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In this paper, we establish a Kantorovich duality for unbalanced optimal total
variation transport problems. As consequences, we recover a version of duality
formula for partial optimal transports established by Caffarelli and McCann; and we
also get another proof of Kantorovich—-Rubinstein theorem for generalized
Wasserstein distance W{lb proved before by Piccoli and Rossi. Then we apply our
duality formula to study generalized Wasserstein barycenters. We show the existence
of these barycenters for measures with compact supports. Finally, we prove the
consistency of our barycenters.
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1. Introduction

In the 2010s, various generalizations of classical optimal transport problems and
Wasserstein distances have been introduced and investigated by numerous authors
[2,4,6,7,13, 17, 18, 20, 21]. Recently, in 2021 we introduced unbalanced optimal
entropy problems [10] which cover both optimal entropy transport problems in [18]
and weak optimal transport problems in [13]. In [10], under certain conditions of
entropy functionals we establish a Kantorovich duality for our unbalanced optimal
transport problem. Before stating our first main result, let us review our unbalanced
optimal entropy problems.

Given a metric space X, we denote by M(X) and P(X) the spaces of all
Borel non-negative finite measures and probability measures on X, respectively.
Let X7, X2 be Polish metric spaces and let C': X; x P(X3) — [0,00] be a lower
semi-continuous function satisfying that C(x1,-) is convex for every z; € X;. For
every v € M(X; x X3), we denote (7, ), ex, its disintegration with respect to its
first marginal. Let F; : [0,00) — [0,00], ¢ = 1,2 be convex, lower semi-continuous
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entropy functions with their recession constants (F;)., = lims_. F;(s)/s. Given

p1 € M(X1), ug € M(X3) and v € M(X; x X3), we define
Fiuli) = [ (w0 dute) + (R (X),

’Y|/~Llaﬂ2 Z}— '72|/1'z C(xla'}/ml)d’h(xl)’

where 71,72 are the first and second marginals of v, and ~; = fiu + ;- is the
Lebesgue decomposition of 7; with respect to p;.
Our unbalanced optimal entropy-transport problem is defined as

E(p, pi2) = inf & o). 1.1
(15 p12) e (y[pe1, pr2) (1.1)

Similarly to optimal entropy-transport problems in [18], to handle with problem
(1.1) we often assume that F; is superlinear, i.e. (F;), = +oo for i =1,2. This
assumption makes the problems easier as we can get rid of the part (F;)’ v (X;)
in the expression of F;.

In the first part of the paper, we investigate problem (1.1) for a special case
that F; is not superlinear, : = 1,2. Given a,b > 0, we consider the total variation
entropy function F;(s) :=a|s — 1|, ¢ = 1,2 and the cost function b - C. In this case,
problem (1.1) will become

E? = inf E®? 1.2
(15 p12) e (Y1, p2)s (1.2)

where E®(y|p1, p2) = a|p1 —m| + alp2 — 72| + b [y, Cl@1, 72, )dy (21).
As F; is not superlinear, to deal with problem (1.2) we need new techniques being
different from [10, 18]. We define

Q= {(901,@2) € Cp(X1) x Cp(X2) : p1(21), pa(w2)
> —a for every xz; € X;,1 =1,2 and p1(x1)
+ q(p2) <b-C(x1,q) for every z1 € X1,q € P(Xg)}. (1.3)
Next, we define the functional .J : R — (—o0, +00] by
+oo  if ¢ > a,

1) if —a<¢<a, (1.4)
—a otherwise.

J(¢) = sup w _
s>0 S
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Then we define

Q= {(901,%02) € Cp(X1) x Cp(X2) : p1(1), p2(z2)
< a for every x; € X;,i=1,2 and J(p1(x1))

+q(J(p2)) <b-C(x1,q) for every z1 € X1,q € P(Xz)} (1.5)

Our main result for the first part is a Kantorovich duality of problem (1.2).

THEOREM 1.1. Let Xy, X5 be locally compact, Polish metric spaces. Let C : X1 X
P(X3) — [0,00] be a lower semi-continuous function such that C(xy,-) is convex
for every x1 € X1. Then for every p; € M(X;),i = 1,2 we have

2

" = u i\Ti iZg
E(u, ) = sup Z/Ximoz( )) dyas(a1)

(p1,02)€Qr ;7
2

=  sup Z/X piwi) dpi(s),

(p1,92)€Qs ;1
where
a ifo>a

(sp+all —s))=<p if —a<p<a. (1.6)
—o0  otherwise

I(p) :==

inf
s=0

We need the local compactness assumption on theorem 1.1 because in our proof
we use Riesz representation theorem stating that M (X), the space of all signed
Borel measures with finite masses on X, is the dual space of Cy(X), and it is only
true for locally compact spaces. However, as the duality results for optimal entropy
transport problems in [18] were proved for general Polish spaces by a different
method, we expect that theorem 1.1 would still hold for these general spaces.

Now we present consequences of theorem 1.1. The first one is that we can get a
version of [6, corollary 2.6]. Let X; = X5 = X be a Polish space, pi, po € M(X),
a,b>0and ¢; : X x X — [0, +00] be a lower semi-continuous function. We define
X := X U{} by attaching an isolated point % to X. We endow X with the
topology induced from the topology of X and the isolated point co. We extend the
cost function

b-ci(x,y) if x # oo and y # 0,
é(z,y) = a ifre X,y=coorz=c0,y € X, (1.7)
0 otherwise,
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and measures [, 2 to X by adding a Dirac measure at infinity: fiy := p1 + |u2|ds,
fig := pa + |1]0s. Then the measures fi1 and fio have the same masses. We define

T, ) = {7 € MK x %) 304 % X) = (4).5(5  4)
= fi12(A) for Borel A C X}

Then we will get a version of [6, corollary 2.6] as follows.

COROLLARY 1.2. Given a locally compact, Polish metric space X, p1, uz € M(X),
a,b >0, and a lower semi-continuous function ¢ : X x X — [0,400]. Then

2
s Y [ e dita =it [ e ).
(¢1,¢2)€L () x L' () i=1 ¥ X YEL(1 i) S X x X
p1(z)+p2(y)<er(z,y)
Another consequence of theorem 1.1 is that we establish a Kantorovich duality
for generalized Wasserstein distance W;}*b, and a version of Kantorovich-Rubinstein

theorem for generalized Wasserstein distance Wla °,
Let (X, d) be a metric space. For a function f: X — R, we denote

e @ = fW)
”fHLzP T ;c,yeb;?x;éy d(amy) .

COROLLARY 1.3. Let (X,d) be a locally compact and Polish metric space. Then for
every a,b> 0, u,v € M(X) and p > 1 we have

1. W;’b(u,y)p = sup {fX I(p1(z))du(z) + fx I(apg(m))du(x)}, where
(p1,p02)EPW

Dy = {(p1,p2) € Cp(X) x Co(X) | p1(x) + @2(y) < (b-d(z,y))P and
p1(2), p2(y) = —a, Yo,y € X}.

2. W& (p,v) = sup { Jx fd(u—v): fe F}, where

Fi={f € C(X),flo < a [l fllLip < b}

Note that corollary 1.3 (1) is proved for the case p =1 in [9], and corollary 1.3
(2) is a main result of [21] proved by a different method there. In the second part
of the paper, we apply corollary 1.3 to study barycenters of generalized Wasserstein
distances. In 2002, Sturm investigated barycenters in non-positive curvature spaces
as he showed the existence, uniqueness and contraction of barycenters in such spaces
[24]. Because Wassertein spaces are not in the framework of non-positive curvature
spaces, to study the existence, uniqueness and properties of Wasserstein barycenters
over R™ Agueh and Carlier introduced dual problems of the primal barycenter
problem and used convex analysis to handle them [1]. Recently, barycenters in
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Hellinger—Kantorovich spaces, siblings of Wasserstein spaces, have been investigated
in [8, 12].

On the other hand, in 2014, Piccoli and Rossi introduced generalized Wasserstein
distances [20] and established a duality Kantorovich—Rubinstein formula and a gen-
eralized Benamou—Breiner formula for them [21]. Combining corollary 1.3 with the
streamline of Agueh and Carlier’s work [1], we study the existence and consistency
of generalized Wasserstein barycenters.

More precisely, first we show the existence of generalized Wasserstein barycen-
ters whenever starting measures have compact supports. Second, we introduce and
investigate a dual problem of the barycenter problem. Although our barycenters
are not unique, we still can establish their consistency as Boissard, Le Gouic and
Loubes did in the Wasserstein case [5].

Our paper is organized as follows. In § 2, we review basic notations and general-
ized Wasserstein distances WZ‘}”’. In § 3, we prove theorem 1.1, corollaries 1.2 and
1.3. In § 4, we study our primal barycenter problem and its dual problems. We also
show the existence and consistency of generalized Wasserstein barycenters in this
last section.

2. Preliminaries

Let (X,d) be a metric space. We denote by M(X) and P(X) the sets of all
non-negative Borel measures with finite mass and all probability Borel measures,
respectively.

Given a Borel measure 1, we denote its mass by |u| := p(X). In the general case, if
pu=pt — p~ is asigned Borel measure then |u| := || + |~ |. A set M C M(X) is
bounded if sup,,¢ s || < 00, and it is tight if for every e > 0, there exists a compact
subset K. of X such that for all € M, we have u(X\K.) < e.

For every pq,us € M(X), we say that p; is absolutely continuous with respect
to po and write g < pa if po(A) = 0 yields pi(A) = 0 for every Borel subset A of
X. We call that 1 and ps are mutually singular and write uy L po if there exists
a Borel subset B of X such that p;(B) = pua(X\B) = 0. We write u1 < po if for all
Borel subset A of X we have u1(A4) < p2(A4).

For every p > 1, we denote by M, (X) (reps. Pp(X)) the space of all measures
w€ M(X) (reps. P(X)) with finite p-moment, i.e. there is some (and therefore
any) o € X such that [ dP(x,zo)dp(x) < co.

For every measures p1, us € M(X), a Borel probability measure w on X x X is
called a transference plan between py and pg if

Jralmr(A x X) = pu(A) and [pslmr(X x B) = us(B),

for every Borel subsets A, B of X. We denote the set of all transference plan between

pa and pg by (g, pa).
Given measures pi,po € Mpy(X) with the same mass, i.e. |u1]| = |p2|. The

Wasserstein distance between py and po is defined by

1/p
W (a1, i2) i= (|m| wt [ dp<x,y>dw<x,y>> |
XxX

m € (p1,p2)
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For each p1, 2 € M(X) with |p1| = |u2|, we denote by Opt,(u1,p2) the set of
all € I(p1, po) such that W2 (uy, po) = |p| [, x dP(z,y)dmw(z,y). If (X,d) is
a Polish metric space, i.e. (X,d) is complete and separable then Opt,,(s1,p2) is
non-empty [25, theorem 1.3].

THEOREM 2.1 (Prokhorov’s theorem). If (X,d) is a Polish metric space then a
subset M C M(X) is bounded and tight if and only if M is relatively compact
under the weak*-topology.

We now review the definitions of the generalized Wasserstein distances. They
were introduced by Piccoli and Rossi in [20, 21]. For convenience to establish
Kantorovich duality formulas for the generalized Wasserstein distances, we adapt
slightly the original ones.

DEFINITION 2.2. Let X be a Polish metric space and let a,b > 0,p > 1. For every
w1, o € M(X), the generalized Wasserstein distance W;’b between p1 and psg is
defined by

Wb, po) = (inf {C (i1, i) | Fi1, 1z € My(X), 17| = |l )",
where C(li1, fi2) = a1 — fit| + a|pua — fiz| + b W2(ii1, ia).-

The following results can be adapted from the proofs of [20, proposition 1 and
theorem 3].

PROPOSITION 2.3 [20, proposition 1]. If X 4s a Polish metric space then
(M(X), W) is a metric space. Moreover, there exist [i1, jiz € Mp(X) such that

| = lpzl, i1 < g, iz < pay and WP (i, po)? = C(un, p2).

If measures pg, iz € M,(X) have the same mass such that W;’b(ul,ug)p =

C(u1, 2) then we say that (u1, uz) is an optimal for W;vb(ul, 12)-

Let X1, X5 be Polish metric spaces. For every v € M(X; x X5), we denote its
disintegration with respect to its first marginal by (7., )z, ex,. We also denote by
~v1 and o the first and second marginals of -, i.e.

71 (B1) = v(B1 x X3) and y2(B2) = v(X; x Bsy) for Borel sets B; C X;.

3. Unbalanced optimal total variation transport problems

Let C: X1 x P(X32) — [0,00] be a lower semi-continuous function such that for
every x1 € X; we have

C(z1,tq1 + (1 —t)g2) <tC(z1,q1) + (1 —1)C(x1, q2),

for every t € [0,1],q1,q2 € P(X2).
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For every a,b > 0, p; € M(X;),i=1,2 and every v € M(X; x X2), we recall

B (ylpa1, ) = a | — 1] + @iz — 7] + / Cl@r,7e) dyi (1)
X1

Then for every u; € M(X;),i = 1,2 we have

E®b = inf  E® = inf B
(1, p2) 7eM(19(1xX2) (v[p1, p2) ~,1£M (Vg1 p2),

where M := {y € M(X; x X5)| [ C(x1,7z, )dy1(x1) < o0}

LEmMMA 3.1. Let X1, Xs be Polish metric spaces and a,b > 0. For every u; €
M(X1) and pe € M(X3) we have

E*(u, = inf E*° , = inf E*b L 12),
(p1, p2) Jnf, (Ylp1, p2) . (Ylp1, p2)

where MS(uy, pe) == {v € M|y < pi,i =1,2}.
Proof. Tt is clear that we only need to prove that

inf E¥° o) = inf ~ E®’ o) -
Jnf BY (Vo) > o (Y1, p2)

g(ltlalJ«Q)

For any a € M, let ay,as be the first and second marginals of . Suppose that
= fuy + pi is the Lebesgue decomposition of a; with respect to u;. We define
@y := min{f,1}p;. Then @ < p; and @; < ;. By the Radon—Nikodym theorem
we get that there exists a measurable function g : X7 — [0, 00) such that @; = gy
and g < 1 a;-a.e.
Next, for every Borel subsets A; of X;, i = 1,2, we define

E(Al X AQ) ;:/ g(l‘l)da(ﬂi‘l,l‘g).
A1><A2

Then @(A; x Xs) fA (z1)dai(z1) = @1(A;) for every Borel subset Ay of Xj.
For any Borel subset As of X5, we define as(Asq) : fX1><A2 g(z1)da(zy, z2).
Then @s(As) = @(X; x Az). This means that @; and @, are the first and sec-
ond marginals of @. Since g < 1 «aj-a.e one has @ < a. Moreover, for every Borel
function h : X; x X3 — [0, 4+00] we have

/ h(zy,zo) da(zy, x0) = / h(zy,x2)g(xy) da(zy, z2)
X1><X2 XIXXZ

— /Xl ( . h(:cl,xg)g(m)daxl(xz)) day(z1)

-/ ( [ boram)da (22)) den ).

Therefore, by the uniqueness of disintegration we get that &,, = a,, @1-a.e. Then,
C($1,axl)da1($1) < C(xl,awl)dal(xl).
X1 Xl

Notice that as @ < «, we have @y < as.
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On the other hand, putting D := {21 € X7 : f(z1) < 1} then we get that
i —anl = [ 1= fa)ld + (1)
1

= [0 redm+ [ () - D+
D Xi\D

:/ d,ulf/ dal+/ f(fEl)dlulf/ day +,LL%(X1)
X1\D X1\D
/d,ul /da1+/ day — / day — Ml (X1\D)+,u1 (Xl)
X1\D X1\D
/d,ul /doz1+/ dOél / d()é1+/ dOél /fd/Ll
X1\D X1\D
:|u1—al|+/ dOél—/ d51+/ qu—/ daq
X1\D X1\D D D

= |pm — o]+ |ar — @
Observe that |ag — @] = |ag — @a|, one gets
[ — | + |p2 — Qa| = |1 — x| — o — Q| + |p2 — Qo < |1 — an| + |p2 — azf.
Hence, we obtain that E*(a|p, pp) = B (a|puy, p2).

Applying this process again for @, we can find a plan a € M with its marginals
are o and ap such that a < & and

E®" (@, p2) = E™* (@, p2) ;
and Qp < po, @1 <y < gy Thus, & € MS (g, po). Therefore, we get that

E® (alp, p2) > E(@|p, po) = B (@fpr, p2) > inf B (y|p, p2) -
YEMS (p1,p2)

This implies that inf, e E® (|1, p2) > infy e nr<(uy o) E®P (|1, pi2).- O

For every a,b > 0 and (u1, p2) € M(X1) x M(X5) we denote by Opt®®(pu1, u2)
the set of all 4 € MS(uy, p2) such that E*®(uy, pp) = E*P (4|1, pi2).

LEMMA 3.2. Let X1, Xs be Polish metric spaces. For every a,b>0 and u; €
M(X;),i=1,2 the set Opt™* (1, p2) is a non-empty subset of M(X1 x Xa).

Proof. From lemma 3.1, we choose a sequence of 4™ € M<(uy, po) such that
Tim B ("1, ) = B (p1, o).

Then " < p; for i = 1,2 and every n € N. Since p; € M(X;) for i = 1,2, one has
{V'}n and {1% },, are tight and bounded. By [3, Lemma 5.2.2] one gets that {v" } nen
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is also tight and bounded. Thus, by Prokhorov’s theorem, passing to a subse-
quence we can assume that lim, .., 4™ =~ under the weak™-topology for some
v e M(X x X).
Next, for any Borel subset A; of X; we have
71(A1) = v(41 x X2)

=inf{y(V):V C X; x X5 open, A1 x Xy C V}

< inf{y(U x X3) : U C X; open, Ay C U}.
Applying [19, theorem 6.1 page 40] we obtain that (U x X3) < liminf, . y™
(U x X2) < u1(U) for every open subset U of X;. This yields, y; < pq. Similarly,
we also have vo < ug. Moreover, using [19, theorem 6.1 page 40] again we also have
that limsup,,_, . [7"| < |v| < liminf,, o |y"|. This implies that lim, . |y"| =

‘7| HGHCG, lim,, o0 |M1 - 7?| = |IU‘Z - 71| ’ for i = 17 2.
Applying [10, lemma 3.5] we obtain that

liminf [ C(z1,75)dyi (@) = [ C(x1,70,) dyi(1).

n—oo [, X,

So, we get that

alpr — 7| +alpe =yl +b [ C(w1, 7)) dyi(zr) < E (u1, p2).
X1

This implies that Opt”’b(,ul, fi2) is non-empty. O

We recall that the functionals I, J are defined as in (1.6), (1.4) and ®;, P, are
defined as in (1.3),(1.5), respectively. We also set

3G := {¢ = (p1,p2) € Co(X1) x Co(X2) : p € By}

LEMMA 3.3. For every 1 € M(X1) and po € M(X2) one has

2 2

swp S [ it dute) < sup S [ 10(00) duan).

(p1,02)€P5 ;7 /X, (v1,02)€Qr ;7 VX,
Proof. For every (1, p2) € ®; and i € {1,2} we define B; := J(p;). Then for every
xl € X; we have that g, (z;) € [—a,a] for i = 1,2. Thus, from (1.6) one has I(,) =
. Moreover, by the definition of ®;, we also get <p1(x1) +q(py) < b-C(21,q) for
we

every x1 € X1,q € P(X2). Since J is continuous on (—o0, a] we get that (@;,%,) €
®;. As @, = J(pi) = ¢; for i = 1,2 we obtain that

Z/ i) dpi(z;) Z/ @i (z)dpi () Z/ (@, (x:)) dpas (2).

Hence, we get the result. O
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LEMMA 3.4. Suppose that X1, Xo are Polish metric spaces. For every a,b > 0 and
wi € M(X;),i=1,2, we have

2
b su (s ().
Flnpn > s Y[ 1) du)

(<P17‘P2)€¢‘I i=1
Proof. Let p; € M(X;),i = 1,2. Thanks to lemma 3.2, let 4 € Opt®®(s1, p12). Then
v; < w; for ¢ = 1,2. By Radon—Nikodym theorem, there exists a measurable func-

tion f; : X — [0,00) such that ~; = fiu; and f; <1 p;-a.e. Therefore, for every
(p1,02) € ®; we get that

2
E“" (u1, i) = Z/ a (1= fiw:)) dpi(zs) +b | C(21,792,) dya(21)

X3

= Z:/X a (1 — fi(x;)) dpg(a;) —l—/ (p1(21) + Yo, (92)) dy1 (1)

X1

X1

+/Xl /X2 p2(22) dYa, (22) dyr (21)

- Z/ (1= fi(w)) + filxs)pi(xs)) dpg(2s).

=3 [ et -s@)aue) + [ pt

Furthermore, for all z; € X;, since f;(z;) > 0, f; <1 p;-a.e and (1.6) we get
[t dimsten < [ (Gitaidenten) +alt = fitw)) dpsan), for i = 1,2
Xi 3

Hence, we get the result. O

For i = 1,2, we denote by M, (X;) the space of signed Borel measures with a finite
mass on X;. Then for every a,b > 0 we define the functional ET®? : M (X1) x
M;(X2) — [0, +00] by

infyens BYY(y|p1, p2) if (p1, p2) € M(X1) x M(Xa),
+00 otherwise.

ET"(u1, o) = {

LEMMA 3.5. Let X1, Xo be Polish metric spaces and a,b > 0. Then

1. ET™" is convex and satisfies that ET™®(kuy, kug) = kETY® (ju1, pi2), for every
i € My(X;),i=1,2 and k > 0.

2. If moreover X1 and X5 are locally compact then ET™" is lower semi-
continuous under the weak*-topology.
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Proof. (1) Let p; € My(X;),i=1,2 and k > 0. If there exists ¢ € {1,2} such that
i & M(X;) then KET®®(uy, po) = +00 = ET?(kpy, kps). So we only need to
consider (pu1, jiz) € M(X1) x M(X5). Let v € Opt®®(kpy, kpuz) then one has

ET“"(kpy, kpo) = alkpy — 7| + alkps — 2| + b/ C(x1,72,) dyi1(21)

X1

K ( 1 — (/B + aljsz — (/)

+ b/X1 C(x177m1)d(’yl(x1)/k)>
> kET*"(p1, p2).

Similarly, we also have kETa’b(ul,uz) > ETa’b(kul, kus) and  thus
BT (kpu, kpa) = KET (1, o).

By this homogeneity property of ET%’, to show that ET*? is convex, we only
need to prove that

ET“’(u1, p2) + ET"(v1,15) = BT’ (11 + v1, o + 12),

for every (p1, p2), (v1,v2) € Ms(X71) x My(X2). We will consider (p1, pa), (v1,12) €
M(X1) x M(X3) (the other cases are trivial). Let ~ € Opt®®(uy, u2) and 7 €
Opt®®(v1, ). By the convexity of C(z, -) and observe that ((dyi /d(y1 + 71))Ya, +
(d¥,/d(v1 +71))7s, )z ex, is the disintegration of v +% with respect to v, +7y,
we have that

/X1 C(I17(’Y+7)ml)d(fyl+71)</

C(wl,%l)dvl+/ C(x1,7,,) 4y
X1

X1
This yields,

2

ET" (1, p) + BT (v1,00) = @ > |(pi +vi) — (i +7,)]
=1

+ b/ C(x1,7e,) dyi(21)
X1

b / (a1, ) 7 (1)
X1

> BT (g + vy, g + 12).

(2) Fori=1,2,let {u?} C M(X;) such that pu* — p; € M(X;) as n — oo under
the weak*-topology. Then {ul'} is relatively compact and by Prokhorov’s
theorem, {y?} is tight and bounded. For each n € N let 4™ € Opt®®(u7}, %)
then 77 < p? for ¢ = 1,2. This implies that {7} is also tight and bounded.
Hence, by Prokhorov’s theorem, passing to a subsequence we can assume
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that lim,, o )" = 7, for v; € M(X;). Furthermore, for every u,v € M(X;)
by [23, theorem 6.19] we have that

vl =sw{ [ fau-vif € oIl <1}

From this formula, we get that liminf, . |l — "] > | — | for i =1,2. By

[10, Lemma 3.5] we get that [ x, C(@1,7,)dy1(21) is lower semi-continuous under

the weak*-topology. Therefore,

lim inf B (4, 18) > alpn — 1] + alpa — 7] + / Cl@1,7e) d (1)

n—oo Xl

= Eayb(’ul’ ILL2)'

This means that E*? is lower semi-continuous. Therefore, ET®? is also lower semi-
continuous since M(X1) x M(X3) is closed. O

Proof of theorem 1.1. Denote by (ET“’b)* the Fenchel conjugate of ET?, i.e.

(BT (g1, 02) = sup ){Z /. ) dm () - E“J’(ml,mz)},

(m1,m2

where (mq,mg) runs over M (X;) x My(Xa), for every (p1,¢2) € Co(X1) X
Co(X2). Notice that the dual space of Cy(X;) is M(X;). By lemma 3.5 we get
that

a,byk _J0 if (¢1,p2) € Pp,
(ET"7)"(p1, 02) = {—i—oo otherwise,

where

2
(I)E = {(@1,@2) S C()(Xl) X Co(XQ) : Z/ 901(1'1) dml(xl) < ET“’b(ml,mg)
i=1 Y Xi
for every (mq,ms) € My(X1) X MS(XQ)}.

We now check that ®p = @Y. Let any (p1,¢2) € ®%. Let m; € My(X;), i=
1,2. If ET%’(mi,my) = 400 then it is clear that Zle in wi(x;)dm;(x;) <
ET*’(my,ms). Thus, we only consider (my,my) € M(X;) x M(X3). By lemmas
3.3 and 3.4 we get that

2 2
So [ wdmi< s S0 [ 1) dms < B i, ma) = BT, o).
i=17Xi (h1,02)€®r ;=1 / Xi

Therefore, (1, ¢2) € Pg and thus <I>(} C ¢g.
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Now, let any (1, ¢2) € ®r. We will show that (o1, p2) € ®Y. Denote by n the
null measure on Xy x Xo. As (¢1,p2) € @, for every (mq, ms) € M(X;) x M(Xz)
one has

2
S [ itwdmi(en) < B, ma) < Bl ma) = amal + pmal)
i=17 X

For every z € X7, setting mj := ¢, and mo is the null measure on X5, we obtain
that ¢1(z) < a. Similarly, we also have 2 < a on Xo.

On the other hand, for any w € X; and g € P(X3) putting my := 0y, m2 := ¢|B
and 7 := J,, ® ¢, where B := {x3 € Xs|pa(x2) > —a}. Then

= () dmg(z;) < E**(F|my, mg
¢1<w>+/3g02dq—;/&%< ) dmi(e) < B (s, ms)
= a.q(X2\B) +b-C(w,q).
From (1.4), if ¢1(w) < —a then
J(p1(w)) +q(J(¢2)) S —a+a=0<b-C(w,q),

and if p1(w) > —a then

T(or(w)) + a(J(2)) = o1 (w) + /B J(p2)dg + /X e da

= p1(w) + /B padq — a.q(X2\B)

Therefore, (o1, p2) € Y and hence @x C ®Y. Thus, ¢ = Y.

Moreover, by lemma 3.5 one has ET*? is convex and lower semi-continuous.
Hence, applying [11, proposition 3.1, page 14 and proposition 4.1, page 18] we get
that (ET%)** = ET®". Therefore,

ET" (1, p2) = sup {Z/ @i(;) dpi (i) — (ETa,b)*(spl,SDQ)}

(p1,92)€CH(X1)xCo(X2) | ;=1 /Xu

2

- / i(s) dps ()
(tp1,¢2)€¢'f’,; X;

2

< sup Z/ pi(xi) dpi(z;).
(p1yp2)€®y ;=7 /X

Now, using lemmas 3.3 and 3.4 we get the result. (|
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Proof of corollary 1.2. We define the cost function C': X x P(X) — [0, c0] by

cmm:ﬁawwmw

for every x € X and ¢ € P(X). We will check that C' is lower semi-continuous on
X x P(X). Let (z™,¢") C X x P(X) such that (2™, ¢") — (2°,¢°) asn — oo. Then
as ¢; is lower semi-continuous on X x X and non-negative, by [10, lemma 4.2] we
get that

liminf C(2",¢") = lim inf / a(z™,y)dg"(y) = / a(2%,y) dg’(y) = C (2", ¢°).
X

n—oo n—oo X

This means that C is lower semi-continuous on X x P(X). Next, a one-to-one
correspondence between v € MS(uy, po) and 4 € T'(fiy, fi2) is given by

=741 - filp ®0s + s @ |1 = falp2 + [V|d(s0,%)

where f; is the Radon—Nikodym derivative of +; with respect to y;. From this and
theorem 1.1 we obtain that

2

AwA/AMmMWW=Wme:Sw Z/wmmw.
FET (1,f12) S X X (p1,p2)ERy =1 /X

Now, for any (p1,¢2) € ®; we define @;(z) = J(pi(z)) if z € X and ¢;(x) =0
if # =co for i =1,2. Then ¢; € L'(j1;) for i =1,2. As (¢1,p2) € @7, for every
z,y € X we have

J(p1(z)) + J(p2(y) = J(p1(x)) + 6y(J(p2)) < b-C(z,6y) = b c1(z,y).

Hence ¢ (z) + @2(y) < é(x,y) for every 2,y € X. Moreover, we also have

/A P1dfin =/ Prdpn + P1(c0)|pel =/ J(p1) dp 2/ prdp.
X X X X

Similarly, [ ¢adfia > [y @adpa. Therefore,

2 2

sup Z/ @i(x) dpi(z) < sup Z/ @i(x) dpis ().
(p1.p2)€Qy ;1 /X (@1,@2) €Lt (i) x L (fi2) =1 /X
¢1(x)+2(y)<ér(z,y)

This implies that

2

~inf / e (z,y) dy(z,y) < sup Z/ @i(x) dgii(x)
FET (fi1,f12) J X x X (@1,@2)EL" () x L' (fi2) =1 /X
b1(z)+p2(y)<ér(z,y)

< inf / 1w, y) dy(z,y).
FET (fu1sf12) J X x X

Hence, we get the result. O
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Proof of corollary 1.3. (1) Applying theorem 1.1 for X; = Xy = X and C(x,q) =
Jx c(z,y)dq(y), where c(z,y) = (b-d(z,y))? for every x,y € X then we get the
result.

(2) We use the techniques of the proof of [25, theorem 1.14] to prove (2). For every
(¥, ) € Pw, we define p¥(z) :=infyex[b- d(z,y) — p(y)] for every z € X.
Then 9 is b-Lipschitz function and ¢%(x) € [—a, a] for every z € X. There-
fore, ¢ € F. Now we define ¢%(y) := infex[b-d(z,y) — ¢(z)] for every
y € X. Then % is b-Lipschitz and

o (x) + " (y) < b-d(z,y), for every z,y € X.

As —a < p%(z) < a we also get that —a < p9d(
we have 9% € F and (¢, p99) € Oy .

On the other hand, as ¥(z) + ¢(y) < b-d(x,y) for every z,y € X we get that

y) < a for every y € X. Therefore

U(e) < inf [b-d(z,y) — o(y)] = ¢"(2) for every z € X.
ye
Similarly, from the definitions of ¢ we also have ¢4 (y) > p(y) for every y € Y.
Hence
/ I(z[;)d,u+/ I(<p)d1/§/ I(gpd)d,u—i—/ I (™) dv.
X X X X
Therefore,

<w,il>lepq>w{/xf(¢>dﬂ+/xl(<p) dy}

< sup {/ I (% du+/ I(wdd)du}.
peay(x) Lx X

As ¢? is b-Lipschitz we get

—p%(z) < inf [b-d(,y) - o (y)].

On the other hand, inf,e x[b- d(z,y) — ¢%(y)] < —p?(z). Hence
p™(x) = inf [b-d(z,y) — ¢ (y)] = —¢"(2).
yeX

Thus

w,iﬁl&w{ /Xf (v) dp+ /X I(p) du}

< sup {/ I(god)dqu/ I (%) dy}
pecy(x) L/x X
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= om A frean [
iitég{/)(f(w)du+/xf(sﬁ)®}

< I()d I(p)dv !,
<(w,zl>l£¢w{/x () u+/X (¥) V}

So we must have equality everywhere and get the result. U

REMARK 3.6. (1) Corollary 1.3 (2) has been proved in [21, theorem 2] for the case
a=0b=1and X =R" by a different method.

(2) [14, 15] Let (X, d) be a Polish metric space. Let M%(X) be the set of all u €
M (X)) such that p(X) = 0. For every u € M%(X), we denote by ¥, the set of
all non-negative measures v € M(X x X) such that v(X x A) — (A x X)
= u(A) for every Borel A C X. Then we define for every u € M%(X),

lal = ing { / d(x,y>d~y<x,y>}.
YEY, XxX

Now, on the vector space M(X) we define an extension Kantorovich—-Rubinstein
norm as following

= inf 9 —v|(X)}, f e M, (X).
il i= it {1+ =100 . for every g€ )

Then from [14, theorem 0] (when X is compact) or [15, theorem 1] (when X is a
general Polish metric space), applying Hahn—-Banach theorem we get that

||MdSUP{/de(MV)if€F},

where F := {f € Cy(X), || flloo <1, [|Ifllzip <1}. We thank Benedetto Piccoli and
Francesco Rossi for pointing [14] out to us, and we have found [15] after that.

Using corollary 1.3 (2) we get another proof of [22, lemma 5].

COROLLARY 3.7. Let X be a locally compact, Polish metric space. For every p,v,n €
M(X) we have

Wi+ n, v +n) = WP (u, v).

4. Barycenter problem and an its dual problem

Let (X,d) be a locally compact, Polish metric space. For every integer k > 2, we
consider k measures fi1, ft2, . . ., g in M(X) such that supp(p;) is a compact subset
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of X for every i € {1,...,k}. Let A1, Aa,..., \x be positive real numbers such that
Zle Ai=1andlet K = Ulesupp(ui), we consider the following problem

inf Z)\Wab Ly 1) .

bupp M)CK

REMARK 4.1. Let X = R%. For every m > 0,a,b > 0 and py, s € M(X) we define

Wi (1, pi2) = Z|Mz %|+b/ |z — yPdy(z,y).

Vi GMz(X) 'ném [vI=

In [16] Kitagawa and Pass introduced and investigated the following partial
barycenter problem:

inf w2 i [
HEM(X),|ul= Z 2im (1

The methods there are different from us as they study their partial barycenters
via multi-marginal optimal transports while we use duality formulations for our
barycenter problems in generalized Wasserstein spaces.

THEOREM 4.2. Problem (B) has solutions.

Proof. For every pe€ M(X) such that supp(p) C K, let J(p) = Zle Ai
W;’b(ui, p)?. Let {u"}, oy be a minimizing sequence of (B). If there exists ng such
that supp(p) = X then X = K, and thus X is compact. Hence, {u"}, .y is tight.
Otherwise, for every n € N, let x & supp(u™) then there exists an open neighbor-
hood U, of « such that p"(U,) = 0. Since X is separable and {Us} ¢ x\supp(un) 19
an open cover of X \supp(p"), applying Lindelof theorem there is a countable sub-
cover {Uy,},;. Therefore, " (X \supp(p™)) = 0. Moreover, supp(u™) C K for every
n € N. Thus, for every n € N, p"(X\K) = 0. It implies that {u"}, .y is tight.

We now prove that {u"}, .y is bounded. For every n €N and every i€
{1,2,...,k}, using corollary 1.3 (1) we get that

W ) =sup [ @)@+ [ palo)dito)l(orea) < o
We set ¢1(z) = a, p2(x) = —a for every z € X then
AW (™, ) = Niap™ (X)) = Niapsi (X)
This yields,

k
1
" < — ”)+Z)\i|ui|, for every n € N.

@

As p; € M(X) for every i € {1,2,...,k} and J(u™) is bounded, we obtain that
{u"}, cn is bounded. Therefore, applying Prokhorov’s theorem, passing to a sub-
sequence we can assume that pu™ — p as n — oo in the weak™-topology for some

we M(X).
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We now show that supp(p) C K. As X\K is an open set, applying [19, theorem
6.1] we get that

0 = liminf " (X\K) > pn(X\K).

n—oo

Therefore, X\ K C X \supp(u). Hence, supp(u) C K.

Next, we will check that W;’b(,u", 1) — 0asn — oo. If |u| = 0 then we are done.
If || > 0 then there exists N > 0 such that |u™| > 0 for alln > N. For eachn > N,
we define v™ := |u|p™/|p™| then [v™| = |u|. Therefore,

Wy (0", 1)? < alp™ — v+ BPWE W 1) = al|p”] — |pl| + BPWEW", ).

Moreover, since " — 1 as n — oo one has v™ — p as n — oo. Observe that v™ and
w are concentrated in compact set K, applying [26, definition 6.8 and theorem 6.9]
we obtain that lim,, ., Wa(v™, 1) = 0. This yields,

lim sup W;’b(u”,u)Q <a lim ||p"| = |p|| + lim *W3(u", p) = 0.
n—oo n—oo

n—00

Notice that liminf,, Wg’b(u",u) > 0. Therefore, lim,, oo W;’b(u”,u) = 0. This
implies that lim, ., J(u™) = J(u). Hence, we get the result. O

DEFINITION 4.3. Let X be a locally compact, Polish metric space. For every
integer k > 2, let uy,...,ur € M(X) such that supp(u;) is compact, for every
ie{l,...,k}. Let Ai,..., A\ > 0 such that 3% A\, = 1. We say that g € M(X)
is a generalized Wasserstein barycenter of (i1, ..., ug) with weights (Ay, ..., Ag) if
p is a solution of (B). We denote by BC'((fi, Mi)1<i<k) the set of all generalized
Wasserstein barycenters of (u1, ..., u) with weights (Aq, ..., \x).

In general, barycenters in a generalized Wasserstein space are not unique.

EXAMPLE 4.4. Let X =R,a=b=1and A\; = Ay = 1/2. For every z > 0 let u; =
0, and pg = 30,. Then we have {p € M(R)|supp(u) C {z}} = {¢d.|l¢ = 0}. For

every q >0, let ({11, 12) be an optimal for Wg’l(éz,qém). Since |p1| = |pel, o1 <
Oy 2 < g0y, we must have 13 = Jig = rd, where 0 < r < min{q, 1}. Hence, we get
that

W3 (05,0,)% = min{g + 1 — 2|0 < r < min{q, 1}}.
Similarly, we also get that

Wzl’l(%x, ¢0,)* = min{q + 3 — 2s|0 < s < min{q, 3}}.
It is easy to check that

A1.min{g + 1 — 270 < 7 < min{q, 1}}
+ A2.min{g + 3 — 250 < s < min{q,3}} = 1,

and the minimum is attained when ¢ € [1,3]. Therefore, BC((u1, A1), (12, A2)) =
{gd2]q < [1,3]}.
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We now prove the consistency of barycenters in generalized Wasserstein spaces
which has been shown in [5, theorem 3.1] for the Wasserstein setting.

THEOREM 4.5. Let (X,d) be a locally compact, Polish metric space. For every
integer k = 2, let {ul?} € M(X) be sequences converging in the generalized Wasser-
stein distance to compactly supported measure p; € M(X) for everyi € {1,...,k}.
Let K = Ulesupp(ui) and let sequences AV, ..., \}' > 0 such that Zle A =1 for
every n € N and A} converges to \; >0 fori=1,..., k. For each n € N, suppose
that supp(pl) C K for every i € {1,...,k}. Then BC((u}, \!')1<i<k) 5 a non-
empty set for every n € N. Moreover, for every n € N, let i € BO((uf, A )1<i<k)
then the sequence {u'y} is precompact in (M(X), W;b) and any its limit point is
a generalized Wasserstein barycenter of (fi1, ..., ux) with weights (A1,..., \g).

Proof. Since supp(p') C K and K is compact, one has supp(ul') is compact for
every n € Nand every i € {1,...,k}. Therefore, BC((ul', A\ )1<i<k) is a non-empty
set for every n € N, this follows from theorem 4.2.

We now prove the second part. Since p € BC((uf', Al )i<i<k), we get that
supp(pg) C Ulesupp(u?) C K, for every n € N. Then p%(X\K) =0 for every
n € N. Therefore, {p} is tight. Let up € BC((pi, Ai)1<i<k)- Since W;’b(u?,ui) —
0 as n — oo for every i € {1,...,k} we get that

lim W5 (up, ) = Ws'* (np, p12) < 00

n—oo

Therefore, {W3" (s, 1) }n is bounded for every i € {1, ..., k}. Moreover,

k k
Z )\?W;’b (i, 1)? < Z )\?W;’b (g, p?)?, for every n € N. (4.1)

i=1 i=1

This yields, W;*b(p%, ) is bounded for every i € {1,...,k}. As ul’ — p; asn — oo
in the weak*-topology, applying [19, theorem 6.1] we get that lim, . u(X) =
wi(X) < oo. Thus, {ul} is bounded for every i€ {1,...,k}. Therefore, using
corollary 1.3 (1) and by the same arguments as in the proof of theorem 4.2 we
obtain that {u%} is bounded. Hence, applying Prokhorov’s theorem, passing to a
subsequence we can assume that gy — [ip as n — oo in the weak*-topology for
some fip € M(X). Observe that, from p%(X\K) = 0 for every n € N and X\ K is
an open set, we get that (X \K) = 0 and thus supp(uip) C K. By the same argu-
ments in the proof of theorem 4.2 we also have Wg’b(u%, fp) — 0 asn — oo. This
implies that the sequence {p’4} is precompact in generalized Wasserstein topology
and we also get that

lim I/IN/;’b (g, pt) = W;’b (1ip, pi), for every i € {1,...,k}.

n—oo

https://doi.org/10.1017/prm.2021.27 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.27

Unbalanced optimal total variation transport problems 693

Hence, since (4.1) we get that

k k
DoMWL (g, wi)” = Nim D ONTWS (i, )
i=1 i=1

n—oo

k
< lim > ONWS (g, )’

n—oo

=1
k —~
= S AT ().
1=1

Therefore, fip € BO((pi, Ai)1<i<h)- o

Next, we will study the a dual problem of problem (B). For every A > 0 and every

function f € Cp(K) such that f(z) < Aa for every x € K where K = Ui;lsupp(ui),
we define Sy f(z) := infyex {A?d*(z,y) — f(y)} and Sy f(z) := min {Syf(z), Aa}.
For every integer k > 2 and for each i€ {1,2,...,k} we define function H; :
Cy(K) — R by

7/ Sy, f(x)du;(x) if f € Fy,
K

400 otherwise,

H;(f) =

where Fy, := {f € Cy(K)|f(z) < \ja,Vz € K}. Then H; is convex on F,.

We denote by M(K) (resp. M. (K)) the space of signed (resp. non-negative)
Radon measures p with a finite mass on X such that u is concentrated on K, i.e.
w(X\K) =0. Then M, (K) is the dual space of C(K), since K is compact. For
every u € M(K), the Legendre-Fenchel transform of H; is

HE () = sup { | f@ dute) - Hlf < cb<K>}
— sup { [ @) dute) — 11515 € F&}
—sup{ [ riute) + [ S auols € b
We consider the following problem
k . k
(B*) sup {Z/}(sxifxx)dm(xﬂfi « FA“ZL« = 0} :

LEMMA 4.6. Let X be a locally compact, Polish metric space then inf(B) > sup(B™*).

Proof. For i =1,2,...,k let any f; € Fy, such that Zle fi = 0. Then Sy, f;(x) +
fily) < X\ib%d?(w,y) for every x,y € K and every i € {1,2,...,k}. For every u €

https://doi.org/10.1017/prm.2021.27 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.27

694 N.P. Chung and T.S. Trinh

M. (K), let v* € M<S(u,p;) be an optimal plan for Wza’b(u,ui). Since p; is
concentrated on K for every i = 1,...,k, we get that

Wi (i)’ = a (n—miy") (K) +a (i — 734") (K) + b2 /K . d*(z,y) dv' (2, y).
X

As ' € MS(p, 1), by Radon-Nikodym theorem there exist measurable functions
@192 : K — [0, +00) such that mjy" = p1p, 75Y" = api and 1 < 1 p-ae, g2 <
1 p;-a.e. Therefore, we get that

ﬁ@%mmf=a/X1—mwm+a/X1—mwmruﬂ/ @ (z,y) dv'(z, )
K K

KxK

2a/}((1—@1)du+a/K(1—<p2)dui
+AL/K i)+ 55 filw)] dv'(z,y)

1 1-—
= / {a(l — 1) + )\fz‘iﬂl} d#‘i‘/ {a(l —2) + /\75>\,~fi-<ﬂ2 dp;.
K i K i

Moreover, ¢1(x),p2(z) >0 for every x € X and o1 <1 p-ae, g2 <1 pj-ae,
fi(z)/Ni < a, S, fi(x)/Ni < a for every x € K. Therefore, we obtain that

a(l=i(x) + (fi(x)/Xi) wi(x) = fi(x)/Ni; p—ae
a(l—a(2)) + (Sx fi(x)/Ni) pa(x) = Sy, fi(x)/Xi; pi — ace.
Hence, for every i € {1,2,...,k}, we get that
NS (i, ) /fz ) du(e /SA fi(w) ds (). (4.2)

Thus

3

Z)\WQ‘“’MM Z/fz ) du(a +Z/5Afz ) dps()

=;A&mwmm.

This yields,

mf{ZAWz‘” (. p12)? | supp(u )CK} Z/ S, filz) dps(z).

i=1

Hence, we get the result. O

LEMMA 4.7. Let X be a locally compact, Polish metric space. Then for every i €
{1,2,...,k} we have H} (1) = AW (1, 113)2 if p € M(K) and 400 otherwise.
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Proof. Tf € Ms(K)\M_.(K) then there exists g€ Cy(K),g <0 such that
Sy 9(x)dp(x) > 0. For every t € R,t > 0let f =t.g then f € F), and Sy, (tf(z)) >
0 for every z € K. Therefore, H; (1) = sup;s [4 fdp = +oo.

We now consider 1 € M(K). Since (4.2), it is clear that Wb ()2 = Hp ().
So we need to prove that A, W; P (i, 1s)? < H (11). We define

D = {(p1,92) € Co(K) x Cy(K) : p1(x) + @2(y) < b?d*(x,y), 1(x), p2(y)
> —a, for every x,y € K}.

Let any (p1,p2) € i then \ip1(x) + Nipa2(y) < \ib?d?(z,y) for every z,y € K
and every i = 1,..., k. Therefore, A\;p2(y) < Sx,(Nip1(y)) for every y € K. Observe
that ¢2(y) € [—a,a] for every y € K, we get that \;pa2(y) < Sx, (Aip1(y)) for every
y e K. As N\jp1(z) < \ja for every x € K, one has A\;¢; € F),. Hence, we obtain

that
/ Nip () du(x / Nialy) di (9)
K

g/K)\igpl(x) du(:c)+/K§Ai (ANip1(y)) dui(y)

< Hi ().

Applying corollary 1.3 (1) we get that
I1ra 1 *
W5t et = s { [ a@ant) + [ pwantn} < L,
(p1,92)EPK K K (

Hence, )\Z'W;’b(;hm)Q < Hf(p) for every pe M (K) and every i € {1,2,...,k}.

Let F:={f € Cy(K)|f(z) < a for every x € K}. We define H : C,(K) — R by
H(f) = inf {Zle Hi(f)lfi € Fa, S0, i = f} if f € F and +oo otherwise.

LEMMA 4.8. H is convex on F and H*(u Ez L Hi () for every p e My(K).

Proof. For every gi,92 € F and every t € [0, 1] we will check that H(tgy +
(1= 0)g2) < tH(g:) + (1~ ) H{ga). Let any fofi € By, such that 525, F, =g

andzl 1fl—gg then tf, —i—(l—t)fZEF)\ andZ:Z tf +(1—t)f1] tgr + (1 —
t)g2. As H; is convex on F), for every i = 1,...,k, we get that

tzk:Hi(f (1—1) ZH (f1>:

'Mw

Il
-

[tH: (F:) + (L= OH, ()]

K2

Ma@

=

H, (tF:+ (1= 0)F)

i=1
2 H(tg1 + (1 —t)g2).-
Therefore, H(tg1 + (1 —t)g2) < tH(g1) + (1 — t)H(g2). Hence, H is convex on F.
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We now show that H*(p) = Zle H} (u) for every u € My(K). For every u €
M (K), by definition of the Legendre-Fenchel one has

w= s { [ sau- i)
— du —
aup { [_san—110s)|

k k
= sup {/K fdu —inf{ZHi(fi)m €,y fi= f}}
i=1 i=1

feF
k B k
:Jscgg{/de/ut-i-sup{;/KSAifidﬂﬂfiGFAi,;fi:f}}-

For every f; € Fy, let f = Zle fi then f € F. Thus, for every u € M4(K) we get

Z< /K filz) dp(z) + /K SA,;fi(ﬂC)din(x))

=1

k
- /K CLICEDY /K B, i) dpus()
H* ().

This yields,
k
S H () Zm{/ﬁdu /Sm MAMGB}
i=1 K

:sup{i(/ filz) du(z /5/\ fiw) dps( )) |fz‘€F)\i}

< H*(p).

Conversely, for every f € F let G := {(fl7 o fe)lfi € F,\i,Zf:l fi= f} Then,

/j@+ sup /&ﬁm
K

(F1renfR)EG T

k
= sup {/ fd,uJFZ/SMfid,ui}
(f1,-:fx)EG K i—=1 7k
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sup {/ Zﬁd,MLZ/SA fzduz}

(f17 S fr)EG
k

< Z sup {/Kfidqu/kSMfidM}

i=1 fieFki

k
= Hi(p
i=1
Hence, we get the result. O
Inspired by [1, proposition 2.2] we get the following theorem.
THEOREM 4.9. Let (X,d) be a locally compact, Polish space then inf(B) = sup(B*).

Proof. Combining lemmas 4.7 and 4.8 we obtain that

k k *
inf(B) = ue/i\ftlcf(K)ZH:(M) =— (Z H;‘) (0) = —H**(0).

Furthermore, we also have sup(B*) = —H(0). Thus, we only need to prove that
H**(0) = H(0). Forevery f € F, let f; € F, such that Zle fi=1Ff. As fi(z) < \a
for every x € K and every ¢ = 1,...,k, one has

Sy, fi(z) = ylg}f( {)\ib2d2(x,y) — fz(y)} > —\a for every x € K.

Therefore, H;(f;) < A\ja. Moreover, since Sy, f(x) < \;ja for every x € K, we also
have H;(f;) > —X;a. Hence H is bounded on F. Thanks to lemma 4.8, one has
H is convex on F. We denote by F' the interior of F , then F is also a convex
set. Applying [11, lemma 2.1] we get that H is continuous in F endowed with the
supremum norm || - ||s. Observe that 0 € F', using [11, propositions 3.1 and 4.1]
we obtain that H**(0) = H(0). Hence, we get the result. O

LEMMA 4.10. Let (X,d) be a Polish metric space. For every A > 0, let f € F\ then
Sxf and (Sx 0 Sy)f are 2\b? D-Lipschitz functions on K, where D = diam(K).

Proof. As K is a compact subset of X then K is bounded and thus D =
diam(K) < oco. Let any x1,z9 € K. For every € > 0, there exists yp € K such
that Sy f(z2) > A\b2d?(x2,90) — f(yo) — €. Moreover, it is clear that Syf(z1) <
Ab2d?(x1,y0) — f(yo). Hence, we get that

Saf(@1) = Saf (z2) S MN? [d® (z1,90) — d* (z2,y0)] + & < 200> Dd (w1, 22) + €.

Similarly, Sxf(z2) — Sxf(x1) < 2A\02Dd(x1,72) + ¢. Therefore, Syf is a 2\b%D-
Lipschitz function. By the same arguments above, we also get that (S 0S))f is a
2\b% D-Lipschitz function. O
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THEOREM 4.11. Let (X,d) be a Polish metric space then problem (B*) has
solutions.

Proof. Let f™ = (fT,...,f}?) be a maximizing sequence for (B*). For each i €
{1,...,k — 1} we define f;" = (Sx; ©Sx,) fI'. Then ]?i” is bounded on K for every
i=1,...,k—1.Since Sy, fi(z) = —\;ja for every x € K and every i = 1,...,k — 1,
we get f7 () = infyere {ND2d(x,y) — Sx, [7(y)} < —Sx, [ () < Nia for every z €
K.

Moreover, it is easy to see that f* < J?” on K and S, f;” = S\, fI' for every
i=1,...,k—1. Hence S, f”—S)\ flr for every i =1,...,k — 1. For every n € N,
we define f,? = —Zf 11 flroAs f < f" on K, one has fk < —Zi:ll =
Thus, f,’j(:z:) < Aga for every z € K and S,\kf,C > Sy, fi for every n € N. Thus,
gAkﬁ? > S, fi for every n € N. Therefore, we obtain that

k
hmbupZ/ S S (@) dps () = n1L%ZA§A1ff(x) dp;(z) = sup(B™).
j i=1

n—oo

Using lemma 4.10 we get that fz" is a 2\;b%2D-Lipschitz function on K for every
t=1,...,k—1and every n € N. As f’f =— Ei:ll fi" and Zle A; = 1, we obtain
that f,? is a 2(1 — \x)b?D-Lipschitz function on K. Then applying Ascoli-Arzela
theorem on compact set K and using a standard diagonal argument there exists

a subsequence of f” = (JF{L, ce f,?) which we still denote by {fn} such that f"

converges uniformly to ]"v (fl, R fk) Then fl € F), for every i € {1,...,k}. As
ZZ " f" = 0 for every n € N, we get that Z fl = 0. This yields,

k ~ ~
ZA?Afz(m) dpi(z) < sup(BY) thsup/ S, () dpi ().

n—oo

Applying Fatou lemma, we obtain that
k —_ ~
Z/ S fi(@) dpi ()
=1 K

k ~
< Z/ limsup S, f" () dpi ()
=1

K n—oo

_ ﬁ; /K lim sup {min{ inf {)\ideQ(x,y) - }jﬂ(y)} ,/\iaH dys (@)

n— oo Y

<; [ min{ int i (\2a(e0) - Fow) e ansto)
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k ~
= Z/ min{ inf {)\ibde(x,y) - fZ(y)} ,)\ia} dp;(z)
i—1 VK yek

k
- /K B, Fia) dpus(a).

Therefore, we must have equality everywhere. Hence, we get the result. O
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