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Algebraic CPOs naturally generalize to finitely accessible categories, and Scott domains (i.e.,
consistently complete algebraic CPOs) then correspond to what we call Scott-complete
categories: finitely accessible, consistently (co-)complete categories. We prove that the
category SCC of all Scott-complete categories and all continuous functors is cartesian closed
and provides fixed points for a large collection of endofunctors. Thus, SCC can serve as a
basis for semantics of computer languages.

1. Introduction
In categorical logic an important idea is to generalize the classical ordering of propositions
x < y iff y can be proved from x
by giving individual names to proofs, and writing
f:x — yiff f is a proof of y from x.

Thus, one uses categories instead of posets. In the present paper we take the first steps in
an analogous generalization of posets to categories in Domain Theory. Thus, the ordering
of computation stages used there

x C y iff a further computation leads from x to y
is substituted by giving individual names to computations, and writing
f:x — yiff fis a computation leading from x to y.

This forms a category in a natural sense, and the concept of Scott domain naturally
generalizes to what we call Scott-complete categories. We show that they form a cartesian
closed category: the proof of algebraicity of function spaces is based on ‘step functors’,
which generalize the well known step functions (k;I) (sending x to [ if k C x, otherwise
to L) by observing that (k;[) is the composite of hom(k, —) with the adjoint of hom(I, —)
(see Lemma 1 below). We also show how the fixed-point theory extends to the present
generality. In spite of the results achieved, we stress that only the first steps in the theory
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have been taken so far, and that the paper does not present any examples not covered
by the classical Domain Theory, nor applications of the richer structure. In future work
we expect that it will be shown how categorical concepts bring a new and important
view to various concepts of Domain Theory. For example, J. Velebil has proved that
approximable relations generalize to flat profunctors (private communication). We also
expect to show that certain constructions of power domains are best performed in the
realm of Scott-complete categories.
Recall that a Scott domain is a partially ordered set that is

(a) algebraic, i.e., it has directed joins and bottom and every element is a directed join
of finite (=compact) elements, and
(b) consistently complete, i.e., every nonempty set with an upper bound has a join.

The concept of a finite element in a poset generalizes immediately to that of a finitely
presentable object of a category .#": it is an object A such that hom(4,—): # — Set
preserves directed colimits. That is, if (K; — K);e; is a directed colimit in 27", then every
morphism f: 4 — K has an essentially unique factorization through one of the morphisms
k; (more precisely: there exists i € I such that f =k;o f’, and if f =k;o f' =k; o f”, then
f" and f” are merged by one of the connecting morphisms K; — K, i < j, of the given
diagram). And the concept of an algebraic CPO generalizes to that of a finitely accessible
category, as introduced by Lair (1981) and Makkai and Paré (1989), i.e., a category A4
such that
(a) ¢ has directed colimits, and
(b) # has aset .« of finitely presentable objects such that every object of %" is a directed

colimit of objects in .o7.

It is well known from domain theory that algebraic CPOs have the fundamental disad-
vantage that they do not form a cartesian closed category: if A and B are algebraic CPOs,
the poset [A — B] of all continuous maps from A to B, ordered pointwise, need not be
algebraic. Several full subcategories of the category of algebraic CPOs and continuous
maps have thus been considered (see, for example, Abramsky and Jung (1994)), and
one of the most commonly used is that of Scott-domains (Scott 1982); this has a direct
generalization to finitely accessible, consistently cocomplete categories with initial objects,
as given by the following definition.

Definition 1. A category is called Scott-complete if it is finitely accessible and every diagram
with a cocone has a colimit.

We denote by SCC the category of all Scott-complete categories and functors that are
continuous, that is, preserve directed colimits. (Let us remark here that some category
theorists prefer working with filtered rather than directed colimits. However, as proved,
for example, in Adamek and Rosicky (1994), a category has filtered colimits iff it has
directed ones, and a functor preserves filtered colimits iff it preserves directed ones.)
For Scott-complete categories # and ¥ we prove that the category [# — ] of all
continuous functors, a full subcategory of £, is also Scott-complete. Consequently, the
category SCC is cartesian closed.

We also introduce a generalization of the concept of Scott’s embedding-projection
(Scott 1972). Although the concept is much more technical than in the case of partial
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orders, the idea remains the same: an embedding-projection pair of continuous functors
is an adjoint pair E 4 P such that PE = id and the unit of the adjunction is the identity.
What also remains the same is the close relationship between directed limits and directed
colimits in the category

Scce

of all Scott-complete categories and all embedding-projection adjunctions. As a conse-
quence, we obtain a strong fixpoint theorem for endofunctors of SCC® that are locally
continuous — well, more precisely: for locally continuous 2-functors from SCC¢ into itself.
Recall that SCC°® has the structure of a 2-category because for arbitrary two objects 7,
& of SCC® we have an obvious structure of a category on hom(#", ¥) whose morphisms
are natural transformations. Now a 2-functor from SCC® maps not only objects (Scott-
complete categories) to objects, and morphisms (continuous functors) to morphisms, but
also maps natural transformations between those morphisms to natural transformations.
Here one can see another step in a direction that the (by now ‘classical’) theory of re-
cursively defined domains as fixed points of functors has taken. In the category CPO®, a
recursive definition A ::= T(A) is interpreted as follows: T is an object part of an endo-
functor of CPO¢®, and we take it for granted that there is a corresponding morphism-part
turning T into a locally continuous functor T: CPO® — CPO°. Then T has a least fixed
point, which is our interpretation of a solution to the original recursive equation. Now in
SCC® we start, again, with a recursive definition 4 ::= T(A4) and interpret it as an object-
part of an endofunctor, but here we also have to consider the morphism-part and the
natural-transformation-part of T. If the resulting 2-functor T: SCC® — SCCF is locally
continuous, i.e., the derived functors hom(#", ¥) — hom(T (%), T(Z)) are continuous
for all pairs 7, ¥ of Scott-complete categories, then T has a canonical solution, i.e.,
least-and-largest fixed point, of the given recursive equation. Let us remark that, although
in the category SCC® we do not consider functors (as morphisms) but only functors up
to natural isomorphism, this does not diminish the precision with which fixed points
serve as solutions of recursive equations; in fact, all the usual constructions of domains
(product, function-space, and so on) do not specify endofunctors, but only endofunctors
up to natural isomorphism.

We finally characterize sketches that sketch precisely the Scott-complete categories and
show which first-order logical theories precisely axiomatize all Scott-complete categories.
From that characterization the cartesian closedness of the category SCC can be directly
derived from Theorem 7.1.3. of Aageron (1991).

2. Scott-complete categories

Remark 1.

(i) Recall from Makkai and Paré (1989) that a category .# is called accessible provided
that there exists a regular cardinal 4 such that

(a) A has A-directed colimits (i.e., colimits over all A-directed posets)

and
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(b) A has a set .o/ of J-presentable objects such that every object of # is a
A-directed colimit of A-objects.

(i) A category is called consistently complete if each nonempty diagram with a cone has
a limit (dually: consistently cocomplete).

Notation 1. We denote by 2, a full subcategory of #  representing all A-presentable
objects (i.e., such that every A-presentable object of " is isomorphic to precisely one
object of ;). As proved in Makkai and Paré (1989), ¢, is a small category.

When 1 = w we call 7" a finitely accessible category and use
Htp

rather than /. For every object K of a finitely accessible category, the comma-category
A'rp | K of all arrows with a domain in s, and the codomain K is filtered. Thus, the
canonical diagram D: %'y, | K — 4, assigning to each arrow its domain, is a filtered
diagram (equivalently: a diagram with a directed cofinal subdiagram).

Theorem 1. An accessible category is consistently complete iff it is consistently cocomplete.

Proof. Put o/ = A, in the above notation.

(1) Assume that " is consistently complete. Let D: 2 — " be a nonempty diagram
with a cocone in . As proved in Makkai and Paré (1989), there exists a regular cardinal
A such that

(i) < has less than 4 morphisms,

(i) every object Dd is A-presentable in %~

and

(iii) " has properties (a), (b) of the above Remark 1; ¢ is A-accessible for short.

We prove first that every cocone of D factorizes through a cocone with a codomain in
o/. In fact, let (Dd = C) be a cocone of D. By (b) in Remark 1, we have a A-directed
colimit (C; & C)ie; with every C; in 7. For each d € 2°, since Dd is J-presentable, there
exists i € I such that ¢, factorizes through ¢; (say, ¢; = qic;), and moreover, i can be
chosen independent of d, since I is A-directed and the number of all d’s is smaller than A.
Analogously, for each 6:d — d' in 2, since ¢; = ¢4 - Do and Dd is A-presentable, there
exists j > i such that the connecting morphism C;;: C; — C; fulfils C;j - ¢f = Cj; - cg - D6.
Again, j can be chosen independent of ¢, since the number of all ¢’s is smaller than /.

Put ¢ = C;j - ¢;. Then (Dd 5 C;) is a cocone of D through which the original cocone
factorizes:
ca=ai-cj =4q; Cij-c] =q;" ¢y

Denote by .# the category of all cocones of D and their natural transformations. We
need to prove that D has a colimit, that is, that % has an initial object. We have just
observed that the (small) set of all cocones with a codomain in .o/ is weakly initial in
£ ; moreover, this set is nonempty because, by assumption, D has a cocone. By Freyd’s
Adjoint Functor Theorem, it is sufficient to show that % has nonempty limits. In fact, for
each nonempty diagram D*: 2* — %, we observe that the diagram UD*: 2* — 4, where
U: ¥ — A is the codomain-functor, has a limit in 2#": we know that 2" is nonempty
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and that UD" has a cone obtained by choosing an object d € 2°¥ and forming the
d-components of cocones. Let (L N UD*d*) be a limit of UD*in #". For each d € Z°V
we have a cone of UD* formed, for each d* € (Z")°Y, by all d-components of the cocone
D*d*. Let ry: Dd — L be the unique morphism factorizing that cone, then it is easy to
verify that (Dd 5 L) is a cocone of D, and that this object of ¥ together with the
morphisms pg for d* € (2*)°" form a limit of D* in £. Consequently, .# has an initial
object, i.e., a colimit of D.

(2) Let # be consistently complete. The Yoneda embedding E: # — Set”” with
EK = hom(—,K)/</°" is full and faithful. In fact, this is equivalent to saying that .o/ is a
dense category, and this follows from the accessibility of #°, see Makkai and Pare (1989).

Let D: 9 — # be a nonempty diagram with a cone. Since 4" is A-accessible, D has a
cone

(C — Dd) g with C € .
To prove that D has a limit in ¢, we first form a limit of ED in Set””: say,

(F 2 EDd),_, .
The functor F: o/°® — Set can be described as follows: for every object X, FX is the
set of all cones of D with the domain X (and the corresponding component of f; is the
d-component of the cones); in particular,

FC+ .

Consequently, the category #; of points of F' (whose objects are pairs (4,a) with 4 € ./
and a € FA, and morphisms f: (4,a) — (B, b) are # -morphisms f: A — B with Ff(b) =
a) is nonempty. The diagram P;: #; — % given by (4,a) — A has a cocone: in fact,
every object d of the (nonempty) category & defines a cocone whose (4, a)-component is
aq: A — Dd, the d-component of the cone a. Consequently, Py has a colimit in 4, say,

Waa

(4,a) > C)  forall (4,a) € 2§".

For each object d of & let ¢;: C* — Dd be the unique factorization of the above cocone,

that is,
Waa €y =day for all (4,a) € ?;bj,d € g,

It is easy to verify that (C” 5 Dd) is a cone of D. To see that this is a limit of D, let
(Ao, ag) € W;bj be another cone. It factorizes through the cone (c)) via wy,q,. It remains
to verify the uniqueness of factorization: given h,h': 4 — C* with c;h = cjl'(= a4) for
any d, we will show that h = }'. The equation c;h = ¢}/’ guarantees that a coequalizer of

h and K exists in #"; say, k: C* — B. In order to prove h = I, we will show that k is a
split monomorphism: let by;: B — Dd be the unique morphism with

¢;=bg-k  forde o™,

and let b = (b;) be the corresponding cone of D, then we will show that the object (B, b)
of Zr fulfils

WBb - k= idc*.
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It is sufficient to prove that for every object (A4,a) of ZF we have wgp "k - Waq = Wag.
In fact, we have a morphism

k- Wi (Aaa) - (Bab)
of 2, since for each d € Z°%

F(k, WA,a)(bd) = bd k WAa
= C; Waa
= dg,

and therefore, the required equality follows from the compatibility of the above limit cone
of PF. ]

Corollary 2. A category is Scott-complete iff it is finitely accessible, consistently complete,
and has an initial object.

Examples 1.

(1) A poset, considered as a category, is Scott-complete iff it is a Scott domain.

(2) Every locally presentable category in the sense of Gabriel and Ulmer (1971), i.e., every
complete, finitely accessible category, is Scott-complete, and has a terminal object.
Conversely, every Scott-complete category with a terminal object is locally finitely
presentable. Thus, the relationship between locally finitely presentable categories
and Scott-complete categories is analogous to that between continuous lattices and
Scott-domains.

(3) Scott-complete categories are precisely the free completions under directed colimits
of small, finitely consistently cocomplete categories. (This is quite analogous to the
fact that Scott-domains are precisely the directed-join completions of conditional
semilattices). More precisely:

(i) Let A be Scott-complete. Then 'y, is a small category in which every finite
diagram with a cocone has a colimit. In fact, finite colimits of finitely presentable
objects are finitely presentable. As proved in Makkai and Paré (1989), 7 is a free
completion of ', under directed colimits. That is, every functor F: Ay, — 2,
where % has directed colimits, has a continuous extension to ., which is unique
up-to natural isomorphism.

(i) Conversely, given a small category ./ with colimits of all finite diagrams with
a cocone, let " be a free completion of .o/ with respect to directed colimits.
(A is described in Part 2.C of Adamek and Rosicky (1994).) Then .# has
both directed colimits and colimits of finite consistent diagrams — thus, " is
consistently cocomplete. Since .7 has an initial object, so does %"

3. The cartesian closed category of Scott-complete categories

Definition 2. We define the category SCC to have as objects all Scott-complete categories
and as morphisms all continuous (i.e., directed colimits preserving) functors.

Observation 1. There are, essentially, no set-theoretical problems connected with the
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above definition: since, by Example 1(3), Scott-complete categories are precisely the free
completions of small, consistently finitely cocomplete categories, we conclude that

(a) SCC-objects can be coded (up to isomorphism of categories) by small categories;
thus, SCC is a class

(b) SCC-morphisms from " to & are fully determined by their restriction to g, thus
homgcc (A, &) is a (small) set.

Notation 2. For two Scott-complete categories #° and ¥ we denote by [¥ — 4] the
category of all continuous (i.e., directed-colimits preserving) functors from &% to # and
all natural transformations. Observe that this is equivalent to the category of all functors
from the small category %, to 4, that is,

[ > H) = a7,

In fact, by Example 1(3) above, each functor F in /g, has an essentially unique extension
to a functor F* in [ — X'], and then F +— F" is an equivalence of the above two
categories. We want to prove that [¥ — 7] is a Scott-complete category. This is
analogous to the proof that a function-space of two Scott domains is a Scott domain.
Whereas the latter proof is based on step functions, our proof will use the following ‘step’
functors.

Lemma 1. Let # and % be Scott-complete categories. Given finitely presentable objects
K in o and L in %, the functor

PL,K = FK . hOIl’l(L,—)Z L > H
where Fg:Set — # is a left adjoint of hom(K,—), is a finitely presentable object of
Proof.

(1) Ppx is a continuous functor. In fact, we first observe that the category # has
co-powers | [,, K because the discrete diagram of M copies of K has a cocone (with
codomain K if M # & and codomain L if M = ¢&). Thus, hom(K,—) has a left
adjoint Fx given by FxM = [[,,K. Now Fx preserves colimits, and, since L is
finitely presentable, hom(L, —) preserves directed colimits — thus, Py x is continuous.

(2) The following type of Yoneda lemma holds for all functors Q in [¥ — #7]: there is a
bijective correspondence between morphisms from Prx to Q and maps f: K — QL,
that is,

hom (K, QL) = homscc(PLk, Q).
In fact, each f: K — QL induces a natural transformation f*: P, x — Q whose map
Fx Thomrx) K — QX has the h-component given by

() (fi)h=0h-f: K — QX for each X € #°% h € hom(L, X).

Conversely, given any natural transformation t: PLx — Q, there exists a unique
f:K — QL with t = f~, viz, the id;-component of t1.: [ [y K — QL.

(3) Each Ppk is finitely presentable in the category [¥ — #']. In fact, let D be a directed
diagram with a colimit (R; NN R)icr in [¥ — ). For each morphism ¢: PLx — R
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we have t = f* where f: K — RL. Since K is finitely presentable, and
(RiL s RL)ier

is a directed colimit in .#" (recall that [¥ — #'] = <", thus, directed colimits are
formed object-wise in [.¥ — #']), we see that f factors essentially uniquely through
some (r;)L. Now, f = (r;)L * g is equivalent to f* = r; - g%, and thus t = f* factors
essentially uniquely through r;. |

Theorem 3. A finite product of Scott-complete categories is Scott-complete, and for Scott-
complete categories .¥ and ¢ the functor category [¥ — 7] is Scott-complete. Thus,
SCC is a cartesian closed category.

Proof. The statement about finite products is trivial because in a finite product of
categories

(a) colimits are computed coordinate-wise, and
(b) finitely presentable objects are just those with finitely presentable coordinates.

Let % and 4 be Scott-complete categories. Since colimits in [¥ — #] = 4% are
computed object-wise, the category [ — 4] has directed colimits and is consistently
cocomplete. It remains to find a set ./ of finitely presentable objects of [¥ — 4] such
that every continuous functor is a directed colimit of functors in .«7. Let .o/ be the closure
of the set of all step-functors Prx with K in s and L in %y, under existing finite
colimits in [ — Z].

Because of the previous lemma, each object of o7 is finitely presentable in [¥ — X#7].
Thus, to conclude the proof, we only have to show that every object R of [¥ — X] is
a directed (or, equivalently, filtered) colimit of a diagram in .o/. We use the canonical
diagram D whose scheme is the comma-category .« | R (consisting of all P 5 R with
P € /) and which is given by D(P LR R) = P. This is a filtered diagram, that is, .o/ | R
is a filtered category, which follows immediately from the fact that ./ is closed under
existing finite colimits: given a finite subcategory # of .o/ | R, we have that D(#4) has
a cocone (with codomain R) in [¥ — 7], thus P = colim % exists and the canonical
map P 2 R induced by this colimit yields an object of .o/ | R, giving a cocone to 4 in
o/ | R. It remains to prove that R = colim D — more precisely, that the canonical cocone
p: D(P KN R) — R is a colimit cocone in [¥ — 7). Let p: P — R be another cocone.
That is, for each morphism p: P — R, a morphism p: P — R is given with

pt = pt forall t: P" — P in /. (1)

We are to prove that there exists a unique r: R — R such that p = r - p for all p. Let
us first turn to the uniqueness: it is sufficient to show that r, is uniquely determined for
each L € &y, (since [¥ — 4] is equivalent to ‘). Since " is finitely accessible, RL

is a canonical colimit of the diagram Dgy: #'r, | RL — " assigning to each K LA RL,
K € Ay, the value K. Thus, it is sufficient to show how rp - k: K — RL is determined.
Consider the morphism k*: Py ¢ — R of the Yoneda lemma (*) above. It yields a morphism
k*: PLx — R for which there exists a unique map k: K — RL in # with k = k*. From
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r-k*=k" =k it follows that
r. k=k for each k: K — RL,K € Ay

This proves the uniqueness. Now let us show that, conversely, the last property defines
r.: RL — RL, in other words, that the morphisms k form a cocone of the diagram Dg; :

K%K' K%K’

PN

From k' - t = k, we are to derive k' - t = k. We use 7: PLx — Pk’ to denote the natural
transformation determined by coproducts of copies of t. Then, obviously, k' -t = k implies
(K')* -7 =k*. Thus, by (1), (k') - = k" or, equivalently, K 7=k : P.x — R. By applying
this to X = L and considering the id.-component, we obtain the desired equations
k' -t = k. Therefore, the above equations ry -k = k define r;.: RL — RL for each L € Zy,.
It remains to prove the naturality, that is, Rf 1, = rp, - Rf for every f: L — L' in %, We
use the finite accessibility of .#" again: it is sufficient to prove that (Rf -r.)-k = (rp - Rf) -k
for all k: K — RL with K € A'gp. In fact the morphism f: L — L' yields a natural
transformation f: PLx — Ppx where fy: Hhomwx) K — ]_[homLX)K is given by the
maps hom(L, X) — hom(L, X) of composmon with f. ObVlously, k*-f = (Rf - k)", and
thus, by (1), we get k* -f (Rf - k)*, that is, k f Rf -k . This implies Rf -k = Rf - k
and consequently

r-Rf -k=Rf -k=Rf-k=Rf -r. -k

Let us now prove that the above natural transformation r: R — R fulfils

r-p=pforall p: P > R with P € &/.

When P = Pj k, this is obvious: we have, again by the above Yoneda lemma (*), a map
k: K — RL with p = k”, and then

rep=r-k'=k*=p.

Next, the set % of all functors P such that r - p = p holds for all p: P — R is, obviously,
closed under existing finite colimits: given a colimit cocone (P; L P);c;, we only have

to prove r-p-p; = p- p; for each i, assuming r-p-p; = p-p; — from (1) we get
r-p-pi=p-pi =P pi Since ¥ contains all step-functors Py g, it contains all of .7, and
the proof is concluded. ]

4. Embedding-projection adjunctions

An important property of CPOs is the coincidence of directed limits with directed colimits
in the category CPO° of CPOs and embedding-projection pairs. We will now show that
the category SCC® of Scott-complete categories and embedding-projection adjunctions
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also has this property. From a categorical point of view, an embedding-projection pair

A=
2
between CPOs is a pair of adjoint functors (i.e., order-preserving maps with pe(x) < x
and ep(y) < y for all x € 4, y € &) that are continuous and have their unit of
adjunction formed by the identity-transformation (that is, pe(x) = x). Analogously, given
Scott-complete (or, more generally, finitely accessible) categories ¢ and ¥, we can define
an embedding-projection adjunction

E
H =Y
P

as a pair of adjoint continuous functors E 4 P whose unit of adjunction is y = id: Idy —
PE = Idy. There is a technical difficulty here: if we want the category SCC® to have
directed colimits, we should not distinguish between functors which are naturally iso-
morphic (because if we do distinguish, we only obtain weaker concepts of directed
bicolimit, known from 2-category theory, which we want to ‘escape’ here). Thus, given an
embedding-projection pair

E
H =2
P
and given a functor E": #° — & naturally isomorphic to E, we identify the given pair
with
E/
H = Y;
P

analogously with P’ = P. This makes the definition of the category SCC® more technical,
but the reward is that

(1) the embedding E uniquely determines the embedding-projection adjunction, and
(2) SCCF¢ has directed limits and directed colimits and they canonically coincide.

Concerning (1), one can say that an embedding-projection pair ¥ = & is nothing other

than a choice of a coreflective full subcategory of ¥ that is finitely accessible and whose
coreflector ¥ — 4" is continuous.

Definition 3.

(1) Let .7 and % be finitely accessible categories. An embedding-projection adjunction is
a pair

E:A>Land P ¥ —> A
of continuous functors with PE = Id 4, together with a natural transformation
7:EP - Idgy
satisfying
Pt =1idp and tE = idg .

In other words, an adjoint pair E 4 P of continuous functors with a unit of adjunction
id: Idy — PE and counit of adjunction t: EP — Id .
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(2) Two embedding-projection adjunctions (E,P,t) and (E’,P’,7') from A to & are

called isomorphic, notation

(E?P’T) = (E/’P/7 T’))
provided that there exist natural isomorphisms
e:E—>E andp: P — P’
with
t=17-E'p-EP.
Notation 3. We denote by
SCcC*

the category whose objects are Scott-complete categories and whose morphisms from %
to & are all isomorphism-classes [E, P,t]: # — % of embedding-projection adjunctions
E:H > %, P. ¥ —> A; 1. EP - Idy. Composition is defined by [E’, P',7'][E,P,1] =
[E'E,PP,7 - (E'tP")]

(E'E)PP) "X E'P 5 1d
and the identity arrows are [Id, Id,id].

(We have to verify that the composition is independent of the choice of representatives,
that is, if (E, P,t) is isomorphic to (E, P,7), then also

(E'E,PP',7 - (E'tP")) and (E'E,PP’,7 - (E'TP'))

are isomorphic. This is an easy and straightforward computation, which we omit. Anal-
ogously, below we also omit the appropriate easy verifications concerning the choice of
representatives for embedding-projection adjunctions.)

Remark 2. We will now prove that directed colimits of embedding-projection adjunctions
can be computed from directed limits of projections (in the ‘category’ of all categories).
This is quite analogous to directed colimits in CPO°®, see Theorem 2 of (Smyth and Plotkin
1982).
Let D be a directed diagram in SCC® indexed by an (up-)directed poset I. That is, for
each i € I, a Scott-complete category #'; is given, and for all i < j in I, morphisms
[Eij, Pij,Tij]: A’y — A ; in SCC® are given with the obvious compatibility condition. We
form a limit
P& > A, iel
of the directed diagram of the categories "; and the projection functors P;;: A’ — A';
(i < Jj). (The category # can be described in the expected way: objects are collections
(Ky)ier of objects K; € ™ such that for all i < j we have P;(K;) = K;; morphisms are
collections (fi)ic; of morphisms f; € 47" such that for all i < j we have P;;(f;) = fi.
And P; is the i-th projection.) We claim that
(i) 2 is a Scott-complete category and P; are continuous functors.
(i)) The universal property of the limit yields for each i € I a unique functor E;: K; » %
with P;E; = E;; for all j > i and a unique natural transformation t;: E;P; — Id¢
with Pjt; = 7;;P; for all j > i.
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(ii1) [E;, Pi,7i]: A — & are morphisms forming a cocone of the given diagram D.

(iv) A colimit of the directed diagram of all functors E;P;: ¥ — % (i € I) and all
natural transformations E;t;;P;: E;P; — E;P; (i < j) in the category Z7 is Id ¢ with
colimit maps 7;: E;P; » Idy (i € I).

(v)  Property (iv) implies that the cocone (iii) is a limit of D in SCC€.

Theorem 4. (Directed colimits in SCC®). For each directed diagram D in SCC® a directed

limit of projections coincides with a directed colimit of embedding (both in CAT). A cone
[E;, P;,7;] of D is a colimit in SCC® iff colim E;P; = Id (more precisely: (iv) above holds).

Remark 3. The proof consists of two parts, the first of which has nothing to do with Scott-
completeness (and proceeds analogously to Theorem 2 of Smyth and Plotkin (1982) for
CPOs): let FAC® denote the category of all finitely accessible categories and isomorphism
classes of embedding-projection adjunctions. We first prove Theorem 4 for this larger
category, and at the end we show that if the given diagram lives in SCC¢, the colimit
remains in SCC®.

Proof.

Part 1. Directed colimits in FAC®.

Let (I,<) be a directed poset, let #; (i € I) be finitely accessible categories, and let
[Eij, Pij,Tij]: A — A '; be a compatible system of embedding-projection adjunctions for
alli<jin .

We first prove all the claims made in Remark 2.

(a) For each i € I we can define E;: #'; — & by P,E; = Ej;; for all j > i. In other
words, all E;;, j > i, form a cone of the diagram of projections Py, for allk > j > i.
In fact, from Py Ej = 1d we get

Eij = PiEjEij = PjxEi .
(b) For each i € I we can define 7;: E;P; — Id¢ by
Pj‘C,'Z‘E,‘ij fOI'aH]Zl

In other words, we have the compatibility Pj(tiPx) = t;;P; for all k = j > i. This
follows from 7y = T - Ejx7ijPjx (see composition in SCC®), since Pj 7 = id implies
ijTjkPk =id. Thus,

PjtjcPre = PEjtijPuPe =1 P; .

(c) (E; P;,t;) is an embedding-projection adjunction for each i € I. In fact, P,E; = Id
because E; = Id. Also P;t; = id because 1;P; = id. The equality 7;E; = id follows
from the fact that

Pj(TiEi) = ’EiijEi = ‘E,‘J'Eij = id for all _] =1i.
(d) Consider the directed diagram of all E;P; (i € I) and all

Ei‘Ciiji E,‘P,’ g Eij for i S]
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in #7. We prove that the cocone (E;P; SN Id);e; forms a colimit of that diagram.
The cocone is compatible, that is,

‘Ej'Ej‘Ciij=‘L'i fOI’lg]
because for each k > j we have
Pk(‘l?j . Ej‘E,'ij) = ‘L'jkPk . Ejk‘fiij
= TPy EjtiiPjPy
= (tjx EptijPj)
Tk Pk
= Pk‘Ci.

To verify the universal property, it is sufficient to prove that for each k € I, the
Pyt . . . ..
cocone (PyE;P; R Py)icr has the corresponding universal property (since colimits in

27 are formed object-wise). This is obvious, because for the upper-set {i € I;i >k}
the P.-image of the restriction of our diagram is the constant diagram with value

Py:
Pu(E:P,) = PP,E:P, = PP = P, foralli>k
and
P(EjuijPy) = PijuP;
= Pu(PijTij)P;
Pyiid P;
= 1id forall j >i>k.

We also have Pit; =idp, for all i > k.

() & has directed colimits, and P; and E; are continuous functors. In fact, since .7;
have directed colimits and the connecting functors preserve them, it follows that the
functors P; (i € I) preserve and, in fact, collectively create, directed colimits. The
functors E; preserve all existing colimits, since E; is a left adjoint of P;.

(f) & is finitely accessible. In fact, the collection .o/ of all objects E; X, where i € I and
X is finitely presentable in ¢, is essentially small. Let us verify first that it consists
of finitely presentable objects of . Given a directed colimit (L, 5 L)er in & and
a morphism f: E;X — L for some finitely presentable object X of .#";, we have that
the morphism P;f: X — P;L = colim P;L, factors as

Pif =Pa;-g for some g: P,.X — PiL,te T

and this proves that f factors through a;:

f= 1 (ex (t;E; = id)
= (u)L- EPif (naturality)
= (t)L " EiPia, - Eig
= a;(t), " Eg (naturality).
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Moreover, if f = a,h’ = a/h” for some h': E;X — Ly and h": E;X — L, then from
the finite presentability of X and from Pay - P;h' = Pay - P;h" we conclude the
existence of t > t', t > t” and k: X — P;L, with

k = PiLy; - Pih' = PiLy, - Pih"

(where Ly;: Ly — L; denotes the connecting morphisms).
Then h = (1)), - Eik: E; X — L, fulfils

h = L[/[ : h/ = L[“[ : h” .
This proves that E;X is finitely presentable in . For each object L of ¥ the
canonical diagram .o/ | ¥ — & is filtered: given a finite subcategory ¥ of </ | %,
we first find i € I such that for each object E; X J, L of € we have j > i; then

that object can be substituted with E;(E;;X) ER L (the proof that E;; X is finitely
presentable in #7; is analogous to the above proof that E; X is finitely presentable in

&), thus, we can assume that all the objects of € have form E; X i» L for suitable
finitely presentable objects X of #';. We obtain a corresponding finite category of

P; . . . . . .. .
arrows X —j: P;L in % ;, and since P;L is a directed colimit of finitely presentable
objects in ', there exists X N P;L with X, finitely presentable such that for each

E; X EN L in ¥ we have a factorization

By
X—>PL

fog

Xo
in #; and thus, a factorization

f

E, ——— XL
E f' (t).-E;g

EX,

To prove that L is a canonical colimit of the above canonical diagram, we use
the fact that (E;P;L (@) L)ier is a colimit (see (d)). On the one hand, each arrow
E; X EA L with E;X finitely presentable in ¥ factorizes through some of the colimit

arrows (t;)p, j € I, simply because that colimit is directed. On the other hand,
for each i € I we know, since E; preserves directed colimits and J¢7; is finitely

accessible, that E;P;L is a directed colimit (E; X E» E;P;L) of arrows with X finitely
presentable in ;.
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(g)  The morphisms [E;, P, 1;]: #'; — % form a compatible cocone of the given diagram,
that is, for i < j we have

E;-E;j = E;
(since, given k = j, Pk(EjEij) = EjkEij = Eik = PkEi),
Pjj- P; =P,
and
Tj . Ejfiij =7T.
In fact, given k > j
Pk(‘L'j : Ej‘L',‘ij) = TjkPk : PkEkEjkTiijkPk
(tjk - EjitijPjic) Py
= TPy
= Pk‘Ei.
(h)  So far we verified (iii) and (iv) of Remark 2. We now prove that this implies that
[Ei, P;,7;] is a colimit cocone of D in FAC®. Let [E/,P/,t]]: #; —> &' (i€ 1) be a

1
cocone of D in FAC®.
We define a morphism

[E,P,1]: ¥ > &
as follows:

(i) E:% — & isa directed colimit of the functors E/P; (i € I) and the natural
transformations

EjtijPi: E{Pi — E;P;(i < j)
in (Z)7. Let
yi: EIPi > E (i€l)
denote the colimit cocone. Since E/P; are continuous, so is E.

(i) P:¥ — & isdefined by P;- P = P/ (i € I). Since P/ are continuous, so is P.
Moreover, EP = colim E;P/ with colimit cocone y;P (i € I).

(ii) t: EP — Id is defined by © = colim 7}, that is, - y;,P =7} (i € I).
(hl) [E,P,t] is a morphism: we have PE = Id because
Py(PE) = P]colim; E/P;
= colim;jz, P E[P;
= colim;sy Px;P/E[P;
colim;>y Py;P;
= colim;sy P
= P
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Further, Pt = id because
Pi(Pt) = P colimy1;
= colimjz, P/7;
= colims Pri(P/1;)
= colim;> id
= id.
Finally, tE = colim 7;E;P; = colim idEi’pi = idg.
(h2) The morphism of (hl) is a factorization of the given cocone, that is,
[Ei,P/,7] = [E,P,7] - [E;, P,7] (i€]).
In fact, E] = E - E; because
E-E; = colimys; E| P E;
= colimys; E| PcEcEj
= colimys; E Ex
colimy; E;
= E.
We clearly have P/ = P;P, and to prove 7} = 7 - E7;P, we use T = colimy; 7, and
E = colimy; E| Py, as well as
T =14 Exti - Py and t; = 1) - E; 1) - P
(from the compatibility) to get,
t-EtP = colinys;t - E, PytiP
= colimys; 1) - E[ Pty P - E{ P Exty PxP
= colimy; 7y, - id - E 1y P
= colimys; 7}
/

= 1.

(h3) The factorization of (h2) is unique, that is, if a morphism [E*,P",t"]: ¥ — &’

fulfils
[E[. P/, = [E.P",<'] - [E, Pt]  forall (i €1),

1

then (E,P,7) = (E*,P",7"). In fact, we have natural isomorphisms

o E| > EE;
and
Bi: P — P;P*
with
7= (t" - E't;P")E"E;f; - ;P (2)

for all i € I. We define natural isomorphisms «: E — P* and f: P — P* as follows.
Since E* is continuous and (E;P; 5 Id);c; is a directed colimit in %%, we know that

https://doi.org/10.1017/50960129597002351 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129597002351

A categorical generalization of Scott domains 435

E't ., . . o ¢ .. .
(E"E;P; S E )ier is a directed colimit in (#’)?, and thus compositions with the
natural isomorphisms o;P; also yield a colimit. Consequently, we have two colimits
of E{P/s, and we obtain a unique natural isomorphism

o:E —E" witho -y, =E't;-o;P; (i€1). (3)

Analogously, since (E;P/ a P) is a directed colimit in #? we have a unique
natural transformation

ﬁ:P—>P*Withﬂ"[,‘P=‘EiP*'Eiﬁ,‘(l'EI). (4)
This is also a natural isomorphism, whose inverse is defined by p~! - ;,P* =
‘EiP . E,ﬁl_l
We only have to prove

t=1"-E"f-aP,
or equivalently,
t.=1"-E'B-aP -yP (iel).

Because of (2), it is sufficient to show
E*tP"-E'Efi-o0,P] = E'B - aP - ;P
and because of (3) this follows from
E'wP"-E'Ef; =E'B-E*1,P,
and the latter follows from (4). This concludes the proof of (E, P,t) = (E*, P*,1").

Part II. Directed colimits in SCC®.

We will prove that if each category .#";is Scott-complete, then so is . Let D: ¥ — &
be a diagram with a cocone in #. For each i € I the diagram P;D has a cocone in #;,
thus, it has colimit

colim PiD = (Dd 5 R)es (5)
Since E; is a left adjoint, it preserves the above colimit, and we can define, for all i < j in
I, a morphism r": E;R; — E;R; by
Vij cEirgi = Ejrdj : (EjTiij)Dd for all d € @Obj. (6)
This is well defined since the right-hand side is a cocone of E;P;D: given a morphism
0:d—d,in 2, we have
Ejraj - (EjtijPj)pa - EiPiDo = Ej(raj - (tij)p,pa - EijPijPiDJ)
Ej(raj - PiDd - (tij)p,pa)
= Ej(raj - (tij)p,pa)
= Ejry; - (Ej7ijPj)pa-
The morphisms r/: E;R; — E;R; form a directed diagram D* in & — denote by (E;R; 5
R)icr a colimit of D*. We define, for each d € 2°%, a morphism ¢;: Dd — R, by using the
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above colimit Dd = colim E;P;Dd:
ca (t)pa =71+ Eirg; foralld e 2°, iel. (7)
This is well defined because the right-hand side is a cocone: for all i < j in I we have
r' - Eirgi = 1" -1 - Eirgi = (1 - Ejraj) - (EjwijPj)pa by (3).

We will prove that the cocone (Dd 5 R) cqevi 1s @ colimit of D in . First, this is indeed
a cocone because for each morphism 6:d — d’ in & we have ¢; = ¢y - DJ, since for all

iel
ca* (t)pa = TEirg by (4)
= ¢Ei(rgi- PiD9) by compatibility of colim P;D
= c¢g ' (t)pa * EiPiD0 by (4)
= c¢qg Do (Ti)pa by naturality of ;.

/

Second, let (Dd it R’) e be another cocone of D in Z. For each i there exists a unique
morphism f;: R; — P;R" in J"; with

fi-rai = Picj for all d € 2°. (8)

The morphisms (t;)r * Eifi: EiR; — R’ form a cone of the above diagram D*, that is, for
all i < j we have

(t))rEjfj -7 = (ti)r - Eifi: iR > R.
To verify this, we use the fact that E;R; is a colimit of E;P;Dd’s: for each d € 2% we have
(THREjfj 17 Erg = (1)) Ej(fjraj * (tij)p,pa) by (6)
= (tj)r - EjPjc}; - (Ejti;Pj)pa by (8)

= ¢ (tj)pd " (EjTijP})pa by naturality of t;
= ¢ (tj)pa " EjPj (ti)pa by definition of 7;
= ¢ (ti)pa " (Tj)E,PDd by naturality of t;
= ¢y (ti)pa since 1,E; = id

= (t))r * EiPic by naturality of t;;
= (t)r " Eifi - Eirai by (6).

Consequently, we can define a morphism f: R — R’ by
f-r'=(t)r - Eifir EERi > R foralliel. 9)

This is the desired factorisation of the given cocone of D, that is, f - ¢4 = ¢ for all
d € 2°%: it is sufficient to observe that for each i € I we have

¢y (ti)pa = (vi)r * EiPicy by naturality of ;
= (t)r - Ei(fira) by (8)
=f-r Erg by (9)

(f -ca)(zi)pa by (8).
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It remains to prove that f is unique. Given f: R — R’ with f - ¢; = ¢} for all d € 2°°, we
prove that f = f by showing that f -7’ = f -+ for all i € I. This follows from the fact
that E; preserves the above colimit of P;D: for each object d in & we have

(f-r)-Era =Ff-ca(ti)pa by (8)
=f-cq (ti)pa
=(f ') Erg by (8). 0

5. Recursive domain equations

In this section we will show how solutions of equations X = T(X) can be obtained for
Scott-complete categories X. The idea is quite analogous to that of solving such equations
for CPOs, but we have to go one level deeper. In the case of CPOs the given rule T(X)
for objects is ‘somehow’ understood to be a functor, that is, we assume that a rule T(f)
for morphisms (continuous functions) f is also given. If, moreover, this rule is locally
continuous, thatis, T(||,c,, fn) = Lleo, T (f2) for all w-chains (f,) of continuous maps with
a given domain and codomain, we obtain a locally continuous functor T: CPO — CPO,
which restricts to a continuous functor T°¢ : CPO® — CPO®. The latter has a canonical
fixed point, which we declare as ‘the’ solution of X = T'(X).

Now for Scott-complete categories we have to extend T from the object part T(X)
in two levels: for continuous functors F: X — Y we need a rule to obtain continuous
functors T(F): T(X) — T(Y). In other words, we extend T to a functor T: SCC — SCC.
But we also need a rule that, given continuous functors Fi, F>: X — Y, assigns to each
natural transformation ¢: F; — F, a natural transformation T(¢): T(F;) — T(F3;). In
other words, we need a 2-functor (see, for example, Borceux (1994)) on the 2-category
SCC whose
— objects (0-cells) are Scott-complete categories,

— morphisms (1-cells) are all continuous functors,
and
— 2-cells are all natural transformations.

That is, we now consider SCC as a sub-2-category of the usual 2-category of all

categories, all functors and all natural transformations.

Examples 2.

(1) — x ": for each Scott-complete category # we extend the object-rule X — X x %~
to a 2-functor T: SCC — SCC defined by
T(X)=X x4  on objects X
T(F)=F x1Idy on morphisms F
T(p)=0¢ xid on natural transformations ¢
(2) Lifting (), : we define a 2-functor as follows:
X, is the category obtained from the Scott-complete category X by adding a new
initial object L and adding a unique morphism L — a for each a € X°%;

F, is the functor extending F by F (L) = 1;

@, is the natural transformation extending ¢ by the L-component id;.
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(3) Product x: we define a 2-bifunctor x: SCC x SCC — SCC by the rule
X(X,Y)=X x Y for pairs of objects
X(F,G)=F x G for pairs of morphisms
and
X(¢,p) = ¢ x y for pairs of natural transformations.

(4) Sum @. (This construction is not a categorical coproduct — in fact, SCC does not
have coproducts since SCC-objects are required to possess an initial object but
SCC-morphisms are not required to preserve initial objects.) We define a 2-bifunctor

®: SCC x SCC — SCC

by the rule
X®Y =(X+7Y),, alifting of the disjoint union of X and Y, for pairs of objects;
F ® G = (F + G), for pairs of morphisms.
and
@ ®yp = (¢ + ) for pairs of natural transformations.

(5) Function-space —: we define a 2-bifunctor — : SCC° x SCC — SCC (contravariant
in the first variable and covariant in the second one) by

—(X,Y)=[X — Y], the Scott-complete category of all continuous functors from
X to Y (see Part 3), for pairs of objects,

—(F,G): [X — Y] —» [X' = Y], for continuous functors F: X' - X, G:Y — Y’,
is given by K — GKF on objects K: X — Y and k — GkF on morphisms
k:K — K/,

—(¢, ), for natural transformations ¢: F; — F, and yp: G; — G», has the K-com-
ponent p * K¢, the Godement-product of yp and K ¢.

Definition 4. A 2-functor T: SCC — SCC is said to be locally continuous provided the
derived functor from [#" — ¥] to [T(A") — T(Z)], given by

F — T(F) on objects F: 4 — &

¢ — T(¢) on morphisms ¢: F — F’,
is continuous for each pair #°, & of SCC-objects.

In other words, a 2-functor T is locally continuous iff for each directed collection of
continuous functors F;: # — % (i € I) we have T(colim F;) = colim T (F;). Analogously,
a 2-bifunctor T: SCC x SCC — SCC is locally continuous if for every directed collection
of continuous functors F;: 41 —» %1 and G;: A > — &>, we have T (colim F;, colim G;) =
colim T'(F;, G;): more precisely, if the derived functors from [(#, 4 5) — (L1, L>)] to
[T(A 1, A ) > T(L1, L>)] are continuous. And, finally, a 2-bifunctor T: SCC°® xSCC —
SCC is locally continuous if the derived functors from [(# ', #5) — (&1, L»)] to
[T(Z, A7) = T(A 1, L>)] are continuous.

Example 3. All the 2-functors and 2-bifunctors in Examples 2(1)—(5) above are locally
continuous.

Observation 2. Every locally continuous 2-functor T: SCC — SCC defines a continuous
functor

T°: SCC® — SCC®
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as follows:
T°X =TX for all objects X

and

TC[E,P,t] = [T(E), T(P), T(7)] for morphisms [E, P,1] .
In fact, since 2-functors preserve (vertical and horizontal) composition, it is easy to see that
for each embedding-projection adjunction (E, P,7), the image (T (E), T(P), T (7)) is also
an embedding-projection adjunction and two isomorphic adjunctions have isomorphic
images. Thus, T° is a well-defined functor. For each directed diagram D a colimit
satisfies (iv) of Remark 2. Since the derived functor from [¥ — ¥] to [T(¥) — T(Z)]
is continuous, from colim E;P; = Id¢ we conclude colim T'(E;)T(P;) = Idr¢) — by
Theorem 4 this implies that T preserves the colimit of D.
Remark 4. We can now conclude that SCC is algebraically compact with respect to locally
continuous 2-functors in the sense of P. Freyd (Freyd 1991). Recall that if T: .o/ — o/
is a functor, a T-algebra is a pair (A,a) consisting of an object A and a morphism
a: T(A) — A; homomorphisms from a T-algebra (A4,a) into a T-algebra (4’,d') are .o/~
morphisms f: 4 — A" with f-a =d - Tf. As proved in Lambek (1968), if (4,a) is an
initial T-algebra (initial object of the category of T-algebras and homomorphisms), a
is an isomorphism. Thus 4 solves X = T X. Dually, a T-coalgebra is a pair (4, a) with
a: A — T(A). By a canonical solution of the recursive equation X = T(X), we mean an
object 4 and an isomorphism i: T(X) — X such that both (X,i) is an initial T-algebra
and (X,i7!) is a final T-coalgebra. P. Freyd calls a category categorically compact if every
‘appropriate’ endofunctor T has a canonical solution of X = T(X). For this, a trivial
necessary condition is that the category have a zero-object (one which is initial as well as
final) — this is not true in SCC, because morphisms are not supposed to preserve initial
objects. However, for the 2-category

SCC,

of all Scott-complete categories, all strict and continuous functors (i.e., continuous functors
preserving initial objects) and all natural transformations, we have the following theorem.

Theorem 5. SCC is an algebraically compact category with respect to locally continuous
2-functors. That is, every locally continuous 2-functor T: SCC; — SCC, has a canonical
solution of the equation X = T(X).

Proof. The one-morphism trivial category L is an initial object of SCC,. For each
locally continuous 2-functor T, the corresponding functor T° is continuous, and thus, it
preserves the colimit of the w-chain d,,: 4", — 4,11 defined as follows:

Ho=Land Ay = T(A,); (10)

dy = [Eg, Py, 70]: L — T(L) is given by the constant functor Py, the functor Ey mapping
the unique object of L to an initial abject of T'(L), and the obvious natural transformation
70; and d, 1 = T¢(D,): T(A ) = T(H pi1).

It follows that, given a colimit cocone (E,, P,,t,): #, — & of that chain, we have

(a) P;: ¥ — A, (ne€w)is a limit of the co-chain Ao «— A"y «— A5 -~
and T preserves this limit;
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(b) E,: Ay, —> & (n€ w)is a colimit of the chain ¢ —> A1 —> A5+
and T preserves this colimit.

As proved in Adamek (1974), (b) implies that % is an initial T-algebra, and by duality,
it is a canonical T-algebra. ]

Corollary 6. For locally continuous 2-bifunctors T: SCC,°? xSCC,; — SCC,, the equation
X = T(X, X) has a solution.

In fact, by a general procedure presented by P. Freyd (Freyd 1991), a minimal solution
of the equation X = T(X, X) is obtained as follows: from the compactness of SCC, it
follows that SCC_°P, and hence SCC_,°? x SCC_, are algebraically compact. The mixed-
variance 2-functor T yields a covariant 2-functor T: SCC,°P x SCC| — SCC,°?P x SCC
given by

T(X,Y)=(T(Y,X), T(X,Y)) on objects

T(F,G)=(T(G,F), T(F,G))  on morphisms
and

?((p,lp) =(T(p, ), T(p,y)) on natural transformations.
which is locally continuous if T is. A canonical solution of (X,Y) = TA“(X, Y) then yields
a minimal solution of X = T(X, X), that is, a solution having an embedding-projection
adjunction into any other solution.

Theorem 7. Every locally continuous endofunctor of SCC has a final coalgebra.

Proof. This is quite analogous to the proof of Theorem 5, here we do not get the initial
T-algebra, because, in (10), .7 fails to be initial in SCC. |

6. How Scott-complete categories are sketched and axiomatized

Recall that a finite-limit sketch (or FL-sketch) .% is a small category ./ in which a set of
finite diagrams with cones is selected. The category of models of & is the full subcategory
Mod . of Set” consisting of all set functors turning the selected cones to limit cones. It
has been shown by Gabriel and Ulmer (1971) that Mod % is a locally finitely presentable
category and, conversely, every locally finitely presentable category is sketchable by an
FL-sketch % (that is, is equivalent to Mod .¥).

We extend this to sketches for Scott-complete categories. Recall that a mixed sketch,
in general, selects cones of some diagrams (to become limit cones in Set) and cocones of
some diagrams (to become colimit cocones in Set). Here we restrict the cocones to the
empty ones, i.e., to the specification that some objects be mapped to the empty set.

Definition 5. By an FL | -sketch .# is meant a small category .o/ together with a choice of

(a) a set of finite diagrams with cones, and
(b) aset M of objects.

A model of & is a functor T: .o/ — Set that maps

(a) the selected cones to limit cones in Set, and
(b) each object of M to .

We call a category sketchable by an FL,-sketch & if it is equivalent to the category
Mod % of all models and all natural transformations.
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Theorem 8. A category is Scott-complete iff it is sketchable by an FL | -sketch.

Proof.
Sufficiency.

For each FL, -sketch &% we will show that Mod ¥ is Scott-complete. Denote by & the
FL-sketch obtained from & by forgetting the selection of M. Then Mod ¥ is a locally
finitely presentable category closed under directed colimits in Set” (because directed
colimits commute with finite limits in Set). It is obvious that Mod.¥ is closed under
directed colimits in Mod %, if T is a directed colimit of functors T}, i € I, in Set” and
if ;A= forall A € M and i € I, then also TA = ¢ for all A € M. Further, for
each object X in ./ such that hom(X,A) = ¢J for all A € M, we see that hom(X,—) is
a model of &, and, in fact, hom(X,—) is a finitely presentable object of Mod & (since
it is finitely presentable in Set” and Mod ¥ is closed under directed colimits in Set?).
Let 4 be the closure of the set of all these hom-functors under existing finite colimits in
Mod . Then each object of # is finitely presentable in Mod &, and we will prove that
every object T of Mod.% is a directed colimit of objects in 4. In fact, T is a colimit of
the diagram D: 2 — Mod &, where & is the comma-category of T with respect to all
hom-functors in Set” ; now whenever t: hom(X,—) — T is a map of Set”, we have for
each A € M from TA = J that it follows that hom(X, 4) = ¢, and thus, hom(X,—) is a
model of &. Each finite subdiagram D/%y: 2y — Mod ¥ of D has a colimit in Mod ¥
(since Mod ¥ is cocomplete) and this colimit has a map into T in Mod ¥y, from which
it, again, follows that colim D/% is a model of <. We thus obtain a directed diagram of
all colim D /%y € # and a colimit of this diagram is T. This proves that Mod . is finitely
accessible. Finally, to show that Moed % is consistently cocomplete, we observe that for
any diagram D in Mod ¥ with a cocone having a codomain T € Mod ¥, we can form a
colimit in Mod ¥ and the existence of an arrow from that colimit to T then guarantees
that the colimit is a model of .

Necessity.

For each Scott-complete category #~ we will find an FL, -sketch. Recall here that, by
a result of Lair (1981), every finitely accessible category can be sketched by a mixed
sketch. That is, there exists a triple ¥ = (<, L, C) consisting of a small category .7, a
specification L of cones for some diagrams of .o/ and a specification C of cocones for
some diagrams in ./ such that ¢ is equivalent to Mod ., the category of all functors
in Set” mapping the specified (co-)cones to (co-)limits. A concrete description of .% has
been presented in Adamek and Rosicky (1994): start with a set € of finitely presentable
objects of %" such that all objects are directed colimits of objects from %. We consider %
as a full subcategory of #" and we form the Yoneda embedding

Y : AP — Set?, YK = hom(K,—)/%.
For each finite diagram D in 4 choose a limit of the diagram Y - D°P in Set?
Mp =1limY - D°° in Set’,

and let Cp denote the canonical colimit cocone expressing Mp as a colimit of hom-
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functors. The following sketch ¥ = (.7, L, C) sketches .7 :
o/ = Y(¢°?) U {Mp;D finite diagram in .o/}

(a full subcategory of Set?), L are the cones expressing Tp as a limit of D, and C are the
cocones Cp. Now observe that whenever a finite diagram D has a colimit 4 = colim D
in A", we need not add Mp because YA = lim Y D°P. Since 4" is Scott-complete and has
1 = colim &, we only need to add Mp for nonempty, inconsistent diagrams D. But for
each such D we have Mp = My, the constant functor of value . (In fact, for each D
the set MpC consists of all cones of Y - D°P with the domain Y C, that is, all cocones of
D with the domain C in ). Thus, if #" has no inconsistent nonempty diagrams, that is,
if it is locally finitely presentable, the above sketch is a limit sketch. If, on the other hand,
we just have

o =Y(¢P)U{Mg},

that is, we add (formally) an initial object My to Y (4°P), and L consists, besides the FL
cones of Y (4°P), of the cones of nonempty, finite, inconsistent diagrams with the domain
M, while in C we only have Mg = colim ¢J. Consequently, & is an FL -sketch. ]

Remark 5. Let us recall from Coste (1979) that locally finitely presentable categories are
precisely those that can be axiomatized by a limit theory T of first-order logic (in some
S-sorted signature X), that is, that are equivalent to the category

Mod T

of all models of T and all £-homomorphisms. A limit theory is a theory using limit
sentences only, that is, sentences of the form

(Vx;i s s)lo(xt,. .o x0) = 3y WXL, Xy Vv V)]

where ¢ and y are conjunctions of atomic formulae, s; and ¢; are sorts and x; and y; are
variables of the specified sorts.

Definition 6. A theory in first-order logic is called a limit- L theory if each of its sentences
is either a limit sentence or a sentence of the form

(Vx :s)[(x : s) = false].
(The semantics of the latter sentence is: no element has sort s.)
Corollary 9. A category is Scott-complete iff it is axiomatizable by a limit-_L theory.

It is sufficient to show how each FL, -sketch is axiomatized: we choose sorts=objects
and operations=morphisms, where each morphism f: a — b is a unary operation-symbol
with variable of sort a and result of sort b. The limit specifications of % can casily be
axiomatized by limit sentences, for example, for a discrete diagram with a cone (a — q;)
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(that is, a product-specification) the obvious sentence is
(Vx1 :an,..,xq 2 @)@y a)(\ mily) = xi).
The set M of objects in & is axiomatized by the sentences
(Vx : s)[(x = x) = false]

for each s € M.
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