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OPTIMAL FISCAL POLICY IN A
GROWING ECONOMY WITH
PUBLIC CAPITAL
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This paper devises a fiscal policy by means of which the first-best optimal equilibrium
can be attained as a market equilibrium in an endogenous growth model with public
capital. The optimal equilibrium requires that public (private) investment be zero along
the transition to the balanced growth path if the initial ratio of public to private capital is
higher (lower) than its long-term value. We also show that the transitional dynamics can
be determined by noting that the continuity of the shadow prices involves the continuity
of the consumption path.

Keywords: Endogenous Growth, Public Capital, Transitional Dynamics, Optimal Policy

1. INTRODUCTION

Many studies have assessed the growth and welfare effects of public investment
in models of endogenous growth. Following the seminal work of Barro (1990),
the bulk of this literature has regarded the current flow of public investment as
a productive input in private production [e.g., Barro and Sala-i-Martı́n (1992),
Jones et al. (1993), Turnovsky and Fisher (1995), Turnovsky (1996, 2000), and
Eicher and Turnovsky (2000)]. In spite of its analytic simplicity, this specification
has been criticized on the grounds that productive government expenditures are
intended to represent public infrastructure, and thus it is the accumulated stock,
rather than the current flow, that should be considered as the source of contri-
bution to productive capacity. Futagami et al. (1993) modify the Barro model
by introducing the stock of public capital, rather than the flow of public invest-
ment, as a purely public good affecting the productivity of firms. However, as
Barro and Sala-i-Martı́n (1992) argue, almost all public services are subject to
some degree of congestion, so that the pure public good should be viewed as
only a benchmark. Glomm and Ravikumar (1994, 1997) take account of the
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congestion typically associated with public goods. In their model, private and pub-
lic capital fully depreciates each period and, as a consequence, the model behaves
like the Barro (1990) model. In particular, the model does not feature transitional
dynamics.

Turnovsky (1997) extends the model of Futagami et al. (1993) to introduce con-
gestion and a more complete array of fiscal instruments; in addition to an income
tax, the government may impose a consumption tax, as well as issuing debt. He
analyzes the optimal fiscal policy that allows the decentralized economy to attain
the first-best optimum both when public investment is set arbitrarily and when it is
chosen in an optimal manner. In this latter case, investments in public and private
capital are assumed to be reversible, and so, the model features no transitional
dynamics: The ratio of public to private capital jumps immediately to the optimal
value, in which the net returns on each type of capital are equalized, and the econ-
omy is on a balanced growth path after that. The adjustment entails decreasing the
relatively abundant capital stock and increasing the relatively scarce capital stock
by discrete amounts, and so, this solution requires negative (positive) investment
at an infinite rate in the type of capital that is relatively abundant (scarce). Thus,
the assumption that investments are reversible is clearly unsatisfactory and, more
realistically, investments should be considered as irreversible; that is, must each
be nonnegative. It seems obvious that the model will now feature transitional dy-
namics. An interesting issue this raises is, therefore, to determine the equilibrium
dynamics of the economy, including the transition to the balanced growth path,
and to devise a fiscal policy by means of which the optimal equilibrium can be
decentralized when investments are irreversible.

The purpose of this paper is to design an optimal fiscal policy by means of which
the first-best optimal equilibrium can be attained as a market equilibrium when
public investment is set optimally and investments are irreversible. The equilibrium
dynamics of the optimal equilibrium are analyzed in detail. In contrast to the
results obtained by Turnovsky (1997), we show that now the first-best equilibrium
features transitional dynamics because there can be an initial phase when one of
the nonnegativity constraints on investment is binding for one type of capital. If
the initial ratio of public to private capital is below its steady-state value, private
investment should be zero along the transition to the balanced growth path. Public
investment can be financed by any combination of income taxation and lump-sum
taxation that satisfies the government budget constraint. On the contrary, if the
initial ratio of public to private capital is above its steady-state value, it is public
investment that should be zero along the transitional path. Now, the optimal tax
rate on income should be set so as to equate the social rate of return to private
capital with its after-tax private rate of return. Once the steady state is reached, the
tax rate on income should be set so as to satisfy this condition as well.

We also analyze how the transitional path can be computed. Contrary to a com-
mon view, the economy does not have to be on the stable saddle path corresponding
to the system that describes the dynamics of the economy as long as the constraint
on nonnegative investment in one type of capital is binding. Instead, transitional
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dynamics can be determined by noting that the continuity of the shadow prices
involves the continuity of the consumption path. Thus, the transition path has to be
chosen such that when the balanced growth path is reached, consumption reaches
its balanced growth value without jumping. This transition path does not have to
be on the stable saddle path of the initial dynamical system.

The remainder of this paper is organized as follows. Section 2 presents the model.
Section 3 analyzes the centrally planned economy, and Section 4 the decentralized
economy. Section 5 determines the optimal fiscal policy. Section 6 shows how the
transitional path can be computed. Section 7 concludes.

2. SETUP OF THE MODEL

Consider an economy populated by N identical, infinitely lived representative
agents, each of whom has an infinite planning horizon and possesses perfect fore-
sight. The representative agent derives utility from the consumption of a private
consumption good, c, according to the isoelastic utility function∫ ∞

0
e−ρt cγ

γ
dt, γ < 1, ρ > 0. (1)

The time argument has been suppressed in this and all subsequent equations. Here,
ρ is the rate of time preference and 1/(1 − γ ) is the elasticity of intertemporal
substitution, with γ = 0 corresponding to the logarithmic utility function.

Output of the individual firm, y, is determined by the Cobb-Douglas production
function,

y = α

(
K s

g

k

)β

k, α > 0, 0 < β < 1, (2)

where k denotes the individual firm’s stock of private capital, and K s
g denotes

the services derived by the individual firm from the stock of public capital. The
services derived by the agent from the public capital stock are represented by

K s
g = Kg(k/K )1−σ 0 ≤ σ ≤ 1, (3)

where K denotes the aggregate private capital stock and Kg denotes the aggregate
public capital stock. The former formulation incorporates the potential for the stock
of public capital to be associated with relative congestion. The case σ = 1, so that
K s

g = Kg , corresponds to a nonrival non-excludable public good that is available
equally to each individual firm, independent of the usage of others. Thus, there
is no congestion. As σ deviates from 1, the non-excludable public service loses
its nonrival nature, and as this occurs the level of public services enjoyed by the
individual firm from a given stock of public capital is enhanced as his individual
capital stock increases relative to the aggregate. In the case σ = 0, the public capital
good is like a private good in that, since k/K = 1/N , the individual receives his
proportional share K s

g = Kg/N . This case is referred to as proportional relative
congestion.
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Combining (2) and (3), the firm’s production function can be expressed as

y = αK β
g K β(σ−1)k1−βσ . (4)

In equilibrium, K = Nk, and so, individual output, y, and aggregate output,
Y = N y, are given by

y = αNβσ

(
Kg

K

)β

k, (5a)

Y = αNβσ

(
Kg

K

)β

K . (5b)

The stocks of physical and human capital evolve according to the dynamic
equations

K̇ = I, I ≥ 0, (6)

where I denotes private investment, and

K̇ g = G, G ≥ 0, (7)

where G denotes public investment. The economywide resource constraint is

Y = C + I + G. (8)

3. CENTRALLY PLANNED ECONOMY

The central planner possesses complete information and chooses all quantities
directly, taking all the relevant information into account. The social planner max-
imizes the utility of the representative agent (1), subject to the constraints on the
accumulation of the aggregate stocks of private capital (6) and public capital (7),
and the aggregate resource constraint (8), where aggregate output, Y , is given by
(5). For simplicity, we assume henceforth that population is constant and normal-
ized to one, N = 1, enabling us to drop the distinction between aggregate and
individual quantities in equilibrium. As Turnovsky (1997) points out, this is not
an innocuous assumption that can hide the presence of scale effects. Nevertheless,
in the absence of this normalization, the results derived below remain unchanged
aside from the fact that the parameter α should be replaced with αNβσ [see equa-
tions (5a)–(5b)].

In analyzing the centrally planned economy, Turnovsky (1997) considers two
cases: the case in which public investment is set arbitrarily, and the case in which
public investment is set in an optimal manner. In this paper, we concentrate on
the first-best equilibrium where the government sets public expenditure optimally.
For a complete analysis of the case in which public expenditure is tied to output
and set arbitrarily, see Turnovsky (1997).
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3.1. First-Best Equilibrium

Let L be the current-value Lagrangian of the central planner’s problem

L = Cγ

γ
+ ν I + µG + λ

[
αK β

g K 1−β − C − I − G
]
,

where ν and µ are the shadow prices of private and public capital, respectively,
and λ is the multiplier associated with the economy’s resource constraint. The
first-order necessary conditions are

∂L

∂C
= Cγ−1 − λ = 0, (9a)

∂L

∂ I
= ν − λ ≤ 0, I ≥ 0, (ν − λ)I = 0, (9b)

∂L

∂G
= µ − λ ≤ 0, G ≥ 0, (µ − λ)G = 0. (9c)

ν̇ = νρ − λα(1 − β)K β
g K −β, (9d)

µ̇ = ρµ − λαβK β−1
g K 1−β, (9e)

plus the transversality conditions

lim
t→∞ νK e−ρt = 0, (9f)

lim
t→∞ µKge−ρt = 0. (9g)

These conditions are also sufficient as the current-value Hamiltonian, H = Cγ /γ +
ν I + µG, and the constraints are jointly concave in the states and the controls.

We find it convenient to express the dynamics of the economy in terms of vari-
ables that are constant in the steady state: the ratio of consumption to private capital,
x = C/K , the ratio of public to private capital, z = Kg/K , and the ratio of public
investment to output, g = G/Y . Let w = G/K denote the ratio of public invest-
ment to private capital. The interior solution, when the nonnegativity constraints
are nonbinding (I > 0, G > 0), can be easily obtained. Equations (9b) and (9c)
yield ν = µ = λ. It follows then from (9d) and (9e) that the net returns on public
and private capital must be equal, αβ(Kg/K )1−β = α(1 − β)(Kg/K )β . Thus, the
ratio of public to human capital is constant at any time:

z = β/(1 − β) = ẑ. (10a)

Equations (9a) and (9d) imply that the growth rate of consumption is given by
Ċ/C = [(1−β)αzβ−ρ]/(1−γ ). From γz = K̇ g/Kg−K̇/K ≡ 0, the ratio of public
investment to private capital is obtained as w = αβ ẑβ − βx . Thus, the dynamics
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of x can be expressed as

ẋ

x
= α(1 − β)ẑβ − ρ

1 − γ
− αẑβ + w + x = α(1 − β)ẑβ − ρ

1 − γ
− α(1−β)ẑβ + (1−β)x .

This dynamic equation is unstable and therefore x must be constant and equal to

x̂ = ρ − αγ (1 − β)ẑβ

(1 − β)(1 − γ )
. (10b)

The corresponding share of output devoted to public investment, g, is given by

ĝ = β − β x̂

αẑβ
. (10c)

For the steady state value of x be feasible, that is, x̂ > 0, the following condition
must be met:

ρ − αγ (1 − β)ẑβ = ρ − αγββ

(1 − β)β−1
> 0.

From (10c), it is obvious that ĝ < 1 if x̂ > 0. Thus, for the steady-state value of g
to be feasible, we must ensure that ĝ > 0, which entails that

ρ − α(1 − β)ẑβ = ρ − αββ

(1 − β)β−1
< 0.

Thus, combining the former conditions, feasibility of the interior solution, which
ensures positive long-run growth, entails satisfying the condition α(1−β)ẑβ > ρ >

αγ (1 − β)ẑβ or, equivalently,

αββ

(1 − β)β−1
> ρ >

αγββ

(1 − β)β−1
. (11)

Henceforth, we assume that (11) is met. The steady-state growth rate of output,
consumption, and the two capital stocks, φ, is given by

φ̂ = α(1 − β)ẑβ − ρ

1 − γ
. (12)

The transversality conditions (9f) and (9g) are fulfilled if (11) is satisfied because
they are easily shown to be equivalent to x̂ > 0. Hence, if the initial ratio z(0) = ẑ,
the model exhibits no transitional dynamics: At the initial time, the ratio of con-
sumption to private capital, x , and the share of output devoted to public investment,
g, jump to their steady-state values, x̂ and ĝ, respectively, and all variables grow
at the common constant rate φ̂ after that.

Suppose now that z(0) < ẑ, so that K is initially abundant relative to Kg . Without
nonnegativity constraints on investment, the adjustment entails decreasing K and
increasing Kg by discrete amounts so that the ratio of public to private capital,
z, jumps at the initial time to its steady-state value, ẑ, and the economy stays
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always at the steady state (10). This solution, which is the one considered by
Turnovsky (1997), requires negative investment in private capital at an infinite
rate. Thus, when the nonnegativity constraints on investment are considered, the
one corresponding to private capital would be violated. The desire to lower K
requires that the inequality I ≥ 0 will be binding in an interval, and therefore
G = Y − C , which implies that g = 1 − x/(αzβ). Equation (9c) yields µ = λ.
Equations (9a) and (9e) then imply that the growth rate of consumption is given
by Ċ/C = (αβzβ−1 − ρ)/(1 − γ ). Thus, the dynamics of the economy can be
represented by g = 1 − x/(αzβ), and

ż

z
= αzβ−1 − x

z
, (13a)

ẋ

x
= αβzβ−1 − ρ

1 − γ
. (13b)

System (13) has a unique positive steady state zI = (αβ/ρ)1/(1−β), xI =
α(αβ/ρ)β/(1−β). If condition (11) is satisfied, it can be easily shown that zI > ẑ.
As the economy evolves, the ratio of public to private capital increases. At time
T , the ratio of public to private capital, z, reaches its steady-state value, ẑ, that is,
z(T ) = ẑ, and the constraint I ≥ 0 becomes nonbinding. From t = T on, the solu-
tion is given by z(t) = ẑ, x(t) = x̂ and g(t) = ĝ, and consumption and both types
of capital grow at the constant rate φ̂.

Suppose now that z(0) > ẑ, so that Kg is initially abundant relative to K . Without
nonnegativity constraints on investment, the adjustment entails decreasing Kg and
increasing K by discrete amounts so that the ratio of public to private capital,
z, jumps at the initial time to its steady-state value, ẑ, and the economy stays
always at the steady state (10). This solution, which is the one considered by
Turnovsky (1997), requires negative investment in public capital at an infinite rate.
Thus, when the nonnegativity constraints on investment are considered, the one
corresponding to public capital would be violated. The desire to lower Kg entails
having the inequality G ≥ 0 be binding in an interval, and therefore I = Y − C .
Equation (9b) entails having ν = λ. Equations (9a) and (9d) then yield the growth
rate of consumption as Ċ/C = [α(1 − β)zβ − ρ]/(1 − γ ). Thus, the dynamics of
the economy can be represented by g = 0, and

ż

z
= −αzβ + x, (14a)

ẋ

x
= α(1 − β)zβ − ρ

1 − γ
− αzβ + x . (14b)

System (13) has a unique positive steady state zG = [ρ/(α − αβ)]1/β and xG = ρ/

(1 − β). If condition (11) is satisfied, it can be easily shown that zG < ẑ. As the
economy evolves, the ratio of public to private capital decreases. At time T , the ratio
of public to private capital reaches its steady-state value, ẑ, that is, z(T ) = ẑ, and
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FIGURE 1. Phase diagram for the model when z(0) < ẑ. Parameter and steady-state val-
ues are α = 0.11, β = 0.25, ρ = 0.04, γ = −0.25, σ = 0.5, (ẑ, x̂) = (0.33, 0.06), (zI , xI ) =
(0.61, 0.10).

the constraint G ≥ 0 becomes nonbinding. From t = T on, the solution is given
by z(t) = ẑ, x(t) = x̂ and g(t) = ĝ, and consumption and both types of capital grow
at the constant rate φ̂.

3.2. Phase-Diagram Analysis

Figure 1 is a phase diagram in the (z, x) space when z(0) < ẑ. From (13a) the γz = 0
locus, x = αzβ , is strictly increasing, strictly concave, and stable. From (13b), the
γx = 0 locus requires z = zI , and a value of z above (below) zI corresponds to
γx > 0 (γx < 0). It can be readily shown that if condition (11) is met, the steady
state (ẑ, x̂) is below the γz = 0 locus. Since the γz = 0 locus is increasing with
x → 0 as z → 0 and x → +∞ as z → +∞, there is a unique positive steady state,
(zI , xI ), which is a saddle point. The stable saddle path is increasing and steeper
than the γz = 0 locus. We have already noted that (11) involves that zI > ẑ. This, in
turn, implies that xI > x̂ because the γz = 0 locus is strictly increasing and (ẑ, x̂)

is below the γz = 0 locus.
Figure 2 is a phase diagram in the (z, x) space when z(0) > ẑ. From (14a) the

γz = 0 locus, x = αzβ , is strictly increasing, strictly concave, and stable. From
(14b), there are three possible shapes for the γx = 0 locus, x = αzβ(β − γ )/

(1 − γ ) + ρ/(1 − γ ). It is strictly decreasing and convex when γ > β, strictly
increasing and concave when γ < β, and constant when γ = β. In any case, given
(14b), the γx = 0 locus is unstable and its slope is smaller than that of the γz = 0
locus. The fulfilment of condition (11) entails (ẑ, x̂) being below the γx = 0 locus,
because substituting ẑ into the expression for the γx = 0 locus yields

αẑβ(β − γ )/(1 − γ ) + ρ/(1 − γ ) = αẑβ − φ̂ > (1 − ĝ)αẑβ − φ̂ = x̂ .

The γz = 0 locus is strictly increasing with x → 0 as z → 0 and x → +∞ as
z → +∞. The γx = 0 locus is, in any case, above the γz = 0 locus at least in a
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FIGURE 2. Phase diagram for the model when z(0) > ẑ. Parameter and steady-state values
are (A) α = 0.11, β = 0.25, ρ = 0.04, γ = −0.25, σ = 0.5, (ẑ, x̂) = (0.33, 0.06),
(zG, xG) = (0.06, 0.06); (B) α = 0.11, β = 0.66, ρ = 0.04, γ = 0.3, σ = 0.5, (ẑ, x̂) =
(2, 0.10), (zG, xG) = (1.14, 0.12); (C) α = 0.22, β = 0.33, ρ = 0.08, γ = 0.5, σ = 0.5,
(ẑ, x̂) = (0.5, 0.66), (zG, xG) = (0.16, 0.12).
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neighborhood of z = 0 since x → ρ/(1 − γ ) as z → 0. Hence, there is a unique
positive state (zG, xG), which is a saddle point. If the γx = 0 locus is increasing,
it is flatter than the γz = 0 locus. This implies that the stable saddle path must be
strictly increasing and flatter than the γx = 0 locus. Panel A in Figure 2 is a phase
diagram in this case. If the γx = 0 locus is strictly decreasing (constant), the stable
saddle path is strictly decreasing (constant). Panel B in Figure 2 depicts a phase dia-
gram in this case. The stable saddle paths are represented as dashed lines.

4. DECENTRALIZED ECONOMY

We now consider the representative agent in a decentralized economy. The agent
maximizes his isoelastic utility function, (1), subject to the accumulation of phys-
ical capital,

k̇ = i, (15)

where i is private investment, and the budget constraint

(1 − τ)y = i + c + s, (16)

where agent’s income, y, is given by (4), τ is the rate of income tax, and s is the
agent’s share of time-varying lump-sum taxes.

The government faces a balanced-budget constraint at each moment in time,

G = τY + S, (17)

where S denotes aggregate lum-sum transfers. For simplicity, we do not explicitly
consider financing by debt issue since, because of Ricardian Equivalence, the lump-
sum tax is equivalent to debt when the sequence of fiscal parameters is held fixed.
A constant consumption tax is not considered either, since it acts as a lump-sum
tax in the absence of laborleisure choice in this model.

Let L be the current-value Lagrangian of the representative agent’s problem,
and let ν and µ be the multipliers for the constraints (15) and (16), respectively:

L = cγ

γ
+ νi + µ

[
(1 − τ)αK β

g K β(σ−1)k1−βσ − i − c − s
]
.

The first-order conditions are

∂L

∂c
= cγ−1 − ν = 0, (18a)

∂L

∂i
= ν − µ ≥ 0, i ≥ 0, (ν − µ)i = 0, (18b)

ν̇ = ρν − µ(1 − τ)α(1 − βσ)zβ, (18c)

plus the transversality condition

lim
t→∞ νke−ρt = 0. (18d)
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The nonnegativity constraint on private investment has been taken into account
in equation (18b). These conditions are also sufficient since the current-value
Hamiltonian, H = cγ /γ + νi , and the constraints are jointly concave in the states
and the controls.

In what follows, the equilibrium conditions y = Y , k = K , i = I , c = C are im-
posed. The aggregate resource constraint (8) can be derived from (16) and (17).
Let x = C/K denote the ratio of consumption to private capital, z = Kg/K , the
ratio of public to private capital, and g = G/Y , the ratio of public investment
to output. The interior solution, when the nonnegativity constraint on private in-
vestment is nonbinding (i > 0), can be easily obtained. Equation (18b) entails
having ν = µ. From (18a) and (18c), we obtain the growth rate of consumption as
Ċ/C = [(1 − τ)α(1 − βσ)zβ − ρ]/(1 − γ ). Thus, the dynamics of the economy
can be represented by the system

ż

z
= gαzβ−1 − (1 − g)αzβ + x . (19a)

ẋ

x
= (1 − τ)α(1 − βσ)zβ − ρ

1 − γ
− (1 − g)αzβ + x . (19b)

The steady state of this system is characterized by ż = ẋ = 0, so that we obtain
the following relationships, where tildes denote steady states:

x̃ = (1 − g)αz̃β − gαz̃β−1, (20a)

(1 − τ)α(1 − βσ)z̃β − ρ

1 − γ
− (1 − g)αz̃β + x̃ = 0. (20b)

For this system to have a feasible solution, x̃ > 0 and z̃ > 0, the following con-
dition must be met:

α[(1 − g)(1 − γ ) − (1 − τ)(1 − βσ)]

(
g

1 − g

)β

+ ρ > 0. (21)

The transversality condition (18d) now requires (1 − τ)(1 − βσ)z̃ > g. This
condition will surely be met when the policy parameters g and τ are chosen
optimally so as to replicate the first-best equilibrium of the centrally planned
economy (see Section 5).

The local saddle-path stability of system (19) can be readily established. Lin-
earizing the dynamic system (19) about the steady state yields

(
ż
ẋ

)
=


 −α[g(1 − β) + (1 − g)β z̃]z̃β−1 z̃[

(1 − τ)α(1 − βσ)β z̃β−1

1 − γ
− (1 − g)αβ z̃β−1

]
x̃ x̃


 ×

(
z − z̃
x − x̃

)

= A

(
z − z̃
x − x̃

)
. (22)
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The determinant of the coefficient matrix A can be computed as

det(A) = − g(1 − β)(1 − γ ) + β z̃(1 − τ)(1 − βσ)

1 − γ
αz̃β−1 x̃ < 0.

Since det(A) < 0, matrix A has one unstable eigenvalue and one stable eigenvalue,
and so, the steady state is locally saddle-path stable.

If the constraint on nonnegative private investment is binding, i = 0, we simply
have that C = (1 − g)αK β

g K 1−β . Thus, the dynamics of the economy can be
represented by

x = (1 − g)αzβ, (23a)

ż = gαzβ. (23b)

5. OPTIMAL FISCAL POLICY

In this section, we determine the fiscal policy that will enable the decentralized
economy to attain the first-best equilibrium of the centrally planned economy.
First, we compute the optimal policy in the steady state when z = ẑ. In this case,
comparing (10a)–(10b) with (20a)–(20b), and substituting g = ĝ from (10c), we
see that the steady-state equilibrium values of the centrally planned economy,
(ẑ, x̂), and the market economy, (z̃, x̃), will coincide if and only if the tax rate on
income τ satisfies

(1 − τ)(1 − βσ) = (1 − β)

or, equivalently,

τ = β(1 − σ)

1 − βσ
. (24)

The optimal tax rate on income is clearly feasible as 0 ≤ τ < 1. The intuition for
the tax rate on income (24) is straightforward. This choice of the tax rate equates
the social return to private capital accumulation, (1 − β)αzβ , with the after-tax
private rate of return, (1−τ)(1−βσ)αzβ . Having set the distortionary income tax
in an optimal manner, lump-sum taxes (or, equivalently, consumption taxes and/or
debt) should be set so as to satisfy the government budget constraint (17).

The effect of congestion on the optimal tax rate on income can be ascertained
by noting that

dτ

dσ
= − β(1 − β)

(1 − βσ)2
< 0,

which means that the higher the value of σ , the lower the congestion, and the lower
the optimal tax rate on income. If there is no congestion, σ = 1, the optimal tax
rate on income is zero, τ = 0. In this case, there is no externality, and so, capital
income should be untaxed. The first-best optimum requires the use of lump-sum
taxation (or, equivalently, consumption taxation and/or debt) to finance public
investment. If congestion is proportional, σ = 0, capital income should be taxed at
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a rate τ = β. Equation (10c) entails having τ > ĝ, and so, the government should
impose an income tax in excess of its current investment costs, rebating the excess
as lump-sum transfers. The idea that the presence of congestion favors an income
tax over lump-sum taxation or consumption taxation has been shown by Barro
and Sala-i-Martı́n (1992). In presence of proportional relative congestion, models
in which government expenditure appears as a flow satisfy τ = ĝ = β, so that the
expenditure is exactly self-financing. In the present case, because congestion in
public capital enhances the return to private capital, a larger tax is required to offset
this incentive to overaccumulate private capital.

If z(0) < ẑ, then I = 0 and the first-best equilibrium is described by system (13)
up to the point in which z = ẑ. The corresponding system in the decentralized
economy is (23). First note that Equations (13a) and (23b), which describe the
dynamics of the ratio of public to private capital, z, in the centrally planned and
decentralized economies, respectively, coincide after substituting the optimal value
of g = 1 − x/(αzβ) in (23a). Thus, the first-best equilibrium can be achieved by
setting the optimal share of government to output equal to g = 1− x/(αzβ), where

ẋ

x
= αβzβ−1 − ρ

1 − γ
,

and can be sustained by any combination of income taxation and lump-sum taxation
that satisfies the government budget constraint (17), up to the point at which z = ẑ.
After that, the economy reaches its steady-state value given by (10), the tax rate
on income should be set at the value given in (24), and the public investment share
of output should be set at the value g = ĝ given in (10c).

If z(0) > ẑ, then G = 0 and the first-best equilibrium is described by system (14)
up to the point at which z = ẑ. The corresponding system in the decentralized econ-
omy is (19). First note that Equations (14a) and (19a), which describe the dynamics
of the ratio of public to private capital, z, in the centrally planned and decentralized
economies, respectively, coincide after substitution of the optimal value of g = 0.
Comparing (14b) and (19b) with g = 0, we see that the decentralized economy
will fully replicate the dynamic path of x in the optimal solution if and only if the
tax rate on income is set according to (24), that is, τ = β(1 − σ)/(1 − βσ). Thus,
the tax revenue must be rebated as lump-sum transfers to consumers in order
for the government budget constraint (17) be met, up to the point at which z = ẑ.
After that, the economy stays at its steady-state value given by (10), the tax rate
on income must be kept at its value given in (24), and the public investment share
of output must be set at the value g = ĝ given in (10c).

6. COMPUTATION OF THE FIRST-BEST EQUILIBRIUM

In this section, we indicate how the first-best equilibrium can be computed. We
first show how the Turnovsky (1997) model relates to the one-sector endoge-
nous growth model with physical and human capital analyzed by Barro and
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Sala-i-Martı́n (1995). Thereafter, we consider the determination of the transitional
path.

Barro and Sala-i-Martı́n (1995, Ch. 5) analyze the one-sector model with phys-
ical and human capital. In this model, output is produced with the Cobb-Douglas
production function Y = αHβ K 1−β, 0 < β < 1, where K is physical capital and
H is human capital. The economy’s resource constraint is Y = IK + IH + C , where
IK and IH are gross investment in physical and human capital, respectively, which
must each be nonnegative, and the stocks of physical and human capital evolve
according to the dynamic equations K̇ = IK −δK and Ḣ = IH −δH , respectively.

It can be readily noted that the one-sector model with physical and human capital
and Turnovsky (1997) model coincide if human capital is identified with public
capital, so that H ≡ Kg and IH ≡ G, capital stocks do not depreciate (δ = 0),
and there is no congestion (σ = 1). Barro and Sala-i-Martı́n (1995, pp. 202–203)
claim that during the transition the economy will be on the stable saddle path
corresponding to the system that describes the dynamics of the economy as long
as the constraint on nonnegative investment in one of the factors is binding (see
also their Figures 5.10 and 5.11).

Thus, it may be expected that the Barro and Sala-i-Martı́n analysis of the transi-
tional dynamics of the one-sector model applies to the Turnovsky model as well,
in particular, the fact that the transition path is on the stable saddle path of the
system that describes the dynamics of the economy as long as the constraint on
nonnegative investment in public or private capital is binding. We show that this
procedure is generally incorrect because the economy does not have to evolve
along the stable saddle path of system (13) or (14). First, we prove the continuity
of the optimal consumption path.

PROPOSITION 1. The path of consumption is continuous on the optimal solu-
tion.

Proof. We have shown that one of the nonnegativity restrictions on investment
in public or private capital is never binding. Hence, equations (9b) and (9c) en-
tail having λ(t) = ν(t) [if z(0) > ẑ] or λ(t) = µ(t) [if z(0) < ẑ] at any time.
The continuity of the shadow prices ν(t) and µ(t) require that λ(t) be contin-
uous as well. The continuity of the consumption path C(t) follows then from
equation (9a).

We now show that the economy does not have to evolve along the stable saddle
path of system (13) or (14), as the case may be that describes the dynamics of
the economy as long as the constraint on nonnegative investment in one of the
types of capital is binding, in the direction of the “hypothetical target,” zI or zG ,
respectively, up to the point where z reaches its steady-state value ẑ.

PROPOSITION 2. If z(0) > ẑ and (i) 0 ≤ γ < β or (ii) 0 < β = γ or (iii) β <

γ < 1, the transition path cannot be on the stable saddle path of the system that
describes the dynamics of the economy as long as the constraint on nonnegative
investment in one of the factors is binding.
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Proof. (i) If γ < β, the γx = 0 locus is strictly increasing and the stable saddle path
is strictly increasing and flatter than the γx = 0 locus. Therefore, it must be above
xG to the right of zG . Since x̂ − xG = γ [ρ − α(1 − β)ẑβ ]/[(1 − β)(1 − γ )], the
condition (11) and γ ≥ 0 entail having x̂ ≤ xG . As zG < ẑ, this implies that the
steady state (ẑ, x̂) must be below the stable saddle path of system (14). Panel (B)
in Figure 2 illustrates this case.

(ii) If 0 < γ = β, then x̂ < xG . Now, the stable saddle path is constant, and so, it must
be above (ẑ, x̂).

(iii) If β < γ < 1, then the γx = 0 locus is decreasing and is above (ẑ, x̂). The stable
saddle path slopes downward and is above the γx = 0 locus. Hence, (ẑ, x̂) and the
stable saddle path are in distinct regions of the phase diagram. Panel (C) in Figure 2
illustrates this case.
In any case, the result follows from the continuity of x(t) on the optimal solution.

Proposition 2 is not exhaustive in the sense that even if the conditions do not
apply, the transition path may still be off the stable saddle path of the system that
describes the dynamics of the economy as long as the constraint on nonnegative
investment in one of the types of capital is binding. If z(0) < ẑ or z(0) > ẑ and
β > 0 > γ , Figure 1 and Panel (A) of Figure 2, respectively, depict numerical
examples that show that the steady state (ẑ, x̂) does not have to be on the stable
saddle path of the initial dynamical system in each of these cases for the parameter
values quoted. The stable saddle paths have been computed by means of the time
elimination method [Mulligan and Sala-i-Martı́n (1993)] and are represented as
dashed lines.

Since the state variables K (t) and Kg(t) are continuous, the ratios z(t) and, as
a result of Proposition 1, x(t) must be continuous as well. Furthermore, the econ-
omy’s resource constraint implies that I (t) + G(t) must be continuous although
I (t) and G(t) can jump (as they do in effect). According to Proposition 1, when
the ratio of public to private capital, z, reaches its steady-state value, ẑ, the ratio of
consumption to physical capital x must also reach its steady-state value, x̂ , with
no jump.

We now explain how the transitional path can be computed. Suppose that
z(0) < ẑ. In the interval [0, T ] the dynamics of the economy are described by
system (13). At time T the economy reaches its steady state when, as the paths
of z and x are continuous, z(T ) = ẑ and x(T ) = x̂ . Note that at this stage the time
T is unknown. Thus, the time paths of z and x in [0, T ] and the time T can be
obtained by solving the dynamical system

z′(t) = γz(x(t), z(t))z(t),

x ′(t) = γx (x(t), z(t))x(t),

with initial condition z(0) = Kg(0)/K (0) = z0, and terminal conditions x(T ) = x̂
and z(T ) = ẑ. From time t = T on, we have x(t) = x̂ and z(t) = ẑ. The time
elimination method [Mulligan and Sala-i-Martı́n (1993)] is a simple and efficient
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numerical technique that can be used to compute the transitional path. The policy
function x(z) can be computed by solving the initial-value problem,

x ′(z) = dx

dz
= γx (x(z), z)x(z)

γz(x(z), z)z
, x(ẑ) = x̂ .

The free final time boundary problem has been transformed in an initial-value
problem in which time does not appear. Note that the slope of the policy function
is never undefined since γz > 0 along the transition to the balanced growth path.
Standard numerical methods can be used to solve this first-order differential equa-
tion in z. For instance, we have used the Mathematica ν4.1 command NDSolve to
compute the policy function depicted in Figure 1. Once the policy function x(z)
has been computed, time must be reintroduced. The time path of z can be computed
by solving the initial-value problem,

z′(t) = γz(x(z(t)), z(t))z(t), z(0) = Kg(0)/K (0) = z0.

Then, we compute the time T at which z(T ) = ẑ. From time t = T on, the optimal
path is z(t) = ẑ. The time path of x can be obtained by substituting the optimal
time path z(t) into the policy function x(z) in [0, T ], x(t) = x(z(t)). From time
t = T on, we have x(t) = x̂ . The time paths determined in this manner are clearly
continuous. Once the paths of z and x have been computed, the time paths of
the remaining variables can be readily obtained [see Mulligan and Sala-i-Martı́n
(1993)].

If z(0) > ẑ, the transitional dynamics can be determined in a similar manner. The
method described above has been used to compute the policy functions depicted
in Figure 2.

7. CONCLUSIONS

In this paper we have devised a fiscal policy capable of making the decentralized
economy achieve the first-best equilibrium in an endogenous growth model with
public capital subject to congestion in which investments are irreversible. Now
the model features transitional dynamics. If the initial ratio of public to private
capital is lower than its steady-state value, the optimal equilibrium requires that
private investment be zero along the transition to the balanced growth path. Public
investment can be financed by any combination of income taxation and lump-sum
taxation that satisfies the government budget constraint. If the initial ratio of public
to private capital is higher than its steady-state value, the first-best equilibrium
requires that public investment be zero along the transitional path. Now, the optimal
tax rate on income should be set so as to equate the social rate of return to private
capital with its after-tax private rate of return. Once the steady state is reached, the
tax rate on income should be set so as to satisfy this condition as well.

Finally, we have analyzed how the optimal growth path can be determined.
We have shown that the economy does not have to be on the stable saddle path
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corresponding to the system that describes the dynamics of the economy as long as
the constraint on nonnegative investment in one type of capital is binding. Instead,
transitional dynamics can be determined by noting that the continuity of the shadow
prices involves the continuity of the consumption path. Thus, the transition path
has to be chosen such that when the balanced growth path is reached, consumption
reaches its balanced growth value without jumping. This transition path does not
have to be on the stable saddle path of the initial dynamical system.
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