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A note on Mosco convergence in CAT(0)
spaces

A. Bérdéllima

Abstract. In this note, we show that in a complete CAT(0) space pointwise convergence of proximal
mappings under a certain normalization condition implies Mosco convergence.

1 Introduction

A classical result of [2] establishes a set of equivalences between Mosco conver-
gence, convergence of proximal mappings and of Moreau-Yosida approximates for
a sequence of proper closed convex functions defined on a smooth reflexive Banach
space. This result has a natural extension to any metric space equipped with a convex
structure that allows for an appropriate notion of weak convergence. We consider
these equivalences in the setting of a complete CAT(0) space. A CAT(0) space is a
uniquely geodesic metric space that is endowed with a canonical convex structure and
allows for a suitable notion of weak convergence. The main feature that distinguishes
CAT(0) spaces from other geodesic metric spaces is the fact that every geodesic
triangle in a CAT(0) space is at least as thin as its comparison triangle in the Euclidean
plane. These spaces were formally introduced by Gromov [11] in recognition of the
seminal work of Alexandrov [1] and are often referred to as spaces of nonpositive
curvature, e.g., [6, 8]. The main motivation for studying Mosco convergence in a
CAT(0) space is the implications it has in the theory of the gradient flow initiated by
Mayer [15] and Jost [13]. More recently, Mosco convergence is applied in numerical
schemes for the so called metamorphosis models on Hadamard manifolds [10]. In
relation to the theory of the gradient flow, Bacak [3] proved that Mosco convergence
implies pointwise convergence of Moreau approximates and of proximal mappings,
and in turn convergence of proximal mappings yields pointwise convergence of the
gradient flow semigroup. Later in [5], Bacak et al. showed that pointwise convergence
of Moreau approximates yields Mosco convergence. However, it is not known whether
pointwise convergence of the proximal mappings implies Mosco convergence. That
convergence of proximal mappings alone is not enough was known to Bacak [4].
Indeed, consider a sequence of constant functions 0,1, 0,1, . .. defined on R. These are
closed and convex functions but they do not converge in the sense of Mosco to any
function f, however, their proximal mappings x ~ J)x equal the identity for all A > 0.
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A note on Mosco convergence 995

Itis the purpose of this note to establish a suitable condition under which convergenve
of proximal mappings guarantees Mosco convergence for a sequence of proper closed
convex functions.

2 Preliminaries

We follow standard terminology from metric geometry theory about CAT(0) spaces,
e.g., [8, 9]. By (X, d) we denote a complete CAT(0) space, unless otherwise stated.
Given x € X let

Fo(X)={y:[0,1] > X |y(0) = x}

denote the set of all geodesic segments emanating from x. A convex combination
of two elements x, y € X with parameter ¢ € [0,1] is an element x; € [x, y] satis-
fying d(x,x;) = td(x, y). We write x; := (1— t)x & ty. Such a convex combination
is uniquely determined. We often denote by [x, y] the unique geodesic segment
connecting x with y. A set C € X is a convex set if for every x, y € C and € [0,1]
it holds that (1 - t)x @ ty € C. A set Cis closed if its complement X\C is open in the
usual metric topology. In particular, geodesic segments are closed and convex. Let
d(x,C):=inf{d(x,y) | y € C} and Pcx :={z € C|d(x,z) =d(x,C)}. We use the
following definition for weak convergence in a CAT(0) space which is due to [12].

Definition 2.1 A sequence (x,) weakly converges to x and we write x,, — x if and
only if lim,_, 10 Pyx, = x for every y € I'y(X).

This notion of convergence is well defined since projection onto a closed convex
set always exists and is unique. On bounded sets, weak convergence coincides with
the so-called A-convergence introduced by Lim [14] and shares with it the desirable
properties of Opial and Kadec-Klee. Moreover, every bounded sequence has a weakly
convergent subsequence [7, Chapter 3]. Moreover, weak limits are unique. Indeed if

w w ~ . .

x, — xand x, = y then for y := [x, y] and  := [y, x] we obtain x = lim,_ oo PyX, =
limy s 400 Pyxn = .

Definition 2.2 A sequence of functions f" : X - (—o0, +00] is said to be Mosco
convergentto f : X — (—oo, +oo] and we write M — lim,,_, oo f" = fifforeachx € X:

(1) f(x) <liminf, o f"(x,) whenever x, 2 xand
(2) there exists some sequence (y,) ¢ X such that y, — xand f(x) > limsup,_,

" (yn)-

One of the difficulties in Attouch’s theorem is that it involves the dual space in
its formulation. This is problematic in the setting of a CAT(0) space since a proper
dual space corresponding to the weak convergence in Definition 2.1 is not yet fully
understood. However the following concept becomes helpful and plays the role of a
“subgradient””!

IRefer to [16] for this and related concepts in convex analysis.
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Definition2.3 Let f : X - (—o0, +00] be some (extended) real-valued function and
let x € dom f := {x € X | f(x) < +00}. The absolute slope of f at x is defined as

o max(f() - £().0)
If f(x) = +00 we set |0 f](x) := +oo0.

To this end, we assume that our functions are real valued and satisfy:

(1) (proper) there exists no x € X such that f(x) = —oo and f # +oo.
(2) (convex) f(1-t)x@ty)<(1-t)f(x)+t(y)forallx,ye Xandte[0,1].
(3) (closed) f(x) <liminf,, f(y) for every x € X.

Lemma 2.1 [3, Lemma 5.1.2] Let f: X — (—o0o,+00] be a closed convex function.
Then

. max{f(x) - f(y),0}
(2.2) l0f(x) = y; \I{’x} d(x, y)

, x edom f.

Given x € X and a geodesic segment y containing x, we define the function

sign(-;y) 1y = {-1,1} as sign(y;p) =1 if y e (x,p(1)] and sign(y;y) =-1if ye
[y(0),x]. Another notion for the slope of a function f is that of the geodesic
derivative.

Definition 2.4 Let f : X — (o0, +o0]. The geodesic lower derivative of f at x € X
along a geodesic y containing x is defined as”

) e liminf 2O =)
@) o) lnyfsign(y;y)d(y,x)'

Analogously, the geodesic upper derivative, denoted by f/(x;y), is defined with
liminf replaced by lim sup. If both limits exist and coincide then we say that f is
geodesically differentiable at x along y and denote it by f'(x;y).

For a given closed convex function f : X - (—o0, +00] and parameter A > 0 the
Moreau approximate f) of f is defined as

i 1 2
(2.4) filx) = inf {Fron+ 540 }. for each x € X
and the proximal mapping of f
1
(2.5) ax = argrﬁi)?{f(y)+ﬁd(y,x)2}, for each x € X.

In general, Jyx can be a multivalued operator if X is some arbitrary metric space,
however, in a CAT(0) space ], x exists and is always unique (see [3]). We use also the
following two results for complete CAT(0) spaces.

2 A related notion directional derivative is found in [17].
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Theorem 2.2 [3, Theorem 5.2.4]  Let " : X - (—o0,+00] a sequence of closed con-
vex functions. If M = lim,, e f"(x) = f(x), then it holds lim, . f{'(x) = fi(x)
andlim,_, .o J§x = ]y x for each x € X.

Theorem 2.3 [5, Theorem 3.2] Let f, f" : X — (—o0, +00] be a sequence of closed
convex functions. If lim, 1o f' (x) = fi(x) then M —lim, .o f"(x) = f(x) for all
xeX.

3 Main result
3.1 A normalization condition

Definition3.1 A sequence of functions (f") ,en, f satisfies the normalization condi-
tion if there exists some sequence (x, ) en € X and x € X such thatx, - x, f*(x,) —

f(x)and|0f"|(x,) = |9f|(x) as n > +co.

Lemma 3.1 A sequence of closed convex functions (f")nen, f : X = (=00, +00] sat-
isfies the normalization condition whenever M —lim,_, o f" = f.

Proof Let xp€X and M -lim,,c f" = f. Then by Theorem 2.2, we have
lim 400 J{ %0 = JaXo for any A > 0. Take x, := J{xo and x := Jyxy. By definition
of J) we have

1 1
Fr0n) + pd o) < f1 () + p7d(ioy) Wy eX.

Let (&) nen € X be a sequence strongly converging to x. From the last inequality, we
obtain in particular that

" (xn) + %d(xo,x,,)2 < f"(&) + id(xo, £,)% VneN

implying limsup,_ . f"(x,) <limsup, . f"(&s)nen. On the other hand,
by definition of Mosco convergence there exists a sequence (¢,),en such that
limsup,_, . f"(&) < f(x). Hence, limsup, . f"(x,)< f(x). Moreover,
lim, ;o0 X, = x implies, in particular, that x,, — x. Again by definition of Mosco con-
vergence, we obtain f(x) < liminf,_, o f"(x,). Therefore, f(x) =lim,_ 100 f"(x4)
as desired. Next, we need to show the property about the slopes. Note that by Lemma
2.1, we have

max{f"(x») - f"(y),0}
d(xn,y)
Again by Mosco convergence for each y € X there is a sequence (&, ) ey strongly

converging to y such that limsup,_, _ f"(&,) < f(y). Applying the last inequality
for &,, we have

<[af"(x), VyeX\(x,},VneN.

max{f"(x,) - f"(&,),0}
d(xu,y)

<[of"|(x,). VmeN,

https://doi.org/10.4153/5000843952200008X Published online by Cambridge University Press


https://doi.org/10.4153/S000843952200008X

998 A. Bérdéllima

which in turn yields

max{f(x)-limsup, . f"(&,),0}
d(x,y)

Using limsup, .. f"(&,) < f(y), we get

max{f(x) < f()0)
d(x,y) Sln%+oof|af |( n)-

<liminf|9f"|(xn).
n—+oo

Because the last inequality holds for any y € X\{x,} then |0f|(x) < liminf,_
|0f"|(x, ). Now by Definition 2.3, we obtain

max{f"((iﬂzr;) —yf;(yn)»o} +e, VneN

for sufficiently small ¢, > 0 and y, sufficiently close to x,. Note that strong conver-
gence of x, to x implies that for any § > 0, all but finitely many of the terms y, ¢
B(x, §). In particular, (y,) is a bounded sequence, hence it has a weakly convergent
subsequence (y,, ). But c1B(x, §) is a closed convex set and since weak convergence

|9f"|(xn) <

coincides on bounded sets with the A-convergence then by [3, Lemma 3.2.1] y,,, x5
y € cIB(x, §). One can choose (&,) such that limy_,, o €,, = 0. Moreover, d(x,-) is
weakly Isc [3, Corollary 3.2.4] implying

max{f(x) ~limnfy f" (y0,),0}

limsup [0f™*|(xp, ) <

k—+o0o0 d(x’ y)
By definition of Mosco convergence, it follows that liminfy_ oo /™ (¥, ) > f(¥).
Hence,
lim sup 97| < lim sup |9 [(xy, ) <« DX = F().0}
n—>+o00 k—+oo d(x7)/)
The last inequality implies limsup,,_, . [0f"|(xx) < [0f](x). |

Definition 3.2 A family of functions " : X — (—o0, +00] is said to be equi locally
Lipschitz if for any bounded set K ¢ X, there is a constant Ck > 0 such that

(3.1 [f"(x)- f"(y)| < Cxd(x,y), VYx,yeK,VneN.

Lemma 3.2 Let f": X - (—o0,+00] be a sequence of closed convex functions such
thatlim, . fi' (x0) = &g € R for some xy € X and some A > 0. Then (f}') nen are equi
locally Lipschitz functions.

Proof By virtue of [2, Theorem 2.64 (ii)], it suffices to show that there is r > 0 and
xo € X such that f"(x) +r(d(x,x0)? +1) >0 for all x € X and all n € N. Let x € X
be such that lim, -, f;' (x0) = &g € R. Notice that by definition of Moreau envelope,
we have

() 2 fi(x0) - id(xo,x)2 >0 - 8- id(xo,x)z
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for some & > 0 and sufficiently large n. If one takes & = ag + 1/2A, then one gets
1
f(x) > —ﬁ(d(xo,x)2 +1), VxeX.
For any r > 1/2), we obtain f"(x) + r(d(xp,x)*+1) >0 forall x € X and all n € N.

3.2 Attouch’s theorem for complete CAT(0) spaces

Theorem 3.3  Let f", f : X — (—o00, +00] be proper closed convex functions such that

() VA>0,VxeXitholdslim,_ o J{x = Jyx.
(2) (") nen satisfies the normalization condition.

() limuoioo(f])'(x57) = fi(x;y) forall y € Ty, (X) and x € y.
Then lim, o0 f1'(x) = fi(x) forany A > 0,x € X.

Proof Let (f")nen,f satisfy the normalization condition. Then there exists
(x4),%0 € X such that lim,_ e Xy = X0, limy—ie0 [ (x4) = f(x0) and lim,, o
|0f"|(xn) = [0f|(x0). Assume that A > 0. First, we claim that lim, .. f]'(x0) =
f1(x0). Introduce the variables u, := J{x, for each n € N and u, := J)xo. Note that
by assumption (3.3) for each fixed m € N, we have lim,_ ;o0 J} X = JyXp. Since
the mapping x ~ J)x is nonexpansive and therefore continuous, then lim,, Jyx,, =
Jaxo. By triangle inequality d(J}xn, Jaxo) < d(Ji%u, J5%m) +d(J{XmsaXo) and
nonexpansiveness of J3» we have

A(J{xn, nx0) < d(Xp, Xm) + d(J} Xm» J1X0).

Passing in the limit as m, n — +o00, we get lim,,_, ;oo Uy = limy, 400 J} X = Ja X0 = t4o.
On the other hand,

" Cun) = fQuo) [ < 1" () = f* o) + 1" CGen) = f(x0) [+ |f (x0) = f (o)-

By normalization condition (3.3) and using limy u, =lim,0 Jix, = x, and
limy o to = lim) o Jaxo = xo together with the Isc of f" and f imply in the limit
as A | 0and n — +oo that lim, e f"(u,) = f(1o). Again by definition of Moreau
envelope as n — +oo

S Gin) = S i) + o) = ) + 50, 10) 5= fi(30).
Note that
S0 € ") + 5rd (o)’ = f(x0) a5 n—+oo.
On the other hand, we have

fil(x0) 2 " (Jix0) 2 f*(x4) = [0f"[(xn)d (J) %0 %n)
— f(x0) = [0f]|(x0)d(Jaxo,%9) > =00 as n — +oo.

In particular we get —co < liminf, ;o f}'(x0) < limsup,,_,, . fi'(xo) < +oo (we can
assume wlog that x, € dom f). By Lemma 3.2, we get that (f}'),ey is equi locally
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Lipschitz in X. Then for any bounded domain K ¢ X, there is Cx > 0 such that
1) - [ ()] < Ced(x.9). Vxye K, VneN.

From this and the estimate
17 (x0) = fa(xo)[ < |fY (x0) = f3 (k)| + [ f3' (%) = fr(x0))]
< Cxd(xn>x0) + i (xn) = f2(x0)]
follows that lim, .o f}'(x0) = fi(x0). Now define g, 1 (¢) := f{'(x;) and g (t) :=

fr(x¢), where x; := (1 - t)xo @ tx and x € X is arbitrary. Consider

g () = lim S0 UEFD Z80() e gy

s—0 S

Since f}" is convex for each n € N then it is absolutely continuous on every geodesic
segment. In particular, g ) (¢) exists almost everywhere on [0,1], it is Lebesgue
integrable on the interval [0,1] and satifies

1
3.2) gn,a(1)=gn,a(0)+f0 gna(t)dt.

On the other hand, g, ,(¢) = (f{")"(x;y)d(x0,x) where y € ['y,(X) connects xo
with x and x; € y. Assumption (3.3) implies lim, o0 g, , () = g (¢) forall £ € [0, 1].
Moreover equi locally Lipschitz property of (f}')nen implies that sup,, [g) ) (t)] <
Cxd(xy,x) for any bounded domain K around x; and x € K. Upon replacing g, (1)
with f}'(x) and g, (0) with f}'(xo) in (3.2), by Lebesgue dominated convergence
theorem we obtain in the limit

lim )= fila)+ [ lm g (de=fie) v [ (0= (o).

Example 3.4  Consider again the sequence of functions f” : [0,1] — R given by
0 nodd,

fn(x) :{ 1 neven,

Let f(x) =1/2 for all x € [0,1]. Then (f")en, f is a family of proper closed convex
functions satisfying lim, .. J{x = Jyx for any A > 0 and every x € [0,1]. However,
assumption (2) is not fulfilled since for any sequence (x,)ney € X and for any
xo € X such that lim,_, o x, = xo we have liminf, e f"(x,) =0<1/2 = f(xp).
Moreover, for any x €[0,1] it holds that liminf, . f"(x)=0<1/2= f(x)
consequently since f{'(x) = f"(x) and fi(x) = f(x) for all A >0 it follows that
lim, o0 f7'(x) # f(x). Note that in this case, (f{') (x;y) = (f")"(x;y) = 0 and
(A1) (37) = f(x7) = 0 fiew imyereo (f7) (x39) = f (x3) = 0 for all y € [y, (X)
and x € y. This example shows that condition (2) cannot be removed.

Vx e[0,1].

Example3.5 Let (X, || - |) beaseparable Hilbert space equipped with the canonical

norm | - ||. Let {ex } ke be the usual orthonormal basis in . Denote by X = |_J X
keN
where

Xp={xeH :x=te, 0<t<1}.
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When X is equipped with the length metric, that we denote by dy, then (X,d,)
is a complete CAT(0) space. Let f*: X — R be defined by the formula f"(x) =

d¢(0,x)/n forall x € X and n € N. Here, 0 is the usual origin in J, i.e., {0} = (] Xx.
keN
Let f : X — R be the identical zero function i.e., f(x) = 0 for all x € X. Two elements

x, y € X are equivalent whenever x, y € X for some k € N, and we write x ~ y. Note
that

[ lr-yl xe
de(,y) = { x] +ly| elsel

In particular, we obtain f"(x) = ||x|/n for all x € X and #n € N. Then

Iyl ,
Ly~ x—y)?

2/1 X

f" (J’)+ e( ) =

Iy,
(HxH +lyh?  else.

By virtue of triangle inquality |x — y|| < x| + H |, we obtain that
. n 1 2 s n L 2
;I;)f({f D+ di(x.7)} = }rgg{f D +55 di(x.y)}, VxeX.
Consequently
n s n 1 2
fi'(x) = inf {r'on+ 77 k=l }-

Since x ~ y then there are s, t € [0,1] such that x = te; and y = sej for some k € N.
Hence, in terms of the variables s, t we can write

g(t) = f'(tex) = sei[%,fl] {% - i (s - t)z}

minimum of which is achieved for s, =t-A/n. Hence, Jix=]}(tex) = (t-
A/n) ey — tey = x as n > +o0. On the other hand, Jyx = x since trivially f(x) =0
for all x € X. This means that lim,_ . Jx = Jyx for all x € X and for all A >
0. Consequently condition (1) is satisfied. Now let x, =e,/n for neN. Then
lim,, 100 X, =0 and lim, . 0o f"(x,) = lim, 00 1/n? = 0 = £(0). Moreover, by
virtue of Lemma 2.1, we have

|8f"|(xn): sup max{Hx,,H/n—HyH/n,O}

yeX\{xa} de(xn>y)
< sup max{|x,|/n - |y[/n,0} <10 asno oo
yeX\{xa} ln = ¥ n

Also|9f|(0) = 0, hencelim,,, o0 |0f"|(x,) = |0f|(0). Therefore, condition (2) is also
satisfied. Now let y € I'g(X) and x € y. From the above calculations, we obtain that

lt=A/m] 7_gn,l(t)'

(33)  fI(x) - f(hx)+ 7l =P = =
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For sufficiently large n we get g/, ) (t) = 1/n* — 0 as n — +oo. The relation g/, , (t) =
(1) (x:9) de(0, (1)) yields (f')' (x5 ) = 0as n — +00. On the other side, f)(x) =
0forallx € X implies (f3)'(x;y) = Oforeveryy € ['g(X) andall x € X. Consequently,
we get lim,, oo (f]')"(x59) = (f1)(x; ). This confirms condition (3). By Theorem
3.3, limy 100 f]' (x) = fa(x) for all x € X and A > 0. Last conclusion can be easily
verified directly from (3.3).

Theorem 3.6  Let ("), f:X — (—o0, +00] be proper closed and convex functions
such that for some xo € X it holds that lim,_ o (f]') (x;9) = fi(x;y) for all ye
[y, (X) and x € y. Then the following statements are equivalent:

1) M-limyse f" = f.

(2) VA>0,VxeXitholdslim,_ o J{x = Jyx and (f") e satisfies the normaliza-
tion condition with some (x, ) nen converging to xo.

(3) lim,_ie f'(x) = fa(x) forany A > 0,Vx € X.

Proof Follows from Theorems 2.2, 2.3, and 3.3. ]
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