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We present self-contained proofs of the stability of the constants in the volume
doubling property and the Poincaré and Sobolev inequalities for Riemannian
approximations in Carnot groups. We use an explicit Riemannian approximation
based on the Lie algebra structure that is suited for studying nonlinear subelliptic
partial differential equations. Our approach is independent of the results obtained
in [11].
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1. Introduction

The technique of approximating a sub-Riemannian (degenerate) metric by Rieman-
nian (non-degenerate) metrics was most likely first used by Kordnyi [9] to study
geodesics in the Heisenberg group. It was later used by Jerison and Sanchez-Calle
[8] to study subelliptic second order linear operators and by Monti [10] to study
Carnot-Carathéodory metrics. These approximations are obtained by essentially
adding a small multiple of the Euclidean metric and letting it go to zero. More
structured approximations tailored to the nilpotent Lie algebra structure of the vec-
tors fields generating the sub-Riemannian metric were introduced by Capogna and
Citti and have become a powerful tool for studying nonlinear elliptic and parabolic
partial differential equations in the subelliptic setting, see [2, 3, 6].
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Of great interest is to determine what geometric and analytical properties are
preserved by these approximations. Note, for example, that the Hausdorff dimension
is certainly not preserved. Capogna, Citti and their collaborators [2, 4, 5] have
established that the constants in the volume doubling property and the Poincaré
and Sobolev inequalities are stable under certain Riemannian approximations. Their
proofs are based on the results of the seminal paper [11], and are valid for general
systems of Hormander vector fields.

The purpose of this note is to provide a direct and explicit proof of these facts in
the case of Carnot groups, independent of the results of [11], which are not needed in
the case of Carnot groups. We are motivated by the study of non-linear sub-elliptic
equations in Carnot groups. We believe these simpler and constructive proofs might
help us think of new ways to advance our understanding of the regularity of solutions
to non-linear partial differential equations in Carnot groups.

Our proof makes very explicit the relation between the gradient of the approx-
imating vector fields and the approximating distances (see remark 2.9 below) and
gives an explicit expression of the constant in the Poincaré-Sobolev inequality in
terms of the doubling constant [see formula (4.1) below].

The plan of the paper is as follows. In § 2, we set the notation, review properties
of the various distances associated to the families of vector fields we use in our
approximations, and prove the approximation property for these distances. In § 3,
we provide our explicit proof of the doubling property and exhibit an explicit family
of approximating gauges. And in § 4, we present Poincaré and Sobolev inequalities
that hold uniformly for all the approximating metrics and where the relevant gra-
dients approximate the Carnot group subelliptic gradient when the approximation
parameter € — 0.

2. Preliminaires

A Carnot group (G, ) is a connected and simply connected Lie group whose Lie
algebra g admits a stratification

s=pVv, (2.1)
=1

where v € N, v > 2 and V? is a vector subspace such that

(@) [VLVI=V"Toifi<r -1,

(i1) [V', V] ={0}.
Letting n; = dim(V?) and n = ny + - -- + n,, it is always possible to identify (G, -)
with a Carnot group whose underlying manifold is R™, and that satisfies the

properties we describe next (see chapter 2 of the book [1]).
We write points z € G (identified with R™) as follows:

x = (:C(l), o ,sc(”)) = (T11y e+ o s Tlny s 21y oo s T2y v ooy Tirly e v o s Tumy, )s
where 2(*) stands for the vector (;1,...,2p,) for all i = 1,...,v. The identity of
the group is 0 € R” and the inverse of x € R” is 27! = —x.
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The anisotropic dilations {0 }rs0, defined as
o) = M, . Az,

are group automorphisms. The number Q = Y_._, in; is the homogeneous dimen-
sion of the group, and it agrees with the Hausdorff dimension of the metric space
(G, dp), where dy is defined below (definition 2.1). The Lebesgue measure is left
and right invariant, and also §,-homogeneous of degree @, that is [3x(A)| = A9|A|
for all A > 0 and measurable sets A C G.

The Jacobian basis of g consists of left invariant vector fields

(X1 Xy Xt X, = { X5 H200 (2.3)

which coincide with {0, };zll ", at the origin 2 =0 and are adapted to the
stratification; that is, for each 7 = 1,...,v the collection {X;1,..., X;n, } is a basis
of the i-th layer V%, As a consequence X1i, ..., X1,, are Lie generators of g, and
will be referred to as horizontal vector fields.

The vector field X;; is ) -homogeneous of degree ¢ and has the form

=0y, + Z Z o W, %o, (2.4)

k=i+1 =1

where bfjl are polynomials Jy-homogeneous of degree k — i, depending only on the
variables z(1), ... z(*—9),

The exponential map Exp: g — G written with respect to this basis is the
identity, i.e.,

ij

In the above formula we used the convention that the sum ), ; 1s extended to all
indexesi=1,...,vand j = 1,...,n;, which we will use throughout this exposition.
By a slight abuse of notation we also denote by X;;(z) the vector in R™ whose
components are the components of the vector field X;; with respect to the frame

I 1 . at the point x € R™.

DEFINITION 2.1. For z,y € G and r > 0, let ACy(x,y,r) denote the set of all
absolutely continuous functions ¢: [0,1] — G such that ¢(0) = x, ¢(1) =y and

Z a1;(t) X1;(p(t)) for ae. t €[0,1] (2.6)
for a vector of measurable functions a = (a11,...,a1,,) € L*(]0,1],R™) with
1/2
llall Lo (j0,1],rm1) = esssup 4 |a(t)| = Zafj(t) cte0,1] p < (2.7)
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Define the Carnot-Carathéodory distance as
do(z,y) = inf{r > 0| ACq(z,y,r) # 0}.

Note that by the bracket generating property of { X1, ..., X1,, | there is always
an r > 0 such that ACq(z,y,r) # 0.

PROPOSITION 2.2. For z,y € G and 1 < p < oo define the distance dy(x,y) as in
definition 2.1 replacing ||al| Lo (jo,1),r"1) by |allLr(j0,1),rm1). Then, we have d,(x,y) =
do(@"a y)

Proof. See proposition 3.1 in [8] or theorem 1.1.6 in [10]. O

Let dj be the control distance in G associated to the horizontal vector fields
{X11,..., X1n, }. To define d§ we select a metric g on the first layer V4 by declaring
{X11,...,X1n, } to be an orthonormal basis; that is, we set g(Xi;, X1,) = d;; for
1< 14,5 <ni. Let ¢: [0,1] — G be an absolutely continuous horizontal curve (i.e.,
it satisfies condition (2.6) for a.e. ¢ € [0,1]). Its length is given by

W) = [ V@ Fa
Given points z,y € G we define
dy(z,y) = inf {l4(¢) : there exists ¢: [0,1] — G horizontal, ¢(0) = =, ¢(1) = y} .
LEMMA 2.3. For all x,y € G we have
do(2,y) = do(z,y).
Proof. Writing
(@) = [ 0014 = lalls oo

we have that dfj(z,y) = dyi(z,y) and thus agrees with do(x,y) by proposition 2.2.
0

DEFINITION 2.4. Fix ¢ > 0. For x,y € G and r > 0, let AC(x,y,r) be the set of
all absolutely continuous functions ¢ : [0,1] — G such that ¢(0) =z, ¢(1) = y and

o' (t) = Zaij (t) Xij(p(t)) for ae. t €[0,1]

for a vector of measurable functions

a = (a(l),...,a(”)) = (all,...,alnl,agl,...,agnz,...,al,l,...,a,mu)
€ L>([0,1},R™)

with

||(l(i)||Loo([0’1]}]Rni) < Ei_lT‘ for 1 <i<w.
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Define the distance
dg(z,y) = inf{r > 0|ACG(z,y,r) # 0}.
This distance is induced by the vector fields
X ={"1X;;:1<i<y, 1< <) (2.8)
LEMMA 2.5. Let dy™ be the control distance for the vector fields X{. We have
dg™ =dj.
The lemma follows from the following proposition:

PROPOSITION 2.6. For z,y € G and 1 <p < oo define the distance d(z,y) as

in definition 2.4 replacing ||a® | po(j0,11.8m) by 16D || Lo(0,1) Ry Then, we have
dy(x,y) = (=, y).

Proof. The proof of theorem 1.1.6 in [10] (reparametrization by arc length) applies
when using the vector fields Ay . (]

The metric df is the Riemannian approximation to dy used in this paper.
LEMMA 2.7. For all x,y € G
E—>
Moreover, the convergence is uniform on compact subsets of G x G.

Proof. See theorem 1.2.1 in [10]. The idea is to consider curves that are minimizers
for di and show that there is a subsequence that converges to a minimizer of dy. O

REMARK 2.8. The distance dj satisfies the homogeneity condition
do (9x(), 0x(y)) = Ado(z,y),
while this is not the case for the approximations dg.

REMARK 2.9. Note that the vector fields from (2.8) are the natural choice to study
subelliptic PDEs since we can approximate the horizontal gradient of a function wu,

Vou = (X11u,. .., X1p,u),
by the gradient relative to A7F,

Viu = (Xnu, cooy Xanuy eXo1, ..., eXop,u, . eV X, ,s”lel,nuu) .
If we were to follow directly the approach developed in [11] (see pages 104 and
107), instead of (2.8) we would have to consider the vector fields

X5 = LVJ{ai—’“Xij7 k<i<v, 1<j<n},
k=1

which approximate the full Jacobian basis (2.3).
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ExXAMPLE 2.10. The Lie algebra of the Heisenberg group H, defined on R3, has a
basis of { X711, X12, X21}, and the only non-zero commutator is given by [X11, X12] =
Xo51. These vector fields can be expressed as

0 T2 0 0 T 0 0
1 8x1 2 81173’ 12 8172 + 2 6.137 2 61‘3
The vector fields (2.8) are
XIE = {Xll,Xlg,EXgl}. (29)

and

2
X5 = U{EiikXij, E<i<vy, 1<j<n}={Xu,X2,eX01,Xo1}
k=1

EXAMPLE 2.11. The Lie algebra of the Engel group, defined on R*, has a basis
formed by { X711, X2, Xo1, X31} where,

- 0 To 0 T1X2 X3 0
X0 =5 = 505~ (- * 2) ey
0 z; O x? 0
Xip=—+—2—— 21 2
12 65(}2 + 2 83:3 12 8!1)4, (2 10)
D m D |
2 813 2 85647
0
Xy = —.
31 924

The only non-zero commutators are [Xi1, X12] = X1 and [X11, X21] = X31. The
vector fields (2.8) are

Xf = {X11, X12,6X01,6° X1} (2.11)
and

3
X5 = J{e" Xy, k<i<w, 1< <ng}
k=1

= {X11, X12,6X01,6° X351, Xo1,X31, X31}
3. The doubling property

We denote by Bg(xg,r) the open ball with respect to the metric dy centred at
xo € G with radius r > 0, and by B§(z¢,r) the one with respect to d§. We observe
that both metrics are left-invariant, therefore

Bo(xo,7) =2 - Bo(0,7) and Bj(zg,r) = o - B;(0,r).

For € = 0 we set BY(xo,r) = By(zo,7), which is consistent with lemma 2.7.
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We also consider
Box(0,7) = {z € R" : |z;j| <r'fori=1,...,vand j=1,...,n;},
and
Box®(0,7) = {x € R" : |z;;| <& 'rfori=1,...,vand j=1,...,n;}.
For xy € G define the left-translated boxes
Box(zg,r) = o - Box(0,7) and Box®(zg,r) = x¢ - Box“(0, 7).

Note that d,(Box(0, 1)) = Box(0,r) for all » > 0, while this is not true for Box®(0,r).
Since the Lebesgue measure is left-invariant, we have

|Box(zo,7)| = [Box(0,7)| = r¥, (3.1)
and
|Box® (g, 7)| = [Box®(0,7)| = 97", (3.2)
LEMMA 3.1. There exists C' > 1 such that for all x € G and r > 0 we have
Bo(z,C~'r) C Box(z,r) C By(z,Cr).

Proof. The identity map between R" equipped with the Euclidean topology and
R™ equipped with the topology induced by the metric dy is a homeomorphism
preserving bounded sets (proposition 5.15.4 in [1]). Since Box(0, 1) is bounded and
open in the Euclidean topology, there exists C' > 1 such that

Bo(0,C™1) € Box(0,1) € By(0,C).
We conclude the proof by applying a left translation and a dilation. O

LEMMA 3.2. Let ,7 > 0 and © € G. There exists C' > 1, independent of x, r and
€, such that

Box(z,r) C Bj(x,Cr).

Proof. For all z,y € G, e > 0, r > 0 we have ACy(z,y,r) C AC§(z,y,r). Therefore
d5(z,y) < do(z,y), and hence it follows that By(z,r) C B§(x, ) We can now apply
lemma 3.1 to finish the proof. U

LEMMA 3.3. Let k€ {1,...,v}, d >0 and R > 0. Moreover, let b be a polynomial
on G that is 0x-homogeneous of degree d > 0 and depends on the variables x;; with
i1=1,...;kand j=1,... ,n,. If v € G satisfies the inequalities

|xz]| Cz]Rl (33)

for all i=1,...,k and j=1,...,n, and for some constants C;; >0, then the
imequality

b(z11, - Tk, )| < CRY
holds for some constant C > 0.
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Proof. The polynomial b has the form

_ Q11,012 Xkny,
b(X11y .y Thny) = g CaT T 137 Ty "

where the sum is extended to all multi-indexes o = (aq1,...,Qkn,) such that
Zle > ity aiji = d. Taking into account the bounds (3.3), we obtain

b(211, . - . Thny )| < CRE =1 Zita st — ORY,
where C' > 0 is a constant depending on Cj;. O
LEMMA 3.4. For alle,r > 0 and x € G we have Box®(z,r) C Bf(x,/nr).

Proof. By left translation it is enough to prove the statement for x = 0. Let u €
Box®(0,7). Then |u;;| <&~ 'r for all i=1,...,v and j =1,...,n;. In particular
lu| < e~ lry/n for all i =1,...,v. Consider the curve v :[0,1] — R”, ~(t) =
Exp(t}_; ;wijXi;), which is the integral curve of the vector field }, u;; X;; at
time ¢ issued from the origin. As a consequence, v'(t) =, u;;X;;(v(t)) for all

€10,1], v(0) =0 and (1) =u by (2.5). Therefore v € AC5(0,u,/nr), so u €
B§(0,/nr). O

LEMMA 3.5. Let ;7 >0 and x € G. There exists C > 1, independent of x, r
and e, such that

Bj(xz,r) C Box(x,Cr) ife<r
and

Bj(x,r) C Box®(z,Cr) ifr<e

Proof. By left translation, it is enough to prove the statement for z = 0. Let u €
B§(0,r). Then there exists a curve v € AC§(0,u,r), i.e., an absolutely continuous
function

v [07 1] — R, V(t) = (Vll(t)v""vvnu(t))v

such that v(0) =0, y(1) = u,
"(t) = Zaij(t)Xij('Y(t))

and ||a;j||p= < e 'rforalli=1,...,vand j =1,...,n;. Exploiting (2.4), for all

i=1,...,vand j=1,... n;, we have
1—1 np
iz (t Zzakl b (1(t), -, Viek ni_y (1) + aii (t), (3.4)
k=1 1=1
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where we allow 22:1 = 0. More explicitly,

Y (t) = ay(t) forj=1,...,n,

72] Zall 1[ 711 t) ~-'a’yln1(t))+a2j fOI'j: 1)"'an2a

I/lnk

Vi) =Y a (b (), Yok my (B) Fan; for j=1,... n,.
k=11=1

Due to the pyramid shape of the system above and the homogeneity of the
polynomials by, we claim that

1vijl L < Cyr' ife <, (35)

IWijlloe < Cye~'r ifr <e, '
foralli=1,...,v and j =1,...,n; and some constants C;; > 0 independent of ¢
and r. By integration over the interval [0,1], the same bounds hold for ||v;;||re~,
therefore

Juij| = i (D] < Cr'if e <,
and

[uij| = |7i;(1)] < Cet=lr ifr<e,

which means u € Box(0,Cr) if ¢ < r, and u € Box®(0,Cr) if r < e.
We are left to prove (3.5). First, directly from (3.4), for j =1,...,ny we have

V15l = llayjlloe <7,
and therefore

[y15llLee < 7.

Fix i € {2,...,v} and assume that
[[YagllLe < Capr® ife <,
and

Vas|| L= < Ca,gfs"_lr if r <e,

foralla=1,...;i—1and B =1,...,n,. In particular, we have that
Vasl|e < Cape® ifr<e.
Then, by lemma 3.3, forall j =1,...,n,,k=1,....,i —landl=1,...,nk, we have

D7 (11 (L), - -+ s Yikns_, (D) S Cri7F if e <1,
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and
DR (2 (0), ik m ()] S CETF i <,

for some constant C' independent of ¢ and r. To finish the proof of (3.5), observe
that by (3.4) we get

i—1
il e < e lr+C E Pl TR Ot ife <,
k=1

and

i—1
1vijllL= < e 1lr4C E b lp TR < OyetT e ifr<e.
k=1

We are now ready to establish the doubling property of the balls Bj.

THEOREM 3.6. There exists a constant cq > 1, independent of €, r and x, such that
foralle >0, r >0 and x € G we have

|B5 (,2r)| < ca |Bj(z,7)] -

Proof. By combining lemmas 3.2, 3.4 and 3.5 we obtain the existence of a constant
C > 1 such that

Box(z,C~'r) C B (x,r) C Box(z,Cr) ife <,
and
Box®(z,C~r) C B§(x,r) C Box®(x,Cr) ifr <e.
Therefore by (3.1) and (3.2) we obtain
C9r9 < [Bj(z,7)| < CU® ife<r (3.6)
and
C7me@ e B (x,7)| < CMe97r™ ifr < e, (3.7)

where C' is independent of €, r and =x.

To finish the proof we check the doubling property, for which we distinguish the
following cases.

If 0 <e < r, then

| B5 (w,2r)| < (20)9r? < (2C%)9|B§(x,7)].
If 0 <r <e<2r, then
|BS (x,2r)] < (20)9r9 < (20)9e9 7™ < (20)90™|BS (2, 7).
If 0 < 2r < ¢, then

| B (x,2r)| < (20)"5Q_"r" < 20)*C™|Bg(x,r)).
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The following corollary immediately follows from lemma 3.2, theorem 3.6 and the

volume estimates (3.6) and (3.7).

COROLLARY 3.7. Let 0 <e, 0 <r < R and x € G. There exists a constant ¢ > 1,
independent of €, r and x, such that

1@ < |Bs(x,7)| < emax{r®, 9",

and
R log, cq
BRI < () B,

We conclude this section with a brief digression on an explicit gauge N. that
is equivalent to the metric dj and approximates the homogeneous norm Ny below.
The discussion provides a complete parallel between distances and gauges in Carnot
groups and their corresponding Riemannian approximations.

For o= (zW,...,20)) = (211,..., %10, 21, .-, Tongs s Tuly .o Tum, ) € G
and € > 0 we define the e-gauge

()
N.(z) = |21 |+me{|xZ 1|, )1}

and for e = 0 we set

No(z) = 2]+ =@
1=2

1 Y .

i o= Z Ia’j B
i=1

The gauge N is an adaptation of the gauge introduced in definition 3.9 in [2].

PROPOSITION 3.8. There exists a constant C > 1 such that for alle >0 and r > 0
we have

{z: N.(z) <r} C B;(0,C r),
and

B§(0,7) € {x: N.(z) < Cvy/n r}.

Proof. Consider the case € > 0. Suppose that N.(z) < r. We have |z(!)| < 7 and

Rl

min{ 5, |z |7} < r for indexes i = 2,...v. Observe that
2@ ;
4 if |z > ¢,

so that we obtain

(@)
) i :
mm{lw ||()|}<r: €i71<r ifr<e

¢ DT <7 ifr>e
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In the case r < ¢ we get |2(!)| < '~!r that gives z € Box®(0,r). In the case r > ¢
we get [¢()] < r? that gives z € Box(0,r). Using lemmas 3.2 and 3.4 we conclude
that = € B5(0,Cr) for some C > 1.

Suppose now that x € B§(0,7). In the case € >r, lemma 3.5 implies z €
Box®(0,Cr) for some C > 1. We then have |[z()| < Cy/ne'~'r, i=1,...,v. We

get
min {
gi—

To achieve the last inequality above, notice that ¢ > C'/nr implies (Cy/n e~ 1)t/ >
Cy/nr, while r < e < Cy/nr implies (C'y/ne'~! )1/1 < Cy/nr.

In the case ¢ <7, lemma 3.5 implies = € Box(0,Cr). We then have [z(¥)| <
VnCirt i =1,...,v. Hence, even in this case, we get

mln{g }<min{\fcH NCR Cr}<C\/ﬁr.

Therefore, for all € > 0, we obtain

} < min{Cv/nr, (Cy/ne~tr)/} < Cy/nr.

x) <C’Z\/ﬁr=CV\/ﬁr.
i=1

The case € = 0 is just lemma 3.1. O

COROLLARY 3.9. There exists a constant C > 1 such that for all e >0 and r > 0
we have

édﬁ(w,o) < N.(z) < Co/mds(,0).

4. The Poincaré and Sobolev inequalities

In this section we will use balls with an arbitrary, but fixed centre xg, so we simplify
the notations for the average values over these balls as,

Up = ][ u(zx) dz.
BS (130)7”)

LEMMA 4.1. Let v:[0,1] — G be a C' curve such that

"(t) = Zaij () Xi;(v(t), for allt € [0,1].

If u € CHG), then we have

— Z a;; () Xiju(vy(1)).
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Proof. By definition, the derivative of a curve v:[0,1] — G is the vector field
defined as 7'(t) € Ty G, /(1) = S(f 07)(0). /() = X, as5(8) Xis (1)) then
it follows that Su(y(t)) = >ig @i (H) Xiju(y(1)). O

Let us recall the notation for the gradient relative to A},

Vou = (Xnu, oy Xty eXoquy .o e Xonty o eV X 1, ,syleynuu) ,
which was already introduced in remark 2.9.

Our next theorem is the weak 1-1 Poincaré inequality for the balls B§(x, r). Note
that the gradient appearing in the right-hand side of the inequality is the natural

gradient along the approximating vector fields Viu

THEOREM 4.2. There exists a constant Cy > 1, independent of e, such that for all
uwe CYG), r>0, z0 € G we have

][ lu(z) —up|de < Cyr ][ [Vou(z)| de.
B§(zo,r) Bg (x0,37)

The proof presented below shows that we can take
Oy = 2n (cq)? 3'82¢ (4.1)
where ¢4 is the doubling constant from theorem 3.6.
Proof. Let x,y € B§(xzo,r) and z € G such that =y - z. Then,
d5(z,0) = d5(y~ ', 0) = di(z,y) < 2r.

By the left invariance of dj we have d(y - z,y) < 2r, so there exists ¢, . € AC§(y,y
z,2r) such that

Py, () = Z aij (t) Xij(p(t)), ae. t €[0,1]

and
||a(i)‘|Lm([0’1]’Rni) < €i_127“, 1<i<w

By lemma 4.1, we get that

1
u(yz)fu(y):/occllt ©y.2(t))dt = /ZQZ]XUU ©y.2(t)) dt.

Therefore, by embedding ¢ into V{, we obtain that

fuly - ) — uly)| < 20 / V5u(py,-(8)] dt.
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We use again the left invariance of di and also the fact that the change of variables
x =y - z has Jacobian equal to 1. Therefore,

/ lu(x) — u,| dz
B§ (xo,7)
<[ A - uwldys
B (xo,7) & (zo,r)
—f [ ) - )] dey
B (zo,7) Y B (wo,7)
<f / [uly - 2) — uy)] dzdy
& (zo,r) Y B§(0,21)
2m"][ / / IViu(py,-(t))| dtdzdy
5 (z0,7) 5(0,27)

<2nr7// / [Vou(py - (1)) dy dzde.
|BS(I077")\ 0 JBg(0,2r) J Bg(zo,r) 0 Y

If v, . € AC§(y,y - z,2r), then there exists ¢, € AC§(0, z,2r) such that ¢, .(t) =
y -, (t), for all t € [0,1]. Therefore, if y € B§(zo,7), then

di(py,=(t), wo) = dj(y - ¥=(t), x0) < d5(y - ¥=(t),y) + d5(y, zo)
< di (= (t),0) + dg(y, x0) < 2r +r = 3r.

We continue the integral estimates started above.

/ lu(z) — u,|dx
B(E)(w07r)
1 1
<2nr———— 8 ()| dydzdt
e | o / [Vt dya
1 1
nr— —— Vou(y -, (t))| dydzdt
BS(CEO»TN/O /g(o,w)/g(zo,r) ouly - ¥= ()l dy
1 1
_ V5 dyy dz dt
n |Bg (z0,7) |/ / OQT)/E (20,7) s ( | ou(y1)ldys =
<22 = / / / [Vou(y)| dy dz dt
‘B | B§(0,2r) 5 (0,37)

| B5 (0, 2T)l
‘BE( )| B§(x0,3r)

Noting that, by theorem 3.6 we have

< 2nr [Viu(y)| dy.

[B5(0,2r)| _ |Bj(xo,2r)|
|Bj(xo,7)| | BG(wo,7)]

X Cd,
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we obtain

/ lu(z) —up|de < 2neqr / [Vou(y)| dy.
B§(zo,7) B§(z0,3r)

Finally, by corollary 3.7, we get
£ w@-wla<or £ [l
B§ (zo,r) B§ (x0,37)
where
Oy = 2n (cq)? 3'082 <4,

d

With the results of corollary 3.7 and theorem 4.2, we can use theorem 5.1 from
[7], to get the Poincaré-Sobolev inequality:

THEOREM 4.3. Let 1 <p< @ and1 <qg< %. There ezists a constant Cp 4 > 0,
independent of €, such that for all u € CY(G), r > 0, 2o € G we have

1 1
<][ lu(z) — u,|? dx) < Cpqr <][ [Vou(z)|” dx) .
B§ (xo,7) B§ (x0,37)

REMARK 4.4. We remark that the constant C), ; in the above theorem is indepen-
dent of £ because, as detailed in theorem 5.1 of [7], it only depends on p,q, Q, the
constant C of theorem 4.2 and the doubling constant ¢4 of theorem 3.6, which are
all independent of ¢.

REMARK 4.5. The balls By(zg,r) and B§(xg,r) are John domains with constant
C = 1. Therefore, the Poincaré inequality from theorem 4.2 and the Poincaré-
Sobolev inequality from theorem 4.3 hold with the same ball; that is, we can replace
B§(x0,3r) by B§(zo,r) in both inequalities by possibly changing the constants C4
and C, 4, which remain independent of €. See § 9 in [7].

It is well-known that the Poincaré-Sobolev inequality implies the Sobolev inequal-
ity in our setting [7]. We use the notation C&(B) for C* functions with compact

support in B.

THEOREM 4.6. Let 1 <p < Q and léqgﬁ. For all r >0, 10 € G and u €
CH(B§(zo,1)), we have

1 1
<][ |u(x)qu> <G, <][ [Vou(z)|” dac) ,
B§ (xo,7) B§ (zo,7)

where Cz/z,q is a constant independent of €.
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In fact, keeping track of the constant we get

Cpy = (1+20c)i™") Cpa

where (), 4 is the Poincaré-Sobolev constant from theorem 4.3.

REMARK 4.7. We remark that the main results of the paper continue to hold if
instead of the Jacobian basis {X;;} we choose any other basis {Y;;} adapted to the
stratification, since we can pass from one to the other by multiplying by a suitable
block diagonal matrix whose blocks are invertible matrices with constant entries.
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