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Abstract

In analogy with the lower Assouad dimensions of a set, we study the lower Assouad
dimensions of a measure. As with the upper Assouad dimensions, the lower Assouad dimen-
sions of a measure provide information about the extreme local behaviour of the measure.
We study the connection with other dimensions and with regularity properties. In particular,
the quasi-lower Assouad dimension is dominated by the infimum of the measure’s lower
local dimensions. Although strict inequality is possible in general, equality holds for the
class of self-similar measures of finite type. This class includes all self-similar, equicontrac-
tive measures satisfying the open set condition, as well as certain “overlapping” self-similar
measures, such as Bernoulli convolutions with contraction factors that are inverses of Pisot
numbers.

We give lower bounds for the lower Assouad dimension for measures arising from a
Moran construction, prove that self-affine measures are uniformly perfect and have posi-
tive lower Assouad dimension, prove that the Assouad spectrum of a measure converges to
its quasi-Assouad dimension and show that coincidence of the upper and lower Assouad
dimension of a measure does not imply that the measure is s-regular.

2010 Mathematics Subject Classification: Primary 28C15; Secondary 28 A80, 37C45

1. Introduction

The upper and lower Assouad dimensions of a metric space provide quantitative infor-
mation about the extreme local geometry of the set. The analogous notion of the Assouad
dimensions of a measure also quantifies, in some sense, the extreme local behaviour of the
measure. These dimensions were extensively studied by Kdenmaiki et al., in [12] and [13],
and Fraser and Howroyd, in [5], where they were called the upper and lower regularity
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dimensions. It was shown that the upper Assouad dimension of a measure is finite if and
only if the measure is doubling, while the lower Assouad dimension is positive if and only
if the measure is uniformly perfect. Kdenméki et al. focused their investigations on dou-
bling measures supported on uniformly perfect complete metric spaces, whereas Fraser and
Howroyd computed the upper Assouad dimension for a large class of examples, as well as
establishing links to other notions of regularity. As many interesting measures are not dou-
bling, such as is typically the case for self-similar measures that fail the open set condition,
the weaker notion of the quasi-Assouad dimension of a measure is more appropriate and
was studied in [10]. There it was shown, for example, that self-similar measures that are suf-
ficiently regular (but not necessarily satisfying the open set condition), not only have finite
quasi-upper Assouad dimension, but in fact this dimension coincides with the maximal local
dimension of the measure.

In this paper, we investigate the lower Assouad dimension for measures and introduce
the quasi-lower Assouad dimension. The (quasi-) lower Assouad dimension of a measure
is easily seen to be dominated by the (quasi-) lower Assouad dimension of the support of
the measure. It is also dominated by the infimum of the lower local dimensions (and hence
the Hausdorff dimension) of the measure. Although these dimensions are equal for self-
similar measures satisfying the strong separation condition, in general all the aforementioned
inequalities can be strict. We give various examples to show this. We also give an example to
show that equality of the upper and lower Assouad dimensions does not imply s-regularity
of the measure. In analogy with what was shown for sets in [2] and [4], we prove that the
quasi-lower and quasi-upper Assouad dimensions of measures can be recovered from the
Assouad dimension spectrum of a measure under the assumption that the measure is quasi-
doubling, i.e., has finite quasi-upper Assouad dimension. These results can all be found in
Sections 2 and 6. In the Appendix, we simplify the proof given in [2] that the quasi-lower
Assouad dimension of a doubling metric space is the limit of the dimension spectrum and
remove their assumption that the metric space is uniformly perfect.

In Section 3 we establish a lower bound on the lower Assouad dimension for uniformly
perfect measures and show that certain Moran constructions, such as self-similar and self-
affine measures, have positive lower Assouad dimension. For these sets, we give a lower
bound for the dimension in terms of the parameters of the Moran construction. We also
calculate the (quasi-) lower Assouad dimension of Bedford—-McMullen carpets.

In Section 4 we prove the equality of the quasi-lower Assouad dimension with the infi-
mum of the set of lower local dimensions for self-similar measures of finite type. This class
of measures includes equicontractive, self-similar measures satisfying the open set condi-
tion, as well as certain measures that only satisfy the weak separation condition, such as
Bernoulli convolutions with contraction factor the inverse of a Pisot number. Our proof is
constructive; we exhibit a sequence of points such that the lower local dimension of the
measure at these points tends to the quasi-lower Assouad dimension of the measure.

A measure is said to be L”-improving if it acts by convolution as a bounded map from
L? to L? for some p > 2. It is known that L?-improving measures have positive Hausdorff
dimension, thus it is natural to ask if they must also have positive lower Assouad dimen-
sion. In Section 5, examples are given to show that even the quasi-lower Assouad dimension
of an L”-improving measure can be zero, although its local dimensions must be bounded
away from zero. In fact, we show that there exist measures whose Fourier transform is
p-summable for some p < oo, with zero quasi-lower Assouad dimension.
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2. Definitions and basic properties of the lower Assouad type dimensions
2-1. Assouad dimensions of sets

Given a compact metric space X, we write N, (E) for the least number of sets of diameter
at most r that are required to cover E C X. Given § > 0, let

h(8) = mf{a (3c, ;> 0)(Y0O<r <R"™ <¢)) supN,(B(x, R)YNE)<c, <R> },

xeE

R o
h(8) = sup {a c(3c1, 2> 0)(YO<r <R <¢) inf N,(B(x, R)NE) > c3 (—) }
X€E r

The upper Assouad and lower Assouad dimensions of E are given by
dimy E =H(0), dim, E = h(0),
while the quasi-upper Assouad and quasi-lower Assouad dimensions are given by
dimga E :}Lnéh(B), dim , E :;ii%ﬁ(é).

2-2. Assouad dimensions of measures

By a measure we will mean a Borel probability measure on X with compact support. The
analogue of the upper Assouad and lower Assouad dimensions for measures was studied
in [5], [12] and [13] (where they were called upper and lower regularity dimensions). The
analogue of the quasi-upper Assouad dimension for measures was introduced in [10]. This
paper is primarily concerned with the (quasi)-lower Assouad dimension for measures.

Given a measure @ and § > 0, set

H(8)_1nf{s (3ci,c2>0)(YO<r <R'™ <¢)) sup HB& R) <c (5)'}
xesuppp W(B(x, 1)) r

and

H(5) =sup {s c(3ci, 0 >0)(YO<r <R <¢)) inf M > (5) }
xesuppp w(B(x,r)) — r

Definition 1. The upper Assouad and lower Assouad dimensions of i are given by

dim, = H(0), dim, = H(0).

The quasi-upper Assouad and quasi-lower Assouad dimension of i are given by
dimga 0 =1lim H(3), dim_, u=lim H(9).

qa 4 =lim H(9), dim,, p = lim H(3)
Remark 2. We note that these dimensions are known under various names and many differ-
ent notations are in common use. The upper Assouad dimension is often referred to as the
Assouad dimension, the lower Assouad dimension sometimes simply as lower dimension,
and the measure theoretic versions as the upper and lower regularity dimensions. We have

opted to use a bar to denote upper or lower Assouad dimension instead of dim, and dimg,
(as dim is sometimes used to refer to the Lyapunov dimension of a measure).
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2-3. Relationships between these dimensions

It is clear from the definitions that
OSdi_mAESdi_quESdi_quESdi_mAEfoo
and
0 <dim, p <dim_, p < dimga gt < dims p < 00.
It was shown in [5] and [10] that
dims o> dima supp e and  dimga 14 > dimga supp .

It is known that dima p < oo if and only if  is doubling, meaning there is a constant C > 0
such that

w(B(x, R)) > Cu(B(x, 2R)) for all x, R. 2-1)

See [5] for a proof.
Recall that the lower local dimension of u at x is defined as

log u(B(x,r))

dim, . p(x) = lim inf
r—0 logr

with the upper local dimension, dimyt(x), defined similarly but with lim sup replacing

lim inf. Fraser and Howroyd in [5] also showed that

dimgs > sup {dimjeep(x)}.
XESsupp p

Similar relations hold for the (quasi-)lower Assouad dimensions.
PROPOSITION 3. (i) If u is a doubling measure, then
dim, p < dim, suppu and  dim, p < dim,, supp u.
(i) For any measure [,

dim, < dimg, 0 < inf (dim p1(0) < dimy .

(i) If w is a self-similar measure associated with an IFS that satisfies the strong
separation condition, then

dim, p = inf{dimyec 12(x)}.

Proof. (i) The fact that dim, < dim, supp u was observed in [12]. To see that dim_, p <
dim,, supp p, let t = dim, supp n and C be the doubling constant of (2-1). For any & > 0
and suitable § > 0, there are x; e supp u, R; - 0 and r; < RI.IJ”S such that N, (B(x;, R;) N
supp ) < (R;/r;)'™¢. Together with the doubling property, this implies
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pw(B(xi, 2R;) Nsupp ) < C~'w(B(x;, R;) Nsupp 1)

< C7'N, (B(x;, R;) Nsupp ) max u(B(y, ry) (supp )
YEbL(X;, K

< C7'(Ri/r)™* uw(B(y;, r;) N supp p)
for a suitable y; € B(x;, R;). Now B(y;, R;) C B(x;, 2R;) and thus

w(B(y;, R;) Nsupp i) - w(B(x;, 2R;) Nsupp p)
w(B(y;, ri)) Nsupp ) —  w(B(y;, ri) Nsupp u)

That suffices to show dim , u <. A similar argument shows dim, p < dim, supp 4.

(ii) The only new statement here is the inequality (11_mq A <inf,{dim,_p(x)} and this
follows in the same manner as [10, proposition 2-4].

(ii1) The proof of this is essentially the same as given in [5, theorem 2-4] for the fact that
dimy = Sup, {dimyoe p(x)}.

<C7U(R;/r)™*".

Remark 4. In [10, proposition 4-2] it is shown that if ﬁqA 1 < 00, then for each ¢ >0
there is a constant ¢ > 0 such that u(B(x, R)) > cR°u(B(x, 2R)) for all x, R. The reader
can check that this weaker condition suffices to ensure dim_, @ <dim_, supp u.

Remark 5. Strict inequalities are possible between all these dimensions. Indeed, in [10,
example 2-3] it is explained how to construct examples with di_qu supp i < dimy supp p <
qu w <dimy p and di_qu supp i < qu w < dimy supp i < dimy . It is easy to
modify these to produce analogous examples for the lower Assouad dimensions. In par-
ticular, one can have dim, u =0, dima = o0, but 0 < di_mqA u< quA n < oo. Below
we give an example where dim , u < inf,{dim (x)}. Another example is Example 29.
In Section 4 we prove that the equality does hold for a large class of self-similar measures,
which need not satisfy the open set condition.

Example 6. A measure ; on R with dl_mq A # =0 and inf, {dim, . (x)} = 1: we construct a
probability measure p with support [0, 1] defined iteratively on the dyadic intervals. Label
the dyadic intervals of length 27" (step n) from left to right as 1, i =1,...,2", s0 IV,
1 are the two descendants of 1”|, for example. Let {n;} be an integer sequence with

n—1°

nj4 >3n;. Choose a sequence 1/2<g; 11 and put ¢; =qj_"’2‘“+"/). Assuming u has
been defined on the dyadic intervals of step n — 1, we define u on the dyadic intervals of
step n in the following fashion:

p(Iy =t;u(1”)  and  w(IP) =1 —tpud’) if n=n;,
p(IM)y =qnP)  and  p(IP)=1—gpud”) if n=n;+1,...,2n;.

All other dyadic intervals of step n will have measure 1/2 that of their parent interval.
We even have /(1/2) =0, and thus dim_, © = 0, because

w(BO.27) 1 _(2"1 )

w(B(0, 272:1/-)) - q;-” T\ 221

fort=—1logg;/log2andt— 0asq; — I.
To see that dim,  s4(x) > 1 for all x € supp ., we first consider x # 0. Choose Ny, depend-
ing on x such that x > 4 - 27 If 2=¢*D < < 27" for n > Ny, then B(x, r) is contained in
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the union of four consecutive dyadic intervals of length 27", none of which intersect the two
left-most intervals of step Ny. Thus

/'L(B(X, l")) < 4. 2Nofn max </,L(I]$0)) o1 > 3) — CzNoﬂl’

SO

log w(B(x, r)) - log C2No—n
logr ~ log2-@+h

— lasn — oo.

Finally, consider x = 0. The choice of ¢; ensures that ;£ (B(0, 27")) <27 for all n and that
certainly implies dim, . (0) > 1. That completes the proof.

2-4. Lower dimension and regularity

A measure p is called s-regular if there exists a uniform constant ¢ > 0 such that
¢ 'r’ <pu(B(x,r) <cr’

for all x € supp n and 0 < r < diam supp u. It is easy to show from the definitions that if
p is s-regular then dim, u =dim, w=s, see e.g. [12] and [13]. However, it is not true
that coinciding lower and upper Assouad dimension implies s-regularity, as the following
example illustrates.

Example 7. Let M, be the collection of triadic intervals labelled by finite words on the
letters {0, 1, 2}. We construct a finite measure p on [0, 1] as follows:

w(M,) = (k+ 13" D if y = 100 or v = 192,

k+1
w(Miwj,) = pravw fje{0,2}and v e {0, 1,2}, (2-2)

o0 .
M) =23 = =3%3/2+k).
(M) ,Zk;l 3 (3/2+k)
One can easily check that p is well defined and upon normalizing by ([0, 1]) =
22, +1)/31 =3/2, we obtain a probability measure.
We now estimate the ratio between any triadic interval and its descendants. Consider
M, and M,, for ve{0,1,2}F and we {0, 1,2}}, where [ > 1. If v # 1%, then u(M,)/
w(M,,) =3, using (2-2). If, however, v = 1%, then

k+1
3k+1

= u(Myo0) < (M) < p(Myen) =374 372+ (k+1). (2-3)

Note also that for j € {0, 2} and k > 1,

w(Miw)  37%3/2+k)  3/2+k
w(Myen;) k37 k

<5 2-4
=5 (2-4)

The inequalities (2-3) and (2-4) show that neighbouring triadic intervals of the same length
differ by at most a factor of 5/2.

Now let J €1 C [0, 1] be intervals. Write k and [/ for the unique integers satisfying
3-%=D <djam I <3-%2 and 3=-*+-D <diam J <3~%*+-2_ Thus / contains a triadic
interval of length 37% and is contained within 10 intervals of length 37%. Analogously, J

https://doi.org/10.1017/50305004119000458 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004119000458

Lower Assouad dimension 385

contains an interval of length 3-*+) and is contained in 10 intervals of the same length. We
can therefore find M, and M,,,, v € {0, 1, 2}*, w € {0, 1, 2} such that

5\ 10 5\ 10
M(MU)SM(I)S(E) n(M,) and M(MUW)SM(J)§(§> (M),

and hence
p() (M)
w(@) My
where ~ denotes uniform comparability. But

—k
pO) g 3EGRER | 324k 3y
M(Mvw) (k + 1)3_(k+1) k+1 2
and
M “*3/2 2 2
u(M,) > min 13/, 37%(3/2+k) _3 3/2+k S 3 5/ .
(M) 3=kt (3/2 4+ (k + 1)) 3/2+ (k+1) 5/2+1
So

11 —10
<§) 3o D Z(§> 512 4
2 w(H=\2) 5/2+1

Further, (diam 7)/(diam J) ~ 3/ and so for every § > 0 there exists C > 0 such that

. . 1-5
diam [ - wu(l) o diam [ .
diamJ — u(J) — diam J

In particular this holds for / = B(x, R) and J = B(x, r) and so the upper and lower Assouad
dimension of y is 1. But u(B(1/2, 37%)) = u(M,w) =37%(3/2 + k) and there is no con-
stant K > 0O such that u(B(x,r)) < Kr, so u is not 1-regular. Since it cannot be s-regular
for any s # 1, the measure u is not s-regular for any s > 0.

3. Uniformly perfect measures

Analogous to the metric space properties, it is known that a measure has positive lower
Assouad dimension if and only if it is uniformly perfect, c.f. [12]. We exhibit a general
Moran type construction of a measure that has positive lower Assouad dimension and give a
lower bound on the lower Assouad dimension in terms of the Moran construction data. We
show that many commonly considered fractal measures satisfy the construction constraints.
In particular, self-affine measures are seen to have positive lower Assouad dimension, and
hence are uniformly perfect, as long as they are not a degenerate point mass.

3-1. Characterising positive lower Assouad dimension

Definition 8. Let u be a compactly supported Borel probability measure. If there exist
positive constants ¢, y such that

n(B(x, R)\ B(x, cR)) = y u(B(x, R)) (3-D

for all x € supp  and R < diam(supp ), we say that u is uniformly perfect'.
I'This condition is also known as “inverse doubling”.
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Of course (3-1) is equivalent to the statement that

u(B(x, R))

—_— —_— 71 .
M(B(x,cR))Z(l Y. (3-2)

We have opted to state our definition to mirror the metric space definition of uniformly
perfect, which states that a metric space is uniformly perfect if for every centred ball, the
annulus must be non-empty. From the definition of uniformly perfect for measures it is
immediate that the support of a uniformly perfect measure must also be uniformly perfect.
However, the converse may not be true; it is possible to construct a measure which is not
uniformly perfect, but supported on an uniformly perfect set.; c.f., Example 6 where the
measure p has support equal to [0, 1].

THEOREM 9. Let u be a compactly supported Borel probability measure. Then dim, >
0 if and only if u is uniformly perfect. More precisely, if  is uniformly perfect with positive
constants ¢, y as in (3-1), then dim, n > log(1 —y)/logc.

Proof. First, assume p is uniformly perfect. Let ¢, y be as (3-1). For r < R, choose n
such that ¢"~'R > r > ¢" R. Without loss of generality, n > 2 and repeatedly applying (3-2)
gives

pBG,R) _ p(BG,R) _ p(B(x, R) p(B(,cR)  p(B@,c"R)
W(B(r, 1) ~ p(B(xr, " 1R)) ~ w(B(x,cR) u(B(x,*R))  u(B(x,c"1R))

log(1—y)
logc

> (1L=y) "V = (1= y)(1 = p)elnrioee = (1 —y) (5>
;

Thus dim, u >log(l —y)/logc > 0.
The other direction is straightforward and follows directly from the definition.

3.2. Moran constructions

Let A ={1, ..., N}beafinite alphabet with2 < N < oo letters and write A* for all words
of length k, A* for the collection of all finite words including the empty word &y, and A~
for all infinite words. A countable subset S C A* is called a section if for every long enough
word w € A* there exists u € S and v € A* such that w =uv, i.e., every long enough word
has an ancestor in S. A section S is minimal if no proper subset of S is a section.

For every word v € A*, let M,, C X be an arbitrary set satisfying the following conditions:

(a) M,, CM,forallv, we A",

(b) max,cax diam M, — 0 as k — o0;

(¢) diam(M,;) > C, diam(M,) for all v € A*, j € A, and C; > 0 not depending on v
and j;

(d) for every v € A" there exist i, j € A such that d(M,;, M,;) > C, diam(M,), where
C, > 0 does not depend on v, 7, j and d(A, B) denotes the distance of sets A and B.

Finally, let M be the lim sup set of {M,}:

w=NUUm.

n=1 k=n veAk
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Let m be a weight function on the collection {M, : v € A*} satisfying the following
conditions:

(A) m(M,)=1;
(B) m(M,) =1L, m(M,);
© m(M,;) <Csm(M,) for some uniform 0 < C; < 1.

For E C X, let A*(E) be the collection of all words v € A* such that M, N E # . We
let & be the measure? induced by the weight function. In other words, writing S for the
collection of all minimal sections of A*, the measure u is given by

u(E) = inf Y om(M,) : A =ANAE) ¢, (3-3)

veA’

for all £ C X. In particular, our conditions give supp u = M.
LEMMA 10. The set function u, as constructed above, is an outer measure.

Proof. Clearly, A*(¥) = (J and thus . (¥) = 0. For monotonicity, let D C E C M and observe
that for every € > 0 there exists a section A, such that

W(E) <Y m(M,) < u(E) + e,

VEA]

where A, = A, N A*(E). Now D C E and so A*(D) € A*(E). Therefore,

pDY< Y mM) <) mM,)<p(E)+e.

veANA*(D) vEA]

Since ¢ was arbitrary we obtain the required pu(D) < u(E).
Finally, for countable subadditivity, let E;, i € N, be a sequence of subsets of M. Lete > 0
be arbitrary and define &; = ¢/2'. Let A; be a section such that

W(E) <Y m(M,) < u(E:) + &,

vEA]

where A! = A; N A*(E;). Let B” = A} and let B’ € B” be a minimal subset, meaning that
if v € B’, then there does not exist non-empty w € A* such that vw € B’. Note that | J A; is
a countable section, though not necessarily minimal, and must contain a minimal section B
that contains B’.

We now show that if ve B and M, N|J E; # @, then v € B". So assume that for some
vE B there exists x € M, N|J E;. Then there exists j such that x € E; and a coding
vw € AN such that ()72, M, =x. Since A; is a section there must exist k such that
(vw)|x € A;. Further, as x € M,,,, we have (vw)|r € A*({x}) € A*(E;) and so (vw)|; € A’j
and (vw)|; € B”. Since B’ is a minimal section it must contain (vw)|; for some [ < k. We
cannot have [ > |v| as then (vw)|; has the ancestor v in B and B is not minimal. Further, we

2Strictly speaking, s is an outer measure, as proven in Lemma 10. We will consider 1 as a set function,
and when using properties of measures we will assume, without further mention, measurability of the sets
being considered.
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cannot have / < |v| for then v € B has an ancestor in B, again breaking minimality. Hence
[ =|v] and v = (vw)|;, € B’, as required.
We can now bound the measure of | J E;:

w(JE) =Y m) =3 mn) <305 m(My)

veB’ veB” ieN veA]
<Y E)+e)=) u(E)+e.
ieN ieN

Letting ¢ — 0 gives the required subadditivity.
Using this construction and Theorem 9 we can prove the following theorem?.

THEOREM 11. Let A be a finite alphabet and M,, v € A* and m satisfy the conditions
above. Then

log(1 — C3)
> =" >
- logC

dim, u 0

and hence p is uniformly perfect.
Proof. Let x € M and R > 0 be arbitrary. We define
C={ve A" :diam(M,) < C|R, diam(M,-) > C1R, M, C B(x, R)}.

Note that, by definition, UveC M, € B(x, R). Let m be large enough that C{"' 4+ C; < 1.
Choose n so large such that e™ < C{", so any w € A* for which M,, N B(x,e™"R) #
and diam M,, < e~ R must have an ancestor w’ such that diam M,, < C; R but diam M, >
CiR. Therefore

dix,y)<e"R+CR<(C"+C)R<R
for all y € M,, and M,, € B(x, R). Hence, w’ € C and, in particular, every word in
B={veA*:diam(M,) <e "R, diam(M,-) > e "R, M, N B(x, e "R) # 0}

must have an ancestor in C. Let k be the maximal integer such that C,Cf™*R > 3¢™" R and
temporarily fix v € C. Note that for all 1 < j <k, there exist two words «, 8 € A/ such that
diam M, diam M, > e™" R and further that d(M,., M,g) > 3e™" R. Hence, at most one of
M., Mg canintersect B(x, e™" R) and for every j there exists at least one w; € A such that
My 2.2 w; N B(x, e™"R) =0 where z; # wi, 22 # wy, etc. Since m(M,,) < Csm(M,-),
we further get

m| |J M| <0-Comm,)

ieA\w

3Independently, Rossi and Shmerkin [17, section 4-2] also proved that a similar Moran construction is
uniformly perfect.
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and, inductively, for W = (A \ w;) x (A \ wy) X - X (A \ wy,),

ueW

Observe that by construction M,,, N B(x, e "R) =@ for all v € C and w ¢ W. Further, every
word in B must have an ancestor in C x W and so u(B(x,e™R)) <> o wm(My,).
Also, note that u(B(x, R)) =} _. m(M,) since M,, € B(x, R) for all veC and u € A*.
Hence,
u(B(x, R)) - ZUGC m(M,) - Z‘UEC m(M,)
/,L((B(X, e—nR)) - vaecxw m(Mvw) - (1 - C3)k Zvec m(Mv

and we can take y to be 1 — (1 — C3)*. Now k is maximal and

CiC; R _CIZCZ

1—Cy)7*
)2( 3)

ct = .
L= 3 e"R 3em
So,
- log (C$C/3) —loge™ 1— n log (—C}C»/3)

log(1/Cy) ~ log(1/C) log(1/Cy)
We now apply Theorem 9 to get

— —k — 1 2

dim, > log1 = €)™ _ —log(1 ~ Cy) n og (C1Cy/3) O
log e” n log(1/Cy) log(1/C)

Since n was arbitrary, taking n large gets the required bound on the lower Assouad dimension
and thus the measure is uniformly perfect.

This result can be applied to a variety of measures. For instance, suppose we are given
an iterated function system (IFS) of similarities {S;}’_, on R? and probabilities {p;}}_,,
with p; > 0 and Z,N:1 p; = 1. The self-similar set associated with the IFS is the unique non-
empty compact set K such that K = UI,-VZI S;(K) which, without loss of generality, can be
assumed to be contained in [0, 1]¢. We will further assume that K is not a singleton and thus

perfect. The self-similar measure p is the unique probability measure satisfying

N
w=>Y piuoS;".

Jj=1
Given v= (Uj)';z1 e{l,...,N}", we let §,=S5,,08,0---08,. If we put M,=
S, ([0, 1]%), then the collection of sets {M,} satisfies the first two requirements of the Moran
set construction above. Condition (d) may not be satisfied, but by taking iterates of the IFS
it is eventually satisfied. If we also define the weight function m by m(M,;) = p;m(M,),
then the three conditions on the weight function are also fulfilled. The self-similar measure
is the measure p arising from the weight function m as in (3-3). Consequently, applying
Theorem 9 we obtain

COROLLARY 12. The lower Assouad dimension of any non-degenerate self-similar
measure is positive.
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Remark 13. This formula for the lower bound on the dimension is by no means sharp. For
an IFS that satisfies the strong separation condition and contraction factors r;, the approach
gives log(1 — max p;)/ log(minr;). The same methods as used in [5, theorem 2-4] for the
upper Assouad dimension show that the actual value of the lower Assouad dimension is
min(log p;/log r;), the same as the minimal lower local dimension (see [1]).

One can further extend Corollary 12 to equilibrium Gibbs measures and quasi-Bernoulli
measures on self-conformal sets in general. A quasi-Bernoulli measure 1 on the symbolic

space {1, ..., N} is any probability measure that satisfies
C_] < M([Ul,...,vk]) <
u(vr, .o vl (v, -5 ved)

forallv, e{l,..., N}and 1 <[ <k, where
v, ..., ul={we{l,..., N} : w;=v forall 1 <i <k}

and ¢ > 0 is a uniform constant.

Self-conformal sets satisfy the bounded distortion condition and expressing them as such
a Moran construction is straightforward, see e.g. [14]. Similarly, the conditions on the mass
functions are easily seen to be satisfied.

COROLLARY 14. The lower Assouad dimension of the push-forward of a quasi-Bernoulli
measure onto non-degenerate self-conformal sets is positive.

3-3. Self-affine measures

The Moran construction detailed above is very flexible and also encompasses self-affine
measures. Showing this needs some extra work and our approach here is similar to that of
Xie, Jin and Sun [19] who proved that self-affine sets are uniformly perfect. The approach
relies chiefly on the following easy lemma that only uses basic linear algebra. This lemma
appears in a slightly different form as [19, lemma 2-1], but for self-containment we have
chosen to include its proof.

LEMMA 15. Let E ={ey, ..., e4} be an orthonormal basis of RY let A, B be d xd
matrices of which A is invertible. Then there exists a constant o, > 0 depending only on A
and d such that

max{|BA e|} = a,| B,
ecE
where || B|| denotes the operator norm of B acting as a linear transformation on R?.

Proof. First note that there exists xo = Zflzl c;e; for some scalars ¢; with ), [¢;| =1, such
that | BA|| = | BAxy|. By linearity,

IBA||=|BAxo|=|ciBAe; +---+cyBAeys| <d 1m_a)illBAeil. (34)

Thus the submuliplicativity of the matrix norm ||.|| gives

IBAIIA~ __IBI
djA= T dlAT

max{|BA el}=d ' IBA|l =
ec

Letting a4 = (d||A~"||)~" completes the proof.
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Let fi(x)=A;x+1,i=1,..., N, be affine maps such that A; is non-singular and
|A;|l <1 for all i. The self-affine set associated with { f;} is the unique compact set K that
satisfies

N
K = fi(K).
i=1
We will assume that the attractor is not a singleton, which amounts to at least two f;, f;
having distinct fixed points, and prove

THEOREM 16. Let p be the push-forward of a quasi-Bernoulli measure on the self-affine
set F. If F is not a singleton, the measure | has positive lower dimension and thus is
uniformly perfect.

Proof. Without loss of generality we can assume that K is not contained in any proper
subspace of R?, redefining the affine maps with projections otherwise. So there exist
Vi, ..., Ya € K such that {y, ..., y;} is linearly independent. Let Y be the linear trans-
formation that maps e; onto y;. As this is a change of basis, ¥ must be invertible.

Let Bz = B(0, R) be the closed ball of radius R and choose R large enough such that
fi(Bg) C Bg for alli. Then, f;(fi(Bg)) C f;(Bg), and generally f,,,(Bg) C f,(Bg) for all
non-empty v, w € {1, ..., N}*. Observe that the composition of affine maps is itself affine
and diam f,, ,,(B;) =2||Al|, where A=A, ... A,, is the linear component of f,, ,, . Let
K be the minimal integer such that (max;{||A;||)¥ < ay/(6R) where ay is as in Lemma
15. Let A={l1,..., N}X and define My = B; and M, = f,(Bg), bearing in mind that a
word v € A is of length k - K. This definition clearly satisfies (a) and (b) in the Moran
construction definition.

For (c) we note that for all v € A¥ and j € A,

diam M,; = diam(A,, - -+ Ay, A} - Ay (BR) =2R Ay, -+ Ay Ajy - Ay

= 2R Ay, - A | A 507!
= [ - A7 diam(Ay, -+ Au, (Be)
=[ca, - 4,07 | diam M,

Since A is finite and all A; are invertible, there exists a constant

Crmmin |4, -+ 41| >0

such that (c) is satisfied.
Finally we check (d). Let v € A* and recall that ¥ maps the basis E onto a linearly
independent set of points in K. Using Lemma 15 we obtain,

| = diam M,.

Yelb=ay A, A -

max{ - |

eck

Ay - A

V(kK)
But then

diam £,(YE) > =X diam M
iam f, Z R 1am M,

and as Ye; = y;, we have YE C F and f,(Y E) C K. Thus there exist two points in M, N F
that are at least (ay /(2R)) diam M, apart. Since these two points must be contained in M,;
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and M,;, respectively, and diam M,;, diam M,; < (ay/(6R)) diam M, we must have i # j,
and further

d(M,i, Myj) = (ay/(3R)) diam M, .

Thus Condition (d) is satisfied.
Letting m(M,) = p([v]) for all v e A* gives the correct measure on M = F. Checking
the conditions on the weight function is straightforward and left to the reader.

Remark 17. 1t was observed by Kdenmiki and Lehrbick, see [12, lemma 3-1], that any dou-
bling measure supported on a uniformly perfect metric space has positive lower dimension.
Our results above show that there are many measures with positive lower Assouad dimension
that are, in general, far from doubling.

3-4. Lower dimension of Bedford—McMullen carpets

One example of a class of self-affine measures are the pushforward measures given by a
Bernoulli probability measure on Bedford—-McMullen carpets. In this subsection we com-
pute the exact lower Assouad dimension of these measures. The result is analogous to the
upper Assouad dimension for sponges given in [5] and due to its similarity we will only give
a brief sketch of its proof.

Let 2 <m < n be integers and consider maps of the form f;(x) = Ax +¢;, where 1 <i <
N, A is the diagonal matrix A = Diag(1/m, 1/n) and t; = [a;/m b;/n]" for some integers
0<a; <m and 0 <b; < n. The attractor of the IFS {f;, ..., fy} is known as a Bedford-
McMullen carpet. If there exists & > 0 such that all f;([—¢, 1 + £]?) are pairwise disjoint,
we say that the iterated function system satisfies the very strong separation condition.

Given p; > 0 such that ) p; =1, let x be the pushforward measure of the Bernoulli
measure on {1, ..., N}Y under the IFS. The lower Assouad dimension of this self-affine
measure is characterised by finding a minimising column. We write

pcol(i) = Z Pj

jell,..N}

for the measure of the column containing f; ([0, 1]), that is
Peat(i) = p(la;/m, (a; + 1)/m] x [0, 1]).

THEOREM 18. Let  be the self-affine measure of Bedford—McMullen type with asso-
ciated probabilities p; and contractions f;. If the very strong separation condition holds,
then

—10g peol(j . log pea(i)/ pi

I<jsN log m I<i<N logn

Furthermore, H(t) =dim, u for small enough t and so dim_, pu = dim, .

Proof. The key idea to establishing this dimension result are “approximate squares”, see
[5] for details. Heuristically, an approximate square is a collection of words such that the
corresponding set has uniformly comparable base and height, i.e. is ‘almost’ a square. We
will construct approximate squares below and check that they give rise to the dimension
formula. The details that allow us to transition from nested approximate squares to balls are
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based on the very strong separation condition and contained in [5]; we decided to omit them
for brevity.

Let k;(R) and k,(R) be the unique integers such that m % ® < R <m=f R+ apd
n~k® < R <« p~@®+1 Dye to the common diagonal structure of the linear part of f;,
the image f,([0, 1]*) will be a rectangle aligned with the first and second coordinate. If
v has length k,(R), the rectangle f,([0, 1]*) will have height in (n~'R, R]. Similarly, for
any word of length k;(R), the corresponding rectangle will have base in (m~'R, R]. Given
0<r <R<1letv, € A" and w, € A* such that v, w, € A¥") and consider the set

Qr = U {fvrw([(), 1]2) LV w e Ak](r) and Aw,w);, = A, w,); for all 1 Sl < kl(r)}a

weA*

that is the set of all images of words that have v, as the ancestor (whose rectangle has height
comparable to r) such that each rectangle associated with v, w has base comparable to r
and the horizontal translations all agree so all f, ([0, 1]%) align in the same column as
So,w, (10, 11%). Therefore Q, must have height and base comparable to r and is a (generic)
approximate square. Its parent approximate square of size R is denoted by Q and is the set
given by

Or= | {furw(10. 17) : vrw € AM® and ag,u), =dg,u,), forall 1 <i <k (R)},

weA*

where vg € AR ig the parent word of v,.
As mentioned above, it is sufficient to check u(Qr)/u(Q,) for all arbitrary approximate
squares of the above form. Their measures are

ka(R) ki(R)
:u'(QR) = 1_[ p(vrw,),- 1_[ pCOI((vrwr)i)
i=1 i=ky (R)+1
and
ka(r) ki(r)
@) =[] Pwwr [] Pea(@w,)).
i=1 i=ky (r)+1

Notice that by definition we must either have
ky(R) <ki{(R) <ky(r) <ki(r) or ky(R)<ky(r)<ki(R)<ki(r). (3-6)

In the first case we get

w(Qr) ki (R) < ko (r) et (r) )‘1

- 1_[ pco]((vrwr)i)/p(v,-w,)[ 1_[ Pw.w,); 1_[ pcol((vrwr)i)

H(Qr) i=ky(R)+1 i=ki(R)+1 i=ky(r)+1
. ki(R)—ky(R)—1 k: —ki(R)—1
. pcol(]) 1(R)=k2(R) ) o 2(r)—ki(R)
> | min . min p(j)
1<j=N p(j) 1<j<N

ki(r)—kz2(r)—1
. =1
X min
(1§j§N pcol(.]) )

. ki (R)—ka(R) ki(r)—kz(r)
>C < min —pwl(.])) < min pcol(j)1> :
1<j=N  p(j) 1<j<N
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for some C > 0. Note that k;(t) — k,(t) ~log(1/t) and so the lower bound increases to
infinity as R — 0 and r — 0, irrespective of R/r. On the other hand, in the second case, we

obtain
-1
ki(R) ka(r) ki(r)
u(Qr)
o) " [T pat@wd )l [T Powr [] peal@w)
KAy i=ky(R)+1 i=ky(R)+1 i=ky(r)+1
ka(r) ko (r) ki (r) -
=( [I po@wid){ TT Pwwr [] pea(@w)i)
i=ky(R)+1 i=ky(R)+1 i=k (R)+1
ka(r) ky(r)
—1
= 1_[ pcol((vrwr)i)/p(u,w,)i 1_[ pcol((Urwr)i)
i=ky(R)+1 i=k; (R)+1
A\ k(M) —ka (R k() —ki (R
) pcol(]) 2(r)—ka(R) ) o 1(r)—ki (R)
>C | min —— min  peoi(j)
IsjsN p; I<j<N
 Peat()\ BRI g ' ) R/ ogm R\*
=C mmn ——— min pcol(.]) =C|—
I<jsN  p; 1<j<N r

for some uniform C > 0 and s as in (3-5). This shows that dim, © > s.

Lastly, the second behaviour in (3-6) occurs when r > R'*? where 1 + § =logn/log m.
Therefore there exists a word such that this minimum is achieved and we obtain H (f) <s
and H (¢) is constant for 0 < ¢ < §.

4. The lower Assouad dimension for self-similar measures of finite type
4.1. Finite type measures

In this section, we will prove that for a class of self-similar measures on R, called finite
type, the lower Assouad dimension coincides with the minimal lower local dimension of
the measure (Theorem 25). Many interesting self-similar measures that fail the open set
condition are of finite type, such as Bernoulli convolutions with Pisot contractions. We begin
by explaining what is meant by finite type.

Assume we are given an IFS of similarities, S;(x) =rjx +d; :R— Rfor j=1,..., N,
where N >2 and 0 < |r j| < 1, and probabilities { pk}?’:l. By rescaling and translation, there
is no loss in assuming the convex hull of the self-similar set K is [0, 1]. We let u denote the
self-similar measure, u(E) = Zj.vzl pj,u(SJfl(E)).

Given any integer n and v= (vj)’}:1 ef{l,...,N}Y', welet vi=(vq, ..., V1), I'y =
[T—i v and p, =T}, p,,. Put

and
A, ={ve{l,...,NY :|r,) <A"and |r,-| > A"}

The notion of finite type was introduced by Ngai and Wang in [15]. The definition we
will use is slightly less general, but is simpler and includes all the examples in R that we are
aware of.
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Definition 19. Assume {S;} is an IFS of similarities. The words v, w € A,, are said to be
neighbours if S,(0, 1) N S,,(0, 1) # ¥. Denote by A (v) the set of all neighbours of v. We
say that v € A, and w € A,, have the same neighbourhood type if there is a map f(x) =
+A"""x + ¢ such that

foS,=S,and {foS,:ueNW}={S :teNw)}.

The IFS is said to be of finite type if there are only finitely many neighbourhood types. Any
associated self-similar measure is also said to be of finite type.

It was shown in [16] that an IFS of finite type satisfies the weak separation condition, but
not necessarily the open set condition. For instance, the IFS given by S;(x) =£p ™" x 4+ b;
where p is a Pisot number?, n; €N and b; € Q[p], was shown to be of finite type in [15,
theorem 2-9], but fails the open set condition. The Bernoulli convolutions with contraction
factors that are inverses of Pisot numbers are self-similar measures associated with an IFS
of this form. As integers are also Pisot numbers, the self-similar measures coming from
an IFS {S;(x) =x/d + j(d —1) /d};f‘:_()l, for integer d > 3, such as m-fold convolutions of
the uniform Cantor measure on the Cantor set of ratio 1/d, are another class of finite type
measures.

Definition 20. For each positive integer n, let iy, . . ., h, be the collection of elements of
the set {S,(0), S,(1) : v € A,}, listed in increasing order. Set

Fo=Alhj, hj1l:1=j<s,—1and (h;, hjs1) NK #0}.
Elements of F, are known as the net intervals of level r.

For each A € F,, n > 1, there is a unique element Ac JF,_1 which contains A, called
the parent (of child A). Given A = [a, b] € F,,, we denote the normalised length of A by
£,(A) =X1""(b — a). By the neighbour set of A we mean the ordered tuple

V. (A) = (a1, L), (a2, L), ..., (aj, Lj)),

where for each i there is some v € A, such that A™"r,=L; and 27" (a — S,(0)) =a;.
Suppose A € F, has parent A. If A has multiple children with the same normalized
length and neighbourhood set as A, order them from left to right as Ay, A,, ..., Ar. Let
t,(A) e{l, ..., T} be the integer ¢ such that A, = A.

Definition 21. The characteristic vector of A € F,, is defined to be the triple
Ca(A) = (£,(A), Vi(A), 1,(A)).

A very important fact, shown in [9, theorem 2-7], is that an IFS of finite type admits only
finitely many characteristic vectors. The characteristic vectors are of fundamental impor-
tance because, as we will see, we can obtain key information about the local behaviour of
any associated self-similar measure from them.

4A Pisot number is an algebraic number greater than one, all of whose Galois conjugates are strictly less
than one in modulus. An example is the golden mean.
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By the symbolic representation of a net interval A € F, we mean the (n + 1)-tuple
(Co(Ap), ..., Cu(Ay)), where Ag =10, 1], A, = A, and foreach j=1,...,n, A;_ is the
parent of A;. Similarly, for each x € K = supp u the symbolic representation of x will be
the sequence of characteristic vectors [x] = (Co(Ag), C1(A1), ...) where x € A, € F,, for
each n and A;_ is the parent of A ;. Conversely, every sequence of characteristic vectors
(Yo, v1, . .. ) where y5 = Co(Ao) and y; is the parent of y;, is the symbolic representation
of a unique x € K. We will write A, (x) for a net interval of level n containing x.

By a path we mean a segment of a symbolic representation. A loop class is a set of
characteristic vectors £ with the property that given any y, ¥ € L there is some finite path
nin L so that (x, n, ¥) is a path (in £).

Definition 22. Let A =[a, b] € F,, and let A= [e, d] € F,_; denote its parent net inter-
val. Assume V,(A)=((ai, L1), ..., (ar, L)) and V,_;(A) = ((c1, My), ..., (c;, M))).
The primitive transition matrix, denoted

T(Co 1 (D), Cu(A)),

is the I x J matrix (7;;) which encapsulates information about the relationship between
the (¢;, M;) € V,l_l(z) and (a;, L;) € V,(A). To be precise, let o; € A,_; be such that
27" (e — 8,(0)) =c¢; and A7""r, = M;. Let T;; be the set of all @ such that ow € A,,
27"(a — S5, (0)) =a; and A"r,,, = L;. Notice that 7; ; depends only on S,, (or equiva-
lently on ¢; and M;), and not on the choice of o;. We define T; ; = Zweﬂ/ Po Where the
empty sum is taken to be 0.

Given a path (y;, ¥s41, - - -, Yn), we write T (¥, Ys+1, - - - » ¥n) for the product

T Yot oY) =T W Vir DT Wigrs vis2) - T (Yv—15 Yn)-

For brevity we write || (Tij) || = Zi’j |T,- j| and note the following critical fact proven in [9,
section 3-2].

LEMMA 23. There are constants a, b > 0 such that whenever A, is a net interval of level
n with symbolic representation (Yo, Y1, - - -, Yn), then

a ||T(y()’ )’1, cre Vn)” 5 /’L(An) S b ||T(7/(), Vl, cee yll)” .

This lemma is useful because the lower Assouad dimensions for self-similar measures of
finite type can be deduced from the knowledge of the measure of net intervals, as we see
next.

LEMMA 24. If w is of finite type and dim, < d, then for each & > 0 there are x; €
supp pu and net intervals Ay, (x;) 2 Ay, (x;) with n; — N; — oo such that

H(Ay, (x;)) < @+ =)

4.1
,LL(A”[ (.X,')) ( )

Proof. Suppose the statement above is false. As there are only finitely many characteristic
vectors, all normalized lengths of net intervals are comparable. Thus we may choose ¢ > 0
so that diam(A,,) > cA” for all net intervals A,, of level n. Given any net interval, A,,, of level
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n, we will write AX and AL for the adjacent net intervals of level n to the right and left of
A, respectively, should these exist.

Let x € supp i and consider r < R where R/r — co. Choose N, n such that 3AY < R <
3V land eA"! < <A™ Then n — N — oo and

W(Bx, R)) _ n(B(x, 3aM)
Ww(B(x,r)) ~ u(B(x, cam)

As all net intervals of level n have diameter between cA” and A", for any x € supp u we
have

B(x,3x") Nsupp 1 2 (An(x) U AR U AL) Nsupp u

and

B(x, cA") Nsupp u € (A, (x)U A,If U A,Ll) N supp .
Thus

((B(x, 307)) = max{u(Ay (x)), w(AY), LA},
while

(B(x, cA")) < 3max{p(A, (x)), (A, n(A)).

First, suppose w(B(x, cA")) <3u(A,(x)). Since we are assuming (4-1) fails,

p(BG 3 p(Av () 1 v - o ( 5)‘”8
u(B(x, cA™)) ~ 3u(A,(x)) — 3 N r
for a suitable constant C, independent of x, R, r.
Otherwise, without loss of generality, (B (x, cA")) <31 (AL). Notice that AL is either a
child of Ay(x) or Ak. If AL C Ay(x) and we let y € AL Nsupp 1, then Ay (x) = Ay (y)
and AL = A,(y), so we have

N d+e
w(B(x,3AY)) > m(ANn () > lk(d+£)(N—il) >C (5) _
w(B(x, cA")) — 3u(A,(y)) — 3 r
If, instead AL € A¥ the arguments are similar, just take y to be the right endpoint of A% and
then AL, = Ay (y) and AL = A, (y).
Consequently,

/L(B(X, R)) - C <§)d+s
n(B(x,r)) — \r

for all xesupppu and r <R with R/r — oo and that implies dim, u>d+¢; a
contradiction.

4.2. Lower Assouad dimension for measures of finite type

We are now ready to prove the main result of this section.

THEOREM 25. If u is any self-similar measure of finite type, then

dim, p = inf{dim,, u(x) : x € supp u}.
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Proof. Throughout the proof C will denote a positive constant that may change from
one occurrence to another. Let d = inf,{dim, .« (x)} and assume for a contradiction that
dim, u <d, say dim, u < d — 3¢ for ¢ > 0. We will show that this implies the existence of
points which have local dimension strictly less than d.

By Lemma 24, there are x; € supp i and N; < n; such that n; — N; — oo and

—M(ANi (xi)) < A@=2OWi=n) for all ;.

(A, (x;))
It follows from Lemma 23 that there is a constant C such that if A, (x;) has symbolic
representation (yp, 1", ..., y), then

T o 0 H
CH@-200Wi=n) < CM(AN, (x)) - Vos vis -5 vw,)

T AR GD) T T, Vn(fi))H

HT(VO’ V1([): ce ey V}f]ll))H

|70 7] [ron.. v

Thus
|70, | = caeom, (42)
The path, (y(ii), e y,ff)), can be rewritten as (Xéi), Gl(i), Xfi), e ak(f)), where for each

j=1,0 j(i) is a path in a distinct maximal loop class Ly), X;i) is a minimal length path joining
the last letter of o ]@ (a characteristic vector in Lg) to the first letter of o ](’JZI (a characteristic
vector in Lj. +1)» and x is a path from the first letter of yjf,’ ) to the first letter of 0.

The finite type property ensures that there are only finitely many maximal loop classes and
only finitely many characteristic vectors in each loop class. Hence there can only be finitely
many of these minimal joining paths X;i) overall i, j. Thus sup, ; [|T( )(J(-i)) || is bounded and
sup; {sup;length( XJ(-i))} <sup; A < oo. Since it is not possible to return to a maximal loop
class after leaving it, the numbers k; are bounded, say by k. Hence there is a constant C such

that
ki—1 ki ki _
e | <TTrad | TT e = TT|re™]. @3
j=0 j=1 j=1
Let l;” denote the length of the path a_;i). Then
ko ki ki1 ' ki
Y10 <= Ni=) 1+ length(x”) < 1Y + kAP, (4-4)
j=1 j=1 j=0 j=1
SO Zl;i:1 lj(.i) — 00 as [ — oo. Putting together these observations we see that for large

enough n; — N;, (4-2) gives

(i) i
log HT(V r e %f,-))H _ @=2)(n — N log s +log C
n,‘—N,' o ni_Ni
> (d —2¢) log A — %llogkl,
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while (4-3-4-4) imply

ki .
] e |
log HT(V(,.’,-..,V,,(,))H og " +log [1 70/
_ |

. — N. ki (i)
i 2l
Zhlren] L
< —— —|log A|.
ki (@)
Hence
Y tog | 7o)
> (d — &) log A, for large i, 4-5)

ki 70)
Zj:l ljl

and that implies that log HT(G}”)H > (d —E)ZJ(-i) for some j = j;. There is no loss of
generality in assuming j; = 1. Thus

[T 2. (46)

We will now construct x € supp u with dim, . (x) <d — /2 by constructing a symbolic
representation from the symbolic representations of a suitable subsequence of the (x;). We
will rely on the fact that there will be a subsequence of (the symbolic representations for) x;
and index j; such that all aj([i) belong to the same loop class and their lengths are unbounded
ini.

As there are only finitely many maximal loop classes, there must be some subsequence
such that all al(i) (for i in the subsequence) belong to the same maximal loop class.

Suppose sup, zﬁ” < 00. As there are finitely many characteristic vectors, there can be only

finitely many paths of length at most sup; zﬁ” and hence sup, ‘

T(crl(i)) H < 00. Consider again
inequality (4-3) with this additional information

k,‘ k,‘
[rot o] s T [rep] < T o]
j=1 j=2

Since
kl . . ki . kf?l . ki . .
YoV <= Ni=€+ Y 19+ length(x") < Y 19+ + kA
j=2 j=2 Jj=0 j=2

and kA®D + Kﬁi) is bounded over i, the same reasoning as used to deduce (4-6) shows that for
some further subsequence and index j; € {2, ..., k}, which we can assume without loss of
generality is 2, we have

e s

with all 02(")' belonging to the same maximal loop class.
If sup; Eg) < 00, we repeat the argument. As there are only finitely many maximal loop
classes, we must eventually find a subsequence of the indices i and index j such that the
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paths a]@ = p;, all are in the same maximal loop class A, their lengths £©) = Z;i) — 00 as
i — oo and

D (4
IT (o)l = A5 @9,

We will now ‘stitch’ these paths together to obtain the x € supp p required for the contra-
diction. For each pair of characteristic vectors, x, ¥, in A, choose a path n, 4 (in A) with
first letter x and last letter 1. Choose, also, a path n,, from y, to each € A. Let S denote
the finite set consisting of the chosen paths n,, ,, 7. Since a transition matrix contains a non-
zero entry in each column, there is some constant ¢y > 0 such that || T (n, o)|| > co ||T (o) ||
for all n € S and all admissible paths o (meaning, (1, o) is a path). Choose i; such that

llogcol &l log A|
— <
20 2
and select a path v; € S joining y to the path p;,.
Next, as vy, p;, are fixed and S is finite, we can choose ¢; > 0 such that

|71, om0 = e IT (@)
for all admissible paths n € S and o. Then choose i, > i; such that

logeil  ellog Al
— < .
yAG)] 2
As p;, and p;, belong to the same maximal loop class A, there is some path v, joining the
last letter of p;, to the first letter of p;,. Having found such a path, choose ¢, > 0 so

T w1, piys va. piye s 0) | =2 IT ()] 47

for all admissible paths € S and 0. Repeat this procedure to construct v;, p; , j =1,2, ...
and then let x be the element of supp © with symbolic representation

['x] = (V], Piys V2, Piys + - )

It only remains to verify that dim,  u(x) <d —e/2. Towards this, let M,(x)=
W(AL (X)) + (AR + 1 (AE). As was essentially observed in [8, theorem 2-6],

log M, (x)

di minf
dimy, ¢ (x) = lim in nlog
Ifn=3"7_ (length(v;) + £7), then A, (x) = (v1, pi,, V2. Py, - - -, py,)- Thus (4-7) yields

Mu(x) = (A () = C || T (1, o1, v2s piys -0 0i) || = Cesmt | T(oi) |
and so

log M, (x) - log C +1logc;_; +1log || T (p:)||
nlogh ~ nlog A ’

Recall that | T (p;)|| = 1”@~ hence as n > £0)

log || (p:) |

<(d—e).
nlog A <@d-e)
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Furthermore, the choice of i; ensures that

< —.
2

lOgCJ_| -
nlogh |~

logcy 4 £
240 log A

Consequently, for large enough 7 of this form,

1 n
log Ma() _& &y gt
nlog A 4 2 2
That proves dim, . (x) <d — ¢/2 as we claimed, contradicting the initial assumption of the
proof that d = inf, {dim, . (x)}.

Remark 26. Although we know from Example 6 that this result is not true for all measures,
it would be interesting to know if was true for all self-similar measures.

5. LP-improving results

A measure 1 on [0, 1] is said to be L”-improving if there is some p > 2 so that y * f €
L” whenever f € L?. An application of the open mapping theorem implies that in this case
there is a constant C such that ||ux* f|, <C | fll, for all f e L?. The Hausdorff-Young
inequality shows that any measure & whose Fourier transform & € £9 for some ¢ < oo is L?-
improving. The uniform Cantor measures on Cantor sets with ratios of dissection bounded
away from zero are also L”-improving (but their transforms need not tend to zero) [3].
Conversely, a point mass measure is not L”-improving since it acts as an isometry on the L”
spaces.

It is known that if p is L”-improving, then the Hausdorff and energy dimensions of
w are positive [11]. It is natural to ask if a similar statement can be made about the
lower Assouad dimension of w. In this section, we will show that while it is true that
inf, {dim . ;(x)} > O for an L”-improving measure, it is not necessary for dim , u >0, or
even for dim , supp u > 0.

PROPOSITION 27. If w: L*([0, 119) — L7 ([0, 11¢) for p > 2, then dim,  ju(x) >d(1/2 —
1/ p) for every x € supp K.

Proof. Suppose this is not true, say dim, u(x) =¢ for some ¢ <d(1/2 —1/p). Then for
any 8§ > 0 there are r, — 0 such that u(B(x, r,,)) > r¢™. Let f, = 1p(e.2r,), 50 || fulla ~ \/r?
Note thatif z € B(0, r,) andt € B(x, r,), thenz —t € B(x, 2r,) so u* f,,(z) > u(B(x, r,)).
Hence for some constants C;, C,, C3 (independent of n) and all 7,,,

Ciri? = Coll fully =l full, = (B(x, 1,))m(B(O, r)''7 = Cary*rl/?.
But this is impossible as ¢ +d/p + 8 < d /2 for small § > 0.

We will give two examples to see this does not extend to the quasi-lower Assouad
dimension.

Example 28. A set E C [0, 1] with dim_, £ =0 and a measure u supported on E that is
LP-improving: In [18, theorem 2], Salem proved that the Fourier transform of the uniform

Cantor measure supported on suitable random Cantor sets is almost surely in £7 for some
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p < 00. Such a measure is LP-improving. We will show that we can construct a suitable
Cantor set so that its quasi-lower Assouad dimension is zero.

We will follow the notation of Salem’s paper. To begin, choose a rapidly growing sequence
{n;} and put m; ~n;log3/loglogn;. Forke A; ={n;,...,n;+m;}, j=1,2,..., put
ar=1/logk, by =2/ log k, and otherwise puta, =1/3 4+ 1/logk, by =1/3 4+ 2/log k. The
sequence {n;} should be sufficiently sparse that n;.; > n; +m; and ﬁ ar >37". Now

k=1
construct a random Cantor set with ratio of dissection at step k equal to & where &, is

chosen uniformly over the interval [ay, b;]. We have b, — a; = 1/ log k and (loglogk)/k —
0. Furthermore, it is easy to see that lim inf(a, - - - a,)"/" > 0. Consequently, it follows from
[18] that if 1 is the associated (random) uniform Cantor measure, then almost surely & € £7
for some p < oo.

It only remains to check that for all such random Cantor sets E, we have dim , £ =0.
This is also easy to verify. Just take R to be the length of the Cantor intervals at step n; in
the construction, r the length of the Cantor intervals at step n; 4+ m; and x to be an endpoint
of a step n; interval. Then there is a § > 0 such that r < R'™. As well, N,(B(x, R)) = 2",
while R/r > (logn ;)™ .

Example 29. An LP-improving measure p with dim , 4 =0 and dim, supp i > 0: By
modifying Salem’s construction in [18, theorem 2] we can also give an example of an L”-
improving measure of quasi-lower Assouad dimension zero, whose support has positive
lower dimension.

We will put a, = 1/4, by = 1/4 + 1/ log k and construct the random Cantor sets with ratio
of dissection & at step k, as before. Certainly all such sets will have positive lower Assouad
dimension. The random measure i, will be the weak™ limit of the measures

N

M =TT (pedo+ (1 = P8 a-) -
k=1

where py =1/jifk=n;+1,...,2n; and py = 1/2 otherwise. Again, {n;} will be a very
rapidly growing sequence with n;;; > 2n;. Note that

N

fPwls ] leostung 610 -0l

Let ¢,=1/m foﬂ |cos x|* dx and temporarily fix integer n. Take N = N(n) = |log|n|/
log 3] so

nla,---ay_/log N =|n| 3" >n?.
By the same reasoning as in Salem’s argument,

1, - : N
s 1
i) N—My
/0 o (n)’ do < | | <1+ﬁ> & )

k—1

k¢{n;+1,..., 2n;}
where My is the number of indices from the sets {n; + 1, ..., 2n;} that are at most N. If
{n;} is sufficiently sparse and N € (n,, n,4,], then one can easily check that N — My >

N /6, thus
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1
/o
for a universal constant C. Since &, — 0, we can choose it so small that gl°gl"l/©1og3) < =
For this choice of s,

3 lm(n)r'dws 3 llﬂf)(n)sdwgc " 2 < oo
0 0

n=—00 n=-—00 n=—00

/(W) s do <C log|n|/(61og 3)
Mo (1) w= L&

2

Consequently, the series Z;’ifoo fol |te ()]’ dw converges and hence [z, € £* for a.e. w.
Any such p,, is LP-improving.

To see that dim_, =0, consider R the length of a Cantor interval of step n; + 1, x its
right hand endpoint and r the length of a Cantor interval of step 2n;. Then R/r > 4" while

(BGx R)) _ (1 1 )
H(B(x, 1) ’

J
from which it follows that dim_, © =0. Being L”-improving, inf,{dim, u(x)} >0 and
hence is not equal to di_mq A M-

Remark 30. The fact that there are measures p with zero quasi-lower Assouad dimension,
but & € £7 for some p < oo is surprising in light of the general principle that one cannot
have a measure small in both its time and frequency domains.

6. The Assouad spectrum and quasi-Assouad dimensions of measures

In [6] and [7], Fraser and Yu introduced the notion of the Assouad spectrum of a bounded
set E C R?. These are the functions

0 — m;g E =inf {s :(3c)(YO < R <1) sup Ngiw(B(x, R)YNE) <c (R“”)“}
xXeE
and
0 +— di_mA:(’ E =sup {s :(Fc)(VO< R <1) sup Nrie(B(x, RYNE)>c (Rl_l/e)s}
xekE

for 6 € (0, 1), which differ from the previously considered Assouad dimensions by fixing
the relationship of r and R. In this section, we study the corresponding notion for measures
on fairly general metric spaces.

Definition 31. The upper and lower Assouad spectrum of the measure p are the
functions defined on (0, 1) by

=0 : u(B(x, R)) 1-1/0\
0 — dim ,u=1nf{s:(30)(‘v’0<R§1) sup ————_ <c¢(R"Y
* xesupgu w(B(x, R'?)) ( )

and

s =0 _ . . M(B(X,R)) 1-1/6\%
0 — dim, u_sup{s.(Elc)(VO<R§1) xegllpfpuch(R ) .
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This fixes the relationship of r and R as r = R'/?. Another way to define the spectrum is by
only requiring an upper bound, i.e. we set » < R'/?. These “less than or equal” spectra will be

denoted by ﬁie and dim ie. Note that we have already defined this notion when introduc-
ing the quasi-Assouad dimension and di_mf\e w=H(/6 —1) and di_mf\e nw=H({1/60—1).
Clearly, for ¢ <6 we have

— — <0 —=
dimga 0 >dim, p©> dlmAw ",

dim_, u <dim3’ u <dimy” .

In [4] it was shown that h(1/0 — 1) = SUP)_y<g dim, V' E for subsets of R , although
the same proof holds for any doubling metric space E, i.e. spaces where dimy E < oo.
Consequently,

limﬁfe E =lim supﬁfe E =dimgp E.
6—1 0—1

The corresponding result was later proved for the quasi-lower Assouad dimension in [2]
(with the additional assumption that the space E was uniformly perfect). It is straightfor-
ward to obtain the analogous result for doubling measures, that is measures p for which
dimjy W < oo. But this is a stringent condition for measures. However, it is possible to
obtain the same conclusion for measures which only satisfy the weaker (quasi-doubling)
condition, di_qu 1 < oo and this we do in Theorem 32 below. The general scheme of the
proof is essentially the same as in [4], but new technical complications arise. Examples
of such measures include equicontractive, self-similar measures that are regular, meaning
the probabilities associated with the right and left-most similarities are equal and minimal.
These measures are typically not doubling if they fail the open set condition. For a proof that
such measures are quasi-doubling and specific examples of quasi-doubling, but not doubling,
measures, we refer the reader to [10].

THEOREM 32. Suppose i is a probability measure and ﬁqA u<oo. Let6 € (0,1).
(1) Then

am>" = sup dim.’ u and dim=® = inf dim>’
A M o ]pp(9 A M aimm - u 0<'/f<9_A M.
<Y< <

.. . .= . . =0 T
(i1) Moreover, limg_, dlmA_‘9 u=dim_, u and limy_,; dim, u =dimga u.

We remark that, in particular, the quasi-Assouad dimensions of a doubling measure can
be recovered from the limiting behaviour of the Assouad spectrum.

The proof will proceed as follows: We first prove an elementary technical result, followed
by the proof of part (i) of the theorem. We will then show that for quasi-doubling measures,

the maps 6 — di_mAze or dim : ? are continuous for all § € (0, 1). Lastly, this fact will be used
in proving part (ii) of the theorem.

LEMMA 33. Let 0 < B8 <0 < 1 and assume log6/log 8 ¢ Q. Let
L={mlogp+nlogt:m,neN}={y;}32,,
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where y; is ordered decreasingly (to —oo). Then lim;_. o, y; — yj41 =0. Furthermore,
assume (0;) is a sequence tending to 0 with 6; > 0. Then, given small n > 0, there is an
index iy such that for all i > i\ there exist positive integers m, n such that

n 1 1 _ 4n

2o 1 1)
20, 6, onpm 4,

Proof. The fact that y; — y;4; — 0 is well known, so we will only prove the second
statement.

Fix small 0 <7 < 1 and choose J such that |y; — y;;i| < n for all j > J. Choose i; such
that log 1/6; > |y,;| + 1 for all i > iy,. Temporarily fix such an i and choose the maximal
index k such that log 1/6; > |y.| + n. Note that k > J. As k is maximal, it must be that either
|Vis1] >1og 1/6; or 0 <log1/6; — |yis1| <n. In either case, the fact that |y, — yre1|l <7
ensures that

n <log1/6; — |yl <2n.

It is now a routine calculation to see that if y, =m log 8 +n log 0, then e” < 6" /6; < e*'.
Thus for all i > i;, we have

_2,’
no_me _ono 11 4n__4n

2_91' - gi - Igmgn 9:’ - ﬂm@n < IBan - 9{ :

Proof of Theorem 32. (1). First, consider the upper Assouad spectrum. There is no loss of
generality in assuming s = ﬁf\g n > 0 for otherwise ﬁ:vf w =0 for all ¥ <6 as well.
Fix 0 < & < s and obtain x; € supp u, R; — O and r; = R,.l/ei < R;, with 6; <6 and

nBei, R) R\
wBG, R/ TR

Without loss of generality, we can assume 6; — 1 where ¥ € [0, 0] and that the convergence
is monotonic.

Case 1. We will first assume ¥ > 0. If (6;) is a decreasing sequence (so Ril/ei > Rl.l/w),
then we have

1B, R T w(BG, R T\ R
As1—1/6; — 1 — 1/, it follows that

W(B(. R)) _ p(B(xi. R)) ><Riyg_

u(B(x;, R;)) - l“*l/‘/”(tfﬁ)(“&) > RU-1/¥G=e/2)
w(B(xi, R -

if i is sufficiently large. That implies di_mA:w nw>s—e¢/2 and as ¢ > 0 was arbitrary we
deduce that mﬁ p = s. Thus sup_,, - ﬁ:w HL=Ss.
Otherwise, we can assume (6;) increases to ¥ <6 < 1. Choose n; € N so that

27(11,'+1) < Ril/W Ezfn,-

(where we choose a subsequence of {R;}, if necessary, to ensure the sequence {n;} is strictly
increasing) and define a function g on N by g(n) = le" 2" if n; <n < n;4;. Then log R; ~
n; and
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1 1 1 1
log1/2+ (9_ - J) log R; <log g(n;) < <9— - E) log R;.

i i

Hence if n; <n <mn;y,

[log g(n)] - [log g(n;)]

— 0 as n — oo (equivalently, i — 00).
n n;

As proven in [10, proposition 4-2], the assumption that dimga 4+ < oo ensures that for each
q > 1 there is a constant ¢ such that for all i,

u(B(xi, R'™)) = w(B(x;, g(n)27")) > cq ™ u(B(x;, 27")) > cq " u(B(xi, R')).

Thus
§—&
R\ _ nBG.R) _ pBGi R)) p(B R'))
R ) 7 wB@i, R’ w(B(xi, R')) u(B(x;, R'™))
- ﬂ w(B(x;, R;))
T ¢ w(B(xi, R))
As
logq/log2
(Rll/‘//> < (z—n;)IOg’i/k’gz =q—n,’
that shows

B(x;, R; 16 (s— 16 (s— . ERYNA
P (B(x; 1/13/) > RITVIOO i 5 RUSVANSo) ploga/loeD) _ g1/
u(B(x;, R;""))

where
_(1-1/6 B log g
" (1 - l/w) GOt G Dlog2

Since §; — ¢ € (0, 1) as i — oo,

log g
(1—4)log2’

i —>s—¢&—

As g > 1 and ¢ > 0 are arbitrary, we again deduce that m:‘” > s and that gives the desired
result.

Case 2. Now suppose ¥ = (. We will make use of Lemma 33 and choose § € (0, ) such
that log 6/ log B is irrational. Suppose for a contraction that

—=0 =
max{dim, , dlmAﬂ} <5 —3e.

For all small enough R and x € supp 1 we have for y =6, 8,

s—2¢e
w(B(xi, R;)) R;
w(B(xi, RY) = (R.‘/V) : (6-2)

1
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Fix n > 0 small, to be specified later. Choose m, n € N as in (6-1) with this choice of 1. By
repeated application of (6-2) and a telescoping argument, we see that

s—2
nBeR) RO\
w(BC, RPN T\R)

The second part of the claim yields that

1
9_5(1_”/2)29",3"1

, , 16, 1enpmy\ VA= _ _
for all i sufficiently large. Thus R, < (Ri ) . It follows that if d = dimga 1,
& > 0 and 7 is sufficiently small, there is a constant ¢ such that

A 1/6"g" 1/6" g™ d+e
“(B(x”R"lg ) _ (R - ’
w(B(xi, R"™) R

1

Thus

R\ _ nBGwLR)  _ p(BGw, ) p(B, R
= M(B(.X,’, Ril/ei)) - I’L(B(-xi’ R;/leﬁm)) I,L(B(X,', Ril/G,-))

3

s—2¢ ngmy\ d+e
) R, R/
=C\ g 16, s
Ri] /6" B Ril /6;

and this implies that if we put

L= (e—l— 1>(S—S)+(1_ Q"ﬂm)(s_2€)+(9”,3m _9_i>(d+8)

B (1 1 e L1y,
__8+(S_8) g_i_enﬂirz)+9nﬁm+<9nﬁm_9_i>( +8)’

then
cR!" > 1 for all large i. (6-3)
Using the bounds from (6-1) we deduce that for small enough 7,
i > —e+ (s —e)n/20) +e(1 —4n)/0; —4n(d +¢€)/6;
= —c+ Qli((s —em/2+e(l—4n) —4n(d+¢)) > —e+¢/(20;) = o0

as [ — oo. But that means Ri’" — 0 and hence (6-3) cannot be satisfied for all large i
(whatever the choice of constant c¢). This proves the result for the upper Assouad spectrum.

We now turn to the proof for the lower Assouad spectrum. Let s = dim ie u=< di_qu n<
o0. Fix € > 0 and obtain x; e supp u, R, - O and r; = le" < R;, with 6; <6 and

nBos R _((R\T
w(B(x;, Ry “\R" )

2
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As before, without loss of generality we can assume 6; —  where { € [0, 6] and that the
convergence is monotonic.

Case 1. We will first assume 1 > 0. If (6;) is an increasing sequence (so R[l/ei < Ril/‘/’),
then, similar to the first step in the upper Assouad spectrum argument, we have

p(BGi, R)) _ w(BGi, R) _ [ R, ”E< R e
w(B(x;, RV7)) = w(B(xi, RY%)) “\RY% )~ \RY

2

for large enough i. That implies @:V’ 1 <s 4+ 2e and hence infy <9 @:d’ w=s.

Now suppose (6;) decreases to . As each §; <6 < 1, the same is true for ¢ and R11 /% >
Ril/ ¥ In a similar fashion to the second step in case 1 above, we choose n; so that 2~ +) <
Ril/g’ < 27" and define g by g(n) = RiW’Z"f if n; <n < n;;,. As before, one can easily check
that log g(n)/n — 0, hence the fact that dimgs 1 < oo implies that for any fixed ¢ > 1 and
suitable constant ¢ we have

s+e&
(B (x;, If/,i) <cq" Ifjev <cR log ¢/(6; logZ)Ri(l—l/0,-)(s+e) _ Ri(l—l/x/;)t,-
M(B(xi’ Rl‘ )) Ri '
for
P —logg (1—-1/6)(s+¢) N log g
"6 log2(1 — 1/4) 1—1/y log2(1 — )

Since ¢ > 1 and ¢ > 0 are arbitrary, we deduce that infy_, <y dim, v n=s.

+s54e&.

Case 2. Now suppose 1 =0. Choose 0 < 8 <6 < 1 with log8/log 8 ¢ Q and suppose
for a contradiction that

min{dim3? ¢, dim.” 11} > s + 3e.
Then for all small enough R, x € supp i and y =6, B we have

u(B(x, R)) > RU=1/¥)(+28)
w(B(x, RYr)) —

Fix n > 0 small, to be specified later and choose m, n € N as in (6-1) with this choice of 7.
A telescoping argument gives

s+2¢
w(B(x;i, R;)) . R;
1/9"/3'")) - R}/9"ﬁm :

M(B(xi9 R

L

Since 1/6; > 1/(6"B™), R'% < R!*'"" and therefore

s+e s+2¢e
R; o _M(BGi, R)) o p(BGi, R) R;
RM) T wBG, R T (B, R TR

L l

Equivalently, 1 > c¢R; for all large i where

1 1
’f:(e‘,.”)““”(l‘W)“”"‘)'
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But the properties of 6 and 8 ensure that for small enough 7, t; <& — ¢/(26;) - —o0 and
that’s a contradiction.
This completes the proof of the lower Assouad spectrum result and thus part (i).

LEMMA 34. Assume di_qu W < 00. Then for each 6 € (0, 1) the functions 6 +— di_m:(’ "

——=0 :
and 0 +— dim, p are continuous.

Proof. We will give the complete proof for the continuity of the lower Assouad spectrum
and leave the analogous proof of the continuity of the upper Assouad spectrum to the reader.

Fix 0 € (0,1) and let t = di_mAze . We proceed by contradiction. If 6 — di_mA:9 /L is not
continuous at @, then there is some ¢ > 0 and a sequence 6; — 6 such that

| dim 5 o — dim, " 2] > 3¢ for all j.

Suppose that there is a subsequence such that §; — 6 and dim, 4 w>1t+ 3¢ for all j.
Then for each j there is some R(j) > 0 such that for all R < R(;j) and for each x € supp
we have

w(B(x, R)) > RU-1/6)(+26)

(B (x, RV%)) = ©4

If a further subsequence satisfies 6; > 6 for all j, then fix small § > 0 and choose j such
that |1 —1/6;| > (1 —8) |1 — 1/6]. Since R'/% > R'/?, we have

nBx, R) _ pB&R) RU1/6)+26) & pI-1/0)(+26)(1-8) <. p(1=1/)(1-+e)
w(B(x, RY%)) = w(B(x, R'%)) — - - ’

for all x and R < R(j), provided we choose & small enough, and that contradicts the
assumption that t = dim ;- .

So assume that #; <6 for all j. Since # =dim;’ u, we can choose a sequence x; and
R; < R(j), R; — 0, such that

w(B(x;, R;)) < RU-VBa+e/d)

6-5
u(B(x; R/~ ©2)

By passing to a further subsequence, if necessary, we can assume there is a sequence of
integers, (n;), strictly increasing to infinity, such that

27(”.f+1) < Rl/e <N
jo=2m.
Define
gy =R;/"2" ifnenj, nj).

As in the proof of the first part of theorem, log g(n)/n — 0, thus by the quasi-doubling
property of u, (the assumption that dimgs 1 < 00) for each g > 1 there is a constant C,
such that
—n n; —n; n; 1/6;
u(B(xj, RY")) < u(B(x;,27)) < Cyq" w(B(x;, g(n)27")) = Coq" u(B(x;, R/™))

log g

T log2 1/6;
< C,R; ™ u(B(x;, R
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Choose ¢ > 1 such that log g /(6 log2) < (1/6 — 1)e/4. With this fixed choice of g we see
that

1(B(x;, RY") < C, RV w(B(x;, R™Y).

Together with (6-5) we deduce that

1/6;
RU-1/O+e/4) n(B(x;, R)  p(B(x;, R)) wn(B(x;, R;"™))
j

> = (6-6)
w(B(x;, RY")  u(B(x;, RY™)) n(B(x;, R/")

B(x;, R; (-
> m( (xj 1/9)) C;le { 1/9)8/4.
u(B(x;, R;"))

Now choose j; such that for all j > jj,

1—1/6;

t+2e)>t
1—1/9( +2¢) >

Combining (6-4) and (6-6) gives

B(x;, R;
RU- 1/0)(r+£)<R(l 1/6;)(+2¢) _ w(B(x;, R;)) <C. R~ 1/0)(t+£/2)

0 q
! T wBGg Ry T

for all j > j;. But since C, is fixed, the outer most inequalities clearly cannot hold for
all R; — 0. This contradiction shows that we cannot have a sequence 6; — 6 such that

dim ? > 1 + 3¢ forall ;.
Otherwise, there must be a subsequence such that 6; — 6 and dim,_ % uw <t —3eforall j.
In this case, there must be x; € supp 1 and a decreasing sequence R; — 0 such that

u(B(x;, Rj)) <RI/ =20

; , 6-7
u(B(x;, R/~ ©7

for all j.

If6; <6, thenas R;” <R}/’

M(B(Xj, leg)) < M(B(ij If/g)) < R;l—l/é‘,-)(t—Zs) < R§171/9)(175)’
n(B(xj, R;i)  u(B(x;, R™))

for j sufficiently large (R; small) and that contradicts the assumption that f = dim " .
So we may assume 60; > 6. The arguments are similar to the case 6; <6 above. Without
loss of generality, there is a strictly increasing sequence (n;) satisfying

2~ (nj+1) <R, 1/6; <2—n]
J
Put

1/9

g =R""2itneln;, n;y).
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The quasi-doubling property of « ensures that for each ¢ > 1 there is a constant ¢, > 0 such

that
W(B(x;, R'")) = n(B(xj, g(n)27")) = coq " (B(x;,27))
logg
—n: 1/6; i log2 1/0
> c,q " (B, R = ¢, R n(B(x,, RY)).
Hence from (6-7),
1/9
R(l 10(=26) _ w(B(x;, R)))  w(B(x;, R)) (B, R;™))
/6 /6 1 7,
T By, RV w(BG, RY) w(Bx;, RY™Y)
Rej“ﬁﬁz u(B(x;, R;))
u(B(x;, R}/
so that
w(B(x;, R;)) ,IR(l 1/6;)(t— 25)Re_lf‘oi"z . ,IR(I 1/6)((e— 28)(, - M',W)
(B, RV v '

Choose j, such that for all j>j, we have (1—2¢)(1—1/60;)/(1—1/0)<t—¢
and |0;(1—1/6)|>160—1]/2 and then choose ¢ sufficiently close to 1 so that
2logq /(|60 — 1| log?2) <e/2. We conclude that for j > j,

w(B(x;, le'e)) < Cq_lR;l—l/é))(t—s/Z)

u(B(x;, RY))

and, again, this contradicts the assumption that ¢ = dim 7” x.
That completes the proof for the continuity of the lower Assouad spectrum.

We are now ready to complete the proof of the theorem.
Proof of Theorem 32. (ii). It follows directly from the first part of the theorem that

hr9n inf dim 7 y = dim dim , p and limsup d1mA p = dimga p.
6—1

Furthermore, an immediate consequence of the factorization

1/n

w(B(x, R)) . w(B(x, R)) wn(B(x, R/ )) N w(B(x, Rl/@(n—l)/n))
w(B(x, RV%)) — pu(B(x, RV?")) w(B(x, RV*")) w(B(x, R'/%))

1/n .
is that dim """ ;o < dim* y and dim, > dim, p foralln € N.

These observations, together with the continuity result of the previous lemma, allow
one to use the same argument as given directly after in [4, lemma 3-1] to show that
liminfy_,; dim, Y u=1limy_,, dim " % i and similarly for the upper Assouad spectrum.

That completes the proof of Theorem 32.

We can use Theorem 32 to state an analogue of the notion of uniformly perfect for the
quasi-lower Assouad dimension.
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COROLLARY 35. Suppose 1 is doubling. If there exists t > 0 such that for every § <0,
all x € supp p and all sufficiently small R,

w(B(x, R)\ B(x, R'")) > (1 — R*")u(B(x, R)),
then di_mqA u=>t.

Proof. The hypothesis of the corollary is equivalent to the statement

WBCR)
W(BGr, R =

Thus H(1/8 — 1) >t for all § > 0 and hence di_mi‘9 w >t forall & > 0. As u is doubling,
dim,, pu =infy.o dim3’ o> 1.

Acknowledgements. Both authors thank F. Mendivil and Acadia University for hosting
a sabbatical visit for K.H. and a short-term visit for S.T. when some of this material was
developed. We also thank K.G. Hare for showing us Claim 33.

Appendix A. Lower Spectrum for Sets
In [2] it was shown that di_mig :=h(1/0 — 1) =infy—y - dim, ¥ under the assumption
that the metric space is doubling and uniformly perfect. In this section we will give a shorter
proof of this fact that does not require the uniformly perfect assumption.
To begin, we note that if a metric space X is doubling, then there is a constant ¢ such that
for all x, r, R and subsets £ C X,

N (B(x, R)NE) < Nig(B(x, R) N E) sup N,(B(y, 16r)) < cNie(B(x,r) N E).
y

For any subset F, let M, (F) be the maximal number of disjoint balls of radius r, centred in
F. Since we have

Nigr (F) = My (F) < Ny (F) = M, (F) < N, (F) < cNyo, (F),

we can replace the covering numbers in the definition of the Assouad spectrum and
dimensions with packing numbers.
We will also require the following observation:

LEMMA 36. ForO<r=r,<r_; <---<r; <R,

M,(B(x, R)) = M, (B(x, R —r1)) i;llf M, (B(y\,ri —=12)) - i?kf M, (B(y1, re—1 —1)).

Proof. Let t; =inf,, M,,(B(yi, r1 —r2)) and suppose {B(x;,r): j=1,...,J}is aset of
disjoint balls with centres in B(x, R — ry) (and thus contained in B(x, R)). There are at least
t; disjoint balls centred in each B(x;, r; — r,) with radius r,. These balls are each contained
in the (disjoint) sets B(x;, ri), so that all J -¢ balls are disjoint. Hence if k =2 (r, =r),
then we have produced J - t; disjoint balls of radius r centred in B(x, R) and that proves the
result in this case. If k > 2 we repeat the construction.
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THEOREM 37. Let E be a doubling metric space. Then for any 6 € (0, 1),

dim;’ E= inf dim " E.
I O<y<6—

Further,
dim,, E = lim dim " E. (A1)

Remark 38. The analogous result was proved for the Assouad dimension in [4] for subsets
of R?, but the same proof applies in any doubling metric space.

Proof. Our argument is similar to the proof of the corresponding result for the lower spec-
trum of measures. Let s =dim 3’ E. This dimension is finite since the metric space E is
doubling and hence its upper Assouad dimension is finite. Fix ¢ > 0 and obtain x; € E,
R; — 0 and 6; < 0 such that

Myus (B(x;, Ry)) < R{'71/%679), (A-2)

Without loss of generality, we can assume 6; — 1 where ¥ € [0, 0] and that the convergence
1S monotonic.

Case 1. We will first assume v > 0. If (6;) is an increasing sequence, then R'/% < RV
and thus

Nyiw (B(xi, R)) < Newa (B(x;, R)) < R{' /0T < RITVDEH for large .

Otherwise, (6;) decreases to ¥. As each 6; <0 < 1, the same is true for ¢ and further-
more, Rll/ i > Ri]/ Y. Let D be the upper Assouad dimension of E. For small enough R; we

have
NRI/W(B()C' Rl/el)) <R‘(1/9i*1/1/f)(D+S)
hence
Ngiw (B(xi, Ri)) < Ngus (B(x;, R))Ngiw (B(xi, R""))

< R;l—l/G;)(S+£)+(l/9,—1/1/!)(D+5).

Since §; — v, and ¢ > 0 was arbitrary, we again deduce that dim A: VE=s.
Case 2. ¢ = 0. As in the proof of Theorem 32, choose 0 < f <6 < 1 withlog0/log S ¢
@ and suppose for a contradiction that

min{dim = (E), dim;*(E)} > 5 + 3e.
This inequality implies that for all x, small enough R and y =6, B,
Mgy (B(x. R)) > RU-1/76+56/2 (A3)
Let n > 0 and choose n, m as in Claim 33. Appealing to Lemma 36 we see that

Mo (B(xi, R) = M (B(xiy Ri = R"") - Aiy - Bins (A-4)

https://doi.org/10.1017/50305004119000458 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004119000458

414 KATHRYN E. HARE AND SASCHA TROSCHEIT

where
n—1
Apy =[] inf Mg (B, RV — R
, W R i i
k=1
and

m
. 170" k=1 1/0" g
Bim :]_[lngR/,mnﬂk(B(zk, RPT R,
k=1

The doubling condition combined with property (A-3) implies that there is a constant
¢ > 0 such that whenever | <« <2,y =6 or 8 and R is small enough (depending only on
g, ¥ and ¢), then

R s+2¢
Myriiv(B(x, R)) = cMgir (B(x, R)) = ¢RI+ > (Rl /y) :
Since

O . . O .
R _Ril/effRil/ofsz(Ril/e/ _Ril/e/)l/()

1

and
npj—1 ng@j n@j npj—1 nQj
Ril/(? B Ril/f9 B’ < Ril/9 B’ < 2(Ri1/9 B Ril/ﬂ ﬁ’)l/ﬁ’

it follows that if we simplify the notation by putting

J ngi-1 ngi
Pz = Rl/@/ Rll/ef and Qi,j _ Ril/e Bt Ril/e /3/,

L

then
s+2¢

0,
M l/H”ﬁ’"(B(xts R)) > 1_[ 1/9 l_[ l/i‘i
j=1 l] Ql J

It is helpful to isolate the first term of the numerator together with the last term of the

denominator and then pair up the remaining terms giving the expression

MR,]/"nﬂ”' (B(xia Rl))

s+2¢e

1/6 7 1/6" 1/6" L
R — R/ ﬁ Py R —RMY ﬁ Qi

1/6ngm=1 1/6mgm 1/9 1/67—1 1/6m 1/
(R,' - R,‘ )]/ﬂ j=2 1] 1 (R - R,‘ )1/9 j=2 Qi,jfl

Using a Taylor series expansion for (1 — x)!'/? for x near 0, one can check that

1/0" 1/0"
Py Qi 4 R R
6 /B Ve ol e =
P O (Ri/ _Ri/ e

Hence we deduce that

1/6 s+2¢ s+2e
R — R R
MRII/Q”ﬁm (B(xi 5 Rl)) 2 ((Ril/gnﬁml . Ri]/gnﬁnx)l/ﬂ) Z (W) (AS)

1/6; <Rl/0 B

once R; is small enough. But since R; we have

M g1 (B(xi, Ri)) = M giionsm (B(xi, Ri)).
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Combining these observations with (A-2) gives the inequality

Ri(l—l/o,-)(s+s) > CRi(l—l/gnﬁm)(S-t,-Zs)'

But as we saw in the conclusion of the proof of Theorem 32, it is not possible for this
inequality to be true for R; tending to zero and that contradiction completes the first part of
the proof.

To see that (A-1) holds, assume dim ¥ =1. Repeat the argument starting at (A-4) with
m =0 to obtain

R 1—¢&
MR1/9" (B()C, R)) >c <R1/9”>

as in (A-5), for all x € E and R > 0 small enough. This shows di_mje”E >t —¢ for all
¢ > 0 and so dim%” E > dim;’ E. According to [6, theorem 3-10] the function dim* E is
continuous for 6 € (0, 1). Following the argument found in [4, section 3-2], limy_, | dim ;- E
exists and hence limy_, | di_mA=9 E =liminf,_, di_mAze E =infyco.1 di_mA:‘9 E.
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