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Abstract

Zhang [‘On hyperstability of generalised linear functional equations in several variables’, Bull. Aust.
Math. Soc. 92 (2015), 259-267] proved a hyperstability result for generalised linear functional equations
in several variables by using Brzdgk’s fixed point theorem. We complete and extend Zhang’s result. We
illustrate our results for general linear equations in two variables and Fréchet equations.
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1. Introduction

The stability of functional equations was proposed by Ulam [13] in 1940 and
was partially solved by Hyers [9] in 1941. Since then many mathematicians have
investigated this topic. We study hyperstability by asking: When is it true that a
function approximately satisfying a given functional equation must also be a solution
of the equation?

Throughout the paper, we assume that F, K € {R, C}, where R and C are the sets of
all real numbers and complex numbers, respectively. We also assume that N and R,
are the sets of all positive integers and nonnegative real numbers, respectively. Suppose
that X and Y are normed spaces over the scalar fields F and K, respectively.

We are interested in the generalised linear functional equation (see [3, 4, 14])

M N
Z Llf( Z a,',jx]') = 0,
i=1 Jj

—1

where f: X —>Y, a;;€F, LieK\{0} fori=1,...,M and j=1,...,N. We
assume that M > 2 and N > 2. This equation includes various well-known functional
equations, including:
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the general linear equation: f(ax + by) = Af(x) + Bf(y);

the Fréchet equation: f(x+y+2)+ f(X)+fO)+f@Q=f(x+y+ f(x+2)+
f(y + 2). (A generalised version of the Fréchet equation with constant coefficients
was studied by Brzdek er al. [8] and Malejki [10].)

A further generalisation of the functional equation in this paper was proposed and
studied by Bahyrycz et al. [1].

Stability and hyperstability results for the aforementioned equations have been
investigated by many mathematicians (see, for example, [2, 12] and references
therein). The starting point of this work is Zhang’s result [14]. To state his result
(Theorem Z below), we recall the following condition on the matrix [a; j]yxn-

ZHANG’S CONDITION.

(1) Foreachie{l,..., M}, there exists j€{l,...,N} suchthat a; ; # 0.

(2) There exist iy € {1, ..., M} and two different indices ji, j» € {1,..., N} such that
aip.jy # 0, ajy j, # 0 and, for any i # iy, y # 0, there is j € {1,..., N} satisfying
a;,j * yai,,j-

Tueorem Z. Suppose that [a; j|yuxn satisfies Zhang’s condition. Suppose further that

¢ : (X\{OYHN > R, and f : X — Y satisfy the inequality

|S e S

Suppose that C > 0. If either ¢(xy,...,xy):=C Z _1 lIx;ll” where p <0 or
o(x1,...,xy):=C ]_[?’=1 |lx;|IP7 where py + - - + py <0, then

<o(x1,...,xy) forall xy,...,xy € X\ {0}

M N
> L,-f(z a,-,jx,») =0 forallx,...,xy€X\ {0}
i=1 =1
Zhang’s proof of Theorem Z is based on Brzdgk’s fixed point theorem [7], but it is

not complete. In fact, for a sufficiently large integer ¢, it follows from Brzdek’s fixed
point theorem that there exists a function f; defined on X \ {0} (not on X) such that

ZLf,(ZaUx]) forall xy,....,xy € X \ {0).

Since each f; is defined for nonzero elements in X, it follows that

for all xy,...,xy € X\ {0} with

ZLﬁ(Z“wxf) SN agx# Oforalli=1,..., M.

By following the remaining part of Zhang’s proof, we see that f satisfies
for all xy,...,xy € X\ {0} with

ZLf(Z“wx/) SN ax; # O foralli=1,..., M.
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The aim of this paper is to give a different proof of Theorem Z. Moreover, we use a
weaker assumption and obtain a hyperstability result for generalised linear functional
equations in several variables. We illustrate our result with two concrete examples,
namely, general linear equations and Fréchet equations.

2. Main results

To keep the notation simple, we allow the scalar multiplication from the right, that
is, xa = ax, where a is a scalar and x is a vector. In particular, if X := [x; ;] is ann X m
matrix whose entries are vectors and A := [aj;] is an m X p matrix whose entries
are scalars, then XA = [xl’.,j] is an n X p matrix whose entries are vectors such that
xl'.’j = XAyt + X, - We write diag(xy, ..., xy) to denote the N x N diagonal
matrix [x; ;], where x;; := x; fori = 1,..., N, and write 1 for the N X N matrix whose
entries are all 1.

We first recall some facts from linear algebra.

Lemma 2.1. A vector space over an infinite field cannot be a finite union of proper
subspaces of itself.

In particular, we obtain the following result.

LemmA 2.2. Suppose that f,g1,...,8, : X — F are linear functionals with the property
ker f\kerg; # @ fori=1,...,n Thenker f \ U, kerg; # @.

Without loss of generality, we always assume that A := [a; j]yxn satisfies Zhang’s
condition with iy = 1. (Otherwise, we can swap the first row and the (ip)th row.) Then
there exist (ki, ..., k), (c1,...,cy) € B\ {ODY and (b, ..., by) € FV such that:

1) TY arkj=0# 3 a;k;foralli=2,...,M;

(22) T arbj=1and T a;jc;# 0foralli=1,..., M.

To see this, foreach i € {1,..., M} and j€{1,..., N}, we define 7;,7; : FN — F by
Ti(t, ..., ty) := ajity + -+ a; NIy and ﬂj(ll,...,lN) =1

for (t1,...,ty) € F¥. By Zhang’s condition:

o kerty\kert;#ofori=2,..., M,
e kerti\kermj#o@forj=1,...,N.

By Lemma 2.2, we choose (k1,...,ky) € kerty \ (( Ujjy:] kerx;) U (UY, ker7;))(# @).
In particular, (Z1) holds. Since a; 1, ..., a; y are not all zero, there exist by,...,by €F
such that 27:1 ajbj=1. By Lemma 2.1, FV \ (( Ulj\’:l kerm;) U (UY, ker 1)) # @.
Then there exists (¢, ..., cy) € (F\ {0)" such that Z?’zl ajjcj#0foralli=1,..., M.
That is, (Z2) holds.

From now on, we assume that the vectors (ki, ..., ky), (¢, ...,cn) € (F\ {O)Y and
(b1, ...,by) € BV satisfy Conditions (Z1) and (Z2).
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Lemma 2.3. Suppose that (xi,...,xy) € XV and y € X \ {0}. For each n € N, let
y;") ==ncjyforj=1,...,N and

X" .= A - diag(b,...,by) - 1-diag(x,...,xy)

+ A - diag(ky,. .., ky) - 1- diagp\"”, ..., y%),
Z™ .= A -diag(x,, ..., xy)-1-diag(b, ..., by)

+ A - diagy",..., )W) - 1- diag(ky, .. ., ky).

Then the following statements are true.

(1) Both X" := [x;"j)] and Z™ := [zEZ?] are M X N matrices.

(2) Foreachi=2,...,Mand j=1,...,N, there exist two elements u;; € X and

vi.j € X \ {0} such that xE’"j) = u; j + nv; ;. In particular, lim,,_,, ||xl(,

(3) Foreachi=1,...,Mand j=1,...,N, there exist two elements ”;,j e X and

vl’,,j € X \ {0} such that zgf;) = u;’ it nvl’.’j. In particular, lim,,_, ||zl(.

@) XWAT = (Z™WATYT where BT is the transpose of B.
(5) I XMAT = [s\"), then s, = YN ap jxjfori’ =1,..., M.

il Li

"l = oo,
5]

M| = 0.
sJ

Proor. Parts (1) and (4) are obvious. To see (2), we note that

al,lbl al,NbN Xy o XN al,lkl al,NkN y(ln) )’5\7)

X0 =\ : N

RN )
1

aM,lbl aM,NbN Xy o XN aM,lkl aM,NkN YN

In particular, fori =2,...,Mand j=1,...,N,

N N

DNy box N

X ;= ) GigbeXj+ ) aigkey;” =uij+nvij,
9=1 g=1

where u; j := Zg:l aigbgxjand v, := Zlqul a;gkqcjy. By Condition (Z1), v; ; # 0.
To see (3), we note that

apgixy o ainxy|[br o0 by al,ly(ln) al,Nygl) ky - ky
z"n=| : S Y . ;
ayixi - aynxyllb - by aM’ly(ln) aM’Ny;';) ki - ky

In particular, fori=1,...,Mand j=1,...,N,

N N
(n) _ i i . () I ’
%= Z Aighjxg + Z aigkiyy” =u; ; +nvi
g=1 g=1

where ul’.’j = ZN:1 a;jqbjx, and vl',’j = Zlqul a;qkjcyy. By Condition (Z2), vl’.’j #0.

q
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For (5), it follows from Conditions (Z1) and (Z2) that

lars -+ ay]-diagbr,....by) - 1=[1 - 1],
lars -+ awy|-diagtky,....ky)-1=[0 -+ 0].
Hence,
St st =0 1] diaga, . xw) - AT
+[0 0]~diag(y(”),...,yN)) AT
N N
= Zal’jxj am,jXj|. O
j=1 j=1

We are now ready to present the main result, which strengthens Theorem Z.

DeriNiTION 2.4, We say that a function ¢ : (X \ {0)Y — R, satisfies Condition (x) if
lim @(uy + nvy,...,uy +nvy) =0
n—-oo

forall uy,...,uy € Xandvy,...,vy € X\ {0}.

TuroreM 2.5. Suppose that ¢ : (X \ {0)Y — R, and f : X — Y satisfy the inequality

M N
|2 2t Y i)
i=1 j=1

If p satisfies Condition (), then

<@(x,...,xy)  forallxi,...,xy e X\{O0}

M N
ZL,-f( ai,jxj)zo forall xi,...,xy€X.
i=1

=1

ProoF. Let xq, ..., xy € X. Define two M x N matrices X" := [x(")] and Z® := [Z(")]
as in Lemma 2. 3 It follows from Condition (%) and Lemma 2.3(2, 3) that:

e lim, . go(x(”) (”))—Oforr— .M,

o lim, e go(z(rf'l), e ,zi"lz,) =0forr= 1, oM

In particular:
o lim,o XY lLf(Zj 1a,jx(")) 0forr=2,. .,M;
o lim,o XY lLf(Zj L ai, jz(”)) 0forr=1,.
We write X"WA” := [s{")] and Z"W AT := [z(’”] Suppose that ¥ := [£(s!"))] and
= [f(tg";,))]. Suppose that L := [L1 - M]. It follows that

LYOLT = Loy LT and (Y™ =¥,
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Note that
- u N ]
ZLif(Zai,jxj) 0
i=1 j=1 ) 0
lim YWLT = 0 and lmY")LT =limY LT =|_|.
n—0oo n—oo n—oo .
: 0
0
Hence,
M N
L Z L; f( Z ai jx ,)} = lim LYWL = lim L(y™)"L" =[0].
n—oo n—oo
i=1 j=1
This completes the proof. O

The following result strengthens Theorem Z.

THEOREM 2.6. Suppose that [a; jluxn satisfies Zhang’s condition. Further suppose that
0 : (X\{OYHN > R, and f : X — Y satisfy the inequality

N

|5} t(Fam)

=1

<@(x),....xy) forallx|,...,x\ €X\{0}.

Suppose that C > 0. If either ¢(xy,...,xy):=C Z;V:l lx;|lP where p <0 or
o(x1,...,xy):=C H?’:l |lx;|IP7 where py + -+ + py <0, then

M N
ZLif(Zai’jxj) =0 forall x,...,xy€X.
i=1 J

—

Proor. It suffices to prove that ¢ satisfies Condition (x). Assume that xq,...,xy € X
and y,...,yy € X\ {0}.
(1) Suppose that ¢(xq, ..., xy) := CZ;\':1 |lx;|l”. For each j=1,...,N, we note that
lim,, e |lx; + ny;||P = lim,_, [n|P||x;/n + y;lIP = 0. In particular,

N
lim @(x; + ny1, ..., xy + nyy) = }i_)n;CZ llx; + ny;lI” = 0.

n—oo

Jj=1
(2) Suppose that ¢(x1,...,xy) :=C HN: [|x]|Pi. It follows that
j=114y

N
lim (x| + nyy, ..., xy + nyy) = C lim |n|P Py I_I
n—o00 o ‘ 1

]:

Pj

=0. O

! +
e .
Y Vi

The next corollary follows directly from Theorem 2.6 with ¢ identically equal to
zero. This corollary generalises [6, Lemma 4.7].
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CoroLLary 2.7. Suppose that [a;jlyxn satisfies Zhang’s condition. If f:X —>Y
satisfies

M N
Z Ll.f(z ai’jx;.) =0 forall xj,...,xy €X\{0},
i=1 =1

then

Lif(Zai,jxj) =0 forall x,...,xy€X.

J=1

e

3. Examples

We end the paper with some examples to illustrate our results and the proof
technique.

ExampLE 3.1 (General linear equation). Let a,b € F\ {0} and A, B € K\ {0}. Suppose
that f : X — Y and ¢ : (X \ {0})*> — R, satisfy

lf(axy + bxy) = Af(x1) = Bf(x2)ll < (x1,x2) forall x1,x; € X'\ {0}

Let
a b
A:=|1 0].
0 1

This matrix satisfies Zhang’s condition with M = 3, N =2 and iy = 1. Put
(k1,k2) :=(1/a,=1/b), (b1,by):=(1/a,0) and (ci,c2):=(1,1).

Let x;,x € X, y€ X \ {0} and n € N. Set y(]") :=nc1y = ny and y(z") :=ncyy = ny. The
two matrices in Lemma 2.3 are

X X X1 +bxy/a+ny+bnyla —any/b—ny
X" .= |x/a+nyla xpJa+nyla| and Z™ := xi/a+nyla —ny/b
-ny/b -ny/b X2/a+nyla -ny/b
Then
ax; + bx, X1 X2
XMAT = (Z(")AT)T =|x; +bxa/a+ny+bny/a x/a+nyla xy/a+nylal.
—any/b — ny -ny/b -ny/b

If ¢ satisfies Condition (x), then it follows from Theorem 2.5 that
flax; + bxy) = Af(x1) + Bf(x) forall xj,x; € X.

Remark 3.2. Piszczek [12] proved the hyperstability result for the function f in
Example 3.1 where ¢(x1, x3) := ||x1]|” + ||x2]|” and p < O by using Brzde¢k’s fixed point
theorem and concluded that

flax) + bxy) = Af(x1) + Bf(xy) forall xj,x; € X\ {0}.
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As already mentioned in the introduction of this paper in relation to the proof of
Theorem Z, the application of Brzdek’s fixed point theorem can only conclude that
flax) + bxy) =Af(x1) + Bf(xp) forall x;,x, € X\ {0} with ax; + bx; # 0.

Recently, the authors of the present paper applied Brzdek’s hyperstability result for a
Cauchy functional equation on a restricted domain [5] to obtain the same conclusion
as our Example 3.1 (see [11]).
ExampLe 3.3 (Fréchet equation). Suppose that f: X — Y and ¢ : (X \ {0}’ = R,
satisfy

I Cer + x2 + x3) + f(x1) + f(x2) + f(x3) = f(x1 + x2) = f(x1 + x3) = fx2 + x3)ll

< @(x1,x2,x3) forall x1, xp, x3 € X \ {0}.

Let

1 1 1]
1 0 0
010

A:=10 0 1].
1 1 0
1 0 1
0 1 1

This matrix satisfies Zhang’s condition with M =7, N =3 and iy = 1. Put
(k19k29k3) = (29_1a_1)9 (b19b2’b3) = (19090) and (ClaCZaC3) = (19 19 1)

Let x1,x,x3 € X, y€ X\ {0} and n € N. Set y(l") = ncy = ny, y(z") = ncyy = ny and
yg”) := nc3y = ny. The two matrices in Lemma 2.3 are

X1 X X3 X1+ X +x3+6ny -3ny -3ny
X1 +2ny xp+2ny  x3+2ny X1 + 2ny -ny  —ny
—ny -ny -ny X2 + 2ny -ny  —ny
XM .=| -ny -ny -ny and Z®:= X3 + 2ny -ny  -ny|.
X1 +ny xp+ny x3+ny X1 + X + 4ny —2ny —2ny
X1 +ny X, + ny X3 + ny X1 + X3 + 4ny —2ny —2ny
—2ny —2ny —2ny Xy + X3 + 4ny —2ny —2ny
Then
X(n)AT — (Z(n)AT)T
X+ X + X3 X X2 X3 X+ X X1+ X3 X2 + X3
X1+x+x3+6ny  x1+2ny  xa+2ny  x3+2ny  xi+xp+4ny  xi+x3+4ny  xo+x3 +4ny
—3ny —ny —-ny —ny —2ny —2ny —2ny
= —3ny —ny —ny —ny —2ny —2ny —2ny
X1+ x2 4+ x3 + 3ny x| +ny X2 +ny X3 +ny X1 +x24+2ny  x;i+x3+2ny X2+ x3+2ny
X1 +x2 + x3 + 3ny x| +ny Xy +ny X3 +ny X1 +x24+2ny  x;+x3+2ny Xy +x3+2ny
—6ny —2ny —2ny —2ny —4ny —4ny —4ny

If ¢ satisfies Condition (x), then it follows from Theorem 2.5 that

fOx +x2 +x3) + f(x1) + f(x2) + f(x3) = f(x1 + x2) + f(x1 +x3) + fx2 + x3)

for all xy, xp, x5 € X.
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Bahyrycz et al. [2] gave the following hyperstability result for Fréchet equations.
TueoreM BBPS. Suppose that f: X — Y and ¢ : (X \ {0})*> — R, satisfy the condition
FGrr + x + x3) + f0) + f() + () = 1+ 32) = fOn +3x3) = [ + 23)l
< @(x1, x2,x3)  forall x1,x,x3 € X \ {0}.
Suppose that w : Z \ {0} — R, where Z stands for the set of all integers, satisfies
@(kxy, kxa, kx3) < w(k)ep(x1, x2, x3)
for all x1, x, x3 € X \ {0}. Suppose in addition that
M:={meZ\{0}: w(-2m) +2w(im + 1) + 2w(-m) + w2m + 1) < 1} £ @.
If inf e p o(2m + 1)x, —mx, —mx) = 0 for all x € X \ {0}, then f satisfies the equation
FO+x2 +x3) + f(x) + f(x2) + f(x3) = O + x2) + fx1 + x3) + [ + x3)
forall xi1,x;,x3 € X.

We now compare our Example 3.3 and Theorem BBPS. Set X := R and
@(x1, X2, x3) := |x1]/(1x2] + |x3]%) for x|, x2, x3 € X \ {0}. It is easy to see that ¢ satisfies
Condition (*). Now we show that Theorem BBPS is not applicable for ¢. In fact, for
m € Z \ {0}, suppose that w(m) is a nonnegative real number such that

@(mxy, mxy, mxz) < w(m)e(xy, x, x3)

for all xi, xp, x3 € X \ {0}. In particular, if we let x; = x, := 1 and x3 := 1/n, where
n € N, then

< w(m)

1+ 1/n2

Taking n — oo gives w(m) > 1 and hence M = @.

1 +m/n?
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