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We discuss two different approaches for the analysis of the Poisson and of the non-
homogeneous biharmonic equations in two dimensions. The first approach yields the solution
as an integral in the complex z-plane (the physical plane), involving explicitly the given
boundary conditions. The second approach yields an integral in the complex k-plane (the
Fourier plane), involving the Fourier transforms of the given boundary conditions. For simple
boundary value problems, such as certain problems formulated in the half complex plane, the
first approach is easier. However, for more complicated problems, such as those formulated in
the interior of an equilateral triangle, it appears that only the second approach can be used.
Furthermore, the second approach also seems more efficient for numerical computations.

1 Introduction

The classical Green’s function approach provides a powerful method for obtaining integral
representations for the solution of the basic linear elliptic PDEs, such as the Poisson and
the Helmholtz equations. However, these representations involve both the Dirichlet and
the Neumann data. Thus, to solve either the Dirichlet or the Neumann boundary value
problem, one must first eliminate either the Neumann or the Dirichlet boundary values
respectively. For very simple domains this can be achieved using the method of images.
However, for more complicated domains or more complicated boundary conditions, such
as mixed boundary conditions, it is not possible to eliminate the uknown boundary values
using the method of images.

We also note that for the Poisson equation in two dimensions, it is possible to determine
the Neumann boundary value in terms of the given Dirichlet boundary condition — the
so-called Dirichlet to Neumann map — by formulating a Hilbert problem' in the complex
z-plane. This formulation can also be used for other more complicated problems [16, 18].

In what follows we discuss two different approaches for the solution of boundary value
problems for a certain class of physically significant non-homogeneous linear elliptic

! This problem involves determining an analytic function in a given domain by prescribing a
relation between its real and imaginary parts on the boundary of the domain.
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equations. These PDEs include the Poisson equation as well as the non-homogeneous
biharmonic equation. A crucial role in both our approaches is played by a certain
equation which couples all boundary values and which has been called by one of the
authors the global relation.

The first approach, just like the classical Green’s function method, yields the solution in
the physical plane. However, in comparison with the Green’s function method, it involves
the following novel steps:

(a) For the derivation of the integral representation, it uses the Dbar formula.

(b) For the solution of simple boundary value problems, it uses the analysis of the global
relation instead of the method of images.

(c) For the solution of more complicated boundary value problems, it also uses the
analysis of the global relation instead of the formulation of a Hilbert problem.

Overall, it appears that this approach yields in a straightforward manner the solution of
a wide class of boundary value problems.

The second formulation is the extension to non-homogeneous PDEs of the general
approach introduced by the first author [4, 5].

The above two approaches are used for the solution of the following concrete boundary
value problems:

(1) The Poisson equation in the upper half plane with Dirichlet or Neumann or the more
general oblique Neumann boundary conditions (see equation (4.3)).
(2) The analogous problem for the quarter plane (see equations (5.4)—(5.7)).

(3) The Dirichlet-second Neumann boundary value problem for the non homogenecous
biharmonic equation in the upper half plane (see equations (7.3)—(7.4)).

(4) The determination of the second Neumann (y,,(x,0)) and of the third Neumann
(pyyy(x,0)) boundary values for the non homogeneous biharmonic equation in the
upper half plane, in terms of the Dirichlet (y(x,0)) and Neumann (y,(x, 0)) boundary
conditions (see equations (7.18)—(7.20)).

(5) The determination of the Neumann and third Neumann boundary values in terms of
Dirichlet and second Neumann boundary conditions (see equations (8.4)—(8.14)) for
the non homogeneous biharmonic equation in the interior of an equilateral triangle.

Notation. The usual complex variable will be denoted by z, and its complex conjugate
by z,

z=x+1iy, z=x—1Iy. (1.1)
The exterior product will be denoted by A. Since, it is skew symmetric, it follows that
dzNdz=0, dzAdz=0, dzANdz=—dzNdz= —2idxdy. (1.2)

Subscripts z, Z, x, y, etc, will denote partial derivatives, for example &, = %—f, etc.
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Zi

FIGURE 1. Part of the convex polygon Q.

2 The basic mathematical formalism
Proposition 2.1 Let the complex-valued function ®(z,Zz) satisfy the equation

d.=G, zeDcRR% (2.1)

where z is the usual complex variable, G(z,z) is a given complex-valued function with appro-
priate smoothness, and D is a simply connected, bounded domain of the complex z—plane.
Then: (a) @ admits the integral representation

N CC)dC
=5 ) =7 T m // C— zeD, (2.2)

where { = (g +i{;, and 0D denotes the boundary of D.
Furthermore, the boundary values of @ satisfy the global relation

d(L,0)d G =
R 204 _ -/ Dy nd D, (23)
oD p {—z
(b) Suppose that D is the interior of the convex polygon Q specified by the corners
Zly.evyZny Zne1 = 21, See Figure 1. Define the function F(z,z) by the equations
F:=G, Flop=0. (2.4)

Then, ®@ also admits the integral representation

= = 1 - ikz 75 1 S ikz
P(z.2) = F(z.2) + 5 ;/le (k) dk — 5 ;/le Fi(kydk, ze€Q, (2.5)
where I are the rays in the complex k-plane

={k € C :argk) = —arg(z; —zj4+1)}, j=1...,n, (2.6)

oriented from zero to infinity, and the functions @(k), f(k) are defined by the following
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integrals along the boundary of the polygon:

Bi(k) = / e @(z,2) dz, 2.7)
ﬁ,-(k):/’ ¢ F(z,2)dz, j=1,....n keC. (2.8)

Furthermore, the following global relation is valid for all complex k,
S o)=Y Fitk), keC (2.9)
j=1 j=1

Proof (a) Define the differential form W by

(C C)

W, (5z) = (2.10)

Then, the differential dW with respect to { is given by

<P(CC) = . (CC) (1”

Replacing @; by G({,{), and using the identity

0 1 .
we obtain
_ G(C’Z) 2 —ZTClé(C - Z)q)(C,Z)dZ/\ dC? z e Da
dw = T2 dCAdC+{O, 2 éD. (2.13)

Poincaré’s lemma (or the complex form of Green’s theorem [1]), yields

/auW:/ DdW. (2.14)

Substituting equations (2.10) and (2.13) in equation (2.14), we obtain equations (2.2)
and (2.3).

(b) It is shown in Fokas et al. [5, 6] that if H(z) is a holomorphic function, i.e. if H(z)
satisfies the equation

0:H=0, ze€Q, (2.15)
in a convex polygon Q specified by the corners zi,...,z,, then H(z) admits the following
integral representation:

H(z) = Z / M H(kydk, z€Q, (2.16)

where the rays [; are defined by equatlon (2.6) and the functions H;(k) are defined by

Hj(k):/] e ™ H(z)dz, j=1,....n, keC. (2.17)
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Furthermore, the functions I/-I;(k) satisfy the global relation
> Hik)=0, keC. (2.18)

If F is defined in terms of G by equations (2.4), then equation (2.1) can be rewritten in
the form

0:(®—F)=0. (2.19)
Replacing in equations (2.16)—(2.18), H by @ — F, we find equations (2.5)—(2.9). O

It is straightforward to show that the global relation (2.3) is equivalent with the following
global relation in the complex k-plane

/ k2 P(z,7) / / “*2G(z,Z)dz Ndz, ke C. (2.20)
oD
Indeed, using the expansion
1 e
7 == 1 i<l
j=0

in equation (2.3), and equating the coefficients of “, we find
[ vewtia =~ [ dacnin.

where j is a non-negative integer. This equation is precisely the equation obtained by
inserting the expansion

o0

ek = Z ﬁ(—lk)

in equation (2.20) and equating the coefficients of k/.
The global relation (2.9) can be written in the alternative form

=— / / ¢ *G(z,Z)dz NdzZ, k € C. (2.21)
Q

This equation is a direct consequence of equation (2.20). Replacing in this equation G by
F:, and using Poincaré’s lemma (equation (2.14)), equation (2.21) becomes equation (2.9).

It is shown in Fokas & Zyskin [12] that equation (2.16) is a consequence of Cauchy’s
theorem

1 H({)dl

H(Z)ZTM oD {—z .

(2.22)

Indeed, if D is the convex polygon 2, then it can be shown (see Appendix A) that equation
(2.22) can be transformed to equation (2.16).
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3 The Poisson equation

There exists a large class of elliptic PDEs which can be written in the form of the basic
equation (2.1). For such equations, the results of Proposition 2.1 can be used immediately.
The first example of an equation that can be written in the form (2.1) is the Poisson
equation.

Proposition 3.1 (Integral representations and global relations). Let the complex-valued
function ¥(z,Z) satisfy the Poisson equation

Y..=G, zeDcR? (3.1)

where z denotes the usual complex variable, G(z,Z) is a given complex-valued function with
appropriate smoothness and D is a simply connected, bounded domain of the complex z-plane.
Then: (a) ¥ admits the integral representation

W(2.2) = - / PO // “d“dC zeD. (32
2mi oD —z 21:1
Furthermore, the boundary values of ¥ (z,Zz) satisfy the global relation

/aD P, (C C g _ // G(g,Z)d“dZ’ D, .

p {—z

(b) Suppose that D is the interior of the convex polygon Q specified by the corners
Ziy...sZnr1 = 21 (See Figure 1). Then, ¥ also admits the integral representation

_ — 1 “ ikz Gy 1 . ' ikz
V.(z.2) = F(z.2) + 5 Z/le Vilk)dk — Z/l " Fik)dk, ze®, (3.4)

where 1; are the rays in the complex k-plane defined by (2.6), the functions F and F are
defined by equations (2.4) and (2.8), and the function (2 j(k) is defined by the integral

yg(k):/" W (2,5)dz, j=1,....n, keC. (3.5)

Zj+t

Furthermore, the following global relation is valid for all complex k,
S Wik =D Fik)., keC. (3.6)
j=1 j=1

Proof Proposition 3.1 follows immediately from the result of the previous section by
replacing @ with V.. O

The first term of the right-hand side of (3.2), as well as the functions §’\_,-(k), are defined
in terms of ¥, evaluated on the boundary 0D. The function ¥, involves a combination
of the Dirichlet and Neumann boundary values. However, for a well-posed problem, only
one of these values (or a combination) is prescribed as a boundary condition. Thus, in
order to solve a concrete boundary value problem, we must first eliminate the unknown
boundary values. Depending on the given boundary value problem, this can be done
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FIGURE 2. The angle .

either using equations (3.2) and (3.3) (the z-plane approach), or using equations (3.4)—(3.6)
(the k-plane approach). In what follows we will illustrate both these approaches.

4 The oblique Neumann problem for the Poisson equation in the upper half complex plane

Proposition 4.1 (The Oblique Neumann Problem)
Let the real-valued function p(x, y) satisfy the Poisson equation in the upper half complex
z-plane,

vz=g, Imz=0, (4.1

where g(x,y) is a given real-valued function with appropriate smoothness and decay. Assume
that the derivative of the function v is prescribed along the direction making an angle o
with the x-axis (see Figure 2), i.e.

Py(x,0)sino + py(x,0)cosa = h(x), —oo < x <0, 4.2)

where h(x) is a given function with appropriate smoothness and decay. Then, for —o0 < x <
0, y =0, p.(x,y) is given by

I A R W L -
(LT A n[wdé/o d"(i—wri(n—y) Fxrim ) JEOT
(4.3)

For the particular cases of the Dirichlet (y.(x,0) = h(x)) and of the Neumann (y,(x,0) =
—h(x)) boundary value problems, the value of « in equations (4.2) and (4.3) is « = 0 and
o = T/2, respectively.

Proof If D is the upper half complex plane, equations (3.2) and (3.3) become

Y, = 1 [1/%5(5,0)—it,uy(g,o)]dé B l/f d{/ "

din J_, E—(x+1iy) —X+l'1— )’
—wo<x<ow, y=0, (4.4)

- do [ RN [t
- —o<x<o, y<O0. 4.5)
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Taking the complex conjugate of equation (4.5) and then replacing y by —y in the
resulting equation, equation (4.5) becomes

R R P )
“an),  i-Gri © /wdf/ M xvin—y 49
—no<x<o, y=0.

By manipulating equations (4.4) and (4.6) it is possible to eliminate the unknown
boundary values. Indeed, multiplying equations (4.4) and (4.6) by e ™2 and —e*/?,
respectively, and adding the resulting equations we find equation (4.3). |

We note that since y is real, it is straightforward to compute v from ..

For the Dirichlet boundary value problem, we can determine the Neumann boundary
value, ie. p,(x,0), by evaluating equation (4.3) with « = 0 at y = 0. Alternatively, it
is possible to compute directly the Neumann boundary value without first solving the
problem in the interior of the domain. This can be achieved by analysing the global
relation as z approaches the boundary of the domain. Actually, the following Dirichlet to
Neumann correspondence is valid.

Proposition 4.2 ( The Dirichlet to Neumann correspondence for the half plane ).

Let the real-valued function y(x,y) satisfy the Poisson equation (4.1) in the upper-half
complex z-plane.Then, the Neumann boundary value ,(x,0) can be expressed in terms of
the Dirichlet boundary value y(x,0) by the equation

4
¥y(x,0) = n][_wwg(fO)dg /dé/ dn ”gxfzfﬁnz, —n<x<ow, (47)

where f_oox denotes the principal value integral. Equivalently, the Dirichlet boundary value
can be expressed in terms of the Neumann boundary value by the equation

1 0 4
Pe(x,0) = — n][ ”’g(fx) 7/ df/ d(é f_:z) —w<x <o (48)

Proof Taking the limit in equation (4.5) as y approaches zero from negative values, we

find
5/ 1 (96,00 = i, (6.0) (s =2 / a / SN )
Using the Plemelj formulae [1], the left-hand side of this equation becomes
T 0) =i 00+ 5 (r60) — i (€.0) L2 (@.10)

Replacing the left-hand side of equation (4.9) by the above expression, and considering
the real and imaginary parts of the resulting equation, we find equations (4.7) and (4.8).

O

We emphasise that the global relation yields the above maps without the need to
solve the Poisson equation in the upper half domain. This remarkable feature is true in
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FIGURE 3. The angles f; and f3,.

general: The global relation evaluated on the boundary yields the (generalised) Dirichlet
to Neumann map via an analysis restricted only on the boundary of the given domain.

The usefulness of equations (4.7) and (4.8) is at least twofold: (a) For some physical
problems, one is interested only in the unknown boundary value, and not in the full
solution. (b) For some problems it seems that it is not possible to eliminate the unknown
boundary values, whereas it is still possible to determine the unknown boundary values by
analysing the global relation (such a problem is discussed in section 7). After determining
the unknown boundary value, equation (3.2) combined with the fact that y is real, yield
w(x,y) for z in D.

5 The oblique Neumann problem for the Poisson equation in the quarter plane

The Laplace equation in the quarter plane, in the semistrip, and in the interior of the
isosceles triangle was analysed in [6] using equations (3.4)—(3.6). It is straightforward to
extend these results to the Poisson equation. For the sake of economy we only consider
the oblique Neumann problem for the quarter plane.

Proposition 5.1 Let the real-valued function y(x,y) satisfy the Poisson equation in the
quarter plane

Pr=¢g 0<x<o0 0<y <o, (5.1)

where g(x,y) is a given real-valued function with appropriate smoothness and decay. Suppose
that the derivative of the function v is prescribed along the direction making an angle [
with the y-axis as well as along the direction making an angle [, with the x-axis (see
Figure 3), i.e.

—px(0,y) sin f1 + (0, y)cos f1 = hi(y), 0<y <o,
—1,(x,0)sin fr + wi(x,0)cos fr = ha(x), 0<x < o, (5.2)

where hy(y) and hy(x) have appropriate smoothness and decay and hy(0) = hy(0).
Assume that 1 + p = nn/2, n =0, or 1, or 2. Define the function f in terms of the

function g(x,y) by
N g(&,n)
f(z,z)_/ dé/ U r—— (53)
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FIGURE 4. The quarter plane and the relevant spectral functions.

Then v, is given by
1

v, = f(z,2) + — / ™ [2e7 1 Hy (k) + 2¢~ PR Hy (ik) — e 2P A(k)] dk + C(z)
0

21

o0
+5- e [2e' P2 Hy(—k) + 2¢ Hy(—ik) — e P2 B (k)] dk,
0

where

1 0 1 o0
mw == [ Enman mw =3 [ Enwa

Ak) = /0 : e fdx —i /0 ’ &Vfdy, B(k) = A(—k) + e 2P A(—k),

(5.4)

(5.5)

(5.6)

1 0 . o0 ) . ioo ) 0
Clz)=—5- e ( / e k¥ fdx) dk + 2i / ek ( / ek fdy) dk.  (5.7)
T Jo 0 T Jo 0

Proof Let ji(y) and j,(x) denote the unknown derivatives in directions normal to the

directions of the given derivatives, i.c.

—py(0,y) sin i — p«(0, y) cos f1 = ji(y), 0<y <oo,
Px(x,0) sin Bz + y(x,0)cos fr = ja(x), 0<x <co.

(5.8)

Using equations (5.2a) and (5.8a) to express {y«(0,y),1,(0,y)} in terms of {hi(y), j1(y)},
as well as equations (5.2b) and (5.8b) to express {y«(x, 0),,(x,0)} in terms of {hy(x), j»(x)},

we find

vy(0,y) = hi(y) cos B — ji(y) sin i,
vx(0,y) = —hi(y)sin 1 — ji(y) cos By,
Yy(x,0) = ja(x) cos Bz — ha(x) sin fa,
Yx(x,0) = ha(x) cos > + jo(x) sin .
Equation (3.5) implies
Pitk) = e P [Hi(k) + i1 k)], Balk) = & [Hy(—ik) + iJa(—ik)],

where the functions Hy, H, are defined by equations (5.5) and

L [, 1 [ 4.
n =3 [ Fihmds n == [ i
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The global relation (3.6) and its Schwartz conjugate are

e P H (k) 4 ie 7P T (k) + P Hay(—ik) + ie2J5(—ik) = A(k), 7 <argk < (5.12)
T
2

P H (k) — i T (k) + e P Ha(ik) — ie P2 J5(ik) = A(k), <argk <m,  (5.13)
where the known function A(k) is defined by equation (5.6).

We supplement the above two equations with the equations obtained from them by
substituting k — —k; we will refer to these equations as (5.12)" and (5.13)". Equations
(5.12), (5.13), (5.12) and (5.13)’, are four equations relating the four unknown functions
Ji(k), J1(—k), J2(ik), Jo(—ik). Using equations (5.12)” and (5.13)’ we find

Ja(—ik) = PP 1 (ik) + Ny(k), k =R*, (5.14)
where Nj(k) is a known function. Also, equation (5.13) implies
Ji(k) = —e PP 1o (ik) + No(k), k= iR, (5.15)

where N;(k) is a known function. Although the function J;(ik) is an unknown function,
it does not contribute to the solution. Indeed, substituting the above expressions into the
integral representation (3.4) we find
i ) 0 ) ico
P =5- (e’(2B1+3ﬁ2) / e* I, (ik) dk — e~ PP / e’kZJz(ik)dk) +N(z,z), (5.16)
/I 0 0

where N(z,Z) is the right-hand side of equation (5.4). The functions e** and J,(ik) are
analytic and bounded in the first quadrant of the complex k-plane. Thus if

(OB iR e GBI

the application of Cauchy’s theorem in the first quadrant of the complex k-plane implies
that the unknown function J(ik) does not contribute to y,. The integral representation
(5.4) follows by using the analyticity of H,(ik). O

5.1 Comparison of the representations in the k- and z-planes

Having constructed an integral representation in the complex k-plane, it is straightforward
to obtain an integral representation in the complex z-plane. For simplicity we consider
the Laplace equation, i.e.

Pz = % / e [ Hy (k) + &P Hy k)] dk
0
n % / ke [ P28 Hy (—k) + €2 Ho(—ik)] dk, (5.17)
0

where Hj(k) and H,(k) are defined by equations (5.5).
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By computing explicitly the k-integral, equation (5.17) yields

1 0 i(B1+2p2) —ify
wz<z>=—/0 ("’. 4L )hl(é)dé

2n iz—¢& iz+¢&
i 0 eh e 12B1+p2)
+ E <z y: + P ) hy(&)dé. (5.18)

This equation has the advantage that it involves directly the boundary conditions hy
and hy, whereas equation (5.17) involves the Fourier transform of the boundary conditions.
However, it appears that the representations in the k-plane are in general is more efficient
for numerical computations. Indeed, by appropriately deforming the contours in the
complex k-plane, it is possible to obtain contours involving integrands with strong decay.

6 The non-homogeneous Biharmonic equation

Proposition 6.1 Let the complex-valued function ¥ (z,z) satisfy the non-homogeneous bi-
harmonic equation

¥::=G, ze€DcR? (6.1)

where z denotes the usual complex variable, G(z,Z) is a given complex-valued function with
appropriate smoothness, and D is a simply connected, bounded domain of the complex z-plane.
Then: (a) ¥ admits the integral representation

1 dC A dC
V= o [(z O,z + P + 3= / / zeD.  (62)

—Zz

Furthermore, the boundary values of ¥ satisfy the two global relations

et / / —d{ AT, (6.3)
p{— Z p{— '
and
Y.,
/ “ { *“dC // —dCAdg zéD. (6.4)
0 p{—
(b) Suppose that D is the interior of the convex polygon Q specified by the corners
Zi,...,Zne1 = 21 (see Figure 1). Then, ¥ also admits the integral representation
F+7Z/ lkz[ZlP(l q/(z)(k Z/ ikz F(1 F(z)(k)]dk, z € Q,
(6.5)

where the rays l; are defined by equation (2.6), the function F is defined in terms of G by
the equation

F==G, Flop=7Fzlop =0,
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H’l

and the functions '{’(m ,m = 1,2, are defined by the following equations:

lfjj(l)(k) = / / eiikzlpzzfdzs @1(2)(16) = // eiikz(lpzz _Elpzzf) dZ, (66)

Zj+1 Zj+1

Fk) =/’ e, dz, FP(K) =/’ M (F —2F)dz, j=1,....n, ke C.  (67)

Zjt1 Zjt
Furthermore, the following global relations are valid for all complex k,
le'") k) = ZF(”’( ), m=12 keC. (6.8)
j=1
Proof The functions ¥,.z and ¥,, — z W,z satisfy the basic equation (2.1):
0z(¥:z) =G, 0AY¥: —zV¥.:z) = —ZG. (6.9)
Thus, replacing in equations (2.2) and (2.3) @ by V.., as well as replacing in equations

(2.2) and (2.3) @ by ¥,, —z¥..z and G by —zG, we find the global relations (6.3) and
(6.4) as well as the following equations

quzz=21m(/D§j;d(:+//DC_dmdg) (6.10)
P, TP, = 21m</aD “5 ¢ — // dC/\dC) (6.11)

Multiplying equation (6.10) by z and adding the resulting equation to equation (6.11),
we obtain equation (6.2).

(b) If F is defined in terms of G by equation (2.4), then
—2G = 0:(—zF 4+ 0. 'F). (6.12)

This suggests replacing F by F;. Thus equations (2.5)—(2.9) yield the global relations (6.8)
as well as the following equations:

¥,>=F:+ Z/ ”‘“P”(k Z/ ’kZF (k) dk, (6.13)
= o = i ikz/a) i / ikz/z?)
oo — 2o =F —2F: + o ;/Ie W) dk — - ; z,-e FP(k)dk,  (6.14)

where 'f’l(-m),ﬁj(-m), m = 1,2, are defined by equations (6.6) and (6.7). Multiplying equation
(6.13) by z and adding the resulting equation to equation (6.14) we find equation (6.5).
O
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7 The non-homogeneous Biharmonic equation in the upper half complex plane

Proposition 7.1 (The Dirichlet-second Neumann boundary value problem ).
Let the real-valued function y(x,y) satisfy the non-homogeneous biharmonic equation in
the upper half of the complex z-plane,

Yizz=g, Imz=0, (7.1)

where g(x,y) is a given real-valued function with appropriate smoothness and decay. Assume
that the Dirichlet as well as the second Neumann boundary conditions are prescribed

p(x,0) = hy(x), Pyy(x,0) = ha(x), —o0 < x < o0, (7.2)

where the real-valued functions hi(x) and hy(x) have appropriate smoothness and decay.
Then ., is given by

oz L[~ " ’ d¢
Pz = Tig 700(h1 &)+ hz(f))f
11 [*
+ e / [2(h](&) — ha(&)) — E(h' (&) + hlz(f))]% + G(z,2), (7.3)

where

oot [0 [ nc5 [ [l

in)lg(¢,n)
—— . 4
/dﬁ/ U o e 4
Proof The definitions
1 ) 1 .
0, = E(a‘c - lay)’ 0z = E(av + lay)a
imply the identities
Yzzz = 3 (wxxx + Py — WPyyy — ilPxxy) > (7.5)
1 )
Y2z = 1 (w\x PYyy — 2“ny) . (7.6)

Using these identities in equation (6.2) as well as in equations (6.3) and (6.4) and then
taking the complex conjugate and letting y — —y in the latter two equations, we find

z 1 [~ . . dé
Y2z = ig/ (Weee +weyy — iy — ”Pc“éy)(éao)éi
* ng/ (Pee = wyy = 2iwey) = Ceee + Peyy — Wy — ey 0) é
_2 —iy — (& —in)]g(¢, 17)
/ @ / dn E+in—z (7.7)
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as well as
0 de
_%g/ (Weee + Wepy + iy + ipeey)(&, )f .
:E/_mdé/o d”'ﬁ’ (78)
s 2 2i . 4 . S
2mi 8 / [2(wee = wyy +2ipey) — EWece + weyy +iwyyy +iveg)I(S )ff
1L / g / in (é+m>g(f (€ + img(&n). 70)
l1’] —Z

Subtracting equations (7.8) and (7.9) from equation (7.7), the unknown boundary values
are eliminated and we find equation (7.3). O

Having obtained .., it is straightforward to find .

Suppose that instead of w,,(x,0), we prescribe the Neumann boundary condition
py(x, 0). In this case it is not clear how to manipulate equations (7.7)—-(7.9) in order to elim-
inate the unknown boundary values. However, in this case we can determine the unknown
boundary value by analysing the generalised Dirichlet to Neumann correspondence.

Proposition 7.2 (A generalised Dirichlet to Neumann correspondence for the half plane ).
Let the real-valued function y(x, y) satisfy the non-homogeneous biharmonic equation (7.1)
in the upper half of the complex z-plane. Then, for —oo < x < o0, the following identities

are valid:
1 [~ d
(Pese + Py)5.0) = —;f_ (s + 05002
(f x)g(&,n)
- — df / dn 0t (7.10)
1 d
[2(1/—7xx - U)yy) - X(WXxx + 1nyy)] (X, O) = _E]{ [4wgy f(u’yyy + ‘chy)](f, 0)5 _éx
é(f —n*1g(&n)
- — dé/ dn x)2+11 . (711
Equivalently, equations (7.10) and (7.11) can be expressed in the following form
1 [~ d
(U’yyy + UJxxy)(xs 0) = ][ (UJCCQ + ey J(E, )fféx
_1e ng( i 1)
df/ (é C—xP 1 (7.12)
1 d
(4w + X(Wyyy + Py (x,0) = —n]{ R(yee — wyy) — Eweee + wep)l(E, O)f _é
(2én nx)g(<,n)
— d dn . 7.13
+ ¢ / ) P (7.13)
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Proof Letting { = £ + in in equations (6.3) and (6.4), as well as taking the limit as z
approaches the real axis from below,and using Plemelj formulae, we find the following
equations:

1 [* d
[Psxx + Yxyy — i(lpyyy + U«’xxy)](x» 0) + E][_ [V’yyy + ey + (peee + w&y}’)](és 0)5 _é
_ 16 _g&n)
= ﬂdé/ Fextin (7.14)

{[2 Yxx — lpy}) (U—’x\x + 1,nyy)] + i[_4wxy + x(ww}' + wxxy)]} (X,O)

d
][ (Bs, = &0y + 30 + 12052 = 1) — Elzss + pi ) G0
-2 dé/ dn _xffm”). (7.15)

The real and imaginary parts of equations (7.14) and (7.15) yield equations (7.10)-
(7.13). O

The analysis of equations (7.10) and (7.11) (or equivalently of equations (7.12) and (7.13))
yields the generalised Dirichlet to Neumann map for a variety of boundary conditions.
As an illustrative example we consider the Dirichlet-Neumann boundary value problem.

Proposition 7.3 (The Dirichlet-Neumann boundary value problem ).

Let the real-valued function y(x,y) satisfy the non-homogeneous biharmonic equation
(7.1) in the upper half of the complex z-plane with given Dirichlet and Neumann boundary
conditions

Y(x,0) =hi(x),  py(x,0) = —hy(x), —o0<x<o0 (7.16)
Then the second and third Neumann boundary values,
Puy(x,0) = f1(x),  wyyy(x,0) = fa(x), (7.17)

are given by the following expressions:

fitx) = ~SAEIEGLD g 2 [ BEOE (1.1
h/// ! G d
Fa) = B + n][ [ (f)+fé(€_)x (&) ¢ (7.19)
where
)g(&,n)
Gi(x) = dé/d .
Gz(x)=—— df/ dn _x)_)”+]n§5’"). (7.20)
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Proof Denoting by G;(x) and G,(x) the double integrals appearing in the right-hand side
of equations (7.10) and (7.11) and denoting y,,(x,0) and y,,,(x,0) by fi(x) and f>(x)
respectively, equations (7.10) and (7.11) yield

h' +f1= —Tlc][i:(fz — I éd_ix (7.21)
206~ fi) =3+ ) = of W+ -G (122)

Using the identity
éf(i / £(6)dé + x ﬂff_)x, (7.23)

and replacing h{" + f| by the right-hand side of equation (7.21), equation (7.22) simplifies
to the following equation

_ xG; + Gy 2 *© édé 1 © ”
== -l 2 [ (- w (124)

Taking the limit as x — oo, it follows that the last term in equation (7.24) vanishes and
hence we find equation (7.18).

Also, equation (7.21) implies
" d " 4
][ h 5 —h{ —f1+ Gy (7.25)

][f2 e

Taking the inverse Hilbert transform of equation (7.25) we find equation (7.19). O

8 The non-homogeneous Biharmonic equation in an equilateral triangle

Proposition 8.1 (A generalised Dirichlet to Neumann map for an equilateral triangle). Let
the real-valued function y(x,y) satisfy the non homogeneous biharmonic equation in an
equilateral triangle

Yzzzz = 8 ZEDa (81)

where g is a given real-valued function with appropriate smoothness, and D denotes the
interior of the equilateral triangle with the following corners (see figure 5)

[ [
Zy = —=e3, =7, I3=——x2. (8.2)

V3
Let vy satisfy symmetric Dirichlet and second Neumann boundary conditions,

W6 = fuls. oo = fie T=123 se |55 (5.3

where p')(s) denotes the value of v on the side (j),\)(s) denotes the second normal deriv-
ative on the side (j), and fo(s), f1(s) have appropriate smoothness and are continuous at the
corners of the triangle. Then, the unknown Neumann and third Neumann boundary values,
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i.e. the functions ) (s) = pu(s) and pY) (s) = Wuu(s), can be determined as follows. The
function y,(s) is obtained by integrating the equation

2in
21»11[\ 1 )
O I Ry .
Pals) = 1 Z sinh (&(inm))’ ne 84

where QW (k) is given in terms of the known boundary conditions by the following expres-

sions:
0W (k) = iE(—iak)W W (k) + iE(iok) WV (k), (8.5)
E(k) = 53, (8.6)
wW(k) = AV (k) — [E(—ik)R(k) + E(—iak)R(ak) + E(—iok)R(ck)], (8.7)

N L
R = /_ RATACENAE)

© ) (2) ( 2inm
3 ﬁ—z )l 2 - E2CE) g )+fi(s))]}ds, nez  (83)

sinh (a(inm))
AV(k) = // g(z,7)dz A dz, keC, (8.9)
0@(k) = iE(—iak) W (k) + iE (iak) W (k), (8.10)

WA(k) = AP(k) — [E(—ik)R(k) + E(—iak)R(ak) 4+ E(—ick)R(ok)], (8.11)

1[5
R = [ FULs) + £1(5) ds (8.12)

L
2

AD(k // k2 g(2,7)dz N dZ, ke C. (8.13)

The function puu,(s) is given in terms of the known boundary conditions by the expression

8 © 7mm (2)(21nn) 2i © s Q(l)(h%)
l,Unnn 7 Z m — 63 7 Zoc:e 1 m , ne Z. (814)

Proof The sides (zy, z1), (23, 22), (21, 23), each of length [, will be referred to as sides (1),(2),(3)
respectively. On each side we identify the positive direction T and the outward normal
N, see Figure 5. Let o denote the following complex cube root of unity

2

For the equilateral triangle, the global relations (6.8) become

3
Z P( Z = AD(k), (8.15)
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ANY

FIGURE 5. The domain D for an equilateral triangle.

where AV (k) and A®) (k) are defined by equations (8.9) and (8.13) respectively, and 3 1,0] ,w]
are defined by the following equations
Z/‘ X Z/‘ X
P (k) = / e Moypadz, HV(K) = / e (. —Zoz)dz, j=1,2,3, ke C.
Zj+1 Zj+1
(8.16)

We next compute the above functions:

Side 1: The variable z can be parametrized as

z(s) = —+ls se{—l,l].

23 22

Since the normal and the tangential derivatives are parallel to the x and y axes
respectively, equations (7.5) and (7.6) give

1 . .
Yzzz = g(w;mn + Wnss — Wsss — ”pnns)a
1 )
Yzz = Z(lpnn — Pss — 20Pps). (8.17)

Side 2: If z varies along side (2), { varies along side (1), i.e. z = Cexp(—z’%). Thus,

n o I
Z(S) (M lS) , S€& |:—2, 2:| .
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The equations 0,, = exp(‘%)agg and 0,z = exp(z%)ﬁ =, imply

e
1 . .
Yzzz = ga(lpnnn + Ynss — Wsss — iWnns)s
1_ .
Yz = Za(ann — Y5 — 2”10715)- (818)

Side 3: In a similar way we find

1_ . .
Yzzz = ga(lpnnn + Wnss — Wsss — “pnns)a

1 .
Yz = Z“(Wﬂn — YPss — 211Pns)~ (819)

Substituting the above expressions in the global relations (8.15) we find

E(—ik)[R(k) + il (k)] + E(—izk)[R(ak) + il (k)] + E(—iok)[R(ok) + il (2k)] =0,  (8.20)
E(—ik)[R(k) + il (k)] 4+ E(—izk)a[R(ak) + il (k)] + E(—iak)a[R(ok) + il (k)] =0,  (8.21)

where the functions R(k), I~2(k) are defined by equations (8.12) and (8.8) respectively, and

1

10 = [ | mls) + pusts s, (522)

L

(k) = _% / HFypu(s)ds, ke C. (8.23)

2

Hence, equation (8.20) can be written as
E(—ik)I (k) + E(—iak)I (k) + E(—iok)I (ak) = (—i)W @ (k), (8.24)

where W3)(k) is the known function defined by equation (8.11).
Multiplying equation (8.24) by E(ixk) and multiplying its Schwarz conjugate by E(—iok)

we obtain
e(ak)I (k) + e(—k)I (k) + I (ok) = (—i)E (iok) W @ (k), (8.25)
e(—ak)I (k) + I (ok) + e(k)I (3ik) = iE(—izk)W A (k), (8.26)
where
e(k) = &2, (8.27)

and we have used the identities
E(iak)E(—iok) = e(k), E(iok)E(—ik) = e(ak). (8.28)
Subtracting equation (8.25) from equation (8.26), we find

(e(k) — e(—k)) I (@k) = (e(ak) — e(—ak)) I (k) + Q") (k), (8.29)
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where Q(k) is the known function defined by (8.10). By evaluating the last equation at
those values of k for which the coefficient of y(ak) vanishes, i.e. at e*(k) = 1, or

2inm

k, = T neZ,

it follows that I(k) can be determined. Recalling the definition of I(k) and evaluating
equation (8.29) at k, = 2’"“ , we find

L

... 2
gsmh(a(mn))/_

2imn (wnnn( )+ wnss(s)) ds = Q(Z) (21;”[), neZ. (830)

0l ~

Thus,

WYinn(S) + Wngs(5) = Z zw
nnn nss l ;

inh (a(inm))’ (831)

Similarly, the second global relation (8.21) yields equation (8.4). Using the latter equation
as well as equation (8.31), we obtain equation (8.14). O

9 Conclusions

During the twentieth century, the Riemann-Hilbert formalism became a very useful
technique for the integration of several types of boundary-value problems in the theory
of elasticity. The solution of such problems can be expressed through integral equations
formulated in the complex z-plane [16], [18].

There exists an extension of the Riemman-Hilbert formalism, called the Dbar formalism
[1]. In this case, the function to be found fails to be analytic in a two-dimensional domain
of the complex plane, as opposed to the case of a Riemann-Hilbert problem where the
function loses its analyticity only on a curve. The solution of the basic problem appearing
in the Dbar formalism, the so-called Dbar problem, was obtained in 1912 by the Romanian
mathematician D. Pompeiu.

The Dbar formalism has motivated various elegant generalisations in one and several
complex variables [13]-[15]. Also, it has found applications to the solution of integrable
nonlinear PDEs [2, 10], as well as in the inversion of important integral transforms such
as the Radon and the attenuated Radon transforms [11].

A new method for solving boundary value problems for both linear and integrable
nonlinear PDEs was introduced in [4]. The implementation of this method involves the
formulation of a Riemann-Hilbert or a Dbar problem in the complex Fourier space
(denoted by k), instead of the formulation in the physical space used earlier. In this new
framework, the Dbar formalism has found new applications, for example, in the solution
of boundary value problems in time-dependent domains [7], as well as, to the spectral
analysis of differential operators [8].

In this paper, we have presented a methodology for the analysis of boundary value
problems for certain linear non-homogeneous elliptic PDEs in two dimensions. This
methodology involves two main features: (a) It yields an explicit integral representation
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for the solution. (b) It characterizes the generalised Dirichlet to Neumann map through
the solution of the so called global relation. This is an equation which couples both the
specified as well as the unknown values of the function and its derivatives on the boundary.

We have introduced two different approaches for the construction of the above integral
representations. The first approach involves formulating the solution in the physical space
(denoted by z). Although this formulation is well-known in the literature, it seems that
results for non-homogeneous equations are rather sporadic, as opposed to the systematic
approach introduced here. Furthermore, in the classical approach, the integral repres-
entation is obtained using Green’s functions, and the associated generalised Dirichlet
to Neumann map is determined either through the method of images or through the
formulation of a Hilbert problem. This is to be contrasted with our approach, where the
integral representation is obtained by solving a Dbar problem (see also Pinotsis [17]), and
the associated generalised Dirichlet to Neumann map is obtained by analysing the global
relation. A novel extension of this approach to multidimensions is presented in Fokas &
Pinotsis [9]. The second formulation expresses the solution in the spectral space (denoted
by k) and constitutes an extension to non-homogeneous elliptic PDEs of the method
introduced in Fokas [4]. In particular, the analogous formulations for the Laplace and the
biharmonic equations have been given in Fokas & Kapaev [6] and Crowdy & Fokas [3]
respectively.
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Appendix

Following Fokas & Zyskin [12] we will show that if the domain D is a convex polygon,
then equation (2.22) can be mapped to equation (2.16).
The Fourier representation of Dirac’s delta function is given by

1 o
o) =55 / / . Y ey dk,

where ki, k;, x, y are real. Using in this equation

5(z)=—1.az(1), w=iXEo_iE

z

and integrating the resulting equation with respect to z, we find
1 = i // e%(ikl-&-kz)z-k%(iklsz)? dkydk; ) (A1)
z in)) g iky — ko

Using this identity in equation (2.22) (with z — { instead of z), and letting { = & + in,
we find

. " . O\ dkdk
H(Z)=—ﬁ /‘/R2 Z/ ikt (x=E)Fika(y 7)H(é+”7)(di+ld7]) T 1_ k22. (A2)
=1

Zj+1
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N

FIGURE 6. The orthonormal vectors er and ey associated with the side (z;11,z;).

Let us concentrate on the term involving the side (z;+1,z;). Suppose that this side makes
an angle 0 with the x-axis (see Figure 6). Let ey be the unit vector along this side, and
ey the unit vector perpendicular to this side pointing outwards.

Expanding the vector * = (k1,ky) along er,en, and denoting the corresponding
components by kr,ky, we find,

kr\  (cosO sin0 k1
ky)  \sin® —cos0/) \k,/"~

iky — ky = € (ky + ik). (A3)

Hence,

Similarly, expanding the vector X = (x — &,y —n) along er and ey, and denoting the
corresponding components by (X7, Xy), we find,

(Xy +iX7) = ie [(x = &) +i(y = n)]. (Ad)
Since the inner product k - X is invariant under rotation, it follows that
ki(€ —x) +ka(n —y) = kr X1 + knXn. (A5)

The point (x,y) lies inside the convex polygon @, and ey points outwards, therefore
Xy < 0. Hence, we can compute the relevant integral by integrating in the lower-half
complex ky-plane. Thus the relevant term of the right-hand side of equation (A2) becomes

1 0 Zj . )
> dkr / ' KTXT X0 F (dx + i dy). (A6)
0 Zjt1

Using (A5) and reparametrizing k by ke', the above equation becomes

1 PN
— / ™ H;(k) dk. (A7)
27'C l,-
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