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1. Introduction

In this paper, we consider the following time-independent fractional non-linear
Schrodinger equation

(=A)*u+Vu=|ul/®u, z¢cR% (1.1)

where d >1,0< s <1, a>0and V:R? — R is an external potential. The oper-
ator (—A)® is the fractional Laplacian operator which is defined by (—A)%u =
FY|€|?* Fu), where F and F~1 are the Fourier transform and inverse Fourier
transform respectively.

The problem (1.1) comes from the following time-dependent Schrédinger-type
equation

O = (=AY + (V —w) — [¢|*y, (t,z) eR xR (1.2)

by looking for standing wave solutions (¢, ) = e“*u(x) with w € R a frequency.
The equation (1.2) is the fractional non-linear Schrodinger equation which was
introduced by Laskin [24, 25] as a result of extending the Feynman path integral,
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from the Brownian-like to Lévy-like quantum mechanical paths. The equation (1.2)
also appears in the continuum limit of discrete models with long-range lattice inter-
actions (see e.g., [23]) and in the description of Boson stars (see e.g., [16]) as well
as in water wave dynamics (see e.g., [28]).

The equation (1.1) involves the fractional Laplacian (—A)®,0 < s < 1 which is a
non-local operator. A general approach to deal with this problem due to Caffarelli—
Silvestre [5] is to transform (1.1) into a local one via the Dirichlet—Neumann map.
That is, one consider the extension U : R? x [0,00) — R which satisfies

—div(y!=2*VU) =0 in R? x [0, 00),
Uly=0)=u onR%

It was shown in [5] that

(—A)u(x) = A(d,s) lim —yl_QSUy(x,y)

y—0+

and
I(=A)ull2, = / €2 Fu(©)]? dé = A(d, 5) / / VU (2, y) Py de dy,
R4 R4 x[0,00)

where A(d, s) is an appropriate constant depending on d and s. This method has
been applied successfully to study equations involving the fractional Laplacian,
and a series of significant results have been obtained (see e.g., [3,4,6,7,32] and
references therein).

In the sequel, we are interested in the existence, non-existence and blow-up
behaviour of minimizers for the energy functional related to (1.1) under the pre-
scribed mass constraint. More precisely, we consider the minimizing problem: for

a >0,
I(a) :== inf {B(u) : u € H(RY), |ul|i> =a},
where
B(u) = 1/ (=AY 2u(2)[2 dz + 1/ V(@)@ 2dr — —— [ ju(@)*t? de
2 Jpa 2 Jpa a+2 Jpa

and the exponent « satisfies 0 < o < s* with

4s
if d>2
s =0 d—2s | > &5,

00 if d < 2s.

(1.3)

Here H(R?) is a subspace of H*(R?) which is defined by

H(RY) := {u € H*(RY) : /Rd V0ul? dz < oo} .
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Note that the space H(R?) is a Hilbert space with scalar product and norm
(u,v)y = / uv dx +/ (=A)*2u(=A)3/2p dx
Rd Rd

Vuvd = .
T / wwvdz, [ull = /{u, uhy

Let us recall some known results on the existence, non-existence and blow-up
behaviour of minimizers for the energy functional with prescribed mass constraint.
In the case s =1, i.e., the classical non-linear Schréodinger equation, the problem
has been studied by many mathematicians.

In the case of constant potentials, using the symmetric rearrangement argument
or the concentration-compactness principle of Lions [26, 27], it holds that (see e.g.,
[8, Proposition 8.3.6]) for any a > 0, there exists at least a minimizer for I(a) in
the mass-subcritical case 0 < a < 4/d. In the mass-critical case o = 4/d, one can
prove that for any @ >0 and a # ||R||7., there is no minimizer for I(a); and for
a = ||R||3., there is a unique (up to symmetries) minimizer for /(a), where R is the
unique (up to symmetries) positive radial solution to

—~ AR+ R—|R*‘R=0. (1.4)

In the case of harmonic potential, i.e., V = |x|?, using the compact embedding
H — L forany 2 < ¢ <2d/(d—2)ifd >3 (or 2 < g < oo if d=1,2), Zhang [34]
proved that for any a > 0, there exists at least a minimizer for I(a) in the mass-
subcritical case. In the mass-critical case, he proved that for 0 < a < ||R||3., there
exists at least a minimizer for I(a).

In [17], Guo-Seiringer studied the minimizing problem

J(b) = inf { Ey(u) : u € H(R?), [[ul|7. =1}, (1.5)

where b > 0 is a given parameter,

b
Ey(u) = / |Vu(z)|* de —|—/ V(2)|u(z)* dz — f/ Ju(z)|* d
R2 R2 2 Jpe
and V is a trapping potential, i.e.,

0<V e L (R?), ‘ llim V(z) = oo. (1.6)

Note that by a simple scaling argument, it is easy to see that I(a) = (a/2)J(a).

Using the same argument as in [34], they proved that J(b) has at least a minimizer

if 0 < b < b* := ||R||3., whereas there is no minimizer for J(b) if b > b*. They also

proved that if u; is a minimizer for J(b) with 0 < b < b*, then u;, blows up as b " b*
in the sense that

li = o0. 1.7

Jim [V 22 = o0 (1.7)

Moreover, they gave a detailed description of the blow-up behaviour of minimizers

for J(b) by assuming that the trap potential V' has a finite number of isolated
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minima, and that in their vicinity, V' behaves like a power of the distance from
these points. For instance, if V(z) = |z — x9|P for some x,p > 0, then as b /" b*,

(b* — b)Y/ +P)yy, ((b* — )1/ @+p) +x0) — AoRo(Xo-) strongly in L9(R?)

for any 2 < g < oo, where

1/(2+p)
Ro= -2 = (" [ LpR@)2d . (1.8)
R L2 2 Jp2

In the case of bounded potentials satisfying

Vel RY, 0=infV <supV = lim V(z) < oo, (1.9)

R4 Rd |z|—o0

by using the concentration-compactness principle of Lions, one can prove (see e.g.,
[29]) that for any a > 0, there exists at least a minimizer for I(a) in the mass-
subcritical case. In the mass-critical case, it can be proved that for any 0 < a <
| R||%., there exists at least a minimizer for I(a). Moreover, by the same argument
in [17], there is no minimizer for I(a) with a > ||R||?.. In [29], Maeda studied the
uniqueness, concentration and symmetry of minimizers for I(a) as a — oo in the
mass-subcritical case.

In [33], Wang-Zhao studied the existence and non-existence of minimizers for
J(b) (see (1.5)) with continuous periodic potentials satisfying

0=minV <info(-A+V),
where
info(-A+V)

— in {/R Vu()|? de + /R V(@) (@) de : u € HY(R2), |[ulZs = 1} .

Using the concentration-compactness principle of Lions, they proved the existence
of minimizers for J(b) for b, < b < b* with some 0 < b, < b* (see above (1.7) for
the definition of b*). On the other hand, there is no minimizer for J(b) when b > b*.
Moreover, under the assumption

V10) = 29 + Z? for some x € [0,1]?,

V(z) = O(|z — 0|”) as x — x¢ for some p > 0,

they proved that if u; is a minimizer for J(b) with b, < b < b*, then as b " b*,
(b* — )L/ (2HP)yy, ((b* —p)l/ ). +x0) — MoRo(Ao-) strongly in LI(R?)

for any 2 < ¢ < oo, where Ry and Ay are as in (1.8).
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In [31], Phan studied the existence and non-existence of minimizers for J(b) with
attractive potentials satisfying

0>V e LYR*)+L"(R?), info(-A+V)<0

for some 1 < g < r < co. He proved that for any 0 < b < b*, there exists at least a
minimizer for J(b), and there is no minimizer for J(b) if b > b*. Moreover, under a
suitable assumption on the external potential, he gave a detailed description of the
blow-up behaviour of minimizers for J(b) as b /" b*. The result implies in particular
that if V(x) = —k|z — x| 7P for some £ > 0 and 0 < p < 2, then as b " b*,

(b* — b)Y/ =Py, ((b* — bt/ ). +m0) — AoRo(\o-) strongly in H'(R?),

where

o = ("””217 /R 2 |x|_p[R(x)]2dx>1/(2_p).

In the case of an inverse-square potential V(x) = c|z|~2 with ¢ > —((d — 2)/2)?,
using the profile decomposition, Bensouilah-Dinh-Zhu [2] proved the existence of
minimizers for I(a) for any a > 0 in the mass-subcritical case.

The existence, non-existence and blow-up behaviour of minimizers for J(b) has
been extended to ring-shaped potentials in [19], multi-well potentials [20], ellipse-
shaped potentials [18] and rotating trap potentials [21].

In the case 0 < s < 1, the existence, non-existence and blow-up behaviour of
minimizers for I(a) has been considered in several works. In [22], He-Long proved
the existence and non-existence of minimizers for I(a) with trapping potentials (1.6)
and bounded potentials satisfying (1.9). They also studied the blow-up behaviour of
minimizers for I(a) as a tends to a critical value in the mass-critical case a = 4s/d.

Recently, Du-Tian-Wang-Zhang [11] gave a complete classification of the exis-
tence and non-existence of minimizers for I(a) with trapping potentials (1.6) for
0 < o < s* (see (1.3) for the definition of s*). Moreover, under a suitable assumption
of the external potential, they showed a detailed analysis of the blow-up behaviour
of minimizers for I(a) in the mass-critical case o = 4s/d.

Motivated by the aforementioned papers, we study the existence and non-
existence of minimizers for the energy functional related to (1.1) with the prescribed
mass constraint. In this paper, we focus mainly on the fractional Schrodinger
equation with periodic potentials. Before stating our main results, we introduce the
following notion of ground states related to the fractional Schrodinger equation.

DEFINITION 1.1 Ground states. Let d > 1, 0 < s <1 and 0 < a < s*. A non-zero,
non-negative H*® function @, is called a ground state related to

(—A)Y’u+u—|ul*u =0 (1.10)
if it solves (1.10) and is a minimizer for the Weinstein’s functional

s da/2s a+2—da/2s| .
J(w) = (=2 2l g8l 524 + Julgt2,, (1.11)
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that is,
J(Qa) = inf {J(u) : w € H*(R*)\{0}}.

The existence, uniqueness, symmetry, regularity and decay of the ground state
related to (1.10) have been established in celebrated papers [14, 15] (see theorem 2.3
more details).

From now on, we denote

a* = |Ql7, (112)
where @ := Q44 is the unique (up to translations) positive radial ground state
related to

(=A)*u +u — |u**/?u = 0. (1.13)

Our first result is the following existence and non-existence of minimizers for I(a)
in the case of no external potential V' = 0.

THEOREM 1.2 No potential. Let d > 1 and 0 < s < 1. Let V =0. Then it holds
that:

e [13] If 0 < av < 4s/d, then for any a > 0, there exits at least a minimizer for
I(a) and —oo < I(a) < 0.

o If o =4s/d, then for any a > 0 and a # a*, there is no minimizer for I(a); and
for a = a*, there is a unique (up to symmetries) minimizer for I(a). Moreover,
I(a) 20 if0<a<a*, I(a*) =0 and I(a) = —o0 if a > a*.

o [fds/d < o < s*, then for any a > 0, there is no minimizer for I(a) and I(a) =
—00.

Since adding a constant in the potential does not change the minimizing problem,
the above result still holds in the case of constant potentials. In the mass-subcritical
case 0 < o < 4s/d, the existence of minimizers for I(a) has been studied in [13]
by using a fractional version of the concentration-compactness principle of P. L.
Lions [26,27]. We will give an alternative proof using the symmetric rearrangement
argument. We refer the reader to §3 for more details.

Our next result is the following existence and non-existence of minimizers for
I(a) in the case of periodic potentials.

THEOREM 1.3 Periodic potential. Letd > 1 and 0 < s < 1. Let V € C(R?) be such
that

(V1) V(z+2)=V(x) for all z € R? and 2 € 7.
Then it holds that:

e If0 < o < 4s/d, then there exists a, > 0 such that for any a > a., there exists
at least a minimizer for I(a) and —oo < I(a) < (a/2)info((—A)* + V).

e If a =4s/d and assume in addition that
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(V2) minV <info((—A)* + V), where inf o((—=A)* + V) is the infimum of the
spectrum of (—A)* + 'V, i.e.,

inf o((—A)* + V) = inf {/R (=AY 2u(2)2 dz

™ /Rd V() |u(z))? da : ||ul| L2 = 1}7

then there exists 0 < a, < a* such that for any a. < a < a*, there exists
at least a minimizer for I(a); and for a > a*, there is no minimizer for
I(a). Moreover, (a/2)minV < I(a) < (a/2)info((=A)* + V) if a. < a < a*,
I(a*) = (a*/2)minV and I(a) = —oc0 if a > a*.

o If 4s/d < a < s*, then for any a > 0, there is no minimizer for I(a) and
I(a) = —o0.

This result gives a complete classification of the existence and non-existence of min-
imizers for I(a) with periodic potentials. The proof is based on the concentration-
compactness principle in the same spirit of Lions [26,27]. However, since we are
dealing with the non-local opeartor (—A)*®, we need a careful analysis in order to
get this concentration-compactness principle. We refer the reader to §2 for more
details.

Our next result is the blow-up behaviour of minimizers for I(a) as a /" a* in
the mass-critical case aw = 4s/d. Note that since E(|u|) < E(u), we only need to
consider non-negative minimizers for I(a).

THEOREM 1.4. Let d>1, 0< s <1, a=4s/d and V € C(RY) satisfy (V1) and
(V2). Let u, be a non-negative minimizer for I(a) with a, < a < a* given in
theorem 1.3. Then u, blows up as a /" a* in the sense that

e = [[(=A)* g2 — o0 (1.14)

as a / a*. Moreover, up to a subsequence, there exist (z4)a o+ C [0,1]% and
(2a)aax C Z4 such that z, — 2° € [0,1]? with V(2°) = minV and

52/211/(1(50, C Ty + Za) - Q St'f’Ongly n Hé(Rd)

as a / a*, where Q is the unique (up to translations) positive radial ground state
related to (1.13).

The proof of this result is based on the compactness of optimizing sequence for
the Gagliardo—Nirenberg inequality (see lemma 2.11) which is another consequence
of the concentration-compactness principle.

Note that theorem 1.4 does not give any information on the blow-up rate of
[[(=A)*/?uy|| 2. Under an additional assumption on the external potential, we
gave a detailed description of the blow-up behaviour of minimizers for I(a). More
precisely, we have the following result.

https://doi.org/10.1017/prm.2019.64 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.64

Existence and blow-up behaviour of minimizers 3259

THEOREM 1.5. Letd > 1 and 0 < s < 1. Let a« = 4s/d. Let V € C(R?) satisfy (V1)
and (V2). Assume in addition that V' satisfies

(V3) minV =0, V=1(0) = 2o + Z? for some x¢ € [0,1]? and there exist 0 < p <
d+4s and k > 0 such that

v
lim i =K
r—1x0 |;p — x0|:ﬂ

Let ug be a non-negative minimizer for I(a) with a, < a < a* given in theorem 1.3.
Then up to a subsequence, there exist sequences (24)a o+ C [0,1]%, (24)a  ax C Z¢
such that x, — xo with

li Tgq — X0 o
oo gL tn)

and
ﬁ(’f/2(2s+p)ua(ﬁ;/(2s+p) AT+ 24) — )\g/zQ()\o-) strongly in Hs(Rd) asa / a*,

where Q is the unique (up to translations) positive radial ground state related to

(1.13) and

Q

e
(1.15)

) QO

2s/d 1/(2s+p)

Theorem 1.5 gives a detailed description of the blow-up behaviour of minimizers
for I(a) as a / a*. In particular, the minimizer blows up at speed ﬁa_l/(gsﬂ?) as
a /" a*. The proof of theorem 1.5 is based on energy estimates (see lemma 4.1).
In [11,22], these energy estimates were obtained by analysing the corresponding
Euler-Lagrange equation related to the minimizers. In this paper, we give an alter-
native approach based on the compactness of optimizing sequence for the fractional
Gagliardo—Nirenberg inequality. Our argument is simpler and more direct than the
ones in [11,22]. We finally point out that in contrast of the classical Schrodinger
equation s = 1 in which the ground state decays exponentially at infinity, the ground
state for fractional Schrodinger equation 0 < s < 1 decays only polynomially at
infinity. This is the reason why we have to impose an additional condition p < d + 4s
in (V3) which ensures that | - [P[Qo]? is integrable.

The paper is organized as follows. In § 2, we give some preliminaries related to our
problem including the fractional Sobolev spaces, the fractional Gagliardo—Nirenberg
inequality, the radial compactness embedding and the concentration-compactness
principle. In § 3, we prove the existence and non-existence of minimizers in the case
of no external potential and in the case of periodic potentials. Finally, we give the
proof of blow-up behaviour of minimizers in §4.
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2. Preliminaries

2.1. Fractional Sobolev spaces

For the reader’s convenience, we recall the definition and some properties of the
fractional Sobolev spaces. The fractional Laplacian (—A)* is defined for u € S(R?)
by

(=A)*u(x) = F~ (|E**Fu(§)) (@),

where F is the isometric Fourier transform in L?(R?)

Fu)(€) = (27r)_d/2/ e 8y (x) da.
Rd
An alternative equivalent definition (see [10]) is

u(z) ~ u(y)
—A)*u(z) = C(d, s) 1 = 2y
(-8 ule) = Cld o)ty | ST dy

1 u( +y) + u(z — ) — 2u(a)

o —1
C(d, s) = </Rd de) . (2.1)

For any s € (0, 1), the fractional Sobolev space H*(R?) is defined by

where

H*RY) = {u € *RY) : (-A)"u e [*RY)}.
The space H*(RY) is a Hilbert space endowed with the inner product
(U, v) s := %e/ u@dx+§ﬁe/ (—A)S/Zumdx
R4 Rd

and norm
lullFre = llullFs + 1(=A)2ul|7..

Note that [10, Proposition 3.4]

2
oy = [ @R = jes) [ MO =E0E aay,
(2.2)

We have the following Sobolev embedding for fractional Sobolev spaces.

LEMMA 2.1 Sobolev embedding [1,10]. Let s € (0,1). Then the following embed-
dings are continuous.

o H3(RY) — LIRY), 2 < q<2d/(d—2s) if d > 2s.
o H*(RY) — LIR?),2< g < o0 ifd=2s.
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o H°(R) — Cp(R) if 1 < 2s, where Cy(R) is the space of continuous bounded
functions on R.

Moreover, H*(R%) — L%(R%) is locally compact for any 1 < q < 2*, where

2d .
o — ) T2 if d > 2s,

00 if d < 2s.

(2.3)

LEMMA 2.2 [1]. Let s € (0,1). The space S(RY) is dense in H*(R?). Moreover, the
multiplication by a Schwarz function is a continuous map from H*(R?) to itself.
2.2. Fractional Gagliardo—Nirenberg inequality

Let us recall the following fractional Gagliardo—Nirenberg inequality

o s da/2s a+2—da/2s
[ul|%E2, < Copy | (—A)*2ul[ 557 | 537274/, (2.4)

The sharp constant Cope > 0 can be obtained by

1
C’opt

=inf {J(u) : u € H*(R)\{0}},
where
s da/2s a+2—da/2s| «
J() = [|=2)2ullgs > ful 570 ] + ullgE2,
is the Weinstein functional. We have the following result due to [11, 14, 15].

THEOREM 2.3 [11,14,15]. Let d> 1, 0 <s <1 and 0 < a < s*. Then the frac-
tional Gagliardo-Nirenberg inequality (2.4) is attained at a function Q, € H*(RY)
with the following properties:

o Q. (x) is radially symmetric, positive and strictly decreasing in |x|.

e Q. belongs to H***1(RY) N C>(R?) and satisfies

Cl C12
T ajres S @l S Toppae (25)
Cs

10;Qa () j=1,--.d, (2.6)

| g 1+ |x‘d+2s’

for all x € RY, where Cy,Cy and Cs are positive constants depending on s, d, «
and Q.

e Q. solves the elliptic equation (1.10).

Moreover, every minimizer ¢ € H*(R?) for the fractional Gagliardo-Nirenberg
inequality (2.4) is of the form p(z) = BQa(v(z +y)) with some 3 € C,3 #0,v >0
and y € R,

Note that (2.6) follows from (2.5) and lemma C.2 in [15].
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REMARK 2.4. We have the following Pohozaev’s identities related to (1.10)

do
1(=2)"2Qal7> = IQallgiz: = WHQQHLQ (2.7)

da
2s(a + 2)
In particular,
« . s da/2s « da/2s
Copt = 1Qall% + [I(=2)2Qullg3 1Qallza >~ /]

B (25(a+2) —da)da/4s 2s(a + 2) 1
o do 2s(a+2) — do [|Qall$:

In the case a = 4s/d, we denote Q) := Q4,/q and have that

d d
—_AY20|2, = ds/dt2 @ 12 2.
[(=2)/2QI: = = QI (28)
and
d+2s 1
opt — T ;7 4s/d "
d QI

2.3. Radial compactness embedding

Denote
HE(RY) := {u € H*(R?) : u is radially symmetric}.

We have the following estimate for radially symmetric functions in H*(R%).

LEMMA 2.5 [9]. Letd > 2 and 1 < s < d/2. Then every radially symmetric function
u € H*(R?) is almost everywhere equal to a function U, continuous for x # 0 such
that

U ()] < Cla*="2[[(=2)"?u]| 2,
for all x # 0, where C > 0 depends only on d and s.

Using this radial estimate, we obtain the following radial compactness embedding
for fractional Sobolev spaces.

LEMMA 2.6. Let d>2 and % <s<d/2. The injection H:(R?) — LY(RY) is
compact for any 2 < g < 2d/(d — 2s).

If we assume that u € H?(R?) is radially decreasing, i.e., u(z) < u(y) if || > |y,
then we have the following compact embedding.

LEMMA 2.7. Letd > 1 and s € (0,1). The injection HS;(R%) — L4(R?) is compact
for any 2 < q < 2%, where

S(RY == {u e H(R) : u is radially decreasing} .
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Proof. Tt is enough to show that if (uy),>1 C HS; is such that u,, — 0 weakly in
H*(RY), then u,, — 0 strongly in L¢(R?). We can assume that u,, — 0 strongly in

Ll (R?) and u,, — 0 almost everywhere. It follows that

||unH%q = ”un”%q(B) + ||uanLq(Bc) = ||un||%q(3c) + o, (1),

where B is the unit ball in R? and B¢ is its complement in R%. Here o0, (1) means
that 0,(1) — 0 as n — oo. It remains to estimate the term on B°. To do this, we
use the fact that u is radially symmetric and radially decreasing to have that

r d
e = [ Tu(@) do > 185 [ ju(r)prtar > 5 u(r) P

It follows that

d 2
fu(a)] < (|S|) PRETTE

for all x # 0. Using this inequality and the fact (uy,)n>1 is bounded in H*(R%), we
infer that there exists C(d) > 0 independent of n such that

[un ()| < O(d) | =49/

Note that the last term is integrable on B¢ since ¢ > 2. It follows from the dominated
convergence theorem that ||Un||qu(Bc) — 0 as n — oo. The proof is complete. [

We next recall the symmetric rearrangement which is useful in variational calcu-
lus. The symmetric rearrangement of a measurable function u : R? — C vanishing
at infinity is defined by

u*(z) = / oy (@) dt,

where {|u] > t}* is a ball centred at the origin whose volume equals to the volume
of {x € R?: |u(z)| >t} and xp is the characteristic function of B. We see that u*
is non-negative, radially symmetric and radially decreasing. We recall some basic
properties of the symmetric rearrangement:

e L-norm preserving: |lul/ze = ||u*||za for any 1 < ¢ < oc.

e Order-preserving: if u(z) <wv(x) for all x € RY, then u*(x) < v*(x) for all
z € RY.

e Hardy—Littlewood inequality: if u, v are non-negative measurable functions that
vanish at infinity, then

/Rd u(z)v(z) dz < / w*(z)v* (x) de,

Rd

in the sense that the left-hand side is finite whenever the right-hand side is
finite.
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e Decreasing L?-distance: ||u — v||re > [Ju* — v*|| L« for any 1 < ¢ < oo.
e Polya—Szegé inequality: [|[Vu*||Ls < ||Vul|Le for any 1 < ¢ < oo. In particular,
IVIul*llze < IV]ulllze < [IVullze, 1<gq<oc.
The last inequality follows from the diamagnetic inequality.

e Fractional Polya-Szegd inequality [30]: for 0<s <1, [(=A)%2u*|z: <
[(=A)*/?ul| >. The equality holds for radially decreasing function. In
particular,

1(=2)*"2[ul*||zz < I(=A)"2Jull e < I(=2)*2ul 2.

Here the last inequality follows from (2.2) and the fact ||u(z)|— |u(y)|] <
u(z) — u(y)]-

2.4. Concentration-compactness principle

LEMMA 2.8 Concentration-compactness lemma. Let d > 1 and s € (0,1). Let

(tn)n>1 be a bounded sequence in H*(RY) satisfying

lim g3z = a (2.9)

for some fized constant a > 0. Then there exists a subsequence (un, k=1 Satisfying
one of the following three possibilities.

e Vanishing:

k—oo y€ERd

lim sup / |, ()]? dz =0
B(y,R)
for all R > 0.

o Compactness: There exists a sequence (Yg)k>1 C R? such that for all € > 0,
there exist R(¢) > 0 and k() > 1 such that for all k > k(e),

/ \unk(x)de}a—s.
B(yk,R(e))

e Dichotomy: There exist u € (0,a) and sequences (uj,)k>1, (us)r>1 bounded in
H*(R?) such that

ltn, —up —u|lpe — 0 as k — oo for all 2 < q < 2*,
||u,11{:||2L2 — M, ||Ui||L2 —a— p as k — oo,
dist(supp(u}.), supp(ui)) — oo as k — oo, (2.10)

tim it |(~8)* 2un, |32 = [(=A)/2ub 22 = |(~2)/ 23 > 0.

Proof. The proof of this result follows by the same argument as in [26,27]. For the
reader’s convenience, we give some details. Define the so-called Lévy concentration
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functions M, : [0,00) — [0,a] by

M, (R) := sup/ |y, (2)]? de.
yeR? J B(y,R)

Since [ju,|3: =a for all n > 1, we see that (M,),>1 is a uniformly bounded
sequence of non-decreasing, non-negative functions on [0, 00). By Helly’s collection
theorem, there exists a subsequence (M, )r>1 and a non-negative, non-decreasing
function M : [0,00) — [0, a] such that limy_,oo M, (R) = M(R) for any R > 0. Set

p:= lim M(R)= lim lim M,, (R).

R—o0 R—o0 k—o0

Obviously, u € [0,a]. We will consider three possibilities: p =0, p=a and
w e (0,a).

If 1 =0, then since M is a non-negative, non-decreasing function it follows that
M(R) =0 for all R > 0, equivalently, limy_,o, My, (R) =0 for all R > 0.

If 4= a, we proceed as follows. We first find Ry > 0 large enough such that
M(Ry) > a/2. For any k > 1, there exists y; € R? such that

1
M (B < [ Jun, @) dot g
B(ye.Ro) k

Now, for 0 <e < a/2, we fix 7(¢) > 0 such that M(7(¢)) >a—¢e > a/2 and let
z), € R? satisfying

1
Mar@) < [y (@) ot
B(wk,7(€))
We thus have that

/ |u"k(x)|2dx+/ |unk(z)|2dz P Mnk(R0)+Mnk(T(€)) +Ok(1)
B(yi,Ro) B(zk,R())

> M(Ry) + M(7(g)) + ox(1),
where 04 (1) means that oy (1) — 0 as k — oo. Since M (Ry) + M(7(g)) > a, we infer

that there exists k(e) large enough such that the right-hand side is strictly larger
than a for all k£ > k(e). This implies that for k > k(e),

B(yk, Ro) N B(w, 7(c)) # 0,

that is, B(zg,7(€)) C B(yk, Ro(e)) with Ro(e) = Ro + 27(¢). Hence, by enlarging
k(e) if necessary,

/ [, (2)]? dz > / [, ()| dz > a — 2¢ (2.11)
B(yk,Ro(e)) B(z,7(e))

for all k > k(e) which shows the compactness with R(e) = Ro(¢).
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We now consider the case u € (0,a). Take p, 1) € C5°(RY) satisfying 0 < ¢, < 1
and

1 il <1, [0 iffz] <1,
s"(96)_{0 if o] >2, w(”“")_{l if |z| > 2.

Denote for R > 0 the functions pr(x) = p(x/R) and ¢gr(z) = (x/R). We first
note that for v € H*(R?),

2(C(d, s)] M I(=A)2(@rv)|}
2
// lor(z |I_y|d+2(sy) v(y)| di dy

t// or( xf?|dm§“y) dxdy+lK/|@R = EEL'(y) dody
+zm5K/@R1>var—v@nxw3w>—@R@»v@>¢“m

|.’E _y|d+25

or(x))?|v(z) — v(y)|?
// \x—y|d+25 dedy +I+1I,

where C(d, s) is given in (2.1). By Holder’s inequality,

el g )
(e )

/2
\ lor(@) — or(W)[2]v(y)2 !
<2)(-4) /QUH 2 (// |x — y|d+28 dxdy J

where we have used that 0 < pr < 1. We thus only consider I. Using the fact
|Vor| < R71, we have that

2 2
I_// lpr(z (dglsl v(y)| dr dy

lz—y|<R |1’— |

2
ff e engPOE
le—y|>R |:177y|
)2
<R™ // dxdy+// | dx dy
lz—y|<R |£L’ - |d+25 2 lz—y|>R ‘.T - |d+2s

:R*/W@P@/ M*W“”M+/WMFM/‘ ¢+ ¢
[¢|<R [C|IZR
— CR||ul%.
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We thus prove that

2
s Y v vy —s
) 2 prl: — 50 s) [ [ 122 x'_y|d+2q” dwdy < CR™*|lo]%-.
(2.12)

In particular, since (u,),>1 is a bounded sequence in H*(R%), we see that

2
Up, — Up, _
-2 2 omun) 3 = 5Ctas) [[ 18 s y|3+25 WE 42ay < oar2r,
(2.13)

where M := sup,,>; ||un||gs. A similar estimate holds for 5 in place of ¢g.

Now let € > 0. We choose Ry > 0 large enough such that M(R) > u—¢/4 for
all R > Ry. We next choose Ry > 0 large enough so that C’MQRfS < e. Of course,
we may assume Ry > Ry and thus M(Ry) > u— &/4. Since limy_,oo M, (R1) =
M(Ry), there exists k; > 1 large enough such that for k > kq,

€
p=g < My, (R1) < My, (2Ry) < p+e.

On the other hand, for each k > 1, there exists y, € R? such that
9 1
My, (Ry) < e (@) i+
(yx,R1)
By enlarging k; if necessary, we have for k > kq,
w—e< / |ty (2) > de < My, (Ry) < M, (2R1) < ju+ €.
B(yk,R1)
We now set up(z) = pr, (T — Yk )un, . It follows that for k > k1,
bl — > [ @Pde >
B(yk,R1)
bl =< [ () de = < My, (2R1) — <,
B(yx,2R1)

which imply that limy_.c ||u}||2. = p. Moreover, by the choice of Ry and (2.13),
we have for k > k1,

2
s YR, (T —y Un \T Un \Y
(=82 — gctas) [[ Lottt = GIE oy

<CM?R;*<e. (2.14)
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We next set uZ(z) =Yg, (¥ — Yx)un,, where Ry — 0o as k — oo is such that
M, (2Ry) < p+ e. Observe that

[ T / (1= @2 (2 — i) — W, (& — g)) s ()]

< / t () ?
Ri<|z—yr|<2Ry

[ @Pde- [ @)
B(yr:2Rk) B(yk,R)
< My, (2Ry) — (31 — ) < 2.

Since € > 0 is arbitrary, it follows that
(T | — (2.15)

as k — oo, hence limy_. [|[uZ||3. = a — p and also for k large enough

s 1/) m_y U, (T Up, (Y 2
[(—A)2u2 |2, — = / f Tx]_| 2522 W)l dxdy

< CM?R;® <. (2.16)
By using the fractional Gagliardo—Nirenberg inequality, we have for 2 < ¢ < 2%,
= uk = wdllze < Ol (=AY (un, —uf — w72

1 1— d/25+d/sq

X [tn, — ug = uill 2
Since the multiplication by a Schwarz function is a continuous map from H®(R?)

to itself, we see that (u})r>1 and (u?)g>1 are bounded in H*(R%). It follows from
(2.15) that

[t = ug, = wgllza — 0

as k — oo for any 2 < ¢ < 2*. Moreover, by construction
dist (supp(ui), supp(ui)) > 2R, — Ry — oo
as k — oo. Finally, the last conclusion follows from (2.14), (2.16) and the fact
1= [pr, (= = yo)]* = YR, (x — yp))* > 0.
The proof is complete. O

REMARK 2.9. If instead of (2.9), we assume [ju,||3. =a for all n > 1, then the
compactness holds for all k£ > 1, i.e., there exists a sequence (yx)r>1 C R? such
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that for all £ > 0, there exists R(e) > 0 such that for all k > 1,

/ |t () > d > a — €.
B(yk,R(e))

In fact, since ||up, |22 = a for all k > 1, we see that for each 1 < k < k(e), there
exists Ry(¢) > 0 such that

/ |unk(x)|2 de > a— ¢,
B(yk,Ri(e))

where k() is given in (2.11). Taking R(e) := max{Ry(c), Ri(g), - - , Rp(e)(€)} with
Ro(e) as in (2.11), we obtain

/ [t ()| d > a — ¢
B(yk,R(¢))

for all k > 1.

REMARK 2.10.

e If the vanishing occurs, then (u,, )x>1 converges strongly to 0 in L4(R?) for any
2 < ¢ < 2*. Indeed, it follows from the following fact (see e.g., [12]): if (f)n>1
is a bounded sequence in H*(R%) and satisfies

lim sup / | fu(x)]?dz =0
B(y,R)

n—00 , cRd

for some R > 0, then f, — 0 in L9(R?) for any 2 < ¢ < 2*.

e If the compactness occurs, then we infer that up to a subsequence, wuy, (- + yx)
converges strongly to u in LI(RY) for any 2 < ¢ < 2*. Indeed, there exists a
sequence (Yx)g>1 C R? such that for each I > 1, there exist R; > 0 and k; > 1
such that for all £ > K,

1 1
/ [, (:17)|2 dz>a—- - or / [, (:v)|2 de z2a—--, (2.17)
Blyx.R) ! B(O,R) l

where 1y, (z) := up, (z + yx). Since the translated sequence (i, )k>1 is
bounded in H*(R%), so up to subsequence, i,, — u weakly in H*(R%). By
the lower semi-continuity of weak convergence, |lu/|3. < a. For each [ > 1, the
embedding H*(B(0, R;)) — L?(B(0, R;)) is compact, so up to a subsequence,
we have @, — u strongly in L?(B(0,R,;)). By a standard diagonalization
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argument, one may assume that there exists a subsequence still denoted by
(Un, k=1 satisfies

Tip, — u strongly in L*(B(0, R;))

for every [ > 1. Taking k — oo in (2.17), we obtain

1 . - 2 2 2
o g <dm [ @ = el < Il
Since [ >1 is arbitrary, it follows that [ju[?. = a. Thus @,, — u strongly
in L?(R%). By interpolating between L?(R?) and L? (R?) and using Sobolev
embedding together with the boundedness of (uyp, )r>1 in H*(R?), we prove
that ,, — u strongly in LY(R?) for any 2 < ¢ < 2*.

A direct application of the concentration-compactness lemma is the follow-
ing compactness of minimizing sequence for the fractional Gagliardo—Nirenberg
inequality.

LEMMA 2.11. Let (up)n>1 be a non-negative bounded sequence in H*®(R?) satisfying

: . : s d 4s/d+2
nh_{go HU'TLH%Q =a, nlLH;o H(_A) /2u"||2L2 - m||un||L4/s/d+2 =0 (2'18)
and
lim inf [|un 72557 > 0, (2.19)

where a* is defined in (1.12). Then there exist a subsequence (un, )k>1 and a
sequence (yx)k>1 C RY such that

U (- y1) = 72Q(y) strongly in H*(R?)
for some v >0 as k — oo.

Proof. By lemma 2.8, there exists a subsequence (u,, )r>1 satisfying one of the
following three possibilities: vanishing, dichotomy and compactness.

No vanishing. Suppose that the vanishing occurs. We have from remark 2.10 that
U, — 0 strongly in LY for any 2 < ¢ < 2*. In particular, ||uy, Hii/;iji — 0 which

contradicts to (2.19).

No dichotomy. If the dichotomy occurs, then there exist u € (0,a*) with a* :=
[|Q||%. and sequences (u})k>1, (u})r>1 bounded in H*(R?) such that (2.10) holds.
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We infer that

4s/d+2 4s/d+2 4s/d+2
Hunk||LZ/s/d+2 = ||u/1€||LZ/s/d+2 + Hu%:||Li/s/d+2 + ox(1). (2.20)

By the fractional Gagliardo—Nirenberg inequality,

2s/d
eaya iz > (8 ) g
A2 aras \Tufl, ) e

d a*\ 2/ 14s/d+2
= ; ||uk||L4s/d+2 + ok (1).

Similarly,

. d a* 2s/d ts/d+a
-2 > o () I + v,

Tt follows from (2.10) that

1(=2)* 2, |72
> [(=A)Pugge + 1(=2)*2uf |22 + ou(1)

a* 2s/d r a* 2s/d r

+2 +2

(%) i (Z5)
d ) a* \ /4 at O\ 4s/d+2 4s/d42

> i { (2) 7 (55) (s + R2Ie) + o

d a* 2s/d a* 2s/d djdr2
—d + 2s i (N) ) (a* - M) et ||L4S/d+2 + ox(1).

Since u € (0,a*), it follows from (2.19) that

d
Z
d+ 2s

+ Ok(l)

. s d 4s/d+2
tim inf [[(~8)* 2t [z — o llun, 72545 > 0

which contradicts to (2.18).

Compactness. Therefore, the compactness occurs. By remark 2.10, there exist a
subsequence still denoted by (uy, )i>1 and (Jx)k>1 C R? such that (un, (- + Jx))k>1
converges weakly in H*(R%) and strongly in L for any 2 < ¢ < 2* to some function
u. It follows that

lullf = Him [fun, (- + Gi)lI72 = Jim o, [|7: = ao®
—00 k—o0
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and by the lower semicontinuity of weak convergence,

s 4s/d+2
A2l — — ol 42,
A s ~ d ~ 4s/d+2
< B inf |(=2)*fum, (- + GllEs = g llume (- + T 1007

4s/d+2

m||unk||L4s/d+2 =0.

= lim |[(=A)*%uy,||72 ~
k—oo
By the fractional Gagliardo—Nirenberg inequality, we obtain

L49/d+2 -

I(=2)*2u] 72 —

d—+ 25
which implies [|(—A)%/2ul| 2 = limg o0 [|(=A)*%[tn, (- + §&)]| 2~ In particular,
Un, (- + §) — u strongly in H*(R?)

as k — oo. We also have that u is an optimizer for the fractional Gagliardo—
Nirenberg inequality. By theorem 2.3, u(x) = Q(y(x +y)) for some (3,7 >0
and y € R% Since [jul|2, = a* = ||Q|2,, we infer that 3 =~%2, hence u(z)=
Y42Q(y(x + y)) for some v > 0 and y € R We thus obtain

U, (- + i) = 72Q(7) strongly in H*(R)

as k — oo, where y; := g — y. The proof is complete. O

3. Existence and non-existence of minimizers

3.1. No potential

In this subsection, we show the existence and non-existence of minimizers for
I(a) in the case of no external potential.

Proof of theorem 1.2. The case 0 < o < 4s/d. In this case, the existence of mini-
mizers for I(a) was established in [13] via the concentration-compactness principle.
We now give an alternative simple proof using the radial compact embedding.

Step 1: We first show that the minimizing problem I(a) is well-defined and
there exists C' > 0 such that I(a) < —C < 0. To see this, we take v € H*(R?) be
such that ||u[|2, = a. By the fractional Gagliardo-Nirenberg inequality, we have

s da/2s 4s—(d—2s)a)/2
ul|%E2, < (=A) 2|58/ u 5 29

which by Young’s inequality and the fact 0 < da/2s < 2 imply for any € > 0,
1 « S
—allu ullgats < *||( A)*?uF. + C(e, a,a). (3.1)
This shows that for any & > 0, there exists C'(g, &, a) > 0 such that

E(uw) > (1= o)ll(=2)"ull72 — C(e, a, a). (3.2)

N)M—l
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By choosing 0 < ¢ < 1, we see that F(u) > —C(e, @, a). The minimizing problem
I(a) is thus well-defined. Next, we define

ux(z) = \2u(rz), A>0. (3.3)
It follows that [lux||?. = ||ul|3. = a and
A28 . /\da/Z
E(ux) = —-[I(=4) Pz — Pl Tt

Since 0 < da/2 < 2s, we can find Ao > 0 small enough so that E(uy,) < 0. Taking
C = —E(uy,) >0, we get I(a) < —C < 0.

Step 2: We will show that there exists at least a minimizer for I(a). Let (up)n>1
be a minimizing sequence for I(a), ie., |[u,|[?, =a for all n>1 and E(u,) —
I(a) as n — co. We may assume u,, is radially symmetric and radially decreasing
function. In fact, let w be the symmetric rearrangement of w,,. Since the symmetric
rearrangement preserves L?(R?) norm for any 1 < ¢ < oo and by fractional Polya-
Szegd’s inequality |(—A)%/2uk||r> < |[(=A)*/?uy, |52, we see that F(u¥) < E(uy)
and [|u} |32 = [Jun||32 = a. This shows that (u},),>1 is also a minimizing sequence
for I(a). Moreover, it follows from (3.2) that (u,),>1 is bounded in H*(R%). Indeed,
since E(u,) — I(a) as n — oo, there exists C' > 0 such that E(uy) < I(a) 4+ C for
any n > 1. By (3.2), we have that

1
5(1 — ) [(=A)*%u, |22 < E(un) 4+ C(e, ,a) < I(a) + C(e, o, a)

for any n > 1. This implies that (u,),>1 is bounded in H*(R?) by taking 0 < e < 1.
We thus obtain a bounded sequence in H2,(R?). By using the compact embedding
H3,(RY) — LI(RY) for any 2 < ¢ < 2%, there exist u € H*(R?) and a subsequence
(tn, k=1 such that u,, — u weakly in H*(R?) and u,, — u strongly in LI(R?) for
any ¢ as above. We will show that u is indeed a minimizer for I(a). Since I(a) < 0,
we have that u # 0. In fact, assume by contradiction that u = 0, then

1
0< likminf §||(—A)S/2unk 12, = likm inf E(uy,) = 1I(a) <0

which is a contradiction. We have from the fact u,, — u weakly in H*(R?) and
Up, — u strongly in LoF2(R9) that

E(u) < liminf E(uy, ) = I(a).

k—oo

Moreover, by the lower semi-continuity of weak convergence,

Jull3 < timinf flun, 3 = o
—00

Now set A = y/a/||ul|?, > 1. We have that

/\2(1 B )\a) a+2

E(AU) = )\QE(U) + WH,IA La+2
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or
E(A\u) o
E(u) — 2 +2
Since u # 0 and |[Aul|7. = a, it follows that
E(\u) _ I(a)

This implies that A < 1 since I(a) < 0, hence A =1 and [[u/|7. = a. We thus get
I(a) < E(u), hence E(u) = I(a) or u is a minimizer for I(a). This shows that for
any a > 0, there exists at least a minimizer for I(a) and —oco < I(a) < 0.

The case a = 4s/d. We first show the non-existence of minimizers for I(a) in the
case 0 < a < a*. Assume that there exists a minimizer u for I(a) with 0 < a < a*.
By the Gagliardo—Nirenberg inequality,

2 a*

o) = B > 3 (1= (£) ) a2z >0 (3.4

On the other hand, we take u € H*(R?) satisfying ||u||2, = a and consider u, as in
(3.3). We see that [|ux[7. = ||lul|3: = a and

4s/d+2
[ull isave —

2s
I(a) < B(un) = - [(=2)*?ul7- ~

(d + 2s)
as A — 0 which contradicts (3.4).
We next prove the non-existence of minimizers for I(a) when a > a*. To this end,

we need the following estimate due to [11, Lemma 3.2].

LEMMA 3.1 [11]. Let d > 1 and s € (0,1). Let ¢ : R? — R be a smooth compactly
supported function satisfying 0 < ¢ < 1, ¢ =1 on |z| < 1. Denote for 7 > 0,

Q‘r(x) = @(Tﬁlx)Q(x)a (35)

where @ is the unique (up to translations) positive radial ground state related to
(1.13). Then it holds that

I(=2)"2Q- 172 = (=A)*/2Q|7= + O(r~*)
as T — OQ.

This estimate is in fact a refined estimate of (2.12) thanks to the exact decay of @
at infinity given in theorem 2.3. Note that in [11, Lemma 3.2], the above estimate
is stated in dimensions d > 2, but it still holds in 1D.
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Let ¢ be as in lemma 3.1 and denote
ur(z) = A 7Y2%0(2)Qo (), T >0, (3.6)

where Qo = Q/||Q||z2 and A; >0 is such that |lu,||?. =a for all 7>0. By
definition,

aA7? = /902(7'_133)Qg(x) dz

Since ||Qollzz = 1 and Qo(z), |VQo(x)| = O(|z|~9~2%) for some ¢ > 0 as |z| — oo,
we see that for 7 sufficiently large,

‘/(1 _ (7. x))QO( ) / |x|72d74s dz ,S / |m|72d74s dz 5 T7d74s'
|| =7 l|>T

This shows that

aA7? =140 (r""%) or AZ=a+0 (77" (3.7)
as T — 0o, where A = O(7797%%) means A < C7~97% for some constant C > 0
independent of 7. Using the fact
L4/2 /2
(=2)"Pur(z) = Ar o (=A)[p(2)Q(72)] = Ar7° =i [(=A)2 Q] (2),
1@l > 1@l >
lemma 3.1 implies that
—A S/QuT 2 _ S/QQT 2
1(=2)* u-|17 ”QHz ~l(-) Iz
A2T28

~ Iz (”FA)S/QQII?} +0(774S))

as 7 — o0o. By (3.7), we see that

[(=A)"2ur||7. = 72%al|(=A)*2Qo |32 + O(r—*%) (3.8)
as 7 — oo. Similarly,

lur|3L00 = 722 a2 Qol LR + O(r=9=0%) (3.9)

as 7 — o0o. By the definition of I(a),

I(a) _ B(u;) 7 /2 2 2s/d__ ¢
N/ < — _ S 5 — S
= < (120720l — /'

_ 7284% (1 - (;)28/d> +O(7797%%) (3.10)

as 7 — oo. Here we have used (2.8) to get

d :
= I(-A)2 Qo3 =

4s/d+2 —d—6s
nQﬂ;@LQ+<de6>

4s/d+2 4s/d
QI A Rl

https://doi.org/10.1017/prm.2019.64 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.64

3276 V. D. Dinh
It follows from (3.10) that for a > a*,

I(a) < Tlirgo E(u;) = —0.
This shows that I(a) = —oo for a > a*, hence there is no minimizer for I(a) when
a>a*.

We now consider the case a =a*, we also have from (3.10) that I(a*) <0
which together with I(a*) > 0 (by the fractional Gagliardo—Nirenberg inequality)
imply I(a) =0. In this case, we observe that @ is a minimizer for I(a*) since
E(Q) = 0. If w is another minimizer for I(a*), then u is an optimizer for the frac-
tional Gagliardo-Nirenberg inequality, hence by theorem 2.3, u(z) = BQ(v(z + y))
for some 8 € C,3 # 0,7 > 0 and y € R Since [|u||2, = a* = [|Q||2., we infer that
18] = 442 or u(x) = ¥42Q(ya 4 2°) for some 6 € R,y > 0 and 2° € R,

The case 4s/d < o < s*. Let u € H*(R?) be such that |[u||?, = a. Let uy be as
in (3.3). We see that [Juy|%. = ||lul|2. = a and

)\23
2

2 12 )\da/Q 4o
E(uy) = —[(=A)"ull72 — m||u\\%a+z~

Since da/2 > 2s, we see that E(u)) — —oo as A — oo. This implies that I(a) = —c0
and thus there is no minimizer for I(a). O

3.2. Periodic potential

In this subsection, we show the existence and non-existence of minimizers for
I(a) in the case of periodic potentials.

Proof of theorem 1.3. The case 0 < a < 4s/d. Let u € H*(R?) be such that
||u\|%2 = a. By the fractional Gagliardo—Nirenberg inequality and Young’s inequal-
ity with 0 < der/2s < 2 (see (3.1)), we see that

1
B(u) > S(1-o)ll(=A)"2ul7: + gminV — C(e,a,a). (3.11)

Taking 0 < £ < 1, we see that E(u) > (a/2)minV — C(e,a,a) for all u € H*(R?)
with ||u||2, = a. This shows that I(a) > —oo.
Let 2° € R? and ¢ be as in lemma 3.1. Denote
ur(z) = A7 2%p(z — 2°)QG (r(x — 2°)), 7>0, (3.12)

where Qf = Qa/||Qallz2 and A, > 0 is such that |[u.||2, = a for all 7 > 0. By the
same argument as in (3.7), we have that

A2 = a4 O(r—471%)
as 7 — 0o. We also have from (3.8) and (3.9) that
(8)2ur s = 7al (-2 Q5 s + Ol )
and

at+2 Tda/Qaa/2+1HQ8|

[|ur HLa+2 %1?2 + O(T_d_ﬁs)
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as T — 00. On the other hand, we note that 7¢[Qg (7(z — 2°))]? converges weakly
to the Dirac delta function at 2° when 7 — oo. Indeed, we take 1) € C§°(R?) and
compute

/ P41Q8 (r(x — )24 (x) dz = / QR (r(x — )P (b(x) — $(a®)) da
+ / Q8 (r(x — 2)P () da
- / QE@ (W(ra + %) — () dz + $(a®)

where we have used that ||Q§|2. = 1. Note that the integral tends to zero as 7 — oo
due to the dominated convergence. Since z +— V(z)[p(x — 2°)]? is integrable, it
follows that

/ Viu, | de = A2 / V(@) lp(x — 20)2r(Qg (r(z — 2%)? dz — aV(20)

as 7 — oo for almost everywhere 2° € R?. By the definition of I(a), we have that

I(a) _ E(u;) 7% /2 2 de/2
N < —A)S < _
< T I=2)72Q5 % - T

a a
da 725 9grda/2 a /2
T 4s—(d—2s)a\ 2 da (ll%llé)

+ %V(zo) +o-(1) (3.13)

87 a||la 1
a® QST + 5V (@) +o-(1)

as T — oo for almost everywhere 20 € R?. Here we have used (2.7) to get

da a+2

da
- _AS/2 ap2 o U o o )
T e = AR = 5 Il g 152

Taking 7 = (a/[|Qal/22)%/4*=9%) and noting that 7 — oo as a — oo, we infer from
(3.13) that

_ 2sa/(4s—da)
I(Cl) < 4s do ( a ) + 5‘/(370) +0a(1) (3_14>

a  4s—(d—2s) Qall?2

as a — oo for almost everywhere 20 € R%. Since I(a)/a — —oo as a — oo, there
exists a, > 0 large enough such that

Ha) _ %info((—A)s +V) (3.15)

for any a > a.. We will show the existence of minimizers for I(a) with a > a.
Let (un)n>1 be a minimizing sequence for I(a). By (3.11), (un)n>1 is a bounded
sequence in H*(R?). By the concentration-compactness principle given in lemma 2.8
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(see also remark 2.9), there exists a subsequence (uy,)r>1 satisfying one of the
following three possibilities: vanishing, compactness and dichotomy.

No vanishing. If (u,, )k>1 is vanishing, then by remark 2.10, u,, — 0 strongly
in LY(RY) for any 2 < g < 2*. Thus

I(a) = lim E(up,)= hm 1nf (;(—A)Smunkﬂiz + %/V|unk|2 dx)

k—o0

> ginfo((—A)s +V)

which contradicts to (3.15).

No dichotomy. Assume the dichotomy occurs. Let (u})r>1 and (u2)r>1 be the
corresponding sequences in lemma 2.8. We first claim that

liminf E(u,,) — E(u}) — E(u?) > 0. (3.16)

k—oo

By lemma 2.8, we have that

lim inf [| (= 28)* 2wy, |72 — (= A)2ug|F2 = 1(=2)"uF]|72 > 0.

Since uj, and u? have disjoint supports for k large and limy o0 ||Un, — uj, — ui| e =
0 for 2 < g < 2%, we see that

o N732 = [lugllFa2s = Juilz22 — 0

as k — oo. Since V' is bounded,

/ V(Jtmy [2 — [ul? — [u2]?) d = / V ([t 2 — [l + 32 dz — 0

as k — oo. Collecting the above estimates, we prove (3.16).
We next have for any A > 0 that

BOw = (GI-ar2uls + 5 [Viear) - 25

= A2 + 3201 = ) (FI-8)ul + 5 [ Vil de)

HUII%ﬁQ

or equivalently

B0) = 5z B0 + (1= 57 ) (GICA2ua + 5 [ Vi a)

a
il 7% Vgl

Set

>
Sl
I
IS
>
SN

—
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It follows that

1 1 1 . 1
o)+ (1= gy ) (GICA1 20 + 5 [ Vi a)
k k

[ lub]22\ %) 1 »
> (L> I(a) + [|ug |72 1—( aL ) 5 inf o((=A)" + V).

B(uy) =

a

Using the fact that ||u}||2, — p as k — oo, we see that

)a/2+1

Bu}) > (&

I(a)+ 5 (1 - (‘;)m) Sinfo((=A)" +V) + ox(1)

as k — oo. Similarly, since [|u}|3. — a — p as k — oo,

E(u}) > (a;u>a/2+1](a)+ G;M (1_ (a;u)m)

x ginfo((—A)S +V) +or(1)

as k — oo. We infer from (3.16) that

E(up,) > E(ui) + BE(uy) + ox(1)

> ((’;)Q/QH + (" - “)aml) I(a)

N <1 (E>a/2+1 B <au)a/2+1> gmfg((—A)S+V)+0k(1)

a a

as k — oo. Taking k — oo, we obtain

I(a) > ((g)“/ g (a - “)aml) I(a)

+ (1 - (g)”‘/2+1 - (“ - “)aml) %infc((—A)s +V).

Since 0 < p < a, we obtain

I(a) > %infa((—A)s +V)

which contradicts to (3.15).

Compactness. There thus exists a sequence (yx)r>1 C R? such that up to a
subsequence, (uy, (- + yr))x>1 converges weakly in H*(R?) and strongly in L?(R%)
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to some u for all 2 < ¢ < 2*. This implies that

||u||2L2 = klim |t (- ﬁ%)”%ﬂ =a
—00
and

(=20 2ula <l inf || (=) 2, -+ 1) |32 = Hominf [[(~A) 2, |32

and

ollg42, =l flun, -+ g)I5E% =l fun, 542,

We next have that
[ V@@ do = [V go)lun, (o + ) do
~ [V +yluo)P as
+ [V 30 (o 90 = (@) d
Note that

’/V(fc + k) (lun (@ +yw)[* = Ju(z)[?)

SVllzoe lJuny (- +yr) = wllzz (Tuni (- + )|z + [luflz2) — 0

as k — oo. This implies that

1 . 1 1 N
Bun) = 5l (=), [ + 5 [ Vin, P do = — 5l 522

2
1 s/2, 112 1 2 1 a+2
> Al 4 5 [ Vit @) de - Sl + o)

as k — oo. Since V' is periodic, we write
Y = Tk + 2k, X € [0, ].]d,Zk GZd.
Since (z1)k>1 is bounded in R4, up to a subsequence, x;, — z° as k — oo. Thus
/V(w + i) u(@)]? de = /V(m +ap)u(z)]* de — /V(x +a°)u(z)? dz
as k — oo by the dominated convergence. Hence
1 1 1
Blun) > 5 (=87 2ulfs + 5 [ Vit )lu(e) do = 5 lullit, + oul)

= E(u(- —2”)) + ox(1)

as k — oo. Taking k — oo, we get I(a) > E(u(- —2°)). On the other hand,
u(- — 2°)||2, = ||[ul|2. = a which implies that I(a) < E(u(- — 2°)). This shows that
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u(- — 2°) is a minimizer for I(a). This shows the existence of minimizers for I(a)
for a > a,.
The case o = 4s/d. We first claim that
I(a) I(a*) 1

lim —~ = = —min V. 1
al/IZI* ” e 2mmV (3.17)

Let u, be as in (3.12). By the same argument as in the mass-subcritical case (see
also (3.10)), we have that

(=AY 2ur |2, = 72%a]|(—A)*/2Q0 || 2s + O(r—4-5%),

4s/d+2 4s/d+2 g
lur |[32555 = 720> Qo002 + OG0,

where Qo = Q/||Q||2 and
/V|u7|2 dz — aV (z")
as T — oo for almost everywhere 20 € R%. Tt follows that

2s
I(a) < E(UT) _ % (||(_A)S/2QO|%2 o a2s/d
a

4s/d+2
d+2s ||Q0||Lzé/d+2)

+ %V(azo) +o0-(1)

_ 7_2si (1 _ (a)ZS/d> + %V(]}O) +o-(1) (3.18)

as T — oo for almost everywhere 20 € R?. Taking 7 = (1 — (a/a*)?*/?)~1/4% 50 that
T—o00asa / a, we get

0 A () e e

a 4s a*

as a / a* for almost everywhere z° € RY. Letting a /" a* and optimizing the right-
hand side, we obtain

I(a) 1

limsup —= < —min V.
a,/'a* a 2

On the other hand, by the fractional Gagliardo—Nirenberg inequality, we have for
||u||2L2 = a that

1 a a
> - _ §/2 22 el . g
E(u) > 5 (1 (a*) ) I(=A)*=ul|72 + 5 min V.

Assume at the moment that I(a)/a is a decreasing function in a. This implies that

@) _ I@) 1

3 min V,
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hence

liminf —
a,/'a* a a*

1
> 3 min V'
which proves the claim. To see that a — I(a)/a is a decreasing function, we take 0 <
a < b. We will show that I(a)/a > I(b)/b. Let u € H*(R?) be such that |[u[?. = a
and set A = y/b/a > 1. We see that |[Aul|?, = b and

a+2

BOw) =2 (1-8)"2ul% + 5 [ Vi?a)

= N E(u) + Xz(l )

lull§32. < N E(uw).
By the definition of I(b),
I(b) < E(u) < AE(u).
Taking the infimum over all u € H*(R?) with [lu||2, = a, we get I(b) < (b/a)I(a)

which shows that I(a)/a is a decreasing function in a.
It also follows from (3.18) that for a > a*,

I—a)g lim

a T—00 a

which implies that there is no minimizer for I(a).

We next show that there is no minimizer for I(a*). In fact, assume by con-
tradiction that there exists a minimizer for I(a*), says u. Then by the fractional
Gagliardo—Nirenberg inequality,

- 1
%minV =I(a*) = B(u) = ,”(_A)s/zu”gm
! 4s/d+2 a® .
+§/V‘U|2dx— (d+2 )H ||L4/S/d+2 > Emln‘/_

This implies that

/V|u|2dm =a*minV (3.20)
and
1 s 4s/d+2
S (=2)2ul|7, - (d+2 sy 2oy s = 0. (3:21)

By (3.21), u is an optimizer for the fractional Gagliardo—Nirenberg inequality, hence
u is equal to @ up to symmetries. In this case, (3.20) cannot occur except V is a
constant, but it contradicts to the assumption min V' < inf o((—A)*® 4+ V).

We next show the existence of minimizers for I(a) when a, < a < a* for some
0 < ax < a*. By (3.17) and the assumption min V' < inf o((—A)* + V), there exists
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0 < a, < a* such that

I(a 1
Ha) < 3 info((=A)*+V) (3.22)
a
for any a. < a < a*. Using (3.22), we can repeat the same argument as in the
mass-subcritical case to show the existence of minimizers for I(a) when a. < a < a*.

The case 4s/d < a < s*. Let a > 0. We take u € H*(R?) such that [|ul|?, = a.

Let uy be as in (3.3). We see that [[u,]|2, = [|ul|2, = a and
A28 1 B /\da/2
Bluwn) = S5 80 2ulte + 5 [ VO a)lu@)P ds - 2 ulid

Since da/2 > 2s, we see that the right-hand side tends to —oco as A — co. Note
that the second term in the right-hand side is bounded due to the fact that V is
bounded. This shows that I(a) = —oo and there is no minimizer for I(a). The proof
is complete. O

4. Blow-up behaviour of minimizers

In this section, we study the blow-up behaviour of minimizers for I(a) in the mass-
critical case given in theorems 1.4 and 1.5.

Proof of theorem 1.4. We first prove that u, blows up as a /" a* in the sense of
(1.14). Assume that it is not true, then (u,)q o+ is a bounded sequence in H*(R%).
Applying the concentration-compactness principle with the fact HUa||2L2 =a /' a"
as a /" a*, there exists a subsequence still denoted by (uq)q ¢~ satisfying one of the
three possibilities: vanishing, dichotomy and compactness. Using the same argument
as in the proof of theorem 1.3 together with the fact (see (3.17))

I(a* 1 1
(aci ) = §minV < 5 info((—=A)° + V),

we see that the vanishing and dichotomy cannot occur. Thus the compactness must
occur, and there thus exist 20 € [0,1]¢ and v € H*(R?) such that u(- — 20) is a
minimizer for I(a*) which is a contradiction.

Let €, be as in (1.14). We define

= 42y, (eq).

Vg () :
It is easy to see that
loalle = lluallfz = @, 1(=8)*?vallF2 = 2 [I(=2)2uqalF2 = 1.

By the fractional Gagliardo—Nirenberg inequality and (3.17),

s d 4s/d+2

0 < I=2)" vl = =5 vall 2035
s s d ds/d+2
= ¢l (”(_A) /2ua||%2 - d—|—23”uaHL4{‘/d+2
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=2 <2E(ua) — /V|ua2dm)

<e*(2I(a) —aminV) — 0

as a /" a* which implies

lim [[(—A)% 20,12,

. ” ||4s/d+2 o
a,/a* d—|—2 Va

LAs/d+2 —

By lemma 2.11, there exist a subsequence still denoted by (vg), 7+ and a sequence
(Ya)a e+ C R such that

Va(* + Ya) — fyd/zQ('y~) strongly in Hs(Rd)

for some v > 0 as a / a*. Since ||(=A)*/?v,]|12 = 1, it follows that v = 1. We next
write

€ala = Ta + 24y  Tq € [0,1]%, 2, € Z°. (4.1)

Since (74)a o+ is bounded in R, up to a subsequence, z, — z° € [0,1] as a " a*.
We will show that V(2°) = min V. Indeed, by the fractional Gagliardo-Nirenberg
inequality and (3.17),

2(a)

— minV

1
min V' < g/V(g;)|ua(x)|2olx <

as a /" a*. By the Fatou’s lemma,

minV = lim 1/V(glc)|ua(x)|2 dz = li/m l/V(f—:asr)|va(x)|2dx
a *a

a/'a* Q

= h/m*f/V €a + €ala)|Va (T + yao)|* d

=1 - V a a)|Va a2d
al/rala/ (€a + o) |va( + ya)|” da

/hm —V (e + 24)|va (T + yo) > d

a/'a* Q

V) [Q@Pde=vE) @)

which implies that V(2°) = min V. In the last equality, we have used the fact that
up to a subsequence, v, (- + y,) converges to @) almost everywhere. 0

The rest of this section is devoted to the proof of theorem 1.5. Before giving the
proof, we need the following lemmas.

LEMMA 4.1. Letd > 1,0 < s < 1 and V € C(R?) satisfy (V1), (V2) and (V3). Then
there exist positive constants C; < Cy independent of a such that as a /" a*,

Cy P/ (2st) 1(a) < Oy 3p/(2s+p) (4.3)
a

where B, is giwen in (1.15).
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Proof. Taking z° = x¢ with z¢ in (V3), we have from (3.18) that

I(a) d 4
N 2
p XX 4ST 5a+07(1)

as 7 — oo. The upper bound follows by taking 7 = Cﬁ;l/(zsﬂj) for some constant
C > 0. Note that the constant Cy in (4.3) can be made as large as we want by
enlarging the constant C'.

To see the lower bound, we need the following claim.

CrLAamM 4.2. Let d > 1,0 < s < 1 and V satisfy (V1), (V2) and (V3). Let ¢, and y,
be as in the proof of theorem 1.4 and write

€alla = Tgq + Zay Tq € [Oa l]da Zq € Zd~

Then there exists a subsequence still denoted by (x4)q 7+ such that z, — xo, where
xo is given in (V3). Moreover, there exists C' > 0 independent of a such that

lim s;p/ V(x)|uq(x)]? dz > C, (4.4)
a/‘a* R4

where p is given in (V3).

Proof of claim 4.2. Since (24)a_q+ is bounded in R?, up to a subsequence, z, — x°
for some z° € [0,1]¢ as a /" a*. We need to show that z° = z, i.e., V(z°) = 0 which
is done by the same argument as in (4.2). It remains to prove (4.4). To this end,
we use Fatou’s lemma and the assumption (V3) to get

li/m* Egp/V(m)\ua(x)F dz = li/m* E;p/V(sax—i—xaﬂva(m—i—ya)F dz

>/ lim e, PV (4@ + 24)|va (7 + yo)|* da
a,/a*

= K,/ lim
a,/a*

We will show that (x, —x¢)/e, is uniformly bounded as a " a*. Indeed, if
[(zq — x0)/ea| — 00 as a /" a*, then for any N > 0 large, |(z, — z¢)/e4| = N for a
close to a*. It follows that

p

Q@)2de.  (45)

Lq — X0
r+ —-
€a

p

Q)] dz

Lo — X0
[

lim EJP/V(x)|ua(x)|2dx > n/ lim
\

a/a* z|<Ny2 @ a”

€a

>« (g) /wgg[mxn? dz = ONP,
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for some C' > 0 independent of N. Using the fact [|(—A)*/2v,| 72 = 1 and [[va |2, =
a, we infer that as a /" a*,

1 . s 1
I(a) = Blua) = 51 (=2)"*uallf: - 5 d+2 )|| ta[ i + / V(@)[ua(2)[* dz

+3
1 —2s s 4s/d+2
~ (n( A 20120 — o/,

+1/V(x)|ua(:1z)|2dx

d+2 |

2

1 2s/d
> e, % (1 - (i) > + CeP NP

2 a*
- 1 2 CeP NP
- 56‘1 ﬂa + €a

> C(p, s)N?p/2s+p) gp/(2s+p) (4.6)

where the last inequality follows by Young’s inequality. This however contradicts
to the upper bound in (4.3) by taking N > 0 sufficiently large. It follows that

|(za — 20)/€q| is uniformly bounded as a " a*, says lim, ~o- |(zs — z0)/ca| < C.
We see that

hmep/V Vg (z)|? dz > / lim
a,/‘a* |I‘>2Ca/a*

for some C' > 0 independent of a. Note that the constant C' > 0 may change from
line to line. g

o+t Q(x)]*dz > C

€a

We now prove the lower bound in (4.3). By (4.4) and the same argument as (4.6),
we have that for a " a*,

I(a) > Cﬁg/(2s+p)_
The lower bound follows by taking C; = C/a*. |
LEMMA 4.3. Let V € C(RY) satisfy (V1), (V2) and (V3). Let u, be a minimizer

for I(a) with a, < a < a*. Then there exist constants Cs, Cy independent of a such
that as a /" a*,

A ||
NEA»Puallte g psssesm g, go2sresin ¢ I alﬁ;ﬁ“. (4.7)

Proof. Using the fractional Gagliardo—Nirenberg inequality and the fact V' > 0, we
see that

d ay\2s/d 4s/d+2
> — —
I(CL) E(Ua) Q(d + 28) <( ) 1) ||ua||L4s/d+2

\

d 4s/d+2
(d +2s5)1

4s/d+2
—— Bu|lu a||L1{,/d+2.

\\/

(d+2)
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Tt follows from the upper bound in (4.3) and V > 0 that

4s/d+2
[A) P uals _l@) , d a2
a ST d—+ 2s a
I(a) —25/(254p)
g 2 aﬂ (ﬂa + 1) < 40250, P

which proves the first estimate in (4.7).

Let 0 < b < a be such that b2%/4 = @2s/d — p2s/d3  for some p > 0 to be chosen
later. Note that as a /" a*, b stays close to a. Now set A = \/b/ia. By the choice of
b, we have

1 (),

This together with

A2 (1 _ )\45/(1)

4s/d+2
[ | 35542,

E(Mug) = N E(u,) +
imply that
()" 4s/dr2
Hiy Ml 05 = BQua) = M B(ua) > 1) = NI (a).
d

In particular,

s 4s/d+2
p2( /dﬁa ||U(IHL4é/d+2 > I(b) o I(a)
4718 +2 a?s/dtl T p a

> Clﬁg/(QSer) _ Czﬁfj/@”p)

By p/(2s+p)
> pr/e) (ﬁ) -Cy .
By the choice of b, we see that

ﬁbzl—<£>2S/d:ﬁa<1+(£>28/d>.

2s/d 4s/d+2
p s/ Hua||L4s/d+2 > ﬁ_QS/(25+p)
%4—2 q2s/d+1 7 Fa

This implies that

e, (1 N ( p )25/d>l’/(2s+p) o

a*

By taking p > 0 sufficiently large, the right-hand side is bounded from below by

CBa 28/(25+P) f41 some constant C independent of a. This proves the second estimate

in (4.7). O

https://doi.org/10.1017/prm.2019.64 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.64

3288 V. D. Dinh
Proof of theorem 1.5. Set

wal(x) = BI2s+P)y, (ﬂé/(Qerp)x) '
It follows that [|we |72 = |[ual|3: = a /" a* and by (4.7),

I(=2)"2wal[72 = B2/ P || (=A)*2ua| 72 < Ca,

ds/d+2 ds/d+2
HwaHLS‘L/;‘Q = ﬁ58/(23+p)‘|ua||[,ié/j+2 P C4a28/d+1

as a /" a*. Moreover, by (4.3),

0 < Lges/ st (1
a

S d 4s/d+2
2||(_A) /2ua||2L2 - 7||ua||L4/s/3—+2

2(d+ 2s)

< 555/(28-&—1)) I(a) =0

a
as a /" a*. In particular,
. d 4s/d+2
Jim, (—A)*wgl|72 — m”waHLﬁé/dn =0.

Applying lemma 2.11 to (wg)e 7q+, there exist a subsequence still denoted by
(Wq)a 7o~ and a sequence (Yq)a 7o~ C R such that

Wa (- + Yq) — )\3/2Q(A0~) strongly in HS(Rd) (4.8)

for some \g > 0 as a /" a*. We next write ﬁl/(23+p)ya =24 + 2, With z, € [0, l]d
and z, € Z. By the same argument as in claim 4.2, z, — o, where z is as in
(V3). Moreover, ﬂa_l/(%ﬂ’) (xq — xo) is uniformly bounded as a " a*. Passing to a

subsequence if necessary, we assume that 5;1/(23+p) (4 — xg) — 20 € RY. By the
same argument as in (4.5), we have that

lim 5,72 [ V(@)ua(0) do

_ li/m* Ba—p/(2s+p) /V (ﬁ;/(QS-&-p)x + xa> |we (x + yq)|? dz

> / li/m* ﬁ;p/(QS"t‘p)V (/8;/(25“"?)1. + l'a) |u}a(l' —+ ya)‘2 dx

:n/ lim
a/‘a*

. / 1 + 20 PALQ(Ao)]? der

o+ ;Y y — )| MQ0) da

_ nAO_p/|x+m0)\0|p[Q(x)]2dx

> 03" [ lal Q)P da. (49)

where we use the fact @) is radially symmetric and decreasing to get the last inequal-
ity. Note that the equality holds if and only if 20 = 0. We infer from the above
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estimate, (4.8) and the fractional Gagliardo—Nirenberg inequality that

— s E U 1 — s s S
g/ s Ba) _ 1 gmpsoaiy) (n(—A) PuglZs - —2 | ar;éﬁfz)

a d—|—2

1
45870 [ V@@ do
S (ENETE

1
+ 5o B ) / V(@) ta(2)]* dz

1 a \2s/d
> 31 _ (= _AS/2 22
> 55, (1 (=) )n( Al

1
487 [ V()@ da

4s/d+2
oo w22

1 S S
= 50 (127201 40357 [ laP Q@) dz ) + 000 (1)
_ \sd 1 —p » 5
= 200 o7 [ el Qo) do + 0 (1),

where we have used that Qo = Q/|Q|| 2, [|(—=A)*/2Qol|%. = d/2s. Tt follows that

2s
liminf 8, p/(%ﬂ’)l( ) /\ d 1 /|x\p Qo(x)]” da. (4.10)

a,/‘a* a

We next show that the limit in (4.10) exists, and is equal to the right-hand side.
To see this, we take

ur(z) = Var¥?Qo(r(x — 1)),

where g is given in (V3). We see that

E(u,) _1 d . 4s/d+2
ve) = [ (o Qui - g il

+ /V(flx + zo)[QO(x)]zdx}

-3 [ (1 ) (;i)w) [(-8)"2Qulls + [ V(7 +a0)Qo(o)? do
= 7—25&1% + gT*p/m‘p[Qo(x)P dx
+ %/(V(Tﬂx + 20) — k7 P|z|?)[Qo(x)]? da.
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Taking 7 = )\5;1/(23+p) for A > 0, we get that

s Er)
p/(2s+p) T
ﬁa a

)\25(1

N [l iQu(a) da

1
+3 / B/ DY (BTN 4 ag) — kAT o] [Qo(@)]? da.

Using (V3) and the fact Qg = O(|z|~472%) as |z| — oo, it is easy to see that the
integral term tends to zero as a /" a* due to the dominated convergence theorem.
It yields that for any A > 0,

grrieem ) X [ 1l Qo) do -+ 00 e (1),

This implies that

. _ I(a) . A%d Kk
p/(25+p) — 7 L _ p P 2
hinfsatipﬁa R )1\2%( 1 + 2)\ /|x| [Qo(z)] dx).

This together with (4.10) show that

2s
lim g;P/(2stp) 222 Ia ) A + )x /|x\pQ ))? dx
a,/a* a 45 0 0

)\QSd
(2 5 oraaoral

and also 2° = 0 because of the equality in (4.9). Therefore, we obtain

; 1/(254p)
do= (2 [larl@uarzas)

The proof is complete. O
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