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Boundary singularities on a wedge-like domain of
a semilinear elliptic equation
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Let n > 2 and let £2 C R*t! be a Lipschitz wedge-like domain. We construct positive
weak solutions of the problem

Au+uP =0 in 2

that vanish in a suitable trace sense on 92, but which are singular at a prescribed
‘edge’ of 2 if p is equal to or slightly above a certain exponent pp > 1 that depends
on 2. Moreover, for the case in which {2 is unbounded, the solutions have fast decay
at infinity.
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1. Introduction

Let {2 be a bounded domain in R™, n > 2, with smooth boundary 9{2. A model non-
linear elliptic boundary-value problem is the classical Lane-Emden—Fowler equa-
tion,

—Au = |ul’ in £,

u>0 in {2, (1.1)
u=20 in 012,

where p > 1. Following Brezis and Turner [3] and Quittner and Souplet [13],
we will say that a positive function u is a very weak solution of problem (1.1)
if u, dist(z, 002)u? € L*(£2) and
/ ulAv + |uPvdr =0 Vo € C*(R2) with v =0 on 9£2.
7

From the results in [3,13], it follows that if p satisfies the constraint

(1.2)

1<p<

n—1
then u € C%(£2), i.e. u is a classical solution of problem (1.1).
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It is well known that if 1 < p < (n+2)/(n—2), one can use Sobolev’s embedding
theorem and standard variational techniques to prove the existence of a positive very
weak solution of problem (1.1). However, if (n+1)/(n—1) <p < (n+2)/(n — 2),
this very weak solution may not be bounded. A result in the understanding of
very weak solutions was achieved by Souplet [14]. He constructed an example of a
positive function a € L*(£2) such that problem (1.1), with u? replaced by a(z)u? for
p > (n+1)/(n—1), has a very weak solution that is unbounded, developing a point
singularity on the boundary. This shows that the exponent p = (n 4+ 1)/(n — 1) is
truly a critical exponent. Let us mention that the behaviour of any positive solution
of (1.1) near an isolated boundary singularity when p > (n+1)/(n —1) was studied
by Bidaut-Véron et al. in [2]. Finally, del Pino et al. [5] showed the existence of
e > 0 such that for any p € [([n+1)/(n —1),(n+1)/(n — 1) 4+ €), an unbounded
positive very weak solution of (1.1) exists that blows up at a prescribed point of
082. For the same problem with interior singularity see, for example, [4,6,11,12].

Let us give some definitions for the convenience of the reader. Let n > 2 and
let (r,0) € [0,00) x S"~! be the spherical coordinates of z € R", abbreviated by
x = (r,0). Given an open Lipschitz spherical cap w C S*~1, let

Co={x=(r0):r>0, 0 cw}
be the corresponding infinite cone. The set
CR = C,NnBg(0) CcR"

is called a conical piece with spherical cap w and radius R.

A bounded Lipschitz domain {2 C C,, is called a domain with a conical boundary
piece if there exists a conical piece CF such that 2N Br(0) = CE.

We denote A and ¢;(0) to be, respectively, the first eigenvalue and the corre-
sponding eigenfunction of the problem

—Agn-1u = Au  in w,
s (1.3)
u=0 on Jdw,
with [ ¢7dS, =1.
Finally, we define the exponent
2
N n+y . 2—n n—2

= th v = A 1.4
pn+72W172+<2>+ (14)

and note that p* depends on w.

In the same spirit as above, McKennab and Reichel [9] generalized the results
of Souplet [14] to domains with conical boundary piece, and they showed that the
exponent p* is a truly critical exponent in the sense that if 1 < p < p*, then every
very weak solution of problem (1.1) is bounded (see also [1]). Finally, Hordk et
al. [8] considered a bounded Lipschitz domain {2 with a conical boundary piece of
spherical cap w C S*~! at 0 € 02 and they proved the existence of € > 0 such that
for any p € (p*,p* + €), an unbounded positive very weak solution of (1.1) exists
that blows up at 0 € 942.
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Let us consider the following problem:

Azu+uP =0 in C,
u>0 1in C,, (1.5)
u=0 ondC,\O0.

In [8] it was proved that problem (1.5) admits a positive solution of the form
w(f) = |2| 72/~ ¢, (), where ¢, solves the problem

2 2
Asn1¢—(—p+n—2)¢+¢p:0 in w,

p—1 (1.6)

¢=0 on Jdw,

for any p € (p*,00) if n = 2,3, and any p € (p*, (n +1)/(n — 3)) if n > 4, but this
solution does not have fast decay at infinity.

We note here that if w = Sfffl, then v = 1, and thus the critical exponent
p*=(n+1)/(n—1)and C, = R In [5], del Pino et al. constructed a solution of
problem (1.5) in R”} with fast decay. More precisely, they showed that there exists
€ > 0 such that for any p € (n+1)/(n—1),(n+1)/(n — 1) +¢), problem (1.5) in
R" admits a solution u € C?(R") satisfying

u(x) ~ |x|72/(p71)¢p(9) as || — 0
and
u(z) ~ 2|~ Vp(0)  as || — oo

The first result of this work is the construction of a singular solution at 0 with fast
decay at infinity for problem (1.5). In particular, we prove the following theorem.

THEOREM 1.1. There exists a number p(n, A) > p* such that for any
p € (p",p(n, )

there exists a solution uy(x) to problem (1.5) such that

ui(z) = |z~ PV, (0)(1+0(1)) as |z| =0,
where ¢, solves (1.6), and

up(z) = [z*77"¢1(0)(1 + o(1)) as |z| = oo,
where 7y is defined in (1.4). In addition, we have the pointwise estimate

jur ()] < Cla] ™/ PV gy llc2 0

for some constant C > 0 that does not depend on p.

To describe our main result, let us introduce some new notation.
Let x € R™ with n > 2. Given 7 € R, we let w(7) € S"~! be the corresponding
Lipschitz spherical cap. We set

To(r) = |1‘ - O'(T)‘7
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0.0

Figure 1. 291

where o: R — R™ is a smooth curve such that

sup{jo(7)] + o' ()| + 1e” (1)} < € < o0.

Now, given 7, we let (ry(;),6) € [0,00) x S"~! be the spherical coordinates of
x € R" centred at o(7), abbreviated by x = (r,(7),0). We define

Cotry = {2 = (1o(r):0): To(ry > 0, 0 € w()} CR"
and we set

200 ={(r,z) € (1, 72) xR": z € C’w(r)} CR™ (see figure 1),
QF =0 N {(1,7) € (11,72) x R": x € Br(o(1))} c R™*?

71,72

and
S'rlv"'2 = {(T7 .7;) € [7’1,7’2] x R™: To(r) = O}’.

Finally, we define \* = inf,cg A(7) and v* = inf, cg (7).

In this work we assume that w(7) depends smoothly on 7, i.e. A(7) is a smooth
bounded function with respect to 7 with bounded derivatives. We also assume that
inf;eg A(7) > 0. Finally, we suppose that there exists ¢ > 0 such that for any
P € (sup,cg p*(7),sup,cp p*(7) + €) there exists a solution u; (7, z) of theorem 1.1.
This means that osc,cg A(7) is small enough.

THEOREM 1.2. Let € > 0 be small enough. There then exists a number py >
sup,cr p* such that, given p € (sup,crp*,po) and 2/(p—1) < —p < n+~* -2, the
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problem
—Au=uP in 2,

u>0  n 2 o,
u=0 on I 00 \ S—co,00s

possesses very weak solutions u. In addition, we have that
x—o(r
u(T, z) & ug (7’7 ()) as ro(r) — 0,
€

where uq s as in theorem 1.1, and
u(r,z) < C, rg(T) as To(ry — 00.
Our third and final result of this paper is the following theorem.

THEOREM 1.3. Let a > 0 be small enough and let £2 C R"L be a bounded Lipschitz
domain such that

NN NE =0k c R

T1—o, T2t T1—o, T2t

There exists a number py > sup, g p* such that, given p € (sup,cgp*,po), there
exist very weak solutions u to the problem

—Au=u" in {2,
u>0 in (2,
u=0 ondNR\ S, _arta-

Moreover, for all (t,x) € Qﬁfa/zx oo/

x—o(r)

u(T, ) & uy <T, ) as ro(r)y — 0.

€

The paper is organized as follows. In §3 we prove theorem 1.1. In §3.1, we prove
some regularity results with respect 7, for the function u; (7, ) in theorem 1.1. We
devote §4 to the proofs of theorems 1.2 and 1.3.

2. The eigenvalue problem on spherical caps

Let n > 2, let 7 € R and let w(7) € S" ! be the corresponding open Lipschitz
spherical cap. We denote A(7) and ¢1(7,0) to be, respectively, the first eigenvalue
and eigenfunction of the eigenvalue problem

—Agn-1u = A(7T)u in w(T),}

2.1
u=>0 on Jw, (2.1)

with [, 67dS, = 1.

We assume that w(7) depends smoothly on 7, i.e. A(7) is a smooth bounded
function with respect to 7 with bounded derivatives. In addition, we assume that
inf,er )\(T) > 0.
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Now note that, without loss of generality, we can set 1 = cost, with 0 < ¢t < 3(7),
where §(7) is a smooth function with bounded derivatives satisfying

0 < inf B(7) <supB(1) <27 forn =2
TER TER

and

0 < inf B(7) <supfB(r)<7m formn > 3.
TER TER

Then problem (2.1) is equivalent to

—sin?™" t:lit(sm” 2¢ dcﬁl) =A¢1 in (0, 5(7)),
$1(B(1)) =0, (2:2)
dey
G O=0

with B
C’(n)/ sin”_2(t)|u|2dt:/ |p1]?dS = 1.
0 w

We note here that for n = 2 in problem (2.2), we may have ¢;(0) = 0 instead of
(d¢:/dt)(0) = 0.

We have the following lemma.

LEMMA 2.1. Let ¢1(7,0) be the first eigenfunction of the eigenvalue problem

—Agn-1u = du in w(T),
. (7) 0
u=0  on dw(T),
with fw(T) 2 dS = 1. There then exists a positive constant C' such that
9] 0?
Sup H|¢1| + d)l ‘ 3(;521 <C. (2.4)
7 e w(n)

We postpone the proof of this lemma until the appendix.

3. Positive singular solution in the cone

We keep the assumptions and notation of the previous section and we consider the
cone
Coiry =1{(r,0): 7 >0, 0 € w(r)},

where r = |z| and 6 = x/|z|. We define the critical exponent

ey nty(7) . _2-n n—2Y
p(T)—m with (1) = 5 —l—\/( 5 >+)\(T).

We consider the problem

Azu+uP =0 in Cyry,
u >0 in Cw(.,.), (31)
u=0 on dC,)\0.
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If we set w = |z|~2/(P=1¢(0), we arrive at the problem

Agn-1¢ — 2(—2 +n—2>¢+¢p =0 inw(r),

p—1\ p—1 (3.2)

¢=0 on dw(r).

By [8, lemma 9], problem (3.2) has a positive solution ¢, € Hy(w(7)) N L (w(7))
for any p € (p*,00) if n =2 or 3, and for any p € (p*(7),(n+1)/(n —3)) if n > 4.
Also, as p | p*(7) we have —(2/(p — 1))(—=(2/(p — 1)) +n —2) T A(7) and

- B B _ n— 1/(p—1)
¢p:(>\ 2/(p—1))(=(2/(p— 1)) + 2>) (61 + o(1)),

Cp

where ¢, = [, 67" do.
In addition, for the same range of p, by [8, theorem 10], the function

wp(7,7,0) = 7‘72/(1’71)@,(7, 0)

is a positive solution of (3.1).

In the rest of this section, for convenience, we omit dependence on the parameter
7, writing A = A(7), ¢1(0) = ¢1(7,0) and so on.

Let p € (p*, (n 4+ 2)/(n — 2)). We look for solutions of (3.1) of the form

up(x) = |x|_2/(”_1)¢(—10g|m|,9), (3.3)

where 6 = z/|x|, so that the equation Au + uP = 0 reads, in terms of the function
¢, defined for t € R and 0 € w, as

2P+ Ady —ep+ (Agn-10 + \p) + ¢P = 0, (3.4)
where
t=—logr, Az—(n—2p+1> and e=\+ 2 (n— 2 )
p—1 p—1 p—1

Letting pu = [ 21 A, we define ao by
palst = e.
We look for a positive function a that is a solution of
a”(t) + Ad'(t) — ea(t) + paP(t) = 0, (3.5)

which converges to 0 as ¢t tends to —oo and converges to as as t tends to +oc.
Observe that when p € (p*, (n+2)/(n—2)), the coefficients A and ¢ are positive, and
therefore, in this range, classical ordinary differential equation (ODE) techniques
yield the existence of a, a positive heteroclinic solution of (3.5) tending to 0 at —oo
and tending to as, at 4oco.

Observe that since (3.5) is autonomous, the function a is not unique and a can
be normalized so that a(0) = a... For more information about the function a, we

refer the reader to lemmas 2.3-2.5 and the appendix in [5].
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PROPOSITION 3.1. Let 0 < pg < oo and € be small enough. There then exists a
unique operator
Gpy: a”° L (R x w) = a” L™ (R x w)

such that for any a g € L>®(R xw) the function uw = G,,(g) is the unique solution
of
Lyu= (0} + A0y — £ + (Agn1 + \) +pgh Du=g, ¢o=a(t)p1(0),

with zero Dirichlet boundary data.
Furthermore,

47 a0y < 0 (D)gl (3.6)
If, in addition, g(t,-) is L*-orthogonal to ¢1 for almost every t, then we have
ld™a™P ()] e () < Clla™ ()9l Low (mxw)s
where d: w — (0,00) denotes the distance function to Ow.

Proof. The proof follows the same lines as in [5, lemma 2.6], so we will only focus
on the differences. We first define ¢, to be the positive solution of

Agn-1¢s + Aps +0(6 —n =27 +2)¢ = -1 inw, } (3.7)

¢« =0 on Ow

(see the proof of lemma 2.6 in [5] with obvious modifications). Using the function
(t,0) — e~ %}, (0) as a barrier, as in [5], we can show that, given any function g such
that a7P°g € L®(R X w) and given ¢t; < —1 < 1 < 3, we can solve the equation

Lyu=g

in (¢1,t2) X w with 0 boundary conditions.
To prove estimate (3.6) we argue by contradiction, assuming that

lla™PotillL =1
and
lim ||a™P° f;]] =0,
i—00
and we get a contradiction using a similar argument to that in [5, lemma 2.6]. The

rest of the proof is the same as that in [5, lemma 2.6] with obvious modifications,
so we omit it here. O

Proof of theorem 1.1. We look for a solution to problem (3.4) of the form
¢ = a(t)p1(0) + ¥(t,0),

and we let G, be the operator defined in proposition 3.1. To conclude the proof, it
is enough to find a function v that is a solution of the fixed-point problem

P = —Gp(M(go) + L)),

https://doi.org/10.1017/50308210515000207 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000207

Boundary singularities on a wedge-like domain 987

where

(bo(ta 9) = a(t)d)l(e)a
M(¢o) = a? (¢} — por),
Q) = |0 + Y|P — ¢f — poh .

The rest of the proof is the same as in [5]. We recall here that 1) < a¢;. Also, in [5]
they have proven that if € is small enough, then there exists a ¢ty such that for any
t < —to/e,

%eé’t <alt) <&t

with 6~ = (v/A2 + 4c — A), and the result follows, since
1 2
5(\/A2+45—A)—|—7 =n+v-—2.

p—1
O

REMARK 3.2. If 1 < py < p is close enough to p, we can apply a fixed-point
argument to the operator Gy, like in the proof of theorem 1.1.

In view of the proof of lemma 2.1, ¢, = ¢ (¢, cos(sB(7))).

Thus, if the function ¢ in proposition 3.1 is of the form g = g(¢,cos(s3(7))), we
have that the solution v = G,,(g) is of the form u = wu(¢, cos(s8(7))). Hence, we
obtain that the solution u; in theorem 1.1 is of the form

uy = 7,—2/(P—1)u1(r, cos(s03(7)))-

3.1. Regularity of the solution u; with respect to T

We first recall some definitions and known results; see [7] for the proofs.
Lu = a"(2)D; ju+ b (z)Dyu+ c(z)u = g(z), o’ =a’",

where the coefficients a*7, b, ¢ and the function g are defined in an open bounded
domain {2 C R™ and

a"I&&; < ple?, p>0.
We assume that N ‘
la"[[cz.a, [[b|c2e, (el c2a < A

DEFINITION 3.3. We say that a bounded domain {2 C R" and its boundary 0f2
are of class C¥ 0 < a < 1, if at each point x € 92 there is a ball B,(z) and a
one-to-one mapping v from B,.(xz) onto D C R™ such that

Y(By(x)N2) C R", (B, (x) N N2) C OR", Y € CP(B,.(z))
and
¢~ e CP(D).

A domain {2 will be said to have a boundary portion 7' C 92 of class C* if at
each point « € T there is a ball B,(x) in which the above conditions are satisfied
and such that B,.(x)Nod2 C T.
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PROPOSITION 3.4 (Gilbarg and Trudinger [7, lemma 6.18]). Let 0 < a < 1, let 2
be a domain with a C*® boundary portion T, and let ¢ € C%%(§2). Suppose that u
is a C2(£2) N Cy($2) function satisfying Lu = g in 2, u= ¢ on T, where g and the
coefficients of the strictly elliptic operator L belong to C%(§2). Thenu € C**(QUT).

PROPOSITION 3.5 (Gilbarg and Trudinger [7, corollary 6.7]). Let 0 < a < 1, let §2
be a domain with a C** boundary portion T, and let ¢ € C*%(§2). Suppose that u
is a C**(QUT) function satisfying Lu = g in 2, w= ¢ onT. Then, ifx € T and
B = B,(x) is a ball with radius p < dist(z,082 —T'), we have
[ullcz.e(Bra)y < Cn, 1, A, 20 By(z))(ullo) + 18llc2e) + ll9llca))-
We first prove the following result.

LEMMA 3.6. Let 7 € R be fived, let x € R", n > 2, let g € C*(C,, \ {0}) and let
u = Gp(g) be the operator in proposition 3.1. Then,

C(nvpv A, Cw(r)ag)‘x|_l7
C

3 (3.8)
(Tl,p, >\7 Ow(‘r)a g)‘I| 2'

Proof. First we note that |[u(7, )|z~ (c,(r)) < Cllg(t,-)||L=(c.(r)) and that u is a
solution of

4 xz-Viu
—_A - v Ve
o1 2P
2 2 u bt g .
= (n-———2)— — =2 C
+p—1<” p-1 )MP Plap™ = T e
u=20 in an(T) \ 0.

Set R = |z, consider the domain
Qr={yeC,: R < |yl <4R},

let y = 2/R and define v(y) = u(r, Ry). Then y € 2; and v is a solution of

4 y-V 2 2 p—1
Z 2er (n N )vp% C=- s ma,
p—1 |yl p—1 p—1

—Av +
|yl? |y? |y?

where we have set
T =0 \{yeC.,:lyl=1ory =4}

Let0<e< ip be small enough, where p is defined in proposition 3.5 with 2 = (2;.
Let yo € 0 \{y € C,: ly| = é or y| = %} Then, by propositions 3.4 and 3.5, we
have

H’U”CQ(Bp(wo)ﬁ-Qz/s) <C(n,p, A, 200 Bp(yo))”g“Ca(!Ty

where in the last inequality we have used the estimate in proposition 3.1.
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We note here that p depends only on §2; and not on yg. Thus, if we apply a
covering argument and standard interior Schauder estimates, we have

[vllez(,,5) < C(n, 1y A, 024, p)[|9(2) ] ca (1)

Using the facts that @ € 2g/2, Vo(y) = RVu(z), D; ju = R*D; ju, R = |z| and
the above estimate, the result follows at once. O

In the rest of this paper we assume that the Lipschitz spherical cap w(7) has the
following property:

there exists & > 0 such that for any p € (sup,crp*(7),sup,ecr p*(7) + €) there
exists a solution u; of theorem 1.1. Thus, £(7) is a smooth bounded function with
bounded derivatives and there exist 9,61 > 0 such that g9 < g(7) < ¢ for all
TR

We now recall some facts from the proof of theorem 1.1. Let a(7, t) be the solution
of the problem

d2a+ Ada — e(1)a + p(T)a? =0, (3.9)

where

a= () = 2y (ne )

wey= [ ot

and p(7)a?; (1) = &(7). Recall also that we have chosen a(r,t) such that

a(1,0) = Las (1), tlggo a(T,t) = ax(7) and tii{rloo a(t,t) = 0.

We next prove the following lemma.

LEMMA 3.7. Let a be the solution of (3.9), let eg = inf cr e(7),

5-(r) = —AF VA? T 42(7)
: .

_ —A+ /A2 —4(p — 1)e(7)
2

0% (7)

and

There then exists a t > 0 such that

- t
()] < Cleopalle® 7 ¥(rt) € Rx (~o0,- L),
67— €0
> a 2 5 t
< ()t a0 —
e (0] < CleopmltPet O ¥ e Rix (<0~ 1)
9a Sty ¢
7(7-’ t) < 0(8071)’ ’I’L)|t‘€ V(T7 t) €eRx 0,
67— o
2 ) -
(0] < Cleop I v e Rx (L)
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and

\gw, t)\ < Cleopim) V(rt) €Rx [—t, ﬂ
T 0
: .
\g;j(m)‘ < Cleopim) V(rt) €R x [—t, t}

Proof. By our assumptions and [5, lemma 2.5], there exists a constant ¢ < 0 (inde-
pendent of p, i and 7) such that

a(r,t) cd Mt < t
aoo(T) X X c 1)

5-(r) = —A* VAZ +4e(r)
: .

Choose 75 € R and set a(7,t) = ax(7)(e? (M 4 w(7,t)). Then w is a solution of
the fixed-point problem

¢ ¢
W — _Eeéf(T)t/ e—26(T)C—AC(/ e(si(T)S-i-As(e(si(T)S + w)P ds> d¢ == T[w).
—o0 —oc0

(3.10)
Indeed, let 1 < py < p and let p be sufficiently small such that for any 7 € O,, =
{r € R: |7 — 79| < p} we have

Leb~ (Mt ¢

(=)

where

pé~(7) 2 pod ™ (10) and pd~(70) = pod™ (7).
Thus, it is easy to find a fixed point in the set of functions defined in (—oo, /)
and satisfying
lw| < %epofS*(To)t

provided that |¢] is fixed large enough (independent of p and 7).
Now let

3 — (T
G = {g: (—OO,EO) — R: |le Pod™( O)tgHLoo(,ooyf/go) < C}

and define F(7,g) = g—T(g). By (3.10), we can apply the implicit function theorem
in the domain O,, X G to obtain that there exists a unique function w such that

F(r,w(r,t)) =0 for any |7 — 19| < po < p

for some pg small enough. On the other hand, since T'(g) is smooth with respect to
7, we have that w(7,t) is smooth with respect to 7.
Notice that

0= Fr(1,w(T,t)) + Fy(1,w(r, t))g—:l_},
and thus we have
ow 5t
87(7-775) < C(EOapvn)‘ﬂe ) (311)
-
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provided that |¢] is fixed large enough. Similarly, we have

2
2—1;}(7, t)‘ < Cleo, p,n)t?e’ . (3.12)
—

By (3.10) and the above inequalities, we have that the derivatives 0%w/d70t,
3w /0?70t exist and are bounded.

Since the choice of 7 is abstract, we conclude that the functions a, d;a € C? with
respect to 7 for any ¢ < t/e9. We also have

()] < Cleo e ¥(rt) € Rx (~o0,- L),

a to (3.13)
‘ 5 (T t)‘ C(eo, p, n)|t|2657(7)t V(r,t) € R x (—oo, —).

or 9N

Let tg € (—o0,t/eq) such that a(r,tg),da(r,ty)/0t € C* with respect to 7. Using
standard ODE techniques, we can prove that if |h| is sufficiently small, then

la(7,t) —a(r + h,t)| < C(t)h VteR, (3.14)

where C(t) is a positive smooth function such that lim;_, ., C(t)
Choose |h| sufficiently small and set vy, = (a(7 + h,t) — a(7,1)
a(t,t). Then vy, satisfies

t_)/h and a(1) =

68:; A% —e(t+ h)v,
= —u(t +h) @+ h})L —atr) _pr h}z — () af(7)
+ rt+h)—elr) h})l — &) a(t) in (tp,o0), (3.15)

a(t+ h,tg) — a(T,t
on(r,tg) = ATt Zalnito),

Oup(T,t0)  Oa(T + h,to) /0t — Da(T,t0) /0t

ot h

Using the expansion

a? (1 + h) = a? (1) + pa?~ (7, t)(a(r + h) — a(7))

1 (7+h)

. / p(p — 1)~ (a(r + h) — t) dt,
a(7)

the properties of the initial data in (3.15), our assumptions on p and ¢, (3.14) and

by using standard ODE techniques in (3.15), we can obtain that

avh

B < C(t),

‘Uh|7

where C(t) is a positive smooth function such that lim;_, o, C(t) = co. Thus, by the
Arzela—Ascoli theorem, there exists a subsequence {vy, } such that vy, — v locally
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uniformly and v satisfies

0%v ov 1 / / .
O 4 A% om0 = (e (.t — () (7) + £ (7)a(r) i (o, 00),
Oa(T,t
(T, t0) = $7
du(r,tg)  0%a(r,to)
ot T 9ot

By uniqueness of the above problem, we have that lim;,_,g vy = v for all 7 € R and
t > to. Thus, (0/07)a(r,t) exists for any (7,t) € R%. Applying the same argument,
we can obtain also that (§%/072)a(7, ) exists for any (7,t) € R?. The only difference
is that we should use the fact that a(7,t) > ¢ > 0 for any (7,t) € R x (g, 00).

Set a = asow. Then w satisfies

Ofw + Adyw — e(T)w + e(T)w? = 0. (3.16)
Let us now recall some facts from [5, lemma 2.5]. Set

“ATVA AP -De() 5y = TAT VAT A - D)
2 2 '

There exists a > 0 (independent of p and 7) such that for all ¢ > /e,

0t (r) =

%eg_mt <1 —w(nt) < QeS_(T)t,
dw (3.17)

[ — < — < —w).
C’(so)w(l w) < 5 S C(g0)w(l — w)
Notice that the function dw/97 is a solution of
2
% + A% —e(T)v 4 pwP (1, ) = £/ (T)wP (1) + &' (T)w(T), (3.18)

but the function da/dt is one solution of the corresponding homogeneous problem.
For the other solution of the homogeneous problem v, we can easily prove by using
(3.17) that

[(t,7)] < Ce)e? .
Thus, by the representation formula and the properties of w, we can easily obtain

0 5 t
’w < C’(fso,p,n)|t|e‘5+(7)75 Vit > —.
or €0

Using (3.17) and the fact that w is a solution of (3.16), we can prove that

0w 5+ (r
‘8t2 < C’(eo,n,p)eé ( )t.

Setting w = (1 — LR v), v can be written as (see the appendix in [5])

~ t ~ oo - -
v= 6657(7)75/ e 207 (T)¢=AC (/ 667(7)8+ASQ(—66+(7)S + ) ds) d¢ + Ape® (1,
t

» ¢
(3.19)
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where Q(z) = |1 + z|P — 1 — pz, t, is large enough and \,(7) is a smooth bounded
function. Thus, by (3.19) and the definition of v, we can prove that there exists a
constant C' > 0 such that

le‘§+(7)t < —8,5210(7, t) < Ces+(7)t Vit 2>t

C
By the same argument, we can prove that
0%w 5+ t
‘372(7—7 t)’ < Cleg,p,n)|t)?e? D Vi > -
This completes the proof. O

LEMMA 3.8. Let uy be the solution given by theorem 1.1. The estimates

8,u1 (1, 2)| < Clz|~2/®=Y  and |02y (7, x)| < Cla|~¥/ D
then hold, where the constant C does not depend on T and x.
Proof. In view of the proof of theorem 1.1,

up = |27V f(7,0) = || 7P (a(7, 1)1 (7,0) + (7 6)),
where 9 is a solution of the fixed-point problem

P = —Gp(M(¢o) + Q) (3.20)
where ¢o(7,0) = a(r,t)¢1(7,0), M(¢o) = aP () — pé1) and
QW) = [g0 + ¥I" — ¢ —pefy -

We recall here that |¢(t,0)| < a(T,t)p1(7, ).

Here we will only treat the case in which n > 3. For n = 2 the proof is the same.

By uniqueness, our assumptions on w(7) and remark 3.2, v = (t,§), § €
(0,5(r)), and 61 = cos 3, where §(7) is a positive smooth function such that

0 < inf B(7) < sup B(7) < 7.
TER TER

Then 1 satisfies

(82 + Ay — e(7))tp + sin® " (3) Dz (sin"~2(8)Dst)) + () + poh~"ap

= —M(do) — Q(¥)
for any (¢,5) € R x (0,5(7)), and ¢ (¢, 8(7)) = 0.
Now setting s = §/6(7), we have that (7, ¢, s) satisfies
[ = (92 _ L _gy_cos(B(r)s)
pr T (8t + Aat 8(7-))’(/) + ﬂ2(7') asw + (n 2) 6(7_) Sll’l(/B(’T)S) asw

+ Y+ pdh Y
= —M(¢o) - Q(¥) (3.21)
for any (¢,s) € R x (0,1), and ¢(7,¢,1) = 0.
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Let 1 < pg < p such that p — pg is small enough and let g: R x (0,1) — R such
that g € C*(R x [0,1]) for some 0 < a < 1 and

sup sup la™P(1,t)g(t,s)] < 0.
TER (t,s)€eRx%(0,1)

Let u(7,t,5) = —G,(M(¢o)+ Q(g)) be the solution of (3.21). This solution exists
since problem (3.21) is equivalent to (3.20). In addition, by proposition 3.1, we have
the estimate

sup  |d7raTPo(r u(r, )| S C sup  [aTP(1,8) M(¢o)(7, 8, 5))|
(t,8)€RX(0,1) (t,s)€R%(0,1)

C
+—  sup  [a”"(7,1)Q(g)(7, )| (3.22)
€ (t,s)€Rx(0,1)

for some constant C' > 0 that does not depend on 7.
We can easily prove that

lim sup lu(T + h,t,s) —u(r,t,5)] = 0.
h=0 (¢ s)eRx(0,1)

Recall the definitions

u(T + h,t,s) —u(r,t,s)
h )

up(1,t,8) = u(t) =u(r,t,8),....

Clearly, uj, satisfies

(02 + ADy — (T + h))up (1) + éazuh(ﬂ

B(T + h)
(n —2)cos(B(7 + h)s) p—1
+ B0r % h)sin(B(r + h)s) Osup (T) + A7 + h)up, + pdgy~ (T + h)up(7)
_ B +h) = 1/B%() e(r+h) —e(r)
= — N 2u(r) + TU(T)
AT+ h})L — )\(T)U(T)
n-—2 cos(B(T + h)s) ~_cos(B(7)s) wlr
h <6(T + h)sin(B(7 + h)s)  B(7)sin(B(7)s) ) Osulr)
_ p¢g (T + hf)L — ¢g (T) ’LL(T)
~ M(¢o)(T +h) — M(do)(r)  Q(g)(T +h) — Q(g)()
h h ’

Now notice that u(7,t,s) = w(t, cos(sB(7))) = v(r, x), where x1 = |z| cos(s5(7)).
In addition, v(7, x) satisfies

4 x-Vyo 2 2 v ol
—A, - o) L %0 Y
YT P Pl(n p—1 >|$|2 Pl
g .
:_W 1mn CW(T),

v=0 1in 0C,(7)\O0.

https://doi.org/10.1017/50308210515000207 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000207

Boundary singularities on a wedge-like domain 995
Thus, by lemma 3.6 we have

L o
sin sB(7) Os

1
S5
infeg B(7)
Similarly, we can obtain |0%u/ds?| < C for some constant C' > 0 that does not

depend on 7.
Thus, we have

|| |vg, | < C.

L o
sin s3(7) Os
0?u

E (7_7 t7 S)

sup (1,t,8)| < C,

(t,s)€Rx(0,1)

(3.23)

sup
(t,s)€ERx(0,1)

< C,

where the constant C' > 0 does not depend on 7. Now we have

im su 1 cos(B(T + h)s) ~_cos(B(7)s) wlr

}ILHOTEE h<ﬂ(7+h) sin(B(7 + h)s)  B(7) sin(ﬂ(ﬂs))as (7)
=su —6/(T)co T)s _ 80 u(T
_reg < B2(7) tB(r)s) sin2ﬂ(7)s>as ™)
<C,

where in the last inequality we have used the fact that
0 < inf B(7) <supB(r) <7
TER TER
and (3.23). Using the fact that

a’(r + h)¢1 (7 + h) — a?(7)$7(7)
= (a?(r + h) = a?(7))$) (7 + h) + a”(7) (1 (7 + ) — ¢ (7))

and
a? (7 +h) = aP(r) + pa?~ (7)(a? (7 + ) — a? (7))

1 aP(t+h)
+ Lpg ) / #P=2(aP (1 + h) — t) dt
aP (1)

(the same for ¢;), and lemmas 2.1 and 3.7, we have that

L M)+ 1) = M@0) (@) | _ |aM0)| _
h—0 h or
Similarly, we have that
i 2T +h) = Q) (7)| _ 39(9)‘ <C
h—0 h or

By proposition 3.1, we have

sup sup lup| < C,
TER (t,5)€ER%(0,1)
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and thus, by the Arzela—Ascoli theorem, there exists a subsequence {uy,, } such that
up,, — v locally uniformly, and v(7,t, s) satisfies

1 cos(B(7)s) 1
02 + A0, —e(1))v + 0%v + : Osv + AMT)u+ pdh~ (T)v
( t t ( )) 62(7_) ﬂ(T) Sln(ﬁ(T)S) ( ) 0 ( )
= H(¢17 a, g)v
with v(7,t,1) = 0. Notice that
sup sup |H(7,t,s)| < C,
T€R (t,s)€Rx(0,1)
and thus, by proposition 3.1, v is a unique solution. Furthermore,
lim up, =v = @
hso T Or
and 5
sup sup —u(T, s,t)’ <C (3.24)
TER (t,5)€Rx(0,1) | OT
for some constant C' independent of g.
Similarly to (3.23), we can prove that
1 0%u
sup sup ——— (7, t,5)| < C,
TER (t,s)eRx(0,1) | SN sp(T) 8785( )
A3u ‘
sup sup — (7, t,8)| < C
TER (t,5)ERx(0,1) 87'3383( )
and, by the same argument as above,
82
sup sup 7’“(7',25,8) <C, (3.25)
T€R (t,5)€Rx(0,1) | OTOT

where C' is a constant that depends on g.
Now we consider the fixed-point problem (3.21). Let 79 € R and let p be small
enough such that for any 7 € O, = {7 € R: |7 — 79| < p} we have pé~— (1) >

o0~ (70), where
5~ () —A+ /A2 +4e(7)
T) = .
2

We can easily show that aP(r,t) < CaP°(79,t) for all 7 € O,, for some positive
constant C' independent of 7 and t¢.

Now, since 0 < p — pg is small enough, we can use a fixed-point argument like
that in [5] (see remark 3.2) in the Banach space

X={geL™®x(0,1): sw |a " (m,t)g(t.s)| < oo}
(t,s)eRx(0,1)

to prove that there exists a unique solution

QZJ(T,t, 3) = 7GP(M(¢O) + Q(d)(T,t, 5))) VT € OT(J'
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Now, let (1,¢9) € O, x X and define the bounded operator
T(7,9) = g+ Gy(9)-

We can apply the implicit function theorem to O, x X to obtain the following.
Let 0 < pg < p be small enough. Then, for any 7 € {7 € R: |7 — 19| < po} C O,
there exists a function (7, ¢, s) such that

T(r,¢(r,t,8)) =0.

Using (3.24), (3.25) and again the implicit function theorem, we can also prove that
0,1, 021) exist. Furthermore, using the fact that

0= TT(Ta 1)1)(7_)) + Tg(T, w(T))aT77Z}
and the estimate (3.24), we have that

Ju
sup sup (1,t,8)| < C.
TE(To—posto+po) (t,s)ERx(0,1) | OT
Similarly, we have
0%u
sup sup —(1,t,s5)| < C.
TE€(To—po,to+po) (t,s)ERX(0,1) oror
And the result follows since 7y is abstract. O

4. The proof of theorems 1.2 and 1.3

Let z € R", n > 2, let R > 0, let BR(0) C R™ and let
TU(T) = |$ — O’(T)‘,

where o: R — R" is a smooth curve such that

sup{|o(7)| + |0’ (7)| + |0 (T)|} < C < .
TER
Define n
=3 " |(x; — sup |o(r)])%.
i—1

Given 7, let (ry(r),0) € [0,00) x S™~! be the spherical coordinates of € R
centred at o(7), abbreviated by x = (74(,),0). We define the cone

Cotry = {2 = (15(1),0): To(r) > 0,0 € w(1)} CR"
and we define
Q‘rl,‘rg = {(7'7-'17) S (7-177—2) xR": x € éw(,,-)} C R"+17
Qgﬂ'z = 97'1,7'2 N {(Tv x) € (7'177'2) xR": x € BR(U(T))} - R*HL

and

Snﬂ'z = {(T,l‘) S [7’1,7’2] x R™: To(r) = O}
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Let Cs,(£2F _,) be the set of continuous functions f € C(£2% _ ) with norm

fllcs o yi= swp (X1 (Fe(m)Toin 1+ X100 (To(m))F | F]).

T2 (T,m)eflﬁljz

Let 6 € (—n — v + 2,7). We define ¢5(7,6) to be the unique positive solution of
Agnf1¢5—|—)\¢5+((5(5—|—n—2) —A)¢5 =—1 in W(T),
¢s =0 on Ow(T).

Notice here that A = 2 + «v(n — 2), and thus 6(§ + n — 2) — XA < 0 if and only if
0 € (—n—v+2,7). A direct computation shows that

A2l g5) = a2,

In view of lemma 2.1, we have that ¢5 = ¢5(t), where t € (0, 5(7)), and satisfies
sin?" ¢ d <Sin”2 thS) +Aps + (66 +n—2)— AN)os =—1 in (0,5(7)),

dt dt
¢s(B()) = 0.

We next set 8* = sup,cr 8(7), A* = infrer A(7), ¥v* = inf, cr v(7) and we let ¢
be the solution of
. 2—n d on—2 d¢§ * gk * * . *
sin® " t— | sin" " t—2 | + X5 + (6(6+n—2) — \)¢; = -1 in (0,0),

dt dt
¢s(8%) =0,
with v € (—n —v* 4+ 2,~%).
Thus, ¢} is the unique solution of the problem
Agn-195 + X ¢5 + (0(6+n —2) — X")gs = —1 in w*,
¢s =0 on Jw*,

where w* = |J_w(7) and by assumption we have that w* C S*~1.

T

PROPOSITION 4.1. Assume that 6,p € (—n — ~* +2,0] and that
sup{|o(7)| + |o”(7)] + |o"(7)} <&, (4.1)
TER

where € > 0 is small enough. Then, for all 1, < 72 € R and R > 0, there exists a
unique operator

R R
G57P7377‘1,T2: 05»/7(97'1,7'2) - C&P(Q‘rl,rg)
such that, for each f € Cs, (028 ), the function Gsp pr 7 (f) is a solution of

problem
1 ,
Au = - f in Qgﬂ,
o(T) (42)
u=0 on 3()71.?72 \ Srim-

Moreover, the norm of Gsp Rz 7 15 bounded by a constant ¢ > 0 that does not
depend on R, 7 and To.
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Proof. Without loss of generality we can assume that R > 4.
We first solve, for each r € (0,1), the problem

1
Au=——f in0QF_\or
T U(T)|2f 0 L2\ P (4.3)
u=0 on A7 ., \ 2, 1),

and call u, its unique solution.
A straightforward calculation shows that
—Ar oy 83) = o3 (1 = 16](18] + Dlo’|) — (6] [0 |

o(r)’

We choose € small enough such that

Let 9 be the solution of
Agn1 = =Cllfllcy , 2r ) W, }

=0 on Jwx,

for some constant C' > 0 and we define the cut-off function n: R™ — [0,1] by n =1
in By/2(0) C R™ and n € C5°(B1(0)).
We next set
é(T’ x) = CHfHCa,p(QR

5 (@) &5 + .
If we choose the uniform constant C' > 0 large enough, we have, by the maximum
principle,
lur(7,2)] < D(7,2) < C|flley on b5z’ + ¢
<

71,72

Cliflles n  yosO) (2l +1) Y(ra) € QF N\ Q]

1,72 71,72 T1,T27
(4.4)
where in the last inequality we have used the fact that
$(6) < Clflloy om ) 04(6) VO €W,
Using (4.4) and again the maximum principle, we obtain
fur(7,2)| < Cllflloy 0 G5O V(ra)e Y20\ . (45)
Now set 19 = 77¢;. Then,
Agn—l/l/}(] - _fP*Q'
Thus, using (4.5) and the maximum principle, we obtain
jurl < C(sup o) ISl o IO lel? oy > 3. (46)

By standard interior elliptic estimates and Arzela—Ascoli theorem, there exists
a subsequence {u,,} such that r; | 0 and u,, — u locally uniformly. By standard
elliptic theory, (4.5) and (4.6), we have that v € C?(2F _ ) and is unique. O

71,72
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Proof of theorem 1.2. We choose § = —2/(p — 1) and we set

UA%T)n@kTWW]%n(ZJ>,

3

where u; is the function given in theorem 1.1 and n: R™ — [0, 1] is a cut-off function
such that 7 = 1 in By /2(0) C R™ and n € C§°(B1(0)).
By construction of u;(x) and lemma 3.6, we have

|Vui (T, )| < C(n7p,)\,C’w(T))|x|_1,} 7
|D3u(r,2)| < C(n,p, A, Cory) |z 72
First we assume that
SEE{IJ(T)I +lo' (Nl + 10" ()]} <&, (4.8)

where € > 0 is small enough. Then, by (4.7), (4.8) and lemma 3.8, we have

|82u(z,7)| < Cr=2/®=Y () + C(n, v )E(r,, 2/(=1)=2 | ’I”_(2)/(p_2))_1). (4.9)

o(T) o(r
Now, let R > 4, let 71 < 72 € R and define the following problem:

—Au=uP in QF

T1,727
u>0 inQF . (4.10)
u=0 on 892’72 \ Sryra-

We then look for a solution of the form u = u. + v. By virtue of proposition 4.1,
we can rewrite this equation as the fixed-point problem

v = —Gsp iy ma (02 (Atie + ue +0[?)), (4.11)
Av = —|u; +ofP — Au. |

We assume that e is small enough. Then, by (4.9), we have for some constant
C'0 (TL, 7) > O,

00(5n+7—2—(p—3)/(1)—1) + &2 +e+ g)
C()(E + 5)7

|||u5|p + A’U’EHCé‘,p(‘Qﬁl,rz) <
<

and we recall here that § = —2/(p — 1).
Then, using theorem 1.1 one can easily see that

el o +e1l? = [oe + 2l o5,

T1,7T2

< Cl(nm*,p)(sug |1 ép]| Lo (w) +€) o1 = v2lles 01, )
TE

+C(n77*7p)(5+§)p_1”v1 - ’U2HC6,,7(QR \2 (412)

Fora)
T1,7T2 T1,72

for all vy, v € C53(CH\ {0} x (11, 72)) such that

[villes s(cmvox (m,m)) < 2C0(€ + €).
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We recall that the constants above do not depend on R, tq, to, € and €. To obtain
a contraction mapping, it is enough to take e, £ small enough and p close enough
to sup, g p* to ensure that sup, g ||¢p(7, )| Lo (w(r)) is as small as we need. The
above estimates allow an application of the contraction mapping principle in the
ball of radius 2Co (¢ + £) in 227 _ to obtain a solution to problem (4.11), which we
denote by

UR, 11,79 = Ue + UR,T1,72-

In view of the fixed-point argument, we have that |vg 4, 1| < ue/4 near Sy, .,
and thus the solution ug ¢, +, is singular along S;, ,, and positive near S The
maximum principle then implies that

1,72

: R
UR ty,ty > 0 in 97'177'2'

Moreover, we have that

HURJ'I,TZHC&E(QR ) < 200(5 + 5)

71,72

That is, VR, 7, is uniformly bounded by a constant that depends only on n, v*, p.
By standard interior elliptic estimates and the Arzela—Ascoli theorem, there exists
a subsequence {upr } such that R; 1 oo, 7; T o0 and ug; -, — u locally

uniformly. Again, standard elliptic theory yields u € C%(£2_ o0 )-
For the general case in which

3 TioTi

sup{lo(7)] + o' (T + 1o"(T)[} < C,

set & = o/k, where k > 0 is large enough such that

sup{|o ()] + 6/ (m)| + 16" (7)I} < &.

As before, we can find a solution u(x) of the problem with a singularity along
{(r,x) € R x R": |z — 5(7)| = 0}. But the function v(y) = k¥ ®~Du(ky), where
y = kz, is a singular solution of the problem and has singularity along S_ . o0, and
the result follows. O

Let @ > 0 and let {2 be a bounded Lipschitz domain such that
QNRE_ =08, CRYL

Let C5(£25 ) be the set of continuous functions f € C(2F _ ) with norm

y= sup  (r°(7)If]).

(ra)enk

[ fllescen

T1,7T2

We define C5(£2) to be the space of the continuous functions in 2 with the norm

Fllester = 1 ley@s o *+ Il mianoms

We consider a smooth, positive bounded function v: 2 — (0, c0), which is equal

t0 T (7y in “Qfl/fa/zx —— and satisfies

0< sup v<C.

A\ OR
T€N\QT _ s rotaye
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We obtain the following proposition.

PROPOSITION 4.2. Let 71 < 75 € R and let a > 0 be small enough. Assume that {2
18 a bounded Lipschitz domain such that

R 1
o2n “Q‘rl 2a0, 7o+ 2c¢ = 97172a,7'2+2a Rn+ )
de(—n—~*+2,0] and
sup{|o(7)| + |0’ (7)[ + 0" (T)|} <& (4.13)
TER

for some € > 0 small enough. There then exists a unique operator
Gt Cs(£2) = Cs(£2)

such that, for each f € C5(£2), the function Gsr, -, (f) is a solution of the problem

1 .
= ﬁf in §2,
u=>0 on 002\ S+, —amta-

(4.14)

Moreover, the norm of Gsr, +, is bounded by a constant ¢ > 0 that does not
depend on R, 71 and 5.

Proof. Let 6(t) be a bounded smooth curve such that
Slelg{lff(T)\ +16" (1) + 16" (1) [} < 2,

To(r) = To(r) V(T@) € /4 yvaas
To(r) 2 To(r) V(T,@) € 12,
and

Ts(r) >c¢>0 V(T JJ) € Q‘rl a‘rnga\ 7—1 a/2,mo+a/2"

Given 7, we let @(7) € S ! be the corresponding Lipschitz spherical cap and let
(r4(r),0) € [0,00) x S"~! be the spherical coordinates of 2 € R™ centred at &(7),
abbreviated by x = (rs(s),0).

We set
={(ro(r),0): #(1) > 0, 6 € &(7)},
91,72 {(m,2) € (11,72) xR": & € Cy(r)}
and 2F = Q. -, N{(r,2) € (r1,72) x R": & € Br(6(7))} C R*"*. We construct

@(7) such that

R 2R
Q’rl o, T+ g Q‘rl o, o+

AR _ R

ana/4,7'2+a/4 - ana/4,7'2+a/4'

R/2

Ti—a/2, T2t /2
We write f = 77f and we let w1 = Gsp rm, ~(f) be the

function given by proposition 4.1 in 2R

We next define n be a cut-off function satisfying n = 1 in (2 and

n=0in 2\ NF

T1— & 7'2+Ol

T1—Q T2+OL
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Set ~
f=r- VA(Uul)-

Then f has support in 2 \ Qfl/faﬂl —— and f € C(£2). Furthermore, we have

Ifllesc2) < Cllflesco

for some positive constant C' > 0.
Finally, let us be a solution of

1 -
Au=—f in {2,
14
u=20 on 012,
which clearly satisfies the bound

uzll o= (2) < Cllfllcs) < Cllflles-

The desired result then follows by looking for a solution of (4.14) of the form
U = nui + us. O

Proof of theorem 1.3. We choose § = —2/(p — 1) and set

el ) = ()2 (227,

where w; is the function given by theorem 1.1 and n: R™ — [0, 1] is a cut-off function
such that n = 1 in 277> and = 0in 2\ 2F

T1—a/2,T2t/2 T1—o, T2t
The rest of the proof is the same as in theorem 1.2, the only difference being that
we use proposition 4.2 instead of proposition 4.1. O

Appendix A. Proof of lemma 2.1

To prove lemma 2.1, we need the following inequality, whose the proof can be found
in [10, p. 43, theorem 2].

LEMMA A.1. Let A(r), B(r) be non-negative functions such that 1/A(r), B(r) are
integrable in (r,00) and (0,r), respectively, for all positive r < co. Then, for q > 2
the Sobolev inequality

1/2

UOSB(t)Iu(t)PdtT/q < CUOSA(tW(t)F dt] (A1)

is valid for all w € C'(0,s] such that u(s) =0 (or vanish near infinity, if s = cc) if

and only if y U
T q s
= d A(t)~td
o= o [ [ o] 7| [aoral

is finite. The best constant in (A 1) satisfies the following inequality:

1/2
K<C< K(q) g\,
q—1
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Proof of lemma 2.1. Let n > 3 (for n = 2 the proof is easy and we omit it). By
our assumptions on w(7) and without loss of generality, we can set §; = cost, with
0 <t < B(r), where 3(7) is a smooth function with bounded derivatives such that

0 < inf B(1) < sup B(r) < .
TER TER

Then problem (2.1) is clearly equivalent to

con,d . o doy .
_ 2—n 4 n—2 —
sin tdt (sm tidt ) g1 in (0, B(7)),

61(3(r) =0, 42
9 ¢1(0) = 0.
We denote by H((0,3(7))) the completion of C*°([0, 5(7)]) under the norm

B(7)

HUH%{((O,B(T))) = /o sin” " 2(1)|9;v|? dt < oo

with the property v(8(7)) = dv(0) = 0.
The space H(w(7)) is a Hilbert space with inner product

B(7)
(u,v) = / sin” "2 (t)Opudswv dt.
0
Indeed, by lemma A.1 and our assumptions on ((7), we can easily obtain that
B(T) B(7)
/ v? sin" 3 tdt < C(n) / sin” 2 (¢)|9,v|? dt. (A3)
0 0

By the above inequality, we can prove that the space H(w(7)) is compactly embed-
ded in

B(T)
12,,((0,8(r))) = {u 0.8 > B [ s (o) de < oo}.
0
Thus, using standard arguments we can prove that the eigenvalue problem

B(T) ;. n—2 2

3 t)|du/dt|” dt
0<A(r) =  imf do ST(B)ldu/de
wEH(0,8()) [T 42 6inm=2 (1) dt

has a positive minimizer ¢, (7,t) € H(0, 3(7)).
But

B(7)
C(n)/ sin"‘Q(t)|6t¢1|2dt:/|V¢1|2dS,
0 w
B(7) (A4)
C(n)/ sinH(t)\uth:/|¢1|2d5=1,
0 w
and thus ¢; € H{(w(7)) and is a weak solution of the eigenvalue problem (2.1).

Hence, by standard elliptic arguments we can prove that ¢; € L™ (w(7)). In addi-
tion, by our assumption we have that

sup  sup |¢1(7, 1) < C. (Ab)
TER t€(0,8(7))
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By the ODE (A 2) and the estimate (A 5), we can write

B(7) s
o1(7,t) = )\/t L /0 sin" "2 (r) b1 (1, 7) dr ds. (A6)

sin” 2 s

Thus, we have the following estimates:

sup  sup
TER t€(0,8())

1
o] <Cswp s (o)
sint TER t€(0,6()) (AT)

sup sup |02 (7, t)| < Csup sup |oi(7,1)].
TER t€(0,8(7)) TeR t€(0,8(7))

Setting now s = ¢/3(7), we have that ¢1 = ¢ (7, s) satisfies

1 T,S (n —2) cos(B(r)s) T, S T T,8) = in
7@ s O AN =0 0.,
¢1(1) =0,
9¢1(0) = 0.

(A8)
It is easy to see that limp_0 ¢1(7 + h, $) = ¢1(7,s) in L>(R x (0,1)). We set

i) = ARE_AR 6, (r) = 01(r0),

and then wu,, satisfies

(n —2) cos(B(r + h)s)
B(r + h)sin(B(r + h)s)asum) + AT + h)up(7)

1 1 1 5 AT+ h) — A(7)
- _h<ﬁ2(7+h) - 62(7_)>as¢1(7-> - T(bl(’r)

_n-2 cos(B(r + h)s) B cos(B(7)s) i
h <ﬁ(7 +h)sin(B(r +h)s)  B(r) Sin(ﬁ(T)s)>68¢1( )

= Fp(7,s) (A9)

1
m&?Uh(T) +

with up(7,1) = Osupn(7,0) = 0. On the other hand, notice that

n—2 cos(B(T + h)s) ~ cos(B(n)s) .
h (ﬁ(T + h)sin(B(7 + h)s)  B(7) sin(ﬂ(r)s))as¢1( ,S)

sup
TER

< C(n, inf 5(7)), (A10)

where in the last inequality we have used (A7) and our assumptions on 3. Also,
using our assumption on A we have that

sup sup Fj,(7,s) < C’(n, inf 6(7’)). (A11)
heR T€R TER

https://doi.org/10.1017/50308210515000207 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000207

1006

K. T. Gkikas

Finally, combining (A 9)—(A 11), we have

1
lim sup/ ul (7, s)sin" " 2(B(7)s)ds < C < oc. (A12)
h—0 rcRr 0

By (A 12), we can prove that

sup sup |up| <C
TER T€W(T)

and we have the following representation formula

up (T, 8)

1

1 &
m = A7+ h) /S Sinn_Q(ﬁ(T TS /0 sin” " (B(1 + h)r)up(r,7r) dr d¢

! 1 ¢ on—2
,/S sin"_Q(ﬁ(T+h)§)/o sin "= (8(7 + h)r)Fy (1, r)dr d&.

The rest of the proof is standard and we omit it. O
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