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We investigate various variable martingale Hardy spaces corresponding to variable
Lebesgue spaces L,y defined by rearrangement functions. In particular, we show
that the dual of martingale variable Hardy space H;(') with 0 < p— <p4 <1 can be

described as a BMO-type space and establish martingale inequalities among these
martingale Hardy spaces. Furthermore, we give an application of martingale
inequalities in stochastic integral with Brownian motion.
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1. Introduction

Variable Lebesgue spaces L,.)(R") in harmonic analysis nowadays have been well
studied. It is generally accepted that the dividing line between the ‘early’ and ‘mod-
ern’ periods in the study of variable Lebesgue spaces is the foundational paper of
Kovécik and Rékosnik [20] from 1991. But the origin of the variable Lebesgue
spaces predates their work by 60 years, since they were first studied by Orlicz [27]
in 1931. The most influential work is due to Zhikov [32, 33|, who beginning in
1986 applied the variable Lebesgue spaces to problems in the calculus of variations.
The connection between variable exponent spaces and variational integrals with
non-standard growth and coercivity conditions was made in [34]. Moreover, the
substantial progress on the study of variable Lebesgue spaces is due to Diening
[5, 6], who proposed the so-called log-Hélder condition on variable exponents to
obtain the boundedness of Hardy-Littlewood maximal operator on Ly.)(R™). Since
then, the investigation on variable Lebesgue spaces has been developed rapidly.
A lot of interesting work on the theory of function spaces with variable expo-
nents appeared, such as Nakai and Sawano [25] defined Hardy spaces with variable
exponents on R™ by the grand maximal function, and investigated the Littlewood-
Paley characterization and the dual spaces of Hardy spaces with variable exponents.
It should be mentioned that Cruz-Uribe and Wang [4] independently introduced
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New variable martingale Hardy spaces 451

the variable Hardy space H,.)(R"), investigated its atomic decomposition and dis-
cussed the boundedness of operators on it with the variable exponents p(-) satisfying
some condition slightly weaker than that used in [25]. The variable Lorentz-Hardy
spaces Hy,(.) ,(R™) were considered by Yan et al. [31] and Jiao et al. [15]. We refer to
[3,7, 8,21, 22, 30] and references therein for the recent progress on Lebesgue spaces
with variable exponents and some applications in PDEs.

Inspired by the considerable progress of variable Lebesgue spaces in harmonic
analysis, martingale variable Lebesgue spaces have gained more and more attentions
in recent years. Let (Q, F,P,{F, }»>0) be a complete probability space and p(-) be
a measurable function on 2. Similar to L,.)(R"™), we may define L,)(Q2). Aoyama
[1] proved the Doob maximal inequality under the assumption that the variable
exponent p(-) is F,-measurable for all n > 0. This is the first attempt to study
martingale variable Lebesgue space. However, the condition imposed on p(-) is
quite strong. Indeed, Nakai and Sadasue [26] gave a counterexample to show that,
at least, Fo-measurability of p(-) is not necessary for the boundedness of the Doob
maximal operator on L,y(£2). In order to get the Doob maximal inequality on
variable Lebesgue spaces, there are two major difficulties need to be overcome. First,
abstract probability space generally does not enjoy nice metric structure, and thus
the log-Holder condition is not applicable any more. Second, the arguments used in
classical Lebesgue spaces are no longer efficient here and the essential reason is that
the space Ly.)(£2) is not a rearrangement invariant space. To better describe the
Doob maximal inequalities in variable exponent setting, Jiao et al. [13] introduced
a condition without metric characterization of variable exponent p(-) to replace
the log-Hoélder continuous condition. Under this new condition, they obtained the
weak-type and strong-type estimates of the Doob maximal operator, and formulated
the duals of martingale variable Hardy spaces. Still using the same condition, Jiao
et al. [12] described the boundedness of fractional integral operator in martingale
variable Hardy spaces. In the very recent paper [16], Jiao et al. gave a relatively
complete investigation on martingale variable Hardy(-Lorentz) spaces. However, all
the results mentioned above (namely, [12, 13, 16]) only works for atomic o-algebras
{Fn}nz0. We also refer the reader to [14, 17, 29] for more results about martingales
in variable exponent Lebesgue spaces.

Recently, new variable Lebesgue space L,.)(R") [9, 18] defined by rearrang-
ing function came into view. Compared with the usual variable Lebesgue space
Ly (R™), the advantage Lp.)(R™) possesses is that it is a rearrangement invari-
ant space. With the emergence of this new variable Lebesgue space, one question
arises: whether we can define and investigate corresponding new martingale vari-
able Lebesgue spaces. In this paper, we shall concentrate on this question. Our
variable Lebesgue space L£,.)(£2) here is defined on the probability space (2, F,P)
(see definition 2.10 below). Note that p(-) now is defined in [0, 1]. Under the assump-
tion that p(-) satisfies the local log-Hélder condition, we obtain the strong-type and
weak-type estimates for the Doob maximal operators in £,.y(£2). Also, we investi-
gate various variable martingale Hardy spaces corresponding to £,.)(£2). Via atomic
decompositions, we show that the dual of martingale variable Hardy space H;(i) Q)
with 0 < p_ < py < 1 can be described as a BMO-type space. Moreover, we estab-
lish some new martingale inequalities among these martingale Hardy spaces defined
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in the § 2.4. Finally, we obtain an application of martingale inequalities in stochastic
integral with Brownian motion. Compared with the results due to Jiao et al.
[12, 13, 16], we do not need to assume that F,, is an atomic o-algebra any more.

Throughout this paper, Z,N and C denote the integer set, the nonnegative inte-
ger set and set of complex numbers, respectively. We denote the absolute positive
constant by C', which can vary from line to line, and we denote by C),(.) the constant
depending only on p(-). The symbol A < B stands for the inequality A < CB or
A< CpyB. If we write A~ B, then it stands for A S B S A. Moreover, for each
measurable set E C ) (or C [0,1]), we denote |E| the measure of E.

2. Preliminaries

This section contains four subsections. Firstly, we introduce the definition and some
related properties of the classical variable Lebesgue space. Secondly, we give the
definition of Lebesgue space L£,,.y(€2) and its useful properties. In § 2.4, the variable
exponent martingale Hardy spaces corresponding to £,.)(€2) are defined.

2.1. Variable Lebesgue spaces Ly,

Throughout the paper, we always suppose that (£2, F,P) is a complete probability
space. Let (R, u) a measure space. For any measurable set £ C R, we will often
denote the measure of E simply by |E| whenever no confusion can occur. Indeed,
(R, ) could be (2, F,P) or (R",m)(n > 1), where m is the Lebesgue measure.

A measurable function p(-): R — (0,00) is called a variable exponent. For a
measurable set A C R, we denote

p_(A) :=essinf p(x), py(A):=esssupp(z),
TEA z€A

and for convenience
p—=p_(R), pt:=p4(R), pr=min{l,p_}.
In sequel, we always use the following symbols
P(R) ={p() : 0 <p- <py < oo},
and

Pa(R) ={p(-) :a <p_ <py <0}, aecR".

Throughout the paper, given a variable exponent p(-), we define the conjugate
variable exponent p'(-) by the formula

The variable Lebesgue spaces Ly.)(R) are defined as follows.
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DEFINITION 2.1. Let p(-) € B(R). The variable exponent Lebesgue space L,.)(R)
is defined as the set of all measurable functions f on R such that, for some A > 0,

p(z)
p@ :/R<|f(;c)> d < oo.

This becomes a quasi-Banach function space when it is equipped with the quasi-

p(z)
(lf(;)') du < 1} (2.1)

According to [10, theorem 1.3], for any f € Ly, (R), we have p(f) < 1if and only
if || f[lz,., < 1. For any quasi-Banach space X, we denote by X* the dual space of
X. Next, we present some basic properties for variable Lebesgue spaces L,.)(R).

||fHLp(_) =inf{A>0: /

R

LEMMA 2.2 [3, theorem 2.80]. Let p(-) € P1(R). Then (Ly.y(R))* = Ly )(R).

LEMMA 2.3 [20, theorem 2.8]. Let p(-),q(-) € B(Q). If p(-) < q(-), then for every
[ € Lgy(9), we have

1z, @ < 20z, @)-

LEMMA 2.4 [3, corollary 2.28]. Let r(-),p(-), q(-) € P(R) satisfy

111
r(-) p() o a()

Then there is a positive constant Cy.y > 0 such that for all f € Ly (R) and g €
L (R),

||ngL7‘(-) < CS(‘)HfHLp(.) ||g||Lq(-)7

N3

where s(+) = ;E—)

The following lemma is from [31].

LEMMA 2.5 [31, remark 2.1]. Given p(:) € B(R), if 0 < p— < py < 1, then for any
positive function f,g € L, (R), we have

Iz, ) + N9l < N +9llz,.m)-

2.2. The maximal operators and log-Holder continuous condition

We begin this subsection with the following log-Holder continuous condition for
the variable exponent p(-) defined on R™ (see [3, lemma 3.24]).
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DEFINITION 2.6. Let p(-) € P(R™). We say that p(-) is locally log-Hélder con-
tinuous, if there exists a positive constant C' such that for all z,y € R™ with
‘Jf - y| < %7

ip(@) —p(y)| < ——C

<———. 2.2
—log |z — y| 22)

We say p(-) is log-Holder continuous at infinity if there exists a positive constant C'
such that for all x € R™, poo = limy 00 p(2),

C

log(e + [2])° (2:3)

[p(2) = Poo| <

The conditions (2.2) and (2.3) are called log-Holder condition.

LEMMA 2.7 [13, lemma 5.2]. Let p(-) € B([0,1]) satisfy locally log-Hélder condition.
For any interval Q C [0,1], then for x € Q, we have

Ixell, = Q[Y/P~(@ =~ |Q|"/*@®) ~ |Q|'/P+@),
»()

where denote the Lebesgue measure of Q by |Q)].

For locally integrable function f defined on R", the Hardy-littlewood maximal
operator is defined by

1 n
M(f)(m)=gscggQ|/Qf(y)ldy, r eR",

where the supremum is taken over all cubes Q C R™ that contain .
The log-Hélder condition is sufficient so that the Hardy-littlewood maximal
operator is bounded on L, (R™), p_ > 1.

LEMMA 2.8 [3, theorem 3.16]. Let R C R and let p(-) € B(R) satisfy log-Holder
condition. Then

HM(f>||Lp(.)(R) < Cp(’)”flle(.)(R)7 p— > 1
and
M Nwr,.,w) < Coe)lfllz,m)y p- =1

REMARK 2.9. If |R| < oo, then p(-) is automatically log-Holder continuous at infin-
ity (see [3, chapter 2.1]). In this case, if p(+) is log-Hélder continuous, p(-) is actually
local log-Holder continuous.
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2.3. Variable Lebesgue spaces L.

Assume that f is a measurable function on (€2, F,P). We define the distribution
function d;y : [0,00) — [0, 1] associated with f by

de(s) = {z € Q:[f(x)] > s}[, s €[0,00).
The non-increasing rearrangement function f* : [0,00) — (0, 00] of f is defined by
() =inf {s > 0:ds(s) <t}.

We state several basic properties of the function f*. For all £ € F,

Xo = Xo,E)» /Q fodP < / F(Hg* (D). (2.4)

For more properties, we refer the reader to [11, proposition 1.4.5].
We also define the function f** associated with f* by

P = % /O Fi(s)ds, t>0.

According to [2, proposition 3.2, theorem 3.4], f** is non-negative, decreasing and
continuous on (0, c0). Further, we have

[T < f7(), t>0

and

(f+9™ ) <f7 () +97(1), t>0. (2.5)

We take the following definition from [9, 18].

DEFINITION 2.10. Let p(-) € B([0, 1]). Define the variable exponent Lebesgue space
L,(€) as the space of all measurable functions f(z) on €2 such that

0p()(f) = / FOPDdt < co.
0
For any f € L,(y(Q2), define

£l = 1MLy o.1))-

Obviously, the Lebesgue space £,.y(£2) goes back to the classical Lebesgue space
L,(2) as variable exponent p(-) is equal to the constant p. With the help of next
lemma, we will show that || - ||z () is a quasi-norm for p(-) € ([0, 1]) satisfying
local log-Holder condition.

()
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LEMMA 2.11 [19, theorem E|. Let p(-) € P1([0, 1]) satisfy locally log-Holder condi-
tion. Then the following Hardy-type inequalities hold

i [ s

Coy Iz, 0.1y (2.6)
Lpcy ([0,1])

and

< Cp(-)||fHLp(.)([0,1])7 (2.7)
LP(‘>([071])

REMARK 2.12. In fact, in [19, theorem EJ, p(+) is local log-Holder continuous on
interval [0, 6] for some small § > 0. Later, it was proved in [7, theorem 3.1] that
(2.6) holds true with a weaker condition stated in [7, hypothesis].

LEMMA 2.13. Given p(-) € B([0,1]) and f € L,y(2), we have
t t
Wiz, = 7%, ¢ >0,

Proof. Note that (f*)t = (|f|*)*. The desired equality follows from [3, proposition
2.18]. 0

PROPOSITION 2.14. Let p(-) € B([0,1]) and let f,g € L,y(). If p(-) satisfies local
log-Holder condition, then || - ||£p(_)(Q) 18 a quasi-norm, moreover, we have

”f +gH£p() ~ ||fH£p() + Hng:p()

Proof. Take f,g € L,y and s € (0, p). According to lemma 2.13 and (2.5), we have

1/s **11/s
1+ glle,e, = I+ alPIES < IA° + 1) I

<A™ + (al*) 12 -

Since p(-)/s > 1, || - l|z,,.,,. is anorm. It follows (2.6) that | f**||,,,. < [f*]lz
Thus, using lemma 2.13, we obtain

k% 1 S k% 1 S
1+ gl S NOAT) IR, + 10l 1

s\x(|1/s s\x(|1/s
SUAF IS + gl 15

= ||fHLp(-) + HgHLp(-)' O

p()/s”

We now present several useful lemmas for the variable Lebesgue space L,.)(€2).

LEMMA 2.15. Given p(-) € B1([0,1]), if f € Lyy(Q) and g € Ly()(Q), then there
is a positive constant Cp.y > 0 such that

/QIfg|dJP’ < Cpylf ey lglle, -
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Proof. Since [, |fg|dP < fol f*(t)g*(t)dt, the desired Holder inequality follows from
lemma 2.2. O

LEMMA 2.16. Let r(-),p(-), q(-) € B([0,1]) satisfy

1 1 1
— _}_7.

r() p() " al)
Then for all h € Lg)(2) and E € F, we have
Iz, < lxell,, I8, -
Proof. For any E € F, according to the Holder inequality (see lemma 2.4) and
(xeh)"(t) < A" Xp,m)(t), 0 <t < o0,

we have

Ixehle, ., < xoiznlly, < Ixoienlly, 107, = xelle,, Ikl - O

()
By lemma 2.3, we have the following lemma.

LEMMA 2.17. Given p(-), q(-) € B([0,1]), if p(-) < q(-), then Ly C L.
Using lemma 2.7, we can easily prove the next lemma.

LEMMA 2.18. Given p(-) € PB([0,1]), and p(-) is locally log-Holder continuous, then
for all I € F, we have

Ixzllz,., ~ ‘]‘(1/p—([07|1|])) ~ ‘]‘(1/10(&7)) ~ |I|(1/”+([O*‘I”)), z € (0,]1]).

PROPOSITION 2.19. Let p(-) € B([0,1]) satisfy locally log-Hélder condition.
(1) Then for all I € F, we have

Ixrlle = lIxalle ) Ixrlle,

where
1 1

=4+ —.
p()  q()
(2) Let q(-) € B([0,1]), and q(-) is locally log-Hélder continuous in [0,1]. Then
for all I € F, we have

Ixtlen, = Ity Ity
where

EIY
r() p()  a()
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Proof. (1) By [3, proposition 2.3], ¢(-) = (p(:)/p(-) — 1) satisfies locally log-Holder
condition. Then the desired result follows from lemma 2.18.

(2) For any I € F, it follows from (x1)* = x(0,)7)) and lemma 2.18 that for any
x € (0,]1]), we have

~ | 1)A/r@) = || /PE)+A/a@) o Ixzll e

o all,

a()
O

Ixille, ., = Ixoamlly,

2.4. Variable martingale Hardy spaces

Now we introduce some standard notation from martingale theory. We refer to
[23] and [28] for the classical martingale space theory. Let (Q,F,P) be a com-
plete probability space with subalgebras (F,,)n>0 and F = 0(U,>0F,). Recall that
the conditional expectation operator relative to F,, is denoted by Ex (simply by
E,), that is, E(f|F,) = E,(f). We also call (F,,)n>0 a stochastic basis with con-
vention F_; = Fy. A sequence of measurable functions f = (fn)n>0 C L1(2) is
called a martingale with respect to (Fy,)n>0 if Ep(fnt1) = fn for every n > 0. For
a martingale f = (fn)n>07

dnf = fn— fn-1,m 20,

denote the martingale difference (with convention dof = 0). In addition, if f, €
Ly, [ is called an L,.y-martingale with respect to (F3,). In this case, we set

||fH‘Cp(-) = iipo ||an‘Cp(»)'

If [ fllz,., < oo, fis called a bounded L,.)-martingale and denoted f € L,.). For
a martingale relative to (Q, F, P, (F,)n>0), define the maximal operator, the square
function and the conditional square function of f, respectively, as follows (f_; = 0)

Mm(f) = sup |fn|7 Mf :ngi|fn|7

n<m

m 1/2 o 1/2
Sm(f)<zdfn|2> ,S(f><2|dfn|2> :
n=0

n=0

1/2

m 1/2 o0
Sm(f) = (ZEﬂdenF) , s(f) = (ZEﬂlldan)
n=0 n=0

Denote by A the collection of all sequences (\,,)n>0 of non-decreasing, non-negative
and adapted functions with Ao = lim, o0 A\p. Let p(-) € P([0,1]). The variable
exponent martingale Hardy spaces associated with variable exponent Lebesgue
space L. are defined as follows:

A = 1 = Fanzo ey, = 1M (D)2, < 00}
Hety = {F = Faduso s Iflls, . = IS(Dllz,e, < ook
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My = {7 = Undnzo = e, = (e, < o0}
Qp(.) = {f = (fn)n>0 : H(An)n>0 €A, s.t. Sn(f) <A1, Ao € ﬁp(.)},
Hf”Qp(-) =

(AESEA ”)‘OOHﬁp(.w

where the infimum is taken over all (A,),>0 € A such that S, (f) < A—1.

Pp() = {f = (fn)n}O : 3()\n)n20 S A7S-t- ‘fn| < )\nfh )\oo € ‘Cp()}v

1fll®,., = ( 1%1;[\ ool

A'Vl
where the infimum is taken over all (A,)n>0 € A such that |f,| < A,—1.

REMARK 2.20. If p(-) = p is a constant, then the above definitions of variable Hardy
spaces go back to the classical definitions (see [28]).

We are going to end this subsection with the Doob’s maximal inequalities. To
this end, we introduce weak variable exponent Lebesgue space wLp.)(€2).

DEFINITION 2.21. Let p(-) € B([0, 1]). The weak variable exponent Lebesgue space
wL,)(Q2) is defined as follows:

wlyy (@) = {f € L(Q) : | fllwe,., < oo},
with the quasi-norm
1 hwe,c) = suptlixqisi>e e,
We have
Iz, = 1 wL, ) = iglgtHX{f*»}lle(.)- (2.8)
In fact, by [11, proposition 1.4.5(3)], we have

{s=>0: f"(s) >t} =[0,d¢(t)).

Applying the above equation, we obtain
1 llwe,., = iglgt”X{weQ:\f(x)bt}”Ep(.) = iggt|\X(0,df(t))||L,,<.>
- iglgt||x{s€[0,1]:f*(S)>t}”Lp(-) 2 ”f*”wLp(-)'

THEOREM 2.22 Doob’s inequalities. Let p(-) € B([0,1]) satisfy locally log-Hélder
condition and f € Ly(Q). Then there exists a positive constant Cy.y, such that

IMflle,., < Coo)llflle,.,, p->1
and

1M fllwc,, < Cpo)lflle,.,s p-=1.
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Proof. Take f = (fn)nz0 € Lp()(£2). According to [23, theorem 3.6.3], we have

(Mf)"(t) < f7(t), VE>0. (2.9)

Then, applying lemma 2.11, we deduce that

IMfllz,., = MM L,y <N < Co 1 Ly = Co 12,y
According to (2.9) and the definition of the Hardy-littlewood maximal operator M,
we have

(MF)*(t) < M), Yo<t<l.

From (2.8) and lemma 2.8, we conclude that
IM fllwc,., = 1M oz, S ATME WMo, SN e = 1flle,.,- O

3. Atomic decompositions for variable Hardy martingale spaces

In this section, we consider the atomic decomposition for the new variable Hardy
martingale spaces introduced in § 2.4.
3.1. Atomic decompositions in H_ .\ (€2)

We begin with the following definition and denote the set of all stopping time
with respect to {F, }n>o by T

DEFINITION 3.1. Let p(-) € B([0,1]). A measurable function a is called a
(1,p(+),00)-atom (or (2,p(-),o0)-atom, (3,p(-),00)-atom, respectively), if there
exists a stopping time 7 € I such that

(1) ap :=Ey(a) =0ifn < 7,

(2) [Is(a)lloc(or [IS(a)lloo, [ M (a)[|oc, respectively) < m

DEFINITION 3.2. Let p(-) € B([0,1]). Assume that d = 1,2 or 3. The atomic Hardy

at,d,oco

space Hp(_) (€) is defined as the space of all martingales f = (f,,)n>0 such that

fn= Z,ukafl a.e. Yn =0, (3.1)
kez

where (a*)rez is a sequence of (d,p(-), c0)-atoms, associated with stopping time
7 € I and af = E,(a*). For f € HZE.’?’OO, define its quasi-norm by

t11/t
1 H’ICX T,
”f”H;E;;im = inf [Z <{k<°°}> ] ’

ke H X{rp<oo} ||Lp(-)
Ly

where 0 < ¢t < p and the infimum is taken over all the decompositions of f by the
form (3.1).
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THEOREM 3.3. Let p(-) € PB([0,1]). Then

s o at,1l,00
Ho) (0) = Hpy ™ ()

with equivalent quasi-norms.

Proof. Assume that f € HZC)’ Let us consider the following stopping time, for all
ke Z,

7, = inf{n € N: 5,1 (f) > 2"}, inf¢ = occ.

The sequence of these stopping times is obviously non-decreasing. For each stopping
7, denote f7 = fuar, where n A 7 = min(n, 7). Hence

Fu =Y (f7 = £70).

keZ

Let

Tk+1 Tk
k n — fn

p =328 Ixer<ootll,, and ai= o

If pux = 0, then let a® =0 for all k € Z, n € N. Thus (ak),>0 is a martingale for
each fixed k € Z. By the definition of 74, since s(f™) = s,, (f) < 2¥, we obtain

s(f™0) + s(f™) -
5((an)n>0) < m < ||X{Tk<oc}||£pl(,)'

Thus (aﬁ)n>0 is a Lo-bounded martingale. Consequently there exists an element
a® € Ly such that

a® =E,(a"), VYneN.
If n < 7, then a® = (f2*™" — f7* /i) = 0, supp(a®) C {7 < oo} and

1

oS T
||X{Tk<00}||ﬁp(.)

Is(a®)ll

We conclude that a* is really a (1, p(-), c0)-atom according to the above estimate.
Denote ¥ = {7, < 0o} = {s(f) > 2¥}. Recalling that 74 is nondecreasing for
each k € Z, we have ¥, D J41. Then

3 (320, (@)’

keZ

is the sum of the geometric sequence {(3-2¥xy, (2))'}rez, where 0 < ¢ < p. Thus,

Z (3 . 2kX’L9k (x)> ~ (Z?) ' QkXﬁk (w)> ~ <ZS ' QkXﬂk\ﬂkﬂ(x)) :

kEZ kEZ kEZ
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Note that 93 \Ux11 = {2% < s(f) < 2¥+1}. Then

t\ 1/t
'me“<<imxﬁ““w>>
kezZ

23 S(F)X0\ Ok n

keZ

Z 3- 2kX"9k\'L9k+1
kEZ

Loy Ly

N

< sy, = Il (3.2)

Lpey

We now prove that the sum ), _, prak converges in H;(')(Q). Since s(f — f™)2 =
s(f)? — s(f™)2, it follows that

s(f=Fm™),s(f™) < s(f)? and s(f=f™), s(f7*) — 0 ae ask — oo.

Consequently, by the dominated convergence theorem in variable L,.y(£2) (see [3,
theorem 2.62]),

Hf Z pra®

P
P p
<= e M 5%
»() »()

Hoo

converges to 0 a.e. as M, N — oc.
Conversely, taking f € 'Hat’l’oo, () according to the definition of Hat’l’oo(Q), we
have the decomposition
F=Ymd ac,

keZ

where (a¥)iez is a sequence of (1,p(-),o0)-atoms, associated with stopping time
7 € T and af = E, (a"). Since

1
Is(a")llo € T—————— and s(a¥) = s(a")x(r, oo},
X¢ri<ootllz,
we obtain
£l = sl < || pns(a*
ez ﬁp(»)
X
< Z“kn {rk<o<‘:|}
kez  XAme<ootliLp || . O
1/t
<[ |2 (o ) , (3:3)
keZ ||X{7'k<00}||£1)(')
p()
which implies that ns S| fllati1,00. The proof is complete. O
p() ™~ Ho0)
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THEOREM 3.4. Let p(-) € PB([0,1]). Then

Qo) () =y (Q), - Poy(Q) = My (@)

with equivalent quasi-norms.

Proof. The proof is similar to the one of theorem 3.3, so we only sketch the outline.
We only prove the first atomic decomposition since the later one is the same. Let
= (fu)nz0 € Qp)(2). The stopping times 7 are defined by

7, = inf{n € N: X, > 2~}

where (A;)n>0 is the sequence in the definition of Q,(.)(€2). Let a¥ and py, (k € Z)
be the same as the proof of theorem 3.3. Then we get (3.1), where (a*)yez is a
sequence of (2, p(-), co)-atoms. Moreover,

t71/t
[Z<W>] S flle,

ke HX{‘rk<oo}||[/p(.)
Ly

still holds.

To prove the converse part, for any f € 'Haf 2% et

An = Z HEX{m,<n} ||S(ak) ”00

kEZ
Then ()\n)n >0 i1s a non-decreasing, non-negative and adapted sequence such that
n+1( f) <\, for any n > 0. According to the estimate that (a*)pcz is a sequence

of (2,p(-), 00)-atoms, we obtain f € Qp,)(2) and

t11/t
. Kk X {r<oo
Iflla,, < int [Z(HH ,

keZ HX{‘rk<oo}||£p(,)
L

where the infimum is taken over all the decompositions as in (3.1). g

3.2. Atomic decompositions in H}{, (€2)

We are ready to prove the atomic decompositions for martingale Hardy spaces
'Hp( )(£2) and ’H;f(.)(Q). The stochastic basis (Fy,)n>0 is said to be regular, if for
n > 0and A € F,,, there exists B € F,,_1 such that

A C B and |B| < C|A]|, (3.4)

where C' is a positive constant independent of n.
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We need the following proposition.
PROPOSITION 3.5. Let p(-) € P([0,1]) satisfy 0 < p— < py < 1. For anyn € N, let

O<v;<ooand A; € F, i=1,---,n. If the measurable sets sequence {A; }1<i<n s
non-increasing, then

(3.5)

n
E ViXA;
i=1

n
S wlvadl,, <
=1 Ly

Proof. By lemma 2.5, we obtain
n

> villxa,
i=1

Then, to finish the proof, it suffices to show that

(ZViXAi> = ZViX[O,lAi,l)' (3.6)
i=1 i=1

Since A4, € A,,_1 C--- C Ay, we have (with convenience A, 11 = @)

n n 7
S :z< >x\
i—1 =1

=1

|Lp(~> S

n
ZViX[O,|Ai|)
i=1

n
Lpoy — Z HViX[O’\Az‘D
=1 Lp(y

Then basic calculation gives us (see [11, example 1.4.2])

Z < Uj) XANAi+1 = Z <Zvj>X[|Ai+l,|Ai|) = ZViX[OJAz‘l)'
J=1 i=1

i=1 i=1 \j=1
The proof is complete. O

THEOREM 3.6. Let p(-) € B([0,1]) satisfy locally log-Hélder condition. If {Fy,}n>o0
is regular, then

S _ at,2,00 M o at,3,00
Moy () = H(y ™ (), Moy (Q) = Hy (5™ ()
with equivalent quasi-norms.

Proof. We only give the proof for the second equality since the other one is similar.
Take f € 'H%) (€2). Consider the following stopping times with respect to (F,)n>0,

pr:=inf{n e N: |f,| >2F}, keZ

For fixed k€ Z, according to the regularity of (F,){n>0}, we can choose
a small enough measurable set Ff € Fj_1 such that {pk:j}CFJlC and
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|Ff\ < C{pr = j}|- Define a new family of stopping times by
me(z) ==inf{n e N: z € FF ,}.

It is obvious that 74 is non-decreasing. For any j € N, according to the definition
of stopping times py and 7, we have

{Tk:jfl}G}-j_l and {pk:j}C{Tk:jfl}CFJk.

Denote Ay = {1, < oo} and A} = {pr < co}. By the regularity of (F,)n>0 and
{pr = j} € F;, we obtain

oo

ARl =Y Hme =} < Y IFfal < CY Hpe =5+ 1}]) = Cl4}],
j=1 j=1

j=1
where C' is the constant as in (3.4), which implies that
| Akl < |Ak| < ClAL] (3.7)
Using lemma 2.18 and (3.7), we have

Ixallc,., = | A |A/P-1014x1D (€] 47, ]) /P-10:14xID

< CP (AW & e (38)

()

which deduces that

5 ||XA;€||‘C’p(-) = ||X{Mf>2k}H£p(-) < 2% ||MfHE — 0

||XAk||£ p(-)

()

as k — oo, that is to say limy _, « |7 = oo/ =1 and limy, _, - 7% = 0o a.e. Thus

lim f7* = fn ae (n€N) and f, = fr+ = f7.

k
kEZ
We still define = 3- 2% ||xa, . ., and al = (fa"™ — f7 /ux). By a simi-

lar argument as used in the proof of theorem 3.3, we can see that a* is a

(3,p(+), 00)-atom associated with stopping time 7.
Now we show

a oo < .
”fHpr? ~ Hf”HpM(‘)
According to (2.5), we have

m

gt -

kez HXAkHEp(.)

1/t

BT wx
E : (3 -2 ) XAy
Loeyye  REL Lycy/e
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Using lemma 2.2, we may choose a positive function g € L,(.y¢) with HQHL(,,(,W)/ <

1 such that
1 1 x
*% 1 *
z' </ 2(3'2k)t><,4k9dx:z<3'2k)t/ */ X, ()dyg(z)da

0 kez kez o T Jo

e [T [ 9@
= Z (3-2%) dxx(o,1a, ) (v)dy.

kez 0y T

We denote h(y) = fyl(g(x)/x)dm, 0 <y <1 Since (p(-)/t) > 1, it follows from
lemma 2.8 and (2.7) that

HM(h)HL(p(.)/t)/ 5 HhHL(p(.)/t)/ 5 ||g||L(p(.)/t)/ < 1 (39)

Applying (3.7), Holder inequality and (3.9), we find that

1
7'<y (3 Qk)t/o h(y)x10,1ax1 (¥)dy

keZ
t 1 1
= (3-2") 4] 7/ X[0.14, ) hdy
kEZ 4kl Jo
o 3.9 ' hd
. 1
<Y (3-2%) / X0,y M(h)dy
kez 0
t
<[D- -2 x4y MLy e
kez Lypy/e
k t
S 12 3-2%) X041
ez Lpy/e

Note that A}, C Aj. By (3.6), we obtain

A =

Z (3 . Qk)tXA;c

keZ

> 6 ) X{arpoan
keZ

L)/t L)/t

Taking the same argument as in (3.2), we can see that || f||,aes.0 < ||f||H1»{). The
p(-) rl

converse inequality
< at,3,00
£ llrge ) S I f llgatean
can be similarly proved as (3.3). Theorem is thereby proved. O

Combining theorem 3.4 and theorem 3.6, we have the following corollary.
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COROLLARY 3.7. Letp(-) € B([0,1]) satisfy locally log-Hélder condition. If {Fy }n>o0
18 reqular, then

H}?(.)(Q) = Qp(»)(), HS/([.)(Q) = Ppy ()
with equivalent quasi-norms.
4. Duality

In this section, applying atomic decomposition, we now prove a duality theorem.
First let us introduce the new Lipschitz spaces with variable exponents.

DEFINITION 4.1. Let (a(:) + 1) be a variable exponent and 1 < g < co. Define
BMO,(a(-))(Q) = {f € Ly() : | Brro, (a()) < 00},
where

I £l BrO, (a()) = Sup HX{T<OO}||211/Q X {r<ootllasg—1llf = fTllq-

()41
For ¢ = 1, we define BMO;(«(+))(2) with the norm

1flBrt0,(a()) = sup IXtr<oot Iz, ey I = I

REMARK 4.2. If a(-) =0, then this definition goes back to classical martingale
BMO space. If a(-) = oy > 0is a constant, then this definition becomes the classical
martingale Lipschitz space. We refer the reader to [28] for details.

The following corollary is a consequence of proposition 3.5.
CoRrOLLARY 4.3. Let p(-) € B([0,1]) satisfy 0 < p— <py < L. If f € Hy( (), then

t4 1/t
S < [Z(’MH  o<i<n,

LeZ ||X{Tk<OO}Hﬁp(.)
Loy

where . and 11, are derived from the decomposition f =3, ., pra® (pp =3 -
2k ||X{rk<oo}||£p(>>) in theorem 3.5.

Proof. Tt is easy to see {Tpy1 < oo} = {s(f) > 21} C {mp < 0} = {s(f) > 2}
and 0 < py < 00. According to the above proposition 3.5 , we have

Z,Uk = 23 -2k ||X{rk<oo}||z:p(.)

kezZ kezZ
t4 1/t
k HEX{r, <o}
< 23 -2 X{r<oo} < [Z <||X{7— <OO}H,C > ] ;
keZ Lot keZ e »() Lo
where the last ‘<’ is due to 0 < ¢t < 1. O
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THEOREM 4.4. Let p(-) € B([0,1]) satisfy locally log-Hélder condition with
0<p_<py <1 Then

(150 ()" = BMOs(@()(@),  al) = — — 1.

Proof. Let ¢ € BMOy(a(+))(2) C La(2). Define

lo(f) =E(fe), Vfe L)

We claim that [, is a bounded linear functional on H7 (). Note that Ly(£2) C
Hp .y (€). It follows from theorem 3.3 that

=Y ma®,  feLy9),

keZ

and the convergence holds also in the Ls-norm, where ak

and py, =32 ||X{Tk<oo}||l:p(-). Hence

is an (1,p(+), 00)-atom

lo(f) =B(fo) =Y mxE(abe).

kEZ

By the definition of the atom a* and the orthogonality of the martingale difference
sequence,

E(a*¢) = E(a"(p — ™))

always holds. Using Holder’s inequality, we conclude that

<X [ @G- o] < e ot [0~ ¢ xin<enl

keZ keZ

= [|s(@®) X re<oot |y |0 = €7 )X (r<oct ]
keZ
Zﬂk a¥)[|so X gre<o0t |5 | (0 = €™ )X re<oot |l
kEZ

[{7i < oo}!/2
< Z#ka—H ||(<P @7 )X{ch<00}||2
kez  IIX{me<eo}lip,

<D 112l arosac)
kEZ

where the first ¢ =’ and the fourth * <’ is due to s(a*) = s(a*)x (s, <00} and (2) of
the definition 3.1 respectively. Since p4 < 1, we obtain from corollary 4.3 that

o (NS M1 Nl

o0 el Br0s(a))-

We know that Ly(£2) is dense in 7 | (€2), see [13]. Consequently, [, can be uniquely
extended to be a linear function on M} | (€2), and [[l,[| < [l¢llBrros(a))-
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On the other hand, let [ be an arbitrary bounded linear function on 'H;(_)(Q).
We shall show that there exists ¢ € BMOs(a(-))(§2) such that [ = [, and

lell saroscacy < -

Since 0 < p_ < p' <1 and lemma 2.17, we have
Ifll7s,, S Is(Dllp+ < s(H)ll2 = [1fll2,  Vf € Le.

Then Lo is embedded continuously in H;(_)(Q). Consequently, there exists ¢ € Lo
such that

Take stopping time 7 € I'. We set

B -9
= 1>
H(p - (PT”Q ||X{T<OO}||£(1/Q(-)+1) ||X{"'<OO}||2

then g is not necessarily a (1,p(-), c0)-atom, but it satisfies g = gx{r<oo}. Assume
that r > 2. Note that

1 1 1 1 .
p(z)  (1/a(z)+ (1/r)) + (,J - 2) + > Yz € Q,

where % + % = 1. Observe that

s —¢") =5(( — @ )Xfreoot) = (¥ — ©7)X{r<o0}-

Since F = 0(Up>0F,) and {7 =n} € F,, we know {7 < oo} =J,,_,{r =n} € F.
By lemma 2.4, proposition 2.16 and proposition 2.19, we get

||S(g0 - @T)||Cp(.)
S s — ©7)X {r<ooy l2llX fr<oot L/ /e — ) X (r<ooi 1210 cy+/m

0

(
”3(90 - @T)X{T<oo} ||2||X{'r<oo} ||2_1||X{T<OO} HT' ||X{T<OO}H£1/Q(-)+(1/T)
~ ||8(<p - @T)X{T<oo}||2||X{T<oo}||51||X{T<m}“ﬁ1/a(»)+1‘

Hence, we obtain that

_ T
lste — ¢z,

||9||H;(,)

-1
(e = e xtr<ocplly Ixtr<oct oo, IXEm<o03 2

()+1)

_ llste = eMx4r<onnlls [xtr<octla/ayen [IXr<ons I,

e = e xar<onp s Ixtrcsetl oy, gy D<ol
=1
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Finally, we obtain
12l 2 1(g) = E(g(e — 7))

_ T -1

= [[te = e xtr<oorlly [xtr<ootllzy o0 IXEr<o0 5
Then we have

H‘PHBMOQ(am) <

and the proof is complete. O
5. Martingale inequalities and its applications

In this section, we prove a o-sublinear operator to be bounded from the martin-
gale Hardy spaces to L,.)(2) by the tool of atomic decompositions. Applying this
result, we deal with martingale inequalities between different Hardy spaces. Fur-
thermore, we obtain an application of martingale inequalities in stochastic integral
with Brownian motion.

5.1. Martingale inequalities

We firstly give the definition of o-sublinear operator:

DEFINITION 5.1. An operator T': X — Y is called a o-sublinear operator, if for any

aeC

k=1
where f and fi (k > 1) belong to X, X is a martingale space and Y is a measurable
function space.

o0

<SPG and [T(af)| = [alT(f),

k=1

The following result is proved by applying lemma 2.8 and lemma 2.11.

THEOREM 5.2. Given 1 < r < oo, let p(-) € P([0,1]) satisfy locally log-Hélder con-
dition with py <r. If T: H:(Q) — L.(Q) is a bounded o-sublinear operator
and

{|T'a| > 0} C {7 < o0} (5.1)

for any (1,p(+), 00)-atoms a associated with stopping time T, then

1T ey < Il -

Proof. Let a martingale f € Hg(_)(ﬂ). By theorem 3.3, we know that there exists a
sequence of triples {u, a”, 7.} such that f =", ., pra® and

t11/t
p(;%x{m})] < Ul

kez HX{Tk;<Oo}||Lp(~)
Ly

where 0 <t < p, ak

e =3 - 2k||X{Tk<oo}||Lp(A) for any k € Z. By the o-sublinearity of the operator T,

is a (1,p(+), 00)-atom associated with stopping time 7, and
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we have

(117t

<> <uk|T<a’“>|> = 7.

Ly kezZ

1T, <

S T (ab)

kEZ

Lyt
By (2.5), we obtain

A lz (Hk|T(ak)|> ] > ui[T(ah)
kezZ

kEZ

Lpcyse Loyt
According to lemma 2.2, we may choose a positive function g € L( )y )y, ([0, 1]) with
lgllz ., , <1 such that
(22
75 [ Sty g
0 kez
= Zuk/ / y)dyg(x)dz
kez V0
=S [ aslrty s
keZ
We denote h(y f (9(x)/x)dx,0 <y < 1. Since ((p(+)/t)) > 1, it follows from
lemma 2.8 and (2 7) that
||M(h)||L(p(.)/t)/ S ||h||L(p(.)/t)/ S ||g||L(p(.)/t)/ < 1. (52>

Denote Ay = {7, < co}. From (5.1) and Holder inequality, we obtain

Zt < Zuk/ () [T(a")* Zuk/ T(a*)"] X0, hdly

kEZ kEZ

< 2w l[T @) T s Ixogacnbll sy

keZ

According to the boundedness of 7' and the definition of (1, p(-), c0)-atom a*, we
have

e < xadl,
IT@M)]), 5 [[s@™]], < S Tealz,

o (pi))ﬂ

It follows from py < r that
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Hence, by (5.2), we get

t
X
Zt<z ( ” Ak“ ) ||X[07|Ak|]h||(7’/t),

= Ixallc,
ol 1/(r/t)
=32 |xp0 a0 I, (/ At/ da’)
kez
Ay 1/(r/t)
fZ:;tQt / Xo, |Ak|)<A |/ R/’ q ) dy
kez 0
r/t) \\1/(r t)’
<) 32 / Xio e (M) dy
kez
/ey 1/ (/1)
> 32"\ (0,14, I(M(RE7D7)) 12 ¢y ey
kez Lpcyse
> 32% X0, 440)
kez Lpcy/e

Then, by (3.6) and theorem 3.3, we have

t
XAy
keZ XAullg, -
p()/t

which implies that
ITfllz,.

The proof is complete. O

Similarly to theorem 5.2, we obtain the following theorem by applying
theorem 3.4.

THEOREM 5.3. Given 1 <r < oo, let p(-) € B([0,1]) satisfy locally log-Holder
condition with 0 <py <r. If T: H3(Q) — L.(Q) (or T: HM(Q) — L.(Q)) is
a bounded o-sublinear operator and (5.1) holds for any (2,p(-),o0)-atoms (or
(3,p(+), 00)-atoms), then

1T flleyey S NFllepy,  f € Lpey (D),

(or NTHllz,cy SWFlPpcys € Py ().

Now we prove our main result of this section.
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THEOREM 5.4. Let p(-) € P([0,1]) satisfy locally log-Holder condition. Then the
following inequalities hold:

< . < . ; S 2
”fHH%) ~ Hf”Hp(.) ) ||f||H§(.) ~ ||f||7-(p(.) , if 0<po <pp <2
< < .
1Plhsr. S Ufllmye, - IS, < 1l

(53)
(5.4)
1Flls,, S W0y Wy, S 110y, (55)
(56)
(57)

p()

p()

s, S Wllpy, s Iler, S 110y,

1ls,, S 1fllg,, < 17l1p,, -

Moreover, if {Fy,}n>o0 is reqular, then
H) () = Qp( (Q) = Py () = Hp(y () =M, () (5.8)

with equivalent quasi-norms.

p()

Proof. Tt is clear that the operators M, S and s satisfy (5.1).
Since the maximal operator T'(f) = M(f) is sublinear and || M fl|2 < C||sf]l2 (see
[28, theorem 2.11]), it follows from theorem 5.2 that

1Al = M fll,cy S 1F s

which is just the first inequality of (5.3). The same argument can be applied to
prove the second inequality of (5.3).

(5.4) comes easily from the definition of these martingale spaces.

The inequalities (5.5) follow from the combination of the Burkholder-Gundy and
the Doob maximal inequality

SO = 1M =[£Il (1 <7 < o00),

(see [28, theorem 2.11]) and theorem 5.3.
Applying the inequalities ([28, theorem 2.11(ii)])

Is(Hllr S MIMDlr = 1Sy 2 <7 <00,

and theorem 5.3, we get (5.6).
To prove (5.7), we use (5.5). Take f = (f, ) >0 € Qp(y(€2). Then there exists an
optimal control (A})n>0 such that Sy, (f) < A.,_; with A}, € £,)(€). Since

‘fn|\ n— 1(f)+)‘n 1>
it follows from the second inequality of (5.5) and lemma 2.14 that

1£1lp,c) < CUIFlrar ) + 1Nl 2,0)) S 1flleyc)-

On the other hand, if f = (fu)nz0 € Pp(.)(Q), then there exists an optimal control
(A2)n>0 such that |f,| < A2_; with A2, € L. (Q) Notice that

Using the first inequality of (5.5), we get the rest of (5.7).
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Further, assume that {F,, },>0 is regular. Then, according to [28, p.33], we have

Sn(f) < Rl/an(f) and ||f||H§() < ”fHH;(A) :
Since s, (f) is F,—1-measurable, by the definition of Q,.)(€2), we have
£l gy, SUs(Hlle,y =M fll, -

Hence, by (5.6) we obtain

() = Hy(-
Combining this and corollary 3.7, we get
= Q) = Poy = Hy(y = My, =

5.2. Stochastic integral with Brownian motion

This subsection is an application of martingale inequalities established in last
subsection. Let (2, F,P) be a complete probability space with a filtration {F;}>o.
Let B = {B;}>0 be a one-dimensional Brownian motion defined on the probability
space (€, F,P) adapted to the filtration.

DEFINITION 5.5. Let p(-) € B([0,1]) and 0 < T' < co. Denote by Ez(_)(Q) the space
of all real-valued measurable {F; }-adapted processes f = {f; }o<i<r such that

< 0.
Ly ()

T 1/2
fller, = H( [ i)

The functional | - ||ET() defines a quasi-norm on ﬁg(_)(Q), and the space is
e

complete under this quasi-norm.
Let us introduce the concept of simple processes.

DEFINITION 5.6. A real-valued stochastic process g = {g: }o<i<r is called a simple
process if there exists a partition 0 =t < t; < - - - < t, = T of [0, T, and bounded
random variables &;, 0 < ¢ < n — 1 such that &; is F;,-measurable and

n—1
gt = €0X[to,t1](t) + Z giX(ti,ti+1](t)' (59)
=1

Denote by £I'(2) the family of all simple processes. Obviously, we have the
inclusion £ () C E 4(£2). Next definition is the Ito integral for simple processes.

DEFINITION 5.7. Let B = {B;}+>0 be a one-dimensional Brownian motion. For a
simple process g € LE(Q), define

/gtdBt Zfz B, —B t)
0

and call it the stochastic integral of g with respect to Brownian motion B; or the
Ito integral.
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Clearly, the stochastic integral fOT g+d By is Fp-measurable. We shall now show
that it belongs to L,.)(£2). To this end, we need the following lemma.

LEMMA 5.8. Let p(-) € B([0,1]) and f = {fi}o<i<r € EZT;(_)(Q). Then there exists a
sequence process {g"} C LL(Q) such that

f= lim ¢" in LIZ(,).
Namely,
i [~ g"ler =0, (5.10)

Proof. This proof is similar to the one of [24, lemma 5.6], so we do not give the
detailed proof. 0

PROPOSITION 5.9. Let p(-) € B([0,1]) satisfy locally log-Hélder condition and B =
{Bi}t>0 be a one-dimensional Brownian motion. For any g € LT (), if 0 < p_
Py < 2, then there exists a constant Cp.y dependent only on variable exponent p(-)

such that
. T 1/2
‘/ g1 dB, <Gy (/ |gt|2dt>
0 0

Lp()
Proof. For g € LT () with the form of (5.9), we define

Lpcy

i Z:/ gtdBt th Btj+1 - j)' (511)
0

It is easy to check that 7; is F;,-measurable (0 < i < n) and

(771+1|‘7:t (th Btj+1 - |ft )

f>

:]E<thj(Btj+1_ |ft1)+E<gt Bt1+1_Bti)
Jj=0

i—1
th].(Bth —Bi;)+ 9,0
j=0
= i,

where the third ‘=" is because g;, (B, , — By,) is Fi,-measurable when j < i and

the increment By, , — By, is independent of F;,. Thus n = (1:)o<i<n 1s a martingale.
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By (5.11), the conditional square function of 7 can be written as follows

. 1/2 - 1/2
2

s(n) = Z]E (‘771‘+1 - 77,7"2|7:tj) = ZE (‘gt,- ‘2 (Bt,-H—Btj) ‘ftj>

j=0 7=0

n—1 ) 2 1/2 n—1 ) 1/2

= Z |g¢,| E ((Btm—Btj) ‘ftj) = Z |ge,|” (81 — t5)

j=0 j7=0

On the other hand, we get
1/2

- 1/2 el
2
(/O |9t|2dt> =D ot | (b — 1) = s(n).
=0

By theorem 5.4, we deduce

T
/ gtdBt
0

— [malle,e, < 1My,

'CP(-)
- 1/2
< Cpyllsmll,e, = Cpy (/0 gt|2dt>

The proof is complete. O

Lpey

This proposition implies that for all g € C;(_)(QL when p(-) satisfies certain con-

ditions, fOT gtd By belongs to L,.y(2). Next, we will show the main theorem of
this subsection that for any f € L’g(,)(Q), there exists a sequence {¢g"} of simple

processes such that lim,, fOT g dBy exists in L, ().

THEOREM 5.10. Let p(-) € B([0,1]) satisfy locally log-Hélder condition and B =
{Bt}i>0 be a one-dimensional Brownian motion. Let 0 < p_ < py < 2. For any

f=A{ftlosi<r € EZ;(,)(Q), if {g"ns0 C LT (Q) satisfies (5.10), then

T
Xr(w) := lim gi (w)dBy  exists in Ly)(Q).

n— 00 0

Proof. We set

T
X7 (w) :/0 gy (w)dBy, Vw € Q.

It follows from lemma 5.8 and proposition 5.9 that

T
X7 = X7, ., = | /0 g — 9i"dBy

Lp(y
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1/2

2
<C dt

T
p() /
0

— 0, asn,m — oo,

gi — 9t

Lo

which shows that {X7},>0 is a Cauchy sequence in £,.y(€2). Thus there exists
X1 € L)(2) such that

Xr = lim X% in L,T(,).

n—oo

The proof is complete. O
This theorem leads to the following definition.

DEFINITION 5.11. Let p(-) € B([0,1]) satisfy locally log-Hélder condition and B =
{B}it>0 be a one-dimensional Brownian motion. Let 0 < p_ < p; < 2. For f =
{fito<i<r € Ez(,)(Q), the It integral of f with respect to {B;} is defined by

T T
0 n=eeJo
where {g"} is a sequence of simple processes satisfying (5.10).
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