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We establish that the maximal operator and the Littlewood—Paley g-function
associated with the heat semigroup defined by multidimensional Bessel operators are
of weak type (1,1). We also prove that Riesz transforms in the multidimensional
Bessel setting are of strong type (p, p), for every 1 < p < oo, and of weak type (1,1).

1. Introduction

Muckenhoupt and Stein [14] made an in-depth study about harmonic analysis in
the one-dimensional ultraspherical and Bessel settings. In this paper we are inter-
ested in the LP-boundedness properties for the maximal operator and Littlewood—
Paley g-function associated with the heat semigroup for the multidimensional Bessel
operators and the Riesz transforms in the multidimensional Bessel context. As
far as we know, harmonic analysis operators in the Bessel settings have always
been studied in the one-dimensional case; only recently have the authors consid-
ered multipliers of Laplace transform type in this n-dimensional Bessel context [9].
Following the publication of [14], both Andersen and Kerman [1,2,10, 11] estab-
lished LP-weighted inequalities for the Bessel-Riesz transforms. Stempak [18] stud-
ied Littlewood—Paley g-functions and Mihlin—-Hérmander multipliers in the Bessel
setting, and, together with Nowak [16], established transplantation theorems for
Hankel transforms. Recently, in [3-8], the one-dimensional harmonic analysis in the
Bessel context has been completed by investigating properties of g-functions and
Riesz transforms of every order and maximal operators associated with Poisson and
heat semigroups.

We now present some notational conventions that will allow us to simplify the
presentation of our results. We denote by x = (z1,...,2,) and y = (y1,.--,Yn)
elements of (0,00)™ or R” and we represent by u and v positive or real numbers.
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By A = (A1,...,A,;) we denote an element of (—3,00)" (n-dimensional index)
and we consider always o € (—3,00) (one-dimensional index). Also, we write Z =
(z2,...,2n) € R" 1 and A = (Ag,...,\,) € (—3,00)""! when z € R” or A €
(—%,00)". If z € R" is a vector,

o] = 2t + -t af
represents its Euclidean norm, while |A| = A1 + -+ + A, is the length of the multi-

index A € (—1,00)™. Suppose that we have a function g(u,v,a,t), t,u,v € (0,00)
and a € (—1,00). We define

g(z,y, \t) = H 9(z;,y;,A,t), te(0,00), z,y € (0,00)", A€ (—%,oo)".

For instance, we shall use the function
y A n " Aj
J n
=) = =, ,y € (0, NS .
(2) 11 (L) ewe@or ae 4o

We think this notation does not produce any confusion.
By dpa(x) we represent the product measure

n
H x* dz;  on (0,00)™.
j=1

We consider the n-dimensional Bessel operator Ay defined by

n
A)\ = § A)\]‘,wj)
Jj=1

where

—2n; O [ 2y O .
Ay ey = —; Jaxj<xj]8xj> forevery j=1,...,n, n > 2.

The heat semigroup generated by —A is represented by {W};~¢. This semigroup
is a symmetric diffusion semigroup in the sense of [17] with respect to the measure
dpy. Then, according to [17, p. 73] the maximal operator

W) = sup [W(f)
>0
is bounded from LP((0,00)™,duy) into itself, for every 1 < p < oo. Inspired by the

ideas developed by Nowak and Sjdgren in [15], we establish that W2 is of weak
type (1,1) with respect to the measure duy.

THEOREM 1.1. Let A € (—3,00)". The mazimal operator W) is bounded from
LY((0,00)™, dpy) into LY°((0,00)™, duy)-
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Since, for every f € C((0,00)™) (the space of C*°-functions on (0,00)" that
have compact support),

lim Wt)\(f)(x) :f(x), T e (0700)71,

t—0+
and C°((0,00)™) is a dense subspace of LP((0,00)",duy) for every 1 < p < o0,
standard arguments give the following result.

COROLLARY 1.2. Let
A€ (—3,00)" and 1< p<oo.
For every f € LP((0,00)™, duy),
tl_i}r& WXf)(z) = f(z) a.e z€(0,00)".

According to [17, p. 67], the semigroup {W};~¢ admits an analytic extension
to 2= {t € C: |arg(t)| < im(1 —|2/p—1])} in LP((0,00)",duy), 1 < p < co. The
Littlewood-Paley g-function of the first order associated with {W;};~¢ is defined
by
2 dt

1/2
; } , x€(0,00)".

<] 0
2@ ={ [l mene
0
By [17, p. 111], g* defines a bounded operator from LP((0,00)™, djuy) into itself for

every 1 < p < 0o. We complete this result by analysing the behaviour of ¢g* on
LY((0,00)™, dpy).

THEOREM 1.3. Let A € (—%,00)". Then g* is bounded from L*((0,00)",dp,) into
L1°((0,00)™, dpy).-

The Bessel operator A, can be factorized as follows:

d d
Aa:_ —2a 20 :D*D
v dx (x do:) ’

where D = d/dz and D* denotes the formal adjoint of D in L2((0,00),dus)-
According to [14, §16] and [17], we define, for every ¢ = 1,...,n, the ith Riesz
transform R? associated with Ay by

0
8:61-
Here A;l/ 2 represents the negative square root of Ay, whose definition will be

specified later (see §4). LP-boundedness properties of the Riesz transforms R},
1=1,...,n, are established in the following.

RN = —NA 25 Fec((0,00)).

THEOREM 1.4. Let A € (—%,00)" and i = 1,...,n. For every f € C°((0,00)"),
A;lmf admits a derivative with respect to x; on almost all (0,00)™ and

9 A2 f(2) = Tim RMx,v)f(y)dur(y) a.e. z € (0,00)",

A
aﬂl‘i e—0t le—y|>e
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where
oo

1 dt
R = —w) — 0,00)" L1
z(l‘vy) ﬁ 0 axl t(may)\/ga I,yE( 700) ’ ( )
and W (z,y) represents the kernel of the operator W} for every t > 0 (see (1.3)
for definitions).
Moreover, the mazimal operator Rf:* defined by

R, (f)(z) = sup
e>0

/| L REDfane), w00,

is bounded from LP((0,00)",duy) into itself, for every 1 < p < oo, and from
LY((0,00)™,dpy) into LY >((0,00)™, duy). The Riesz transform R} can be extended
to LP((0,00)", dux) by

R} (f)(z) = lim R} (z,y)f(y) dua(y)  a.e. = € (0,00)"

e—0+ lz—y|>e

o0, that is a bounded operator from

for every f € LP((0,00)",duy), 1 < p <
< p < oo, and from L'((0,00)", duy) into

LP((0,00)™,duy) into itself, for 1
1122((0, 000", dp ).

p
p

We now recall some definitions and properties that will be useful in the following.
If J, denotes the Bessel function of the first kind and order v > —1, we have that,
when o > —%,

Aa,u((uv)_O‘+1/2Ja_1/2(uv)) = v2(uv)_°‘+1/2Ja_1/2(uv), u,v € (0,00).

Then, the heat semigroup {W}:~¢ generated by —A,, is given by
W@ = [ W o) do,
0
where
WiGue) = [ e ) R ) (02) 2 02)
0
t,u,v € (0,00).

Moreover, according to [20, p. 395], we can write

—a+1/2
Wta(u,v) - %10—1/2 (Z)G(UQJFUZ)/M’ ta u,v € (Oa OO), (12)

where I, represents the modified Bessel function of the first kind and order v > —1.
The heat semigroup {W};~¢ generated by the multidimensional Bessel operator
—A) is defined by

WA (@) = / WA 9) () dpa (v),

(0,00)™
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where, according to our notational convention,
n
A — Aj — _ n
Wiz, y) = [[ Wi (@5,0;), == (21, ,2n), ¥= (Y1, yn) € (0,00)". (1.3)
j=1

Asymptotic expansion of I, (see (3.3)) allows us to connect the operators (max-
imal operators, g-functions and Riesz transforms) associated with A, with the
corresponding operators in the classical Euclidean setting in a local region defined
by

L={(z,y) € (0,00)" x (0,00)": 1x; <y; <2z, j=1,...,n}.

Note that L contains the diagonal of (0, 00)™ x (0, 00)™. This is a crucial point in the
proof of our theorems because in that diagonal are the singularities of the kernels
of the operators under consideration. We describe in §2 in a quite general way
the procedure that we use to prove the LP-boundedness properties of the treated
operators. In §3 we present some auxiliary results that will be very useful in the
proof of theorem 1.4. The proofs of theorems 1.3 and 1.4 are more involved than that
of theorem 1.1 because the maximal operator W is positive, while the Littlewood-
Paley g-function and Riesz transforms are not positive operators. For brevity, we
present only a complete proof of theorem 1.4 (see §4). By using the ideas developed
in the proof of theorem 1.4 and applying our general procedure, the interested reader
will thus be able to prove theorems 1.1 and 1.3.

It is remarkable that, as can be observed in §4, the proof of the results in the
n-dimensional setting cannot be made by iterating one-dimensional results, and
much more work is needed.

Throughout this paper we shall use repeatedly without further mention the fact
that, for every k > 0, there exists Cy > 0 such that zFe™* < Cj, z > 0. By C we
denote a suitable positive constant that can change from one line to another.

2. A general procedure

In this section we describe a general procedure that can be used to show theo-
rems 1.1, 1.3 and 1.4.

Suppose now that P is a monomial in R™ and A is a linear space of continuous
functions on (0, 00) such that P(0,,,...,0., )W (z,y) € A, z,y € (0,00)", = # ¥,
and P(0yz,,...,0q, )Wi(z,y) € A, x,y € R", © # y, where W,(z,y) represents the
classical heat kernel defined by

e~ le—yl? /4t
W (z,y) = RO z,y € R™, t>0.
Assume that B is a Banach space and L is a linear mapping from A into B. We
define
EMNx,y) = L{P Oy, 00, )Wy}, @,y € (0,00)", z #y,
and

K(z,y) = L{P(0u,, .., 00, )We(z, )}, z,y €R™, x#y.
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Assume also that the functions
K*x,-): (0,00)"\ {z} = B, € (0,00)",
and
K(z,-): R" x \{z} - B, zeR"

are strongly measurable, and that, for every f € C°((0,00)™) (respectively, f €
C°(R™)), the limit

lim, Kz, y)f(y) dy

e—0 |z—y|>e
exists, for almost all € (0, 00)™, with respect to the Lebesgue measure on (0, 00)"
(respectively, R"), where K = K> (respectively, K = K). Here, the integral and the
limit are understood in the B-Bochner sense and in B, respectively.

We consider the operators T and T defined by

TA(f)(z) = lim KMa,y) f(y) dua(y)

e—0t le—y|>e
ae. € (0,00)", f € C2((0,00)"),

and

T(f)(z) = lim K(z,y)f(y)dy ae.zeR" feCXR"), (2.1)

e—0t le—y|>e

and the corresponding local operators given by

Tine(f)(z) = lim K@,y) f(y) dua(y)

e=0F Jjz—y|>e yeL(x)

a.e. z € (0,00)", f e C((0,00)"),

and

A
T.(f)(z) = lim K(z,y) (y) f(y)dy

€20t Jjz—y|>eyeL(x) x

a.e. x € (0,00)", feCX((0,00)"), (2.2)
where, for every x € (0,00)", the local region L(x) is defined by
L(z)={y € (0,00)": $2; <y; <2x;, j=1,...,n}.

We apply the general procedure described in this section to study LP-boundedness
properties for maximal operators and Littlewood—Paley g-functions associated with
the heat semigroup and the Riesz transforms in the Bessel setting. In each case it
is not hard to identify the Banach space B, the linear space A, the linear mapping
L and the monomial P. Although some of these operators can be only defined as
a pointwise principal value limit and not as a principal value limit in the corre-
sponding Banach spaces, the procedure still works. We describe the procedure in
this general setting looking for a unified presentation.
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We denote by LE($2,dw), 1 < p < oo, and Lé’oo(ﬁ,dw) the B-valued Bochner—
Lebesgue LP-space, 1 < p < oo, and the B-valued weak L!-space, respectively.

Our objective is to obtain LP-boundedness properties for the operator T from
the corresponding LP-boundedness properties for T. Hence, we need to know these
properties for the operator T. In many cases (Riesz transforms, Littlewood—Paley g-
functions and the maximal operator for the heat semigroup, in the classical setting)
the boundedness properties that we need are known.

In the following result we prove that boundedness of the operator T implies the
boundedness of the local operator T? . provided that

loc

IK(z,y) s < , T,y eR" x#£y. (2.3)

|z —y["
PROPOSITION 2.1. Let B be a Banach space. We consider the operators T and T} .
defined by (2.1) and (2.2), respectively, where K satisfies (2.3). If 1 < p < oo
and T can be extended to LP(R™,dx) as a bounded operator from LP(R™,dz) into
LE(R™,dz), then T{\. can be extended to LP((0,00)",duy) as a bounded opera-

loc

tor from LP((0,00)™,duy) into Ly ((0,00)™,duy). Also, if T can be extended to
LY(R",dz) as a bounded operator from L'(R™, dx) into L]}%’M(R”,dx) then T?

loc

can be extended to L((0,00)",duy) as a bounded operator from L'((0,00)™, duy)
into Ly ™ ((0,00)™, dpuy).

Proof. Let m = (mq,...,my) € Z"™. We consider
Qm ={y € (0,00)": 2™ Ly; <2™T j=1,...,n}
and
={y € (0,00)": 2™t <y; <2F2 j=1,... ,n}.

Note that if z € Q,, and y € L(z), then y € Q..
We define the operator

I ()(@) = x@. () T(xg, W F W) (y/2)*) (@), feC&E((0,00)).

We then assume that T can be extended to LP(R™,dz) as a bounded operator from
LP(R",dx) into L% (R", dz), where 1 < p < 0. Let f € C°((0,00)™). We can write

H >IN

meZ"

Z/ IT(xo,. () F ) /) @I dpis ()

Lp((O,oo)",dp,)\) meL™

<C 3 2 [ g, )W) @E ds

mezL"™
<oy o [ iy
iy O
<Y / WIP dua(v)
mezm

< CHf”LP((O,oo)",d;w\)’

where mA = Z 1 MA.
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We now analyse the difference operator

™= V- The

mezn

Fix m = (mq,...,my,) € Z". We have that

=

Qm \ L(z) = | J(Be(2) U C(2)),

=1

where, for every £ =1,...,n,

Bg(.’t) = {y S (0,00)”: 2mj_1 < Yj < 2mj+2’
J=1,.m, j#G 2™ Sy < g}

and

Co(w) = {y € (0,00)": 2™~ L y; < 2M9H2
G=1,...,m, j# € 22 <y <22

We can write, for each = € Q,,,

1V, — Tioe) () (@) e
= IT(xo,\ 1) W) F (W) (w/2)) () ][

<c§:(ﬁmwJ@m(iijzwdy+lwmuw>

1

A
(2) o)
r) v —y"

(2.4)

We estimate only the integral on Bj(z). The other integrals can be analysed simi-
larly. Let © € Q. Since |z1—y1| = z1—y1 > %:cl > 2™~ when 2™~ Ly < %xl,

we get
» A
L 1 |f ()l y
rwl(2) weo [ v 4y
»/B1(x) x ‘1‘ — y|n Bi(x) (22m1—2 + Z?:z(xj _ yj)Q)n/2 T
Lf (W)l
G (22m1=2 4 ijg(xj _ yj)2)n/2
fm () _
<C s (22 4 |3 = g‘2)n/2 dy, (2.5)
where
gm1+2
fm(g) = XH;L=2[2m_,»71,2mj+2](ﬂ)/2 |f(y1, g)| dyl, je Rnfl'
my—1
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Then, by standard arguments, we get, for every € R* 1,

A %)
Yy 1 1 5o\
fy(> dy<C 7/ Jm(y)dy
/Bl(:z) W)l z) |z —y|" ;2(ml+k)" |z—g|<2k+m @)

CQimerL—l (fm)(:z)7

where M,,_; denotes the Hardy-Littlewood maximal function on R™*~1.
Since the maximal function M,,_; is bounded from LP(R"~1 dz) into itself, it
follows, by using Jensen’s inequality, that

L1 o (i)A e

2m1+1
< 022m)\/ 2—TVL1I)/ 1 |Mn71(f~m)(§j)|p dz d.’l?l
2m1 n—

2'm1+2

p
<022m)\+m1(1_p)/ (/ \ (yl, )|dy1>
H;L=2[2mj7172mj+2] gmy—1

< 22 / @) dy

m

dpa(z)

m

<C /Q £ )P dux ()

By combining the above estimates we obtain

/(0 )nHTA( Y@ dia@) = 3 / 1, = Tioo) (F) (@) IIf dpa ()

meZ"
<C > / y)IP dux(y)
mezn
< CHfHLD((O,oo)",dN/\)'

Hence, we conclude that T}, can be extended to LP((0,00)",duy) as a bounded
operator from LP((0,00)", dpy) into LE((0,00)™, dpy).

Suppose now that T can be extended to L!'(R"™,dx) as a bounded operator from
LY(R™,dz) into Ly (R™,dz). Let f € C°((0,00)") and v > 0. We have that

(€ (0,00)" TR (F)@lls > 7))
<in({r e .00 |t - m% YA
+,u,\<{x€ 0, 00)" HZV\

mezn

< a({z € (0,00)": [7(@)s > 14})
+ 3 iz € Qu: 1PN @) > 31},

mezZ™
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Moreover, for every m € Z™, we get

i@ € Quu VA A (@)s > 17})
<02 S (fe € R™: | T(xg, () F (0)y™) (@)]s > 27 54))

2m>\ N C
— dy < — d .
<cZ / < S [l

Henceforth, u( ) represents the Lebesgue measure on R, 1 < £ < n.
Hence,

C
Y m{r € Qu: IVn (N @)z > $93) < ol LA L (CROTRTNE

mezn

Also, since M,,_1 is bounded from L}(R"~! dz) into L»>°(R"~! dz), we obtain,
for every m € Z",

m({x € Qm: /Blm 1f ()] (g)A - _1y|n dy > 7})

< Mz\({x € Qm: Mn—l(fm)(j;) > 72m1M})
22" ({2 € Qs Moo (Fn) (2) > 72 M)
22m)\+m1uén_l)({f e Rnili Mn—l(]?m)(j) > ’72m1M})

22" fonll £ (-1 a)

v
g 2mA
<o [ iflay

m

<= /@m £ dia(w)-

Here C, M > 0 are constants that do not depend on m € Z".
Hence, we can deduce from (2.4) that

NN

/N
Q

pa{z € (0,00): |[T(f)(@)lle > 7}) < Z / y)l dua(y)

mEZ"

< ;Hf”Ll((O,oo)",dp,A)-

Combining the above estimates, it is possible to extend Tj . to L((0,00)™, duy)
as a bounded operator from L'((0,00)",duy) into Ly™((0,00)™, dpuy). O

The key point of our procedure is to show the LP-boundedness properties for the
operator S* defined by

SMf) =TF) = Tioe( ), f € CE((0,00)7).
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We write P(21,...,2,) = a:]fl cooghnx € R and k = (ky,...,k,) € N”. Let

f e C((0,00)™). We have that

=1
where
S} f)(z) = lim / SMx,y) f(y) dua(y) ae. z € (0,00)", £=1,...,n,
e—0t lz—y|>e
and
S} (w,y)
—1 akj
= ﬁ{ 1T Xz, @ W) (@5u5) ™ —Welaj, y;)
=1 Oz’
ok _y, Ok
X <8$§£ WM (e, ye) = X1, () () (Teye) /\Z@Wt(xé» yz))
n 8kj \
< ]I kthJ(xj?yj)}v
j=£+1 8%’

z,y € (0,00)", x#£y, £=1,...,n.

Here, L;(z) = {v € (0,00): 2z; < v < 2z;} denotes the one-dimensional local
region with respect to the jth variable, j =1,...,n.
Let £ € {1,...,n}. We consider the positive operator H; given by

1@ = [ 180l dnm) ae e 0.00"

According to the properties of the Bessel function I, established in § 3, in order to
analyse the operator H, E\ we split the integral over (0,00)™ into a sum of integrals
as follows. We define, for every u > 0, the sets

A1(u) ={v € (0,00): 0 < v < Fu},
As(u) = {v € (0,00): $u < v < 2u},
As(u) = {v € (0,00): 2u < v < o0},
and, for every x € (0,00)" and s € {1,2,3}",
As(z) ={y € (0,00)": y; € As,(z;), i=1,...,n}.

We can write

H)f) = Y HML),

se{1,2,3}n

where

() (@) = /A IS s f ) diaty) ae € @000 5 € (1,2,3)"
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We must now establish the LP-boundedness properties of the operators H 25,
s € {1,2,3}"™. To make this we use estimations of the Bessel function I, (see §3)
adapted to the operator 7 considered, that is, to the linear mapping £ and the
monomial P. Note that if 1 < p < oo, the composition operator Hji0oHs is not always
of weak type (p, p) when H; is of strong type (p, p) and Hs is of weak type (p, p). This
fact means that the LP-boundedness properties of the operator Hj:s, s€{1,2,3}",
cannot be obtained by iteration of one-dimensional type operators. More involved
manipulations are needed to control our operators by others whose LP-boundedness
properties can be established. In § 3 we present some of the auxiliary operators that
will be used in the proof of theorem 1.4.

3. Some auxiliary results

In this section we present LP-boundedness properties for some operators that will
be very useful in the following. We also establish some properties of Bessel functions
that will be needed in the proof of our results.

3.1. Auxiliary operators
The Hardy-type operator H,, defined by

Ho(g9)(u) = /OO 9() dv, wu € (0,00),

[

is bounded from L*((0,00),u?* du) into itself when o > —3 (see [13]). Then, for
every k € N, the operator

x):/ / Mdyl-‘-dyk, z € (0, 00)F,
z1 Th U1 k

is bounded from L'((0,00)*,dug) into itself, provided that 3 € (-1, oo)]~C

If 3 € R¥, with k € N, we define the local Hardy-type operator H loc by
ﬁ 2w1 211» &
Hloc( ) = x25+1/ / d/iﬁ ) HAS (0,00) .
CEk/2

It is not hard to see that HlﬁC is bounded from L((0, 00)*, dug) into itself.
1

Also, we consider, for every 1 </ <k, /,k € Nand § € (—3, o0)¥, the operator

11/2 I[/Q 21}@+1 297)€ k
—3;, 9y
/ / / / 1T @iv) 5 9 )25 dps(y),
m;+1/2 20/2 2 |z — 9]

z € (0,00)",
where

L8+ 1)+ k-0,

‘

Jj=
We can prove that HZ,C is bounded from L!((0,00)*, dpug) into L1*°((0,00)%, dpg)
by proceeding as in [15, case 3].

https://doi.org/10.1017/50308210511000643 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210511000643

Harmonic analysis and Bessel operators 957
LEMMA 3.1. Let k€N and B € (—l,oo)k. The operator Lg defined by

= () [ et <<

is bounded from L((0, oo)k,dug) into LY>°((0,00)*, dug).
Proof. Let g € L*((0,00)%,dpg) and v > 0. We have that

ps({z € (0,00)*: [Ls(g)(x)] > 7})

z € (0,00)%: (Zasj>_

Jj=1

. k 1 1/(2|B]+k)
NB({x € (0,00)": Z%‘ < (,YlgHLl((O,oo)k,dHB)) })

j=1
X Nﬁ(Q)»

) 12181 +k) 1k
Q= {0, <7||9||L1((o,oo)k,d;w)> ] -

C
1s(Q) < ;||9||L1((o,oo)k,d#[,),

2|8k

< pig 1911 L1 ((0,00)% dpg) > 7})

where

Since,

it follows that
k C
up({z € (0,00)": [L(g)(z)] > 7}) < ;IlgllLl((o,oo)k,dm-
Thus, the proof is finished. O

3.2. Properties of the Bessel function I,

The modified Bessel function I,,, v > —1, admits the following series representa-

tion:
o0 )2k+u
0 . 3.1
Z;)Fk+1 I'v+k+1) € (0,00) (8:-1)
Then,
1
I N v -‘r. 2
»(2) 72”F(1/+1)z as z — 0 (3.2)
Also, according to [12, p. 123] we have that
z m 1
1) = o= (L0 HE) 4 0( 5 ) ). men ze 00, (33)
2z \ 155 mt
where [v,0] =1 and
4v° -1 2 42 — (2k —1)2
[v, k] = (2 - ? - 3%) - (% — ) k=1,2,....

z%r(k 1) ’
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From (3.1) it is easy to deduce that

%(27’/[1,(2)) =z"I,41(2), z¢€(0,00). (3.4)

In the following we establish some properties of the heat kernel for the Bessel
operator that will be useful in the proof of our results.

LEMMA 3.2. Let A € (—%,00)". Then
W2 ) = @) W) (14 3 alta)F ), (9
ke{0,1,....n}"
k£(0,...,0)

where ¢, € R and g, € C*((0,00)™ x (0,00)™ x (0,00)) satisfy the condition that,
for every compact set K C (0,00)™ and a > 0, there exists C > 0 for which

and, for every j=1,...,n,
0
‘agn(x,y,t)’ <Ct"tt te(0,a) and 2,y € K. (3.6)
Ty

Proof. According to (1.2), (1.3) and (3.3), we have, for every z,y € (0,00)" and
t >0,

WA _ ()™ [y 1/21 TY \ o= (> +lyl*)/4t
L (z,y) = W 9% A—1/2 9%

= @ S0y - bl(5h ) s e (),

T
k;j=0 Y5

where, for every v > —1, f¥ is a C°°(0, 0o)-function and f¥(z) = O(z~ 1), as
z — oo. Then, (3.5) holds, where g, € C*((0,00)™ % (0,00)™ x (0,00)) and, for
every a > 0 and every compact set K C (0,00)™ there exists C' > 0 such that

|gn(z,y,t)| < Ct"T ¢ € (0,a) and x,y € K.

We now verify that g, satisfies (3.6). Let v > —1. By (3.3) and (3.4) we obtain, for
each z € (0, 00),

%(e_zz_”l,,(z))
= e 2T (V2 — VEL(2))
_ Z_V_1/2 e, k k k —k v+1 v
= (R e e ) - o)
27u71/2 n
=— Wer <Z(1)k([1/ + 1, k+1] = vk +1))(22) "+ frii(z) - 5+1(Z)>

(3.7)
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and
Ll L)
d< P 1/2(2": i
= 22)7" + f(2)
dz\ Var k=0
zfvfl/Z n v+ 1
= - —1)* w42k +1)(22) F 4 2 (2) — —fY(2) ).
7 (D0 e 200 R ) - L)
(3.8)
Moreover,
v+ 1Lk+1]—[v,k+1] =[v,k](2v+2k+1) forkeN.
Indeed, let £ > 1. We have that
v+ 1L,k+1] —[v,k+1]
k k
JZO j:U
k

j=

(=)

k

~JJev+2i+1) 2V—2j—1)}
j=0

(v +2k+3) - (2v -2k —1)

N 4(k +1)22k1(k + 1)

k—1

X { [Tev+2i+1)@v -2 - 1)}(2u+2kz+1)

=, k|(2v+ 2k +1).
Then, from (3.7) and (3.8) we deduce that

V+2

d 12 174
@fﬁ = =+

Hence,

d 1
& n(Z):O<2n+2) as z — 09,

and we conclude that if @ > 0 and K is a compact subset of (0,00)", there exists
C > 0 such that, for every j = 1,...,n,

0
‘&an(x,y,t)’gCt”‘H, t € (0,a) and z,y € K.
J
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O
Let a > —3. According to (3.2) and (3.3) we obtain
ef(u2+v2)/4t
—ariE uv < T,
0 < W (u,v) <C (3.9)

(uz\;/);a e (W= 4ty >

From (3.9) it follows that

Ca 1
0< We(u,v) < O<(m\)/)g o~ (u—v)?/4t | u2a+1)’ t,u,v € (0,00). (3.10)

Also, (3.9) implies that

N (uv)fozfl/Q /16t efu2/32t
0 S Wt (U,’U) S CTUG S Cw,
provided that 0 < v < %u <00, 0<t<uv and
efu2/4t
0 < W (u,v) < CW’
when u,v € (0,00), t = wv. Then, we conclude that
e—u’/32t
0< Wou,v) <C———+, 0<v<iuandt>O0. 3.11
t ta+1/2 2

On the other hand, according to (3.2), (3.3) again, and (3.9), we obtain

< 1 (uv)_a>e(uv)2/4t uv < t
W (u,0) — (u0) =W, 0)] < €4 \EFF2 T VA
(uv)—@= 1y o= (u=v)*/4t uv > t.
(3.12)

By using (3.2)—(3.4) we can prove that

u? + v? (uv

t—a—1/2
= pat3/2 -t 1)7 tiu,v e (0; OO) (313)

220 (a + 1)

Indeed, we have that
t7a71/2

2201 (a + 3)

_| 1 w 7a+1/21 w\ @iyt
~ @22\ 2t am1/2\ gt 220 (a 4 1)

@ —oc+1/2[ % - 1
2 “2\2t) " 20-120(a+ 1)

|ef(u2+v2)/4t . 1|

W) - t

]Wﬂu,v) _

1

S (2t)a+1/2e_(UQ+U2)/4t

t7a71/2

+ -
220 (a + 3)
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u? + v?

uv _uz U2 d -«
WD /4 gup = (22, 9(2)) tC s

< o55€
(2t)a+3/2 2€(0,uv/2t) dz

(uww)?  u? 4 0? u? +v? [
S C<ta+5/2 + ta+3/2 S CW - T L), tu,v e (0,00).

By (3.9) and (3.13) it follows that, for every compact set K C (0,00)™, b > 0 and
A € (7%7 OO)n,

PN

m - (my)_’\Wt(%y)‘

\}E‘Wﬁ(w, y) -

n

i—1

1 s
<E *”WJCL",'
i:1\/gj:1 t (Jy])

F—Ai—1/2

i
Wi (@i, yi) — m

f[ t—)\j—1/2 C
, Ralres
j=it+1 2N (Nj+3)  tnFD/2
<O W=n/2=8/2 L= D/2y - < < o0, 2,y € K. (3.14)

Now we estimate some derivatives of the heat Bessel kernel. By combining (3.1)—
(3.3), we obtain

9 e L <,
%Wta(u,v) <C . (3.15)
(uvt) ef(uf'u)2/8t’ uv > t.
Inequality (3.15) leads to
e—u2/32t
a W, O<ov< %U,
—W(u,v)| < C (3.16)
0 2
U e~V /32t
W, 2u < v < 0.

According to (3.4) we have that
o () 4= Al=n/2 »
a1 (Wt (z,y) — m — (2y) Wt(x,y))

L o~ (zi+ul)/4t
:HWt (%‘v%)W
j=2

—A1+1/2 —)\1—‘1-1/2
% T1Y1 I Liyi\y 1 [T I T1Y1
2 2\ Top Jor T 2\ 2t 1=1/2{ Ty

Al Y 1 — Y1
— w
+ T (‘ry) t(x7y) + ot

(xy)_AWt(x,y), t>0, z,y € (0,00)".
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Then, (3.2) and (3.9) lead to

9 A =Mz AW < O An/2=1 | pn/2
Wiz, y) (zy) " Wy(z,y) || < CO(t +t7"%)

dxy T 2T (A + )
(3.17)
for every t > b and z,y € K; where b > 0 and K is a compact subset of (0,00)".
Here
2P+ 3) =[] 22V T (N + 3).
j=1
Finally, we recall the following properties established in [8, lemma 4.3]:
1 1
<9 dt W, O<v< U,
/ — W (u,v)|— < C (3.18)
0 ou \/i u
S2ata’ 2u < v < 00,
and also, from [8, proposition 4.2], we have that
b b —a—1/2
’atha(u,v) - (uv)_a%Wt(u,v) < C’(uv)\/ie_(“_”)z/“, uv =t >0.
(3.19)
4. Proof of theorem 1.4
In this section we prove that the Riesz transforms R, i = 1,...,n, associated with

the Bessel operator Ay are bounded from LP((0,00)",dpy) into itself for every

1 < p < oo, and from L*((0,00)™, duy) into L°((0,00)™, dpuy).
For every A € (f%,oo)” and i = 1,...,n, the Riesz transform R is formally
defined by
0 ,_1/2
R} = A7,
7 axi A

(4.1)

where A;l/ % denotes the negative square root of the operator Ay. We shall now
make precise the definition (4.1).

Assume that 0 < 8 < |A| + 4n 4+ 1. We define the negative power A;ﬁ on
Ce°((0,00)™) as follows:

AL f(x)
L A e RN 51
= (MO@ xom Oz [ @) ar
(4.2)
where f € C°((0,00)™).
Let f € C°((0,00)™). We can write
8@ = [ f0EK} @) dnw), e 0,00, (4.3)
(0,00)™
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where, for each z,y € (0,00)", z # v,

1 0o IA|—n/2
Ké\(x,y) = M/o (WtA(%y) - X(1,oo)(t)m>tﬂ_l dt.

In order to prove the integral representation (4.3) for A;ﬁ , it is sufficient to show
that, for every x € (0,00)™,

e ] N B t~ [A|—n/2
J L A

Indeed, let = € (0, 00)™. According to (3.9) and defining K = supp(f), we have that

1 1
/ If(y)\/ W?(x,y)tﬁ—ldtdm(y)g(/*/ / th=1=n/2e=le—yl*/4t 4t q,,
(0,00)™ 0 K Jo

1
C — - d
h /K o — y[n20 Y
< o0

because 8 > 0. In the last inequality we have used [19, lemma 1.1].
On the other hand, by (3.9) and (3.13) we get

N t— |A[—n/2
WA(
Jo 01 [ e wm y

ooz 1 —(N\;+1/2)
OZ// 22>\;F)\ + )

X H Wt (2,7t dt dy
j=it1

oo
<C// t‘“"”“‘“ﬁdtdy
K J1
< 00

because 3 < [\ + in+ 1.

P71 At dpa(y) < oo.

7= dt dpa(y)

= (hi+1/2)

i 0}
Wt (-'Emyz) 22)‘1['(/\14*%)

REMARK 4.1. Note that if 0 < 3 < [A| + 3n for every f € C°((0,00)"),
/( 7 | Wi i) < s o e 0,00
0,00)" 0

and we can define the function
_ 1 o _ "
AP = oz [ 1w [ W i), o e 0.0,
I'(B) J0,00) 0
(4.4)
when f € C°((0,00)"). Then, if 0 < 3 < [A| + $n and f € C°((0,00)"), for each
€ (0,00)",

_ oo IA|—n/2
A S~ B0 = [ ) [ gt
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and, for every i = 1,...,n,

0 «p, . D
o, 1@ = g,

provided that these derivatives exist. Equation (4.5) tells us that once we have
taken derivatives, it is irrelevant to consider definition (4.2) or (4.4). However, we
are interested in the particular case § = %, and when A is very close to (—%, ey —%)
the integrals in (4.4) are not convergent.

(&) f(x), (4.5)

For every 0 < 3 < %n, the fractional power A= is defined on C°(R") by

APf(x)= [ f(y)Ks(z,y)dy, = €R",
R’VL
where, for every z,y € R", x # y,

r(3n—p) 1
24T (B) [ — "2

In particular, since n > 1, we have that, for every f € C°(R"),

Ks(z,y) = % /OOO W, (z,y)t? ' dt = (4.6)

172 1 > g lo—ul*/at 0
A f(x)zm/wf(y)/o Wdtdy, r € R™.

A crucial result to prove theorem 1.4 is the following.
PROPOSITION 4.2. Let f € C((0,00)"). Assume that A € (—3,00)". Then, for
everyi=1,...,n,

(852 @) = e AT ) )

0 _ n

= /( ) f) (R?(x,y) ~ 5, (@) )\KI/Q(‘Tay))) dpa(y)  a.e. z € (0,00)",
0,00)™ 7

(4.7)

where R is defined in (1.1). Moreover, the integral in (4.7) is absolutely convergent.

Proof. We shall prove (4.7) for ¢ = 1. Suppose that {2 is a compact subset of
(0,00)™. There exist 0 < a < 1 and b > 1 such that, for every y € supp(f) and
x € 2, zjy;/t > 1 when 0 < ¢t < a, and z,y;/t < 1 when b < ¢t < oo for every

j=1,...,n. We can write, for each z,y € (0,00)",
KL, y) — (2y) Ky o (2, y)

_ L - dat

=2 [ - @

+ / (W y) - (xywwt(x,y))jg

bl 4~ IAI=n/2 . gt
+/1 (Wt (w,y) — m — (zy) Wt(xvy))

! /boo (W?(x’y) - M - (ww‘AWt(a:,y))ﬁ}. (4.8)
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If r € N, according to [19, lemma 1.1] we get, for every z,y € (0,00)", = # y,

/ o le—yl? /At —(n+1)/2 gy c/ o lr—ul? /4t~ (nt1)/2 gy
0 0

C

<— . 49
|z —y|nt (4.9)

Suppose that k € {0,1,...,n}" and k # (0,...,0). From (4.9) we deduce that
the functions

a  o-lz?/a a o—lz?/4t
_ _ n
hk(z) - /0 t("+1)/27‘k‘ dta Hk(z) - /O tn/2+1,‘k| dt7 zeR \{O}a

are in L'(A) for every compact subset A C R™. Moreover,

9 a 3) 5
— — o =lP /4t = (n+1)/2+ k| R"™
o hi(x) /0 xle t dt, ze€ \ {0}.

Since f € C°((0,00)™), by defining f(y) = 0, y € R™\ (0,00)", the function

Gula) = [ () (e~ 9 daly), @€ (0,09,

is derivable with respect to 1 on (0, 00)", and

%Gk(l")
_ _AITt’fl /n(xy)—*_kf(y)hk(m —y) dua(y)
- /R Rz — gk O; aiyl[(wl —y) TR f (@ - y))he(y) dy
= Mtk / (zy) M F () hie(@ — y) dpa(y)
I n

[t = w0
— [(z1 —y)M R f (@ = )i (y)] 77
+/ (71 —yl)h_klf(l“—y)ihk(y) dyr
R\(z1—e,z1+€) ayl

x z ARz — ) Fdy

_ _M; k1 /n(xy)_’\_kf(y)hk(m —y)dux(y)
b [ e e y)aiwhk@ dy
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_ Mtk /n(xy)—/\—kf(y)hk(x —y)dpa(y)

Z1

+ /n(xy)”*kf(y)a%lhk(a: — ) dua(y)
= [R i[(my)j\—khk(z — y)]f(y) dux(y% = (O’ OO)n

n 81‘1

Hence, we obtain, for each x € (0,00)",

9 & )= e dt
5’5171(/(0,00)n f(y)/o (ay) " Wi(a,y) Z ck(zy) ktlkl\/id/a(y))

ke{0,1,...n}"
k£ (0,....0)
[ o [ (e S et ) ).
(0,00)" 0 9 ke{0,1,....n}" Vi
k#£(0,...,0)
(4.10)
Also, by using (3.6) we can see that
8 @ —\ dt
a_ W ) n 9 7t 7d
o /(O,Oo)n f(y)/O (xy) " We(z,y)gn(z,y )\/i ()
/ f()/a O (e9) W, 1), ) L dpr(9), = € (0,00)"
= —\\x xZ, n\T, Y, I ) ’ :
ooy W) | g, (@ (@, y)on (2, ,1) 7 dialy
(4.11)
From (3.5), (4.10) and (4.11) we deduce that
o [ ) [ ) = )W) S i)
81'1 (0700) y 0 t 7y y t 7y ﬁ ,U/)\ y
-/ f()/aiww(m ) = (59)Wa(2,9)) L dpin(y), @ € (0,00)"
- (0.00)" Yy o 8301 t Y Yy t Y \/E MY ), ) .
(4.12)

By taking into account (3.14) and (3.17), for each = € (0,00)™, we can differen-
tiate under the integral sign, obtaining

0 o0 \ = IA=n/2 N a
oz, /(0700)71 f(y)/b <Wt (z,y) — m — (xy) Wt(a:,y)) % dy

—/ 1 )/‘”a(W(m y_ e
“ ooy B\ T T

(o) W, y)) O i)
(4.13)
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Finally, it is not hard to see that

9 e
3%Awﬂﬂlmﬂw)mﬁwmwﬁ

b t—|)\\—n/2 dt
—/1 Wﬁ) dpx(y)
b9 ~ dt .

= [0 [ g ) — ) W) i), € 000"
(4.14)

By combining (4.8) and (4.12)—(4.14) we prove (4.7). Moreover, the estimations
that we have established show the absolute convergence of the integral in (4.7).
Thus, the proof of proposition 4.2 is finished. O

Proposition 4.2 allows us to define the Riesz transforms R}, i = 1,...,n, on
€2 ((0,00)™).

PROPOSITION 4.3. Let
feCr((0,00)") and M€ (f%,oo)”.

Then, for everyi=1,...,n, the function A;l/Qf admits derivative 3A;1/2f/8x¢
with respect to x; on almost all (0,00)"™, and

O ATV f(z) = tim R} (z,9)f(y) dpa(y)  a.e. z € (0,00)".

A
8xi e—0t le—y|>e

Proof. Let i = 1,...,n. As is well known, for every g € C®(R"), A~'/2g admits
derivative OA~Y/2g/0z; with respect to z; on almost all R” and

0
T AY2g(z) = lim g(Y)R;(x,y)dy a.e. x € (0,00)",
8$i e—0t |lz—y|>e

where R; represents the kernel of the classical Riesz transform
1 9 dt
Ri(z,y) = — —We(x,y)—,

Moreover, for every x € (0,00)™, it follows that, by (4.6),

r,y €R", z #y.

/ |J[(?J)|K1/2(f157y)yA dy <C %y’\ dy < oc.
(0,00)™ supp(f) ‘I - y|
Then,

0 N A—1/2( A

@AY ) @)

0
=l K Ay ae. 0, 00)™.
im, |$7y|>gf(y)8$i (27 'Ky 2(2, )y  dy ae. z € (0,00)
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Hence, from proposition 4.2 we conclude that A;l/ 2 f admits derivative 8A;1/ 2 /0x;
with respect to z; on almost all (0,00)™ and

AT (@) = (852 (0) AT ) @)+ (AT ) @)

= lim f) (R?(x,y) = 8ii((xy)AKl/z(x,y))) dpr(y)

e—0t lo—y|>e

+ lim f(y) 0 ((zy) Ky y2(z,y)) dpa(y)

e—0t lz—y|>e ox;

lim F)RMx,y)dur(y) ae. x € (0,00)™

e—0*t lo—y|>e

O
We now prove that, for every f € LP((0,00)™,dux(y)), 1 < p < oo, there exists
the limit

lim Rz)\(xvy)f(y) dlu‘k(y) a.ex € (O’ Oo)nv

e—0t le—y|>e

with ¢ = 1,...,n. In order to show this we consider, for every ¢ = 1,...,n, the
maximal operator Rf:* defined by

R} (f)(z) = sup
e>0

/I— > R, y) f(y) dpa(y) |-

PROPOSITION 4.4. Let \ € (—%, 00)™ and i = 1,...,n. The mazimal operator R;\7*
is bounded from LP((0,00)™, dpy) into itself, 1 < p < oo, and from L'((0,00)™, duy)
into LY°((0,00)™, dpuy).

Proof. We consider i = 1. For other values of ¢ we can proceed analogously. We can
write

R% (Z‘, y) = (Ri\ ($, y) — XL(z) (y) (xy)_ARl ($7 y)) + XL(x) (y) (xy)_A]Rl ($, y)

1 > 9 A1 -1 9
:ﬁ/o <alet (21,91) = X1y () (1) (T121) axlwt(xlayl))

5 dt &~ 1 [™ d
Py —A
x Wy (:c,y)% + ; ﬁ/o XLl(m)(y1)(9C1y1) %Wt(ﬂﬁhyﬂ

-1
< [T X @ W) @5m3) ™ Welaj, ;)
j=2
X (W (e, Ye) — XLy (Ye) (Teye) Wi (e, ye))
n _ dt _
< T Wi (.0 + X () (29) R (2, p)
J=t+1 Vi

n+1
= ZR%,K(x’y)a T,y € (0,00)n
(=1
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We now study the maximal operator R} 0. associated with Ri\ , in the usual
way. First, we consider R1 1,4~ In the forthcomlng analysis we follow the general
procedure described in §2. We distinguish three situations: 0 < y; < a:l, 2:51 <
y1 < 227 and 221 <y < 0.

Assume first that 0 < y; < %xl and 1 < £ < m < n. According to (3.10), (3.11)
and (3.16), we get

Sy ()

:01/2 z0/2 2T 41 2T, 0o o' \
=L e [ R @l W)l din)
Toy1/2 T /2 J 2T 41 2z,
x1/2 z0/2 2To41 2T 00
c/ / / / / / 7wl
0 0 wg+1/2 CE,,L/Q 2wm+1 2. 2)\ +1

Tn j= m+1 Y 7

> exp(—(X5_, 2)/321)
)

$25m1 (A +1/2)+1

)\.
TiY) N —y)? 1
y H < J\J/ e~ (i—v;) /4t+1:2/\j+1>dtdu,\(y).

Jj=t+1 J

Since HX and H’BC are bounded from L((0, oo) ,dpg) into itself for every k € N
and g8 € (—7 o0)¥ (see §3.1), the operator S[ is bounded from L'((0,00)™, duy)
into L1°°((0,00)",duy), provided that, for every r,k € N, 1 < r < k and 8 €

(—1,00)*, the operator

T (9)(@)
381/2 QTT/Q 23:T+1
/ / /37r+1/2
ka 1
/xk/2 ‘/ 271 (Bi+1/2)+1+(k—r)/2

XeXp( 32t<2x + Zk: '—yj)Q))

j=r+1

k
< T ()% dtdps(y)
j=r+1

x1/2 zy/2 2mr+1
<l )
xr+1/2

k _3.
/2“ [T (i) ™%
T

l9(y)] — 7 — 5 dus(y)
k/2 (Zg 175 +Z] r+1(x7 —y]) )Zj:l(ﬂj+1/2)+(k /2

is bounded from L'((0,00)*,dug) into L}*°((0,00)*,dug). This last property is
true because the operators Hﬁ (see §3.1) and Lg (see lemma 3.1) are bounded
from L((0,00)*, dpg) into LY °°((0 00)*, dpug), when 3 € (—1,00)¥ and 1 <r <k,
r,k € N.
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According to (3.18), we have, for every x € (0,00)",
dt

A #1/2
smow<e [ [T Vi

« (sup /(Om)nl W29, x5 ) i, ()

t>0

t xlayl)

O x1/2 s
o [ (s [ @IS0l des@) ) s, )
Ty 0 (0,00)n—1

t>0

The Hardy-type operator Ly, is bounded from LP((0,c0),duy, ) into itself [13] and
W7 is bounded from LP((0,00)"~ 1, dusy) into itself. Hence, S?T}l is bounded from
LP((0,00)™,dpy) into itself for every 1 < p < oo.

Suppose now 227 < y; < o0 and 1 < £ < m < n. By (3.10), (3.11) and (3.16),
for each = € (0,00)", it follows that

2.3 oo oo 213[1»1 2T, $nL+1/2
s [ [
2111 212[ $z+1/2 m/2 0

T /2
/0 R ()1 ()] dyin ()

0o 0o 2xp 41 2L.m Tm41/2
o[ /
211 2wy Jxpy1/2 Ty /2 J0

zn/2
/ |/ tZ -1 +1/2)+ 1 (A H1/2)+1
xexp< 32t(zyj Z z])>
Jj=m+1
xgyg Aj (wj—y;)? /At 1
8 H NG TR x| At dia(y)
Jj=£+1 Z;

Since the operator H_  (see §3.1) is bounded from L'((0,00)*,dyug) into itself,
provided that 8 € (— 2,oo)k, in order to see that the operator S,?‘S is bounded
from L1((0,00)",duy) into L1°°((0,00)™, duy) it is sufficient to show that, for every
ﬁe(—l )'and1<s<r k, s,r,k € N, the operator

T0 (9)(x)
/%1 /295 /::; /;:2 /MI/2 ‘/W2 dus(y) l9(y)| ﬁ ;)"

j=s+1
(e S ey )

T (B2 (Bi41/2)+(r—5)/2)
j=s+1 j=r+1

for x € (0, 00)"

is bounded from L1((0,00),dug) into LY*°((0,00)%,dug). Let 8 € (—%,oo)’c and
1 < s < r < k. By proceeding as in the proof of [15, case 3] we can prove that
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the operator T/;? is bounded from L*((0,00)*,dpug) into L'°((0,00)*, dug) when
s < r. Also, the operator Tff is of weak type (1,1) with respect to the measure
dugs, because

500 < S
o (Zk )Z§ o1 (Bi+1/2) 2z, 224 yl

g s%»laj
k

< I 47 dy, «e(0,00)F,
j=s+1

and H3, is bounded from L'((0,00)%, I5_, x?ﬁj dz) into itself and, by lemma 3.1,
Lg, ..., is bounded from

k k
Lt ((O,OO)k_S, H x?ﬂj da:) into LY ((O,oo)k_s7 H x?ﬁj dx).

Jj=s+1 j=s+1

Then, the operator S,"® is bounded from L*((0, 00)", dy) into L1°((0, 00)", dpy).-
By using (3.18), for "each z € (0,00)™,

snwee [ (s [ Wl Do) o

2z Y1 \ t>0

Since H', is bounded from Lp((O 00),dpy,) into itself and W7 is bounded from
L?((0, oo)” 1 dpy) into itself, S » is bounded from LP((0,00)", duy) into itself for
every 1 < p < o0.

Finally, we consider the case z1/2 < y1 < 2z;. By using (3.15) and (3.19) we
obtain that, for every 1 </ < m < n,

Som (@)

2z 2wy pxet1/2 T /2 poo o N
/ R I e e e AN S [FIE )
x1/2 x¢/2 J0 0 2L 41 2%,
2x1 /Q.Lg /.1;(+1/2 /.Lm/Q /OO
x1/2 z0/2 J0 0 2L +1

Y1 (g y —A1—1/2 )2 _
/2 sl [ I e, )
o [ ()N )
e T1Y1) N )2 o
+/ (t>\1+3/2 + $3/2 e~ (rmvy) /8t> Wt)\(x7y) dt:| dpx(y)

2z7 dt 2z —A1—1/2
< C[ Sup / (z1y1)
0 0,00)7—1 \/E

t>0 x1/2
2
K —y Y,
<exp (= Y e ) ) i)
o dt e dt
-2\ e
+ (371 /2/2 372 +/2/ t/\1+3/2>

p// /ow WD)l )|
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2o (z1y) ™ M (x 1—y1)2> =
e I e e LA LT

s 1 2z ~
vsw [ W [ If(y)ldml(yl)dux(y)]-
>0 J(0,00)n1 x] 1/2

The operator H{}jc is bounded from L!((0,00),duy,) into itself, and the maximal
operator W7 is bounded from L'((0,00)"~!, duy) into LV>((0,00)" "1, duy) (the-
orem 1.1). By splitting (0,00)"~! into global and local regions and using the argu-
ments developed above, we can show that the maximal operator,

A 22 mlyl M —(z1—y )2/415 A= ~
W2 (f)(x) = sup o e TV WA (2, 9) f(y) dua(y),

>0 Jay /2

is bounded from L!( O,oo)”,d;m) into Ll’oo((O,oo)TZd/M) for each z € (0,00)".
We conclude that Sg‘,’m is bounded from L((0,00)",duy) into L1>°((0,00)™, dpy)-
Moreover, since, for each p € (1,00), Hl)(‘)lC7 W2 and W2 are bounded from
LP((0,00),duy,) into itself, LP((0,00)" ! duy) into itself and LP((0,00)™, duy)
into itself, respectively, Szi is bounded from L?((0,00)™, duy) into itself for every
1 <p<oo.
Hence, we have proved that the operator Ri\,1 defined by

R (f)() = / R (2.9) F)| dpay), @ € (0,00)",
(0700)"

is bounded from L'((0,00)",duy) into LY°((0,00)",duy) and from LP((0,00)™,
dpy) into itself for every 1 < p < co. Since

Rl 1, (f)(x) =sup

e>0

/| L@ dnw)| < RLOE), e 0.0

R}, is bounded from

L'((0,00)",dpuy) into  LY*°((0,00)", dpuy)

and from L?((0,00)™,dpy) into itself, for every 1<p<oo.

In order to study the maximal operators R1 0o £ =2,...,n, we can proceed as
for R}, , by taking into account (3.12).

Fmally, the LP-boundedness properties of the maximal operator defined by

A
/ Rlu,y)(y) F()dyl.
|z—y|>e,y€L(x) €T

are a consequence of proposition 2.1.
Thus, the proof of proposition 4.4 is finished. O

Rl n+1, *(f)({L‘) = Sup € (Ov Oo)nv

e>0

According to propositions 4.3 and 4.4 standard arguments allow us to conclude
that, for every f € LP((0,00)",duy), 1 <p < oo, and i = 1,...,n, there exists the
limit

lim RNz, y)f(y) dur(y) ae. x € (0,00)™

e—0t le—y|>e
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We define, for every f € LP((0,00)",duy), 1 < p<ooandi=1,...,n, the Riesz
transform R2(f) of f by

R} (f)(z) = lim R} (z,y)f(y) dpa(y) ae. z € (0,00)".

e—0t le—y|>e

Note that, by proposition 4.3, for every ¢ = 1,...,n, this definition extends the
initial definition of the Riesz transform R} from C2°((0,00)™) to LP((0,00)™, duy),

1<p <o

Finally, from proposition 4.4 we infer the desired LP-boundedness properties for
the Riesz transform R}, i = 1,...,n, and the proof of theorem 1.4 is complete.
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