € Z and u € O ; we have
Xayi(7"u) = agj, Ha(u)k".
g

Note that
d

dky

(0(u)*7) = 85,00 logy (o (u))o (),

where

0 otherwise.

1 ifo=0o
50’,0'/ :{

Take for v the direction where only k, varies, derive ., along v, and evaluate at k,» = 0 for all
/

o’ (corresponding to the weight 1) to obtain

0 d
5 Xai(T"u) = ——ag, (1) ordy(7") + ag, (1) log, (o (u)).
ov dksy " i
By the Steinberg hypothesis, ay, (1) is not vanishing and we are done.
By Proposition 1.8, the L-invariant has codimension at least one and, hence, the second

claim follows. O

4. Applications

4.1 Hilbert modular forms

We want to study the case of inner forms of PGLy, which are split at p, over a totally real
number field F' in detail. As there is only one simple root we drop it from the notation. If G is
equal to PGLy, one can attach 2" ¢ priori different £-invariants L(m,p)¢ to m; in this case,
a conjecture of Spiefl (cf. [Spil4, Conjecture 6.4]) states that the definition does not depend
on ¢, i.e.

£(7T, p)e = ['(777 p)EI

for all choices of sign characters e and €. In the same paper, Remark 6.6(b), Spie also states
that ‘an interesting and difficult problem’ is to show that the L-invariant is invariant under
Jacquet—Langlands transfers. In this section, thanks to Theorem 3.16, we settle both Spief}’
conjecture and his question.

Moreover, let p,: Gal(Q/F) — GLa(E) be the Galois representation associated with 7 (or
rather associated with the Jacquet-Langlands transfer JL(7) of m to PGL2), which exists by
work of Taylor (see [Tay89]). As m is p-ordinary, by Theorem 2 of [Wil88] we know that
the restriction pry: Gal(Q,/Fp) of pr to a decomposition group at p is ordinary. Moreover,
because my, is Steinberg, a result of Saito (see [Sai09]) implies that this restriction is a non-
split extension of the trivial character by the cyclotomic character. Therefore, it gives a class
{prp) € H(Gal(Q,/Fp), E(1)), where E(1) denotes the Tate twist of E. The Fontaine-Mazur
L-invariant L™ (p, ) of prp is the orthogonal complement of {p,,) with respect to the local
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Tate pairing
H' (Gal(@,/Fy), E(1)) x H(Gal(@,/F), B) — E.
By local class field theory we have a canonical isomorphism
H'(Gal(Q,/F,), E) & Hom™ (F}, E)

and, thus, we consider £L"™(p, ;) as a codimension-one subspace of Hom®(Fy, E). We show
that automorphic L-invariants equal the Fontaine-Mazur L-invariant of the associated Galois
representation.

THEOREM 4.1. Suppose G is an inner form of PGLs over a totally real number field F', which
is split at the prime p of F. Let m be a cuspidal automorphic representation of parallel weight 2
of G that is Steinberg at p.

(i) The automorphic L-invariant of 7 is independent of ¢, i.e.
L(m,p)" = L(m,p)"

for all choices of € and €. We therefore put L(m,p) = L(m,p)¢ for any choice of sign
character .
(ii) Let JL(m) be the Jacquet—Langlands transfer of m to PGLg. The equality

L(m,p) = L(JL(r),p)

holds.
(iii) Let pr the Galois representation associated with m. Then

L(m,p) = L™ (prp)-

Proof. We actually prove that £(m,p)* = L (p, ) for every e, which implies all other claims.
As m; is p-étale (with respect to €) we can deform the Hecke eigenvalues of 7 to a family over an
open affinoid subspace of weight space in the following sense: there exists an open affinoid 4 C W
containing the trivial character such that the eigenvalue «y, of each Hecke operator h € Ty, act-
ing on HY(Xgrx1,, DY, )¢ is an element of Oy (U). As explained in [BDJ21, Theorem 2.14(ii)],
we may shrink U/ further such that the common eigenspace associated to the eigenvalues ay, is a
free Oyy (U)-submodule of HY(X kv 1,, DY, ) of rank equal to the dimension of HY(X e x 1, , E)5,. -
By shrinking U even further we may assume that oy, € Oy (U)* has absolute value one for
each i € A. Then, by the classicality of small slope overconvergent eigenforms, the specializa-
tion of these eigenvalues at a classical point A € U are the eigenvalues associated to a cuspidal
representation my of weight A.

Note that the Galois representation p, is irreducible, as the Hilbert modular form associated
with 7 is cuspidal. Thus, by standard arguments (see, for example, Theorem B of [Chel4]) there
exists (after possibly shrinking U again) a family of Galois representations prys over U passing
through pr, i.e. the specialization of pr s at each classical point A € U is isomorphic to the Galois
representation attached to my. It follows from the results of Saito (see Theorem 1 of [Sai09]) that
for every classical point z € U the restriction of the Galois representation pr . to a decomposition
group is determined by the Uy-eigenvalue. Moreover, the Weil-Deligne module of p, restricted
at the decomposition group at p is the Weil-Deligne module associated with the Steinberg
representation via the local Langlands correspondence. In particular, our representation (with
the filtration induced by the ordinarity of the Galois representation) is non-critical special, as
defined in § 3.1 of [Din19]; indeed we know that the corresponding (¢, I')-module is an extension
of special characters, so we just have to check whether the extensions are split or not. If one
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extension were split, then the Weil-Deligne representation would also be split, contradicting the
fact the monodromy for the Steinberg is maximal.

Comparing the Galois theoretic Colmez—Greenberg-Stevens formula (see [Dinl9,
Theorem 3.4]) with its automorphic counterpart of Theorem 3.16 yields the result. O

Remark 4.2. (i) In the Hilbert modular form case, the constructions simplify substantially
and, thus, one can check that our methods also work for higher weights assuming that the
representation is non-critical.

(ii) One can prove the first two claims of Theorem 4.1 without passing to the Galois side.
Namely, using methods as in § 5 of [Han17] one can show that the eigenvalue of the overconver-
gent p-adic family passing through 7 is independent of the sign character and stable under the
Jacquet—Langlands transfer. Thus, by Theorem 3.16, we can conclude the argument.

(iii) By definition, Fontaine-Mazur L-invariants are stable under restricting the Galois repre-
sentation to the absolute Galois group of finite extensions. Thus, we can deduce from Theorem 4.1
that automorphic L-invariants of Hilbert modular forms are stable under abelian base change
with respect to totally real extensions.

(iv) In the case of modular elliptic curves over totally real fields of class number one the
equality of automorphic and Fontaine-Mazur L-invariants was conjectured by Greenberg (see
[Gre09, Conjecture 2]). Theorem 4.1 thus implies that the construction of Stark—Heegner points
over totally real fields is unconditional (see [GMS15] for a detailed discussion of Stark-Heegner
points).

4.2 Unitary groups
Let F be a CM field with totally real subfield F. We assume that the prime p of F is split in
F. Let U be the unitary group attached to a positive definite hermitian space over F and G
the associated adjoint group. By construction, Gy is isomorphic to PGLy,(F}). We can identify
the simple roots with respect to the upper triangular Borel with the set {1,...,n — 1}. Let w be
an automorphic representation of G' such that m,, = C and , is the Steinberg representation of
PGL,,(F}). In this case the only sign character is the trivial character and, therefore, we drop it
from the notation.

By Shin’s appendix to [Gol14] the base change BC(7) of 7 to PGL,, over F exists and it is
Steinberg at both primes of F' lying above p. By the work of many people (see Theorem 2.1.1 of
[BGGT14] for a detailed discussion) we can attach a p-adic Galois representation

pr = pBo(m): Gal(Q/F) — GL,(E)

to BC(m). As we consider the trivial coefficient system the Steinberg representation is ordinary
(cf. [Gerl9, Lemma 5.6]). Therefore, as shown in [Thol5, Theorem 2.4], one deduces from the
local-global compatibility theorem of Caraiani (see [Carl4]) that the restriction pr, of pr to
the decomposition group of a prime above p can be brought in the following form: it is upper
triangular and the ith diagonal entry is the (1 — i)-power of the cyclotomic character.

Therefore, we have n — 1 canonical two-dimensional subquotients pr ,; which are extensions
of E(—n +1i) by E(—n+1i+ 1). We can consider the associated Fontaine-Mazur L-invariant
LM(pr ) = LM (py ri(n — 1)). Recall that the Weil-Deligne representation associated with the
Steinberg has always maximal monodromy so the corresponding (¢, I')-module is non-critical
split @ la Ding, see §3.1 of [Dinl9]. Replacing the local-global compatibility results of Saito
by those of Caraiani (see [Carl4]), we can apply Theorem 3.4 of [Dinl19] to the (¢, I')-module
associated with the Galois representation p, and then the same proof as that of Theorem 4.1
yields the following result.
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THEOREM 4.3. Let F be a totally real number field and G the adjoint of a unitary group over
F compact at infinity and split at p. Let m be an automorphic representation of G such that
Too = C and m, is Steinberg. Suppose 7 satisfies (SMO), that we can choose the tame level K¥
such that m, is p-étale and that the Galois representation p, attached to 7 is irreducible. Then
we have

‘CZFM(pﬂ') :'Cz(W?p)
foreveryi=1,...,n—1.

Remark 4.4. Something can be said also when F'=Q and G = Spy,. In this case the Galois
representations have been constructed by Scholze [Sch15] but local-global compatibility is not
known. Still, if one supposes that the 2g + 1-dimensional Galois representation Std(p,) associated
with 7 is semistable with maximal monodromy, then the Greenberg—Benois £(Std(pr))-invariant
has been calculated in [Ros15, Theorem 1.3].

In this case the root system of Spy, can be identified with the set {1,...,g9} via the
identification with the root system of GLg, which is embedded in Spy, by

tA—1
GLg — Spyg, AH( 13 Bl)’

and we see that the automorphic L-invariant £; (7, p) coincides with that of [Rosl15].

The same calculation in §4.2 of [Rosl5| gives us that £;(m,p) is the Greenberg—Benois
L-invariant for Std(pz)(i — 1). (This case has not been treated in [Ros15] as the L-values are not
Deligne-critical, but Benois’ definition applies also in this case, see formula (96) in [Ben21].)

If Fy, # Qp, then the comparison is more subtle, as there is only just one Greenberg-Benois
L-invariant per p-adic place, and from the Galois side one needs to consider Galois invariant
characters of Fy.

5. Beyond discrete series: the Bianchi case

When G does not fulfil the Harish-Chandra condition, the representation 7 contributes to
several degrees of cohomology of the associated locally symmetric space and the techniques used
in Theorem 3.12 break down.

There are two tools to tackle the problem: first, one can use Hansen’s Tor-spectral sequence
(see Theorem 3.3.1 of [Hanl17])

Tor? (HI (X o 1, Dy, ), B) = HY(X o1, , Dysy) ¥

where U C W is an open affinoid and 3 C U is Zariski-closed, to analyse the overconvergent
cohomology groups in question; second, one can use cases of Langlands functoriality in p-adic
families to reduce to groups, which fulfil the Harish-Chandra condition.

In good situations it should be possible to calculate at least one of the L-invariants Ez(d) (m,p)
for 0 < d < 4, using Proposition 2.4. The main difficulty is that, in general, most classes do not
lift to a big cohomology class as classes in H9™! give lifting obstructions. However, as soon as

one can show that at least a class lifts to a family in H9™¢ (combined with some results on the

tangent directions in the eigenvariety) Proposition 2.4 lets us calculate EZ(-d) (m,p). If Venkatesh’s
conjecture (stating that the m-isotypic component of the cohomology is generated by the minimal
degree cohomology as a module over the derived Hecke algebra) holds, then these L-invariants

9 (m,p), for varying d, are essentially all the same by the main result of [Geh19a].

7
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Using unpublished work of Hansen (see also [BW21]) we study the case of Bianchi modular
forms. We now fix F' to be a quadratic imaginary field where p is unramified and 7 a cuspidal
representation of PGLg p of parallel weight 2 such that my is Steinberg for all primes q lying
above p. We put G = PGLy r if p is inert and, if p is split, we define G to be the Weil restriction
Resp/g PGLg r. In the first case there is only one simple root and, thus, we drop it from the
notation. In the second case, the simple roots can be identified with the two primes above p. In
both cases, the only sign character is the trivial one and we shall drop it from the notation as
well. (The following theorem indicates that in the case of a split prime the partial eigenvarieties
we considered before may not be big enough. The case that p is split and 7 is only Steinberg
at one of the primes above p could be handled similarly but one would have to introduce new
notation. For the sake of brevity, we do not discuss it further.)

We recall some result on the eigenvariety for Bianchi modular forms due to Hansen and
Barrera-Williams (see [BW21, Lemma 4.4] and the proof of Theorem 4.5).

THEOREM 5.1 (Hansen, Barrera-Williams). Let &/ C W be an open affinoid neighbourhood of
the trivial character.

(i) The system of eigenvalues associated with m appears in H( X g I,> Dy, ) if and only if
d=2.
(ii) There is at least one curve S C U passing through 1 such that
Hl(XKp xIp s DXS)mﬂ 7& 0.

If such a curve § is smooth at 1, the space is free of rank one over Os; and the canonical
map

Hl(XKPXIp7Dx3>m E— Hl(XKpXIp7E)m1r
is surjective.

The following proposition completes the picture by taking into account the cohomology in
degree two.

PROPOSITION 5.2. For every curve S as in Theorem 5.1(ii) that is smooth at 1 we have
H?(Xkv 1y, Dys)mye 7 0.
More precisely, the space is free of rank one over Os 1 and the canonical map
H?(Xkr <1, Dys)my ®@0g(s) E — H*(Xkr <1, E)m,

is an isomorphism. Moreover, H*(X kv x1,, Dys)m, and H'(Xkex1,, Dys)m, are isomorphic as
modules over the Hecke algebra.

Proof. Let m be a generator of the maximal ideal of the localization. From the short exact
sequence

0 — Dy ﬂDXs —D; — 0
we obtain a long exact sequence in cohomology
0
R HI(XK” le’DXS)mar - HI(XK” le’E)mw - HQ(XK" XIwDXs)m
=% HA(X ko ity Dysme — B (X ko x1, s B)my — 0.

Here the second map is the zero map as the first map is surjective by the second part of
Theorem 5.1, and the last term is zero because the system of eigenvalues for m does not appear
in degrees greater by Theorem 5.1(3).
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We then get that multiplication by m is injective on H?(X g xIp> Dxs)m, and, therefore, the
map

HQ(XKp XIP7DX$)mW ®0571 E— HQ(XKp X]paE)mﬂ-

is an isomorphism. By hypothesis, H*(Xg» I,> E)m, is one-dimensional. Therefore, the
Os,1-module H2(X g » I,>Dys)m, is cyclic by Nakayama’s Lemma. If it were torsion, then
multiplication by m would not be injective on it, which is a contradiction; so it is free.

Let r be a generator of the ideal of Oy 1 corresponding to S. The modules H! (X kv x I1,» Dx s)my
and H?(X g « I> Dxs)m, are kernel and cokernel, respectively, of the multiplication by r map
on HQ(X K?xIps Dyy )m,- Multiplication by the appropriate power of r yields the sought-after
isomorphism. ]

We would like to apply Theorem 3.16 to conclude that L-invariants are independent of
the cohomological degree. There are, however, several problems. First, it is not clear whether
one can find a curve S as in the theorem that is smooth at 1. Second, if one finds such a
curve, the automorphic Colmez—Greenberg—Stevens formula in the inert case only produces one
element in the intersection of £ (f,p) and L (f,p). As these spaces are two-dimensional by
Proposition 1.8 this gives us no new information. In the split case the situation is better: one
can at least compute the L-invariant of one of the primes lying above p and, if the tangent space
of § at 1 is generic enough, one can compute both.

COROLLARY 5.3. Let F' be an imaginary quadratic field unramified at p and let w be a cuspidal
Bianchi newform of parallel weight 2. Suppose that p splits in F' as p = pp and f is Steinberg at
both, p and p. Then at least one of the equalities

LO(m,p) = LD (7, p)

or

holds.

Remark 5.4. It was shown in [Geh19a] that the theorem above would also follow from Venkatesh’s
conjectures on the action of derived Hecke algebras.

The situation simplifies substantially if 7 is the base change of a modular form f.

THEOREM 5.5. Let F' be an imaginary quadratic field unramified at p. Let f be a newform of
weight 2 that is Steinberg at p and BC(f) its base change to F. The following hold.

(i) If p=pp is split in F, then
LOBC(f),p) = LY BC(f),p) = LOBC(f),p) = LDBC(f),p) = L(f,p)-

(ii) If p is inert, we have
£(BC(f),p) N Hom™(Q;, E) = LY (BC(f), p) N Hom™ (Q}, E) = L(f,p)-
(iii) If p is inert, we have
£OBC(f).p) = LV (BC(S),p).

Proof. In §5 of [BW19] it is shown that one may take S C W to be the parallel weight curve (see
§5 of [BW19]), which is clearly smooth at 1. Using p-adic Langlands functoriality as explained
in [BW19], the first two claims follow by applying Theorem 3.16 (respectively, its analogue in
the Bianchi setting) for the modular form f and its base change to F. The last claim is a
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consequence of the second claim and the Galois invariance of automorphic L-invariants attached
to base change representations (see Lemma 3.1 of [Geh19b]). O

Remark 5.6. In the inert case the equality £(©)(BC(f),p) N Hom®( s E) = L(f,p) was proven
in [Geh19b, Lemma 3.3], using Artin formalism for p-adic L-functions and the exceptional zero
formula. An analogous result for higher weight forms was proven by Barrera-Salazar and Williams
in [BW19, Proposition 10.2].

Our approach can be adapted to higher weights making the construction of Stark—Heegner
cycles of [VW21] unconditional in the base change case.
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