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Taking the consideration of two-dimensional stochastic Navier—Stokes equations with
multiplicative Lévy noises, where the noises intensities are related to the viscosity, a
large deviation principle is established by using the weak convergence method
skillfully, when the viscosity converges to 0. Due to the appearance of the jumps, it
is difficult to close the energy estimates and obtain the desired convergence. Hence,

one cannot simply use the weak convergence approach. To overcome the difficulty,
one introduces special norms for new arguments and more careful analysis.

Keywords: stochastic Navier—Stokes equations; Euler equations; viscosity coefficient;
Lévy noises; large deviation principles

2020 Mathematics Subject Classification: Primary: 60H15, 60F10;
Secondary: 76D06, 76M35

1. Introduction

The two-dimensional Navier—Stokes equations in D can be written as:
du(t) — vAu(t) dt + (u(t) - V)u(t) dt + Vp(t) dt = h(t) dt, (1.1)

where D C R? is an open bounded domain with smooth boundary 9D, u, v > 0, and
p are the fluid velocity, viscosity, and the pressure, respectively. h is a deterministic
external force. We add the incompressible condition:

V- u(t,z) =0, te€l0,T], z€ D, (1.2)
and the boundary condition (see [8, 61]):
u(t,z) -n=0and curl u(t,z) =0, x€dD, te]|0,T], (1.3)
where n is the unit outward normal and the initial data:
u(0,x) =¢(x), Ve D. (1.4)
Now, we can rewrite (1.1) in the following form:
du(t) + vAu(t) dt + B(u(t),u(t))dt = h(t)dt, te€[0,T] (1.5)

with the initial data (1.4). See §2.1 for the definition of operators A and B.
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However, the real world is more complex, and models that allow jumping, regard-
less of size, are desirable. For example, when particles are interfered or adsorbed
by other media, the phenomenon of escape, vibration or other extreme activities
can be understood as a stochastic process of jumping. This jump can be described
by Lévy noises. Therefore, it is necessary to study the mathematical problems of
stochastic Navier—Stokes equations with Lévy noises such as the large deviation
principle. Taking the random external forces into account, we consider stochastic
Navier—Stokes equations with the multiplicative Lévy noises, that is, the following
stochastic Navier—Stokes equations:

du” (t) = [-vAu”(t) — Bu” (¢)|dt + v T, (t,u” (t)) dW (¢)
v [, Gt u¥ (t-),y) NV (dy, dt), (1.6)
u”(0) = o(x),

with the conditions (1.2) and (1.3) for u”. Here T, and G are measurable map-
pings and will be specified later. W (t) is a H-cylindrical Brownian motion. N v
is a Poisson random measure on Y7 =Y x [0,7] with intensity measure v~ 7 =
v~ 19 ® A, where Y is a locally compact Polish space, ¥ is a locally finite measure
on Y, Ap is the Lebesgue measure on [0,7]. v > 0 is the scaling parameter. Nv
is the compensated Poisson random measure, i.e., for O € B(Y) with ¥(0) < oo,
NY7'([0,8] x O) = NY" ([0, ¢] x O) — v=19(0).

Our aim in this paper is to establish a large deviation principle (LDP) for the
stochastic 2D Navier—Stokes equations (1.6) as ¥ — 0 in the Freidlin—Wentzell set-
ting, that is, the exponential concentration of the distribution of the process u”(t, -)
for a fixed t when the viscosity coefficient converges to zero. Note that Kuskin
[36] established asymptotic properties of the invariant measure to the stochastic
Navier—Stokes equations with an additive degenerate noise when the viscosity is
small.

Due to the pioneering work of Freidlin and Wentzell (cf. [30, 53]), there is a
lot of literature on the large deviation principles for small noise diffusion equa-
tions. Subsequently, many researchers relaxed the model assumptions and carried
out many extensions. For stochastic evolution equations, we refer to [23, 40, 47,
49]. Moreover, many authors considered the large deviation estimates for other
processes, for example, [1, 25, 51] for stochastic 2D Navier—Stokes equations, [28]
for stochastic 2D Bénard convection, [17] for stochastic reaction-diffusion systems,
[41] for the stochastic shell model of turbulence. We also refer to [20] for LDP of
stochastic evolution equations with non-Lipschitz coefficients and to [48] for LDP of
the stochastic tamed 3D Navier—Stokes equations and [50] for LDP of a reaction-
diffusion equation with non-Gaussian perturbations. Noted that the existence of
solutions for the stochastic Navier—-Stokes equations was studied by many authors,
see, for example, [19, 29, 42, 54] and the references therein. There are not many
studies on large deviation principles for Lévy noise so far, for example, Budhiraja
et al. [15] for stochastic differential equations, Xu and Zhang [59] and Zhai and
Zhang [60] and Dong et al. [27] for the stochastic 2D Navier—Stokes equations.

Like the large deviations, many scholars studied moderate deviation principles
(MDP). For example, De Acosta [24], Chen [22] and Ledoux [39] for processes with
independent increments, Wu [55] for Markov processes, Guillin and Liptser [31]
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for stochastic diffusion processes, Wang and Zhang [57] for stochastic reaction-
diffusion equations, Wang, Zhai and Zhang [56] for the stochastic 2D Navier—Stokes
equations.

Note that all the papers mentioned above studied LDP and MDP for a fixed pos-
itive viscosity coefficient. But Bessaih and Millet [7] established a large deviation
principle for the inviscid shell model of turbulence when the viscosity coefficient
v decays to 0, where the multiplicative noise intensity is multiplied by /v. Later,
they [8] proved LDP for the stochastic 2D Navier—Stokes equations where the noise
intensity is multiplied by /v when the viscosity v converges to 0 by using a weak
convergence approach introduced by [17] for the case of the Poisson random mea-
sures (see §2 for details) and by [16] for the case of Gaussian noises and by [14].
Currently, this approach becomes a powerful tool which has been applied by many
people to prove large deviation principles for various dynamical systems driven by
Gaussian noises, see, for example, [7, 14, 21, 28, 40, 41, 47, 48, 51]. Note that
many researchers considered a Donsker—Varadhan type large deviation principle,
see [32, 34] and the references therein.

Inspired by the above work, especially [8, 13, 17, 60], we will use the weak conver-
gence approach to establish a large deviation principle of (1.6) in a two-dimensional
bounded domain. Note that the rate function is described by the solution of the
following deterministic controlled Euler equations:

dyu(t) = ) - Vu(t) = Vp(t, ) + To(t, u(t)) f (1)

/G t,u(t (9(t,y) — 1)9(dy), (1.7)

with (1.2) and (1.3). There is a bulk of literature considering the two-dimensional
Euler equations (G =0 in (1.7)), such as [3, 4, 35, 58] and the references therein.
For getting the uniqueness of the solution to (1.7), we should work in Sobolev space
HY g > 2 (see §2.1) as [8] and require that the coefficient (T, G) satisfies some
additional conditions in the later such as T be both trace class and Radonifying
(e.g., see [45]). For more details, see § 2. Among, much studies regarding the stochas-
tic Euler equations, we refer to [5, 6, 12, 18] and the references therein. Thanks
to the appearance of the jumps when compared with [8], it was very difficult for
us to obtain the required energy estimates and the convergence of terms related to
jumps. This requires more tricks and more detailed estimates. Hence, simply using
the weak convergence approach we cannot get the desired results. To overcome the
difficulty, we apply a new argument and take a more careful analysis by introduc-
ing the norm HC;’(s,y)Hf,z =0,1 (e.g., see §2.5) to prove the well-posedness and
establish a priori estimates of the solution to (1.7) in C([0,T]; L?) N L*>(0,T; H%)
for ¢ > 2 with more regular initial data. Therefore, we can establish a LDP for
the stochastic 2D Navier-Stokes equations in L2(0,T;H), where H is a Hilbert
interpolation space between H and V (see §2.1), via the tightness and the
Skorohod—Jakubowski theorem. In particular, our results can be seen as a gen-
eralization of [8]. Unlike in [60], the noise intensity of our study depends on the
viscosity coefficient. The estimates of Vu are missing when v — 0. Hence, we can-
not directly use the method in [60]. We need to use the introduced norm to make
a careful analysis in a suitable space to overcome the obstacles.
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An outline of this paper is organized as follows. In §2, we introduce function
spaces, state some background on the Wiener process, Poisson random measure,
and recall the general criteria for a large deviation principle and list some assump-
tions. In § 3, we establish the existence and uniqueness of solution to the stochastic
controlled equation and give a priori estimates in the Hilbert spaces L? and H'?
with the free boundary conditions and a small viscosity v. In §4, we establish
the existence and uniqueness of solution for the inviscid problem in some suitable
Sobolev space. In §5, we obtain a priori estimates of the stochastic controlled equa-
tions in 9, which will play an important role in the following. Section 6 is devoted
to establishing a large deviation principle for the 2D stochastic Navier—Stokes equa-
tions (see theorem 6.2). In the last section, we list some classical Sobolev embedding
and some useful results.

2. Preliminaries

In this section, we will recall some Sobolev spaces and basic knowledge in stochastic
analysis including Wiener process, Poisson random measure, and a general criteria
of large deviation [17], etc. We will follow some notations in [8, 13, 17] for ease of
description.

2.1. Basic spaces

To formulate the Navier—Stokes equations in an abstract form (1.5), we introduce
the standard spaces as follows. Define the Hilbert space H by

H = {u(t,z) € L*(D;R?) : V-u(t,z) =0in D, u(t,z) -n=0o0ndD}.

We denote the inner product and the corresponding norm in H by (-,-) and
| - |z, respectively. For every integer k>0 and any p € [1,00), WkP stands for
the completion of C§°(D) with the norm

S
P

s = | 3 [ 0*ut@)rde

|| <k
To simplify the notation, || - ||, := || - [[wo.r. We denote W—5?" := (W¥P)* where
lal
p* =p/(p — 1) and for a multi-index o = (aq, a2), set Iu(x) = % For every

integer k > 0, let W+ denote the completion of C§°(D) with the following norm:

el s = lullfpe,

0%u O%u(y)|P
/ / | x_y|2+2r(y)| dzdy,r € (0,1),p € [1,00).
| |=k

Given 0 < a < 1, let W*P(0,T; H) denote the Sobolev space of all u € LP(0,T; H)

such that
T
|u(t) —u(s)”
/ / t—s|1+a1’ dtds < 0.
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We define H* = W*4n H for any k € [0,+00) and ¢ € [2,00) and denote the
norm by || - || gr.a. Let V = H'2 (the subspace of H) be defined as

V={ueW"D;R*):V-u=0inD, u-n=0o0ndD}.

The corresponding norm and the inner product on V' will be defined by

llull?> = ((u,u)) and ((u,v)) = /D [u(z) - v(z) + Vu(z) - Vu(z)|dz, u,ve V.

Denote the dual space of H by H’, and the dual space of V by V/. ThenV Cc H C V'
with continuous dense injections. Let us denote the dual pairing between v € V'
and v € V' by (u,v). Note that (u,v) = (u,v) when v € H. Let b(-,-,+) : V x V x
V' — R be the trilinear operator defined as

b(u,v,z) = /D(u(x) -Vo(z)) - z(x) d.

There exists a bilinear operator B(-,-): V xV — V' such that (B(u,v),z) =
b(u, v, z) for all z € V. By using (1.2), we obtain (see e.g. [3, 8, 38])

(B(u,v),2) = —(B(u,2),v) and (B(u,v),0) =0, u,v,z € V.
We also have
| B(u, u)llv: < Clulg||ull,u € V.

Here C' is a constant.
Assuming that a(-,-) : V x V — R is the bilinear continuous operator defined
below (see [3, 8])

a(u,v) = /D Vu- Vv — /{;‘D E(ryu(r) - v(r)dr,

where k(r) is the curvature of the boundary 0D at the point r, we infer that (see
8, 37))

| koyutr) vty ar < Clulol,
oD
and
E(r)|u(r)|*dr < ellul|® + C(e)|u|% for any & > 0. (2.1)
oD
Let D(A) = {u € H??: curl u =0 on dD}. Define the operator A : D(A) — H by
Au = —Au, ie., a(u,v) = (Au,v),
and we have (see [8])
(B(u,u), Au) = 0 for all u € D(A).

For (3> 0, denote the (-power of the operator A and its domain by A° and
D(AP), respectively. We also denote the dual of D(A%) by D(A~?). Tt follows from
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[12, theorem 3.1] that H*? = D(A*/2) when k < 3/4. Set H = H'/?? and notice
that H = D(AY*) and V = D(A'Y?). Then, V C H C H. Moreover, there exists a
constant C' > 0 such that

lull?, < Clulg||ul], for all u € V.

Here we follow some notations in [3, 8, 38]. We deduce from H C L*(D) and
(B(u,v),w) = —(B(u,w),v) that

[(B(u,v), w)| < Cllullslvll#/lwl]. (2.2)
Hence, B can be extended as a bilinear operator from H x H — V.

2.2. Wiener process

Assume that @) is a linear positive operator in a Hilbert space H, which is trace
1 . . .
class, and hence compact. Let Hy = Q2 H. Then, Hy is a Hilbert space with the
the inner product

(6,9)0 = (Q"2¢,Q"24), Vo, ¢ € Hy,

and the induced norm |-|o = +/(+,")o. Clearly, the embedding of Hy in H is
Hilbert—Schmidt and hence compact, since @ is a trace class operator. Let
Lg := Lg(Hp, H) be the space of linear operators S : Hy — H such that S’Q%
is a Hilbert—Schmidt operator from H to H. Denote the norm on Lg(Hy, H) by
\S|2LQ = tr(SQS*), where S* is the adjoint operator of S. Then, for any orthonormal
basis {¢x }x>1 € H, we have

S17, = tr([SQY2ISQY?") = Y T [SQ'2¢nlf = > 1SQY* w3,

k>1 k=1

Let (2, F, (F1),P) be a filtered probability space. We suppose that (W (t),t > 0)
is a Wiener process taking values in H and with covariance operator Q. Let {ex }r>1
be an orthonormal basis in H consisting of eigenelements of @, with Qe, = A\peg.
Then, we have

W(t) = Z VB (t)ex,

k>1

where {0 }r>1 is a sequence of independent standard one-dimensional Brownian
motions. For more details, we refer to [23].

2.3. Poisson random measure

Let Y denote a locally compact Polish space and let M pc(Y) denote the space of
all measures ¢ on (Y, B(Y)) such that ¢(K) < oo for every compact K C Y. Endow
Mpc(Y) with the usual vague topology. This topology can be metrized such that
Mpce(Y) is a Polish space (see [17]). Fix T € (0,00) and set Yy =Y x [0,7]. Fix
a measure ¥ € Mpc(Y), and let 97 = 9 ® Ap, where Ar is Lebesgue measure on
[0,T7.
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We know that a Poisson random measure m on Y with intensity measure ¥ is a
Mpc(Yr)-valued random variable such that for each B € B(Yr) with 97 (B) < oo,
m(B) is Poisson distributed with mean ¥ (B) and for disjoint By, ..., B, € B(Yr),
w(B1),...,m(By) are mutually independent random variables. Denote the measure
induced by m on (Mpc(Yr), B(Mpc(Yr))) by P. Then letting M = Mpc(Yr), P
is the unique probability measure on (M, B(M)) under which the canonical map,
N :M — M, N(m) = m, is a Poisson random measure with intensity measure dr.
For 6 > 0, Py will denote a probability measure on (M, B(M)) under which N is a
Poisson random measure with intensity 69,. E and Ey denote the corresponding
expectation operators, respectively.

Set X =Y x [0,00) and X7 = X x [0,T]. Let M = Mpc(X7) and let P be the
unique probability measure on (M, B(M)) under which the canonical map, N :
M — M, N(m) = m, is a Poisson random measure with intensity measure J7 = 9 @
Ao ® A, where A is Lebesgue measure on [0, c0). The corresponding expectation
operator will be denoted by E. Let F; = a{N((0,s] x O) : 0 < s < t,0 € B(X)} be
the o -algebra generated by N, and let F; denote the completion under P. We
denote the predictable o-field on [0, 7] x M with the filtration {F; : 0 <t < T} on
(M, B(M)) by P. Let A, [resp. A] be the class of all (B(Y)® P)/B[0,c0) [resp.
(B(Y) ® P)/B(R)]-measurable maps from Y7 x M to [0, 00) [resp. R]. For p € A,
define a counting process N¥ on Yr by (see [17])

N?((0,6] x U) = / Lo.p(ensy (NN (dzdrds), ¢ [0,T],U € B(Y).
U x[0,00) % [0,t]

Here N¥ can be regarded as a controlled random measure, where ¢ selects the
intensity for the points at position z and time s in a possibly random but non-
anticipating way. We denote N¥ = N? when ¢(z,s,m) =6 € (0,00). Noted that
the distribution of N with respect to P is the same as that of N to Py.

Set W= C([0,T],R®), V=W x M and V=W x M. Then let the mapping
NY:V — M be defined by NV (w,m) =m for (w,m) €V, and let 8V = (8))2,

by 8 (w,m) = w; for (w,m) € V. The maps NV:V — M and 8" = (3/)2, are
defined analogously. Define the o-filtration G, := a{N"((0,s] x O),3/(s) : 0 < 5 <
t,0 € B(Y),i > 1}. For every 0 > 0, Py denotes the unique probability measure on

(V,B(V)) such that:

(a) (87)22, is an independent and identically distributed family of standard
Brownian motions,

(b) NV is a Poisson random measure with intensity measure 017.
(c) (8Y)32, and NV are independent.

Analogously, we define (Py,GY) and denote Pj_, by PV. FY denotes the PV-
completion of G and P denotes the predictable o-field on [0, 7] x V with the fil-
tration £, on (V, B(V)). Let A be the class of all (PV @ B(Y))/B[0, co)-measurable

maps ¢ : Y7 x V — [0,00). Define £ : [0,00) — [0, 00) by

Lry=rlogr—r+1, re€]|0,00).
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For any ¢ € A and ¢ € [0,7], the quantity

Li(p) = / PRCERRACIE

is well defined as a [0, co]-valued random variable.
Define

) T o
Lo = {1/) : 1) is PV /B(R>) measurable and / [4(s)]|3ds < oo, PV — a.s.} .
0

Set U = Ly x A. Define Lp(v)) := %fOT [(s)[3ds for ¢ € Lo and Lp(¢) :=

Lo () + Lr(p) for ¢ = (1, ¢) €U.
We first recall some classical definitions. By convention the infimum over an
empty set is +00. Let € be a Polish space with the Borel o-field B(E).

DEFINITION 2.1 (Rate function). A function I : € — [0, 00] is called a rate function
on &, if for each M < oo, the level set {¥ € £ : [(V) < M} is a compact subset of
E. For O € B(E), we define I(O) := infgeco I(V).

DEFINITION 2.2. Let I be a rate function on €. The random family {u”},~o is
said to satisfy a large deviation principle on £ with the good rate function I if the
following conditions hold:

(1) Large deviation upper bound. For each closed subset F of E:

limsup vlogP(u” € F) < —I(F).

v—0

(2) Large deviation lower bound. For each open subset G of &:

lim infO vlogP(u” € G) = —I(G).

2.4. A general criteria

In this subsection, we recall a general criteria for a large deviation principle estab-
lished in [17]. Let {G”},~¢ be a family of measurable maps from V to U, where V
is introduced in § 2.3 and U is some Polish space. We present below a sufficient con-
dition for a large deviation principle to hold for the family Z” = G¥(y/oW,vN" ")
as v — 0.

Define
SM = 1g:Yr —[0,00) : Ly(g) < M},
SM — {f: L*([0,T), Hy) : Lp(f) < M}.

A function g € SM can be identified with a measure 9% € M, defined by
¥(0) = /Og(s,x)ﬂT(ds,d:c), O € B(Yr).

This identification induces a topology on S™ under which S is a compact
space, see the appendix of [13]. Throughout we use this topology on SM. Let
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SM — GM » GM Define S = Upr>15M and let
UM ={¢ = (0, p) €U : p(w) € SM P ace. w},

where U is introduced in subsection 2.3.
The following condition will be sufficient for establishing a LDP for a family
—1
{Z"},~0 defined by Z¥ = G¥(\/vW,vN" ).

CONDITION 2.3. There exists a measurable map G° : V — U such that the following
hold.

(1) For YM €N, let (fn,gn), (f,9) € SM be such that (fn,gn) — (f,g) as
n — oo. Then

Go (/0 fn(s)ds,ﬁgT") —g° (/0 f(s) dsﬁ%) in U.

(2) For VM €N, let ¢, = (Y, 0.), ¢ = (¥, ) € UM be such that ¢, converges
in distribution to ¢ as v — 0. Then

6" (vow+ [ worasno ) =0 [wsasog).

For ¢ € U, define S¢ = {(f,9) € S: ¢ =G°(J, f(s)ds,¥)}. Let I:U — [0,00)
be defined by

I(¢)= inf {Lr((f,9)}, ¢€U. (2.3)

(f.9)€Se

By convention, I(¢) = oo if Sy =0. Let {K, C Y,n=1,2,...} be an increasing
sequence of compact sets such that US>, K,, =Y. For each n, set

Ap,={peA: forall (t,w) € [0,T] x M,n > ¢(t,z,w) > 1/n
if v € K, and o(t,z,w) =1if v € K},

and set Ay = U2 | Ay ,,. we define UM =UM N {(h, ) : ¢ € Ay}
The following criteria was established in [17] (see also [13, 60]).

THEOREM 2.4. Forv > 0, let Z¥ be defined by Z" = G¥ (\/vW, VN”fl) and suppose
that condition 2.3 or condition 2.3 for replacing UM with UM holds. Therefore, T
defined as in (2.3) is a rate function on U and the family {Z"},~o satisfies a large
deviation principle with the rate function I.

2.5. Assumptions

Given a viscosity coefficient v > 0, we study the following two-dimensional
stochastic Navier—Stokes equations:

du”(t) = — [vAu” (t) + B(u”(t), u”(t)] dt + /v T, (¢, u” (t)) AW (¢)

+1// G(t,u” JY)N ”71(dy,dt), 24
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where Y, : [0,T] x V — Lg(Hp, H) and G : [0,T] x V x Y — H are given measur-
able maps. We assume that T, and G satisfy the following growth and Lipschitz
conditions:

CONDITION 2.5. For Y, € C([0 T] xV;Lg(Ho,H)), G €C([0,T] xV x LP(Y); H),
there exists K(-) € L*([0,T],RT) such that for everyt € [0,T], v > 0 and u,v € V,
it holds
) 1Tt )7, < KO+ fulf), [Tt u) = To(t,0)F, < K(t)|u—vlE;
Sy Gt uy)fd(dy) < KO+ ulfy), [y |Gt u,y) — Gt v,y)[59(dy) <
K(t)|u—vl% forp=>2.

Let v >0, h:= (f,g) € UM We consider the following stochastic equations:
duy (t) = [VAu;-L( )+ B(ug(t) ug(t))]dt + VY, (tup(t)) dW (L)

T u (0)) (1) dt—i—u/Gtuh ), N (dy, db)

+ / Gt (1), w) g (t,y) — 1)9(dy) dt (2.5)
Y

with the initial data u}(0) =¢ € H. Assume that ¢ is deterministic. In order to
define the stochastic controlled equations (2.5), we introduce a family of intensity
coefficients (T, G) for v > 0 which act on a random element 7 := (f, g) € UM. For
any v > 0, we assume that the coefficient (T,,, G’) satisfies the following conditions.

CONDITION 2.6. For T, € C([0,T] x V; L(Ho, H)) and G € C([0,T] x V x LP(Y);
H), there exists K(-) € L'([0,T],RT) such that for every t € [0,T], v >0 and
u,v €V . ~
| (1) Yot ) (we,m < K@@+ [ulm), [Tot,u) = Tolt,v)|pmo,m < K(t)|u—
VIH;
() Jy |GG y) B d(dy) < K@+ [ully), fy Gt u,y) — G0, y)0(dy) <
K(t)|u—vl% forp=>2.

Note that when T, ,Y, have Nemytski form (e.g., see [12]) and
G(t,u(t),y), G(t,u(t),y) = r(t)u(t) + o(t)['(y), where r(t),c(t),T'(y) meet certain
assumptions, and (Y, G), (Y,,G) satisfy conditions 2.5 and 2.6.

We define
~ G t,u,
16 ) llo.sr = sup 1EELIHE oy o, 1) x Y,
~ G t,u,y) — G t,v,
Gt = sup CEWVZCEOYn o 7y,
vttt fu—olx

Similarly, we can define |G(t,y)lo,ze, [|G(t:9) 11,24, |Gt )lloy and [|G(t,y)]1v-
In the later proof, we need the following lemmas. Here, we omit the proof. For more
details, we refer to [13, 60] and the references therein.
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CONDITION 2.7. Fori = 0,1, there exists 81 > 0 such that for all E € B([0,T] x Y)
satisfying 97 (E) < oo, it holds that

/ SHICEDIZ 9(dy) ds < oo.
E

Here ||é(s,y)|

2= GGy or GG, )iy or 1G(s. )17 La-

REMARK 2.8. Suppose condition 2.7 holds, for every 85 >0 and for all E €
B([0,T] x Y) satisfying 97(F) < 0o, then

/ e‘sgué(s’y)ui"ﬂ(dy) ds < 0.
E

LEMMA 2.9. Suppose that conditions 2.6 and 2.7 hold.
(1) Fori=0,1 and every M € N, it holds that

sup / 1G (5,12 (g(s,9) + 1)9(dy) ds < oo,
geSM JYr

sup / 1G5, 9)ll-lg(s, 9) — 1[9(dy) ds < oo
gesSM JYr

(2) For every 11> 0, there exists § > 0 such that for any A C [0,T] satisfying
)\T(A) <4

sup /A/Y 1G(s,9)i.19(s,y) — 1[9(dy) ds < 7.

gesSM

LEMMA 2.10. Let h: [0,T] x Y — R be a measurable function such that
[ Ins ) Potan) ds < o,
Yr
and for all § € (0,00) and E € B([0,T] x Y) satisfying r(E) < oo,
| exploln(s, oty ds < oc.
E
(1) Fiz M € N and let g,,g € SM be such that g, — g as n — 0o. Then we have

im [ h(s,y)(gn(s, ) — 1)o(dy)ds = / h(s,9)(g(s,y) — 1)9(dy) ds:

n—oo Jy, Yo

(2) Fiz M € N and given € > 0, there exists a compact set K C Y such that

T
swp [ [ s lls.) — 110(an) s <
0 c

gesSM

(3) For every compact K C'Y, then we have

T
lim sy [ [ (sl yas, 09 ds =0,
0

M—oo ge SM
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For fixed v > 0, well-posedness and a priori estimates of the solution to the
equations (2.5) in D([0,T]; H) N L2(0,T;V) are obtained when u = 0 on D (see
e.g. [11, 60]). For some small vy, we will show that the solutions are uniform
bounded in v € (0, 1] under free boundary conditions.

Next, we introduce other useful conditions, which we will use later in this paper.

CoONDITION 2.11. For every v >0, YT, € C([0,T] x D(A); Lg(Ho,V)) and G €
C([0,T) x D(A) x LP(Y); H), there exists K(-) € L*([0,T],R") such that for every
t €10,T] and u,v € D(A), it holds
(1) | curl Ty(u,t)[7, < K@@+ [|ullf), [AV2T,(tu) = AV2T, (8 0)]7, <
K(@®)|lu— vl
(@) Jorp>2, fy| curl Glt, uy)d(dy) < KO+ curl ully),
fY |A1/2G(ta u, y) Al/ZG(tv v, y)lH (dy) ( )|u - U|V

CONDITION 2.12. For every v >0, Y, e C([0,T] x D(A); L(Ho,V)) and G €
C([0,T] x D(A) x LP(Y); H), there exists K(-) € L*([0,T],R") such that for every
t €10,T] and u,v € D(A), it holds
(1) lewrl Yo (t,u)| niag,my < VE@O@+ Jullv), [AYV2T, (8 u) — AT,
(t, V)L (ro, i) < VE@)|[u—vfv.

(2) |eurl é(t,u,y)m < C|G(t, curl u,y)|g and |AY2G(t,u,y) — AV2G
(ta v, y)|H < C|G(ta A1/2’U,7 y) - G(t7 Al/Z’Ua y)|H

_ Again, note that when T,,T, have Nemytski form (see [12]), G(t,u(t),y),
G(t,u(t),y) = x(t)u(t) +1(t)I'(y) where x(t),:(t),I'(y) meet certain assumptions,
and (Y, @), (Y,,G) satisfy conditions 2.11 and 2.12.

3. Existence and uniqueness of the solution to equations (2.5)

In this section, we want to prove the existence and uniqueness of solutions to the
stochastic equations (2.5) with free boundary conditions (1.3) under some additional
assumptions. B B

Let (Q:=V,F := B(V),{F}+z0 := {F) }10,P : =PV, W, N) be a fixed stochas-
tic basis. First, we recall the definition of stochastic strong analytically weak
solutions (e.g. see [46]). If an F;-progressively measurable stochastic process uj, (¢, w)
belongs to X P-a.s., and for all v € D(A) and all ¢ € [0, 77, it holds that P-a.s.

(up(t),v) = (s, U)+/ [v(ug(s), Av) + (B(ug(s),v), up(s)) ] ds
_f/ (s, (s mw))A@w%®M$Ms
e / / (Gls,ut (s—), y) N7 (dy, ds), v)

// (5,u5(5), )9 (s,) — 1), 0)9(dy) ds,
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then wj(t,w) is called a stochastic strong analytically weak solution in X C
D([0,T); HYNL?(0,T;V) of (2.5) with deterministic initial data ¢ satisfying
[s|a < oo

PROPOSITION 3.1. Assume that (Y,,,G) and (Y,,G) satisfy conditions 2.5, 2.6 and
2.7 with K(t) = C, respectively and E|s|3¥ < oo for some p > 2. Then, for vy > 0
and for any M > 0, there exists a positive constant C that depends on M, T and vy
such that for any v € (0,19] and any h:= (f,g) € uM, (2.5) has a unique stochastic
strong analytically weak solution in D([0,T]; H) N L?(0,T; V). Moveover, we have

swp sup (s o)) < CoMTow) (LHERE), (3)

0<v<vo heyyM 0<s<T

and

T
sup  sup v/ E([lui ()1 + llug (s)l3) ds < C(M, T, 1) (1 +Els[3r) - (3.2)
0<v<vo heyyM 0

Proof. First, by applying the Fadeo-Galerkin approximation, we can establish the
existence of approximation solution uy, ,, (for more details, see [11, 21, 28]). In order
to obtain the existence of solution to (2.5), we need to take n tend to infinity. And
then we should give a priori estimates of up uniformly in n > 1 and in v € (0, 1]
for some vy > 0 under free boundary condltlons as [21]. Next, we will give the energy
estimates of up - To simplify symbols, we replace the approximation solution uj ,
by uf.

Let v >0, i = (f,g) € UM. Define 7y = inf{t > 0, |u¥(t )|H > N} AT for every
N > 0. By using It6’s formula to the function [uk(t A 7x)|37, we obtain from (2.5)

tATN
AT+ 200 [ g9 s < +Zz )
0

where

t/\‘I‘N

N / (522 (T, (s, ul(5)), ut () AW/ (s),
n= / o (|uz<s>+uG<s,uz<s>,y>§f—|uz<s> 2) 5 (dy ),
L(t) = 2pv / sz /8 Ol ) s,
L(t) = 2p / ()22 Bl (5), () (5)) s,
1(t) = 2p / ()22 (T (s, (5)) £ (5), () ds,

Is(t) = vp(2p — 1) / ) BRI (s, (5))1 s,
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= [ [ (109 + v - ko
0 Y
— uplud ()PP (ul (5), G (5), y>>H) 9(dy) ds,

Ls(t) = 2 / - / () 272 (G5, (), ) (g5 ) — 1), s ())9(cly) ds.

Next, we estimate the terms [, —Ig one by one. For the term Iy, the
Burkholder-Davis—Gundy inequality, condition 2.5, Cauchy—Schwarz’s and Young’s

inequalities imply

tATN

X

1/2
‘;f‘m(s,uﬂs»uz<s>>2ds>
s€[0,tATN

E( sup ]Il(s)> C\pr

t/\‘rN 4 .\ 1/2
[ . >>|%1|uz<s>%{ds)

(f
< OVpE (
(

0
t/\‘rN 1/2
<ovar ([ el KEa + uz<s>|fq>ds>
0

1/2

< C\JipE (/ K (s)(1 + s (s) p)ds)

< 1E< sup  [ul(s) H>
4 sE0,tATN]
tATN
+cyp21E</ K(s)(1+ [ul(s)|2) d )+c
0

From the Taylor formula, it follows that for every p > 2 there exists a positive
constant Cp, > 0 such that for all z,h € H

&+ Al = lalfy = plel @, h)u| < Gy (I + G2 0. (34)
Moreover, we arrive at
o+ bl = lofiy] < 2lafty + (Cp + 5) 2l 0l + Colnl.
By using the Schwarz inequality, we obtain for all x,h € H

2
D (P )2 <9 2p—2 p—2 4
(|2 + hly — |2l%)" < [ || 77 |h\H+C <|33\ +‘h’|H ) h|H] (3.5)

< 2%l P IhlE + dcplalE bl + ACTIRI
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For the term I5(t), by using the Burkholder-Davis-Gundy inequality, (3.5),
condition 2.5, Holder’s and Young’s inequalities, we deduce that

]E( sup IQ(S))
s€[0,tATN]

E [ [ [ (i) + v - o)) v as|

tIANTN 4 2
2
<C ( / / ()| 221G (s 1 (), ) B

T (s) 1 s, (), ) + (G, (), ) H)

<cws( / K<s>|uz<s>|i?ds)é wowe( | " ks ds)é

<1E< sup |uz<s>§f>+0<u>ﬁ/o " Kk (s)2ds + C().

1
2

[N

4 sSE0,EtATN]

Using (2.1) and Young’s inequality, for any £ > 0, we bound the term I3(¢) by

tATN

tATN
El3(t) < 2VP€E/ ()32l (s )||2d5+2VPC(€)E/ [ufy () |7 ds.
0 0

For the term I4(t), using (1.2) implies that EI4(t) = 0 for any ¢ € [0, T]. For the term
I5(t), since (f,g) € UM, the growth condition 2.6, Cauchy—Schwarz’s and Hélder’s

inequalities yield that

El5(t) < 2pE /0 T s 2T, (s, 1k (9)) | L rg, ) [ (5) ] £ (5) Jods
<o [ ) B VR + k6L
<2pu<:/0mm< Tl (K D) + f(s)2) ds

tINTN

< QE / (K (s) + 1) Bt () s + 2pE / (K (s) + |f()2) ds

For the term Iy, using the growth condition 2.5, we get
IATN
Els(t) < vp(2p — 1)]E/ K(s)ds
0

tATN
+vp(2p — 1)IE/ K(s)|u¥(s)]3Pds, for v € (0, ).
0
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For the term I7(t), by using (3.4) and condition 2.5, we have

tATN
El7(t) < O [/ [ (sl + 16wt 0.l )
X[VG (s, w5 (5), ) By D(cly) ds]

tATN
< CWE (/ it ()| 2 2/ G, (), )% 0(dy) ds

tATN
s [ [l o) a )
INTN

gC’(y)E/O TNK(5)|uh( )2Pds + C(v)E / K(s)ds.

0

For the term Ig(t), by using Holder’s and Young’s inequalities, one has

/ - [ 1) 2 G515, ) — 1. ()9 ds
/ v / i (5) 222G (5,15 (5), 1) |1 (5. ) — 1]Jut ()]0 (dly) ds

< [ [ oy GOl 1o o ds

T |G(57u (3)’y)|H v 2p—2
<E/o YWWW—H(M@)H + |u (9)[7)0(dy) ds

tATN -
<CE / / 1G(s, 9)llo.srlg(s, ) — 119(dy) ds

tATN N
| CE / i (5)| 22 / 1G(s)
0 Y

Thus, for any ¢t € [0, 7], ¢ € (0,1), (3.3) and the estimates of I} — Iy imply that

l9(s,y) — 1]9(dy) ds

Blui(e A )l + 2p(1 - ) | ()22 () [2ds
< CW)E / T (K (s) 1 1) Bl () s + CE / (K (s) 11 £(5)[3) ds
1 CE / - / 1G (s, ) ol (s, ) — 119(dy) ds + C + Els|2?

tATN ~
| CE / i (5)]22 / 16 (s, lo.2lg(s, y) — 119(dy) ds
0

Applying Gronwall’s inequality, condition 2.7 and lemma 2.9, we obtain

tIANTN
Blui (e A )i+ 20p(1— )& [ k)3 uk(s) s < € (1+ Bicl).
0

https://doi.org/10.1017/prm.2021.67 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.67

Large deviation principles of 2D stochastic Navier—Stokes equations 35

Due to the estimates of the right-hand side of (3.3) does not depend on N,
taking N — oo, we can infer that 7y — T P-a.s. Hence, there exists a constant
C = C(E|§|§}3,V0,M, T, p) such that

T
SupE ( sup [, ()% + v / [l (DIl + ||uz,n<s>||2]ds) <c,

0<t<T

for any n, v € (0,1] and (f, g) € UM . Letting n — oo and using the classical argu-
ment as [11], we obtain the existence of solution to (2.5). Taking n — oo and
combining the above estimates and the weakly lower semi-continuity of the norm,
we can get (3.1) and (3.2).

Next, we begin to prove the uniqueness. When condition 2.5 with K(-) =
C' holds, we know that equations (2.4) has a unique strong solution
u” € D([0,T); H)NL*(0,T;V) by [11] for any T >0. Set ¢, = (¢,,0,) €
UM and 9, = é. We conclude from lemma 2.3 in [17] that &/ (V,) :=
eXp{f[o,t]xYx[o,wl} log(9, (s, x)) N (dsdzdr) + f[o,t]xYx[o,wl](_ﬁV(S’ z) + 1)dr
(dsdzdr)}, £ (1h,) = exp{2 [] ¥, (s)dB(s) — & [y ¥ (s)||>ds} are {F]}-marting-
ales and QY (G) = [, &/ (¢, 9,)dP"Y defines a probability measure on V, where
G € B(V) and QY(G) = E/(¢,)EV (V). Then, we get the uniqueness from the
fact that (2.4) has a unique stochastic analytically strong solution. Therefore, we
complete the proof of proposition 3.1. (]

PROPOSITION 3.2. Suppose the assumptions of proposition 3.1 are satisfied forp =1
or some p € [2,00). Furthermore, we assume that E|[c|[*? < oo, and (T,,G) and
(T, G) satisfy conditions 2.7, 2.11 and 2.12, respectively. Hence, for any fized M >

0, h:=(f,9) € UM and for v e (0, 0], there is a positive constant C(p, M,T) such
that the solution uf of (2.5) satisfies:

T
E( sup \\U%(t)||2p+V/ IAuZ(S)I?IdS) < Clp, M, T)(1+E[s]|*).  (3.6)
0<t<T 0

Proof. Denote & = curl uy. We know that uj is a solution of the following elliptic
problem (for details, see [6] and the references therein):

(3.7)

—Auy =V+tey i D,
up-n=¢& =0 ondD,

where V4 = (8, —0;). By (3.7), we have
—(Auy, Aup) = (V5 Aup) = —(V7€, VEE).
Then, by direct calculations, we can get

|Aug|Fr = [V H = 10268172 p) + 10165 172y = IVER -
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In order to prove (3.6), by using (A.3), we only need to prove that there exists a
constant C(M,T) := C such that for any v € (0,] and h = (f, g) € UM,

T
E( sup (650 +v [ |vgz<s>|zds> <O +E cwldZ).  (38)

0<t<T

Let 7nv = inf{t > 0: |/ (t)|gw = N} AT for fixed N > 0. Applying the curl operator
to (2.5), we obtain £ (0) = curl ¢ and

dey (t) = vAEL () dt + curl B(uy (t), up(t)) dt
+ Vv curl T, (s, uk(£))dW (t) + curl T, (s, uk (t)) f(t)dt

+V/YcurlG(t,u,”i(t—),y)N”fl(dy,dt)
+ / curl G(t, (1), y)(g(t,y) — 1)9(dy) dt. (3.9)
Y

We note that for u € D(A), (curl B(uf,uy),&) =0 by using (A.7) when ¢ = 2.
Employing It6’s formula to the function £ (s A T ﬁf,’,p € [2,00), for t € [0,T], we
obtain from (3.9)

tATN 7
€2 (s A7) |2+ 2w / VEL (5) g ()12 2ds = | curle| + 3 i(2),

i=1

where
70 =20 [ At Tl ). €1(6) AW ),
5 = [ [ (1K) + vewiGo, 000 ~ k) N (awa),
50 =2 | T et (5) B2 curd T (s, u(5)) £(5), E4(5)) s,
a0 = v —1) [ T e curd (s, (5)) B ds,
sy = [ [ (len6s) + veut 6o,k 6 ) - ko)
K65 el Gl 05 (9. )0 s

Jo(t) = 2p / v / € ()22 (curl Gi(s, ul(s),9)(g(s, ) — 1), €4(5))9(dy) .

For the term Jy(t), it follows from the Burkholder-Davis—Gundy inequality,
condition 2.11, (A.3) (¢ = 2), Cauchy—Schwarz’s, Holder’s and Young’s inequalities
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that

E sup  Ji(s)
s€[0,tATN]

IANTN
< 2pVVE ( [ e n(u%(sn%st)
0

1
2

1
2

< 2R ( / e K () (1 + uz<s>|2v>ds)

Nl=

tATN
< 2pVVE ( | e K0 o + cmz(s)ﬁ{ds)

< iE( up 16 (s) i?) +2py/vCE ( /0 e ()T K (s) ds)

sG[O,t/\‘rN

tAFN 3
+ 2p/vCE (1 + sup |up(s) i’-’) (/ K(s) ds> .
0

s€[0,T]

For the term J5(t), by applying the Burkholder-Davis—-Gundy inequality, condition
2.11, Holder’s and Young’s inequalities, we obtain

E sup  Jo(s)
s€[0,tATN]

<[ [ (1656 + vewt Glssuro) 0 - lr ) vl 0

1
2

INTN
< cwa( / / €2 ()2 eurl G(s, ut(s), 1),

=

+ 1€ ()| eurl G(s, up (), y)l g7 + leurl G(s, uf(s), y)|7 9(dy) d8>

<cws / K(smz(s)zpdsf oo | T ks) d8>5

B sw [G)+COE [ K F

s€[0,tATN]

+ CW)E ( /0 T Ks) ds)é .

<

A~ =
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For the term J3(t), we use Cauchy-Schwarz’s inequality, condition 2.12, (A.3) with
q = 2, Holder’s and Young’s inequalities to get

tATN
EJs(t) < QPE/O €5 (s)[77 | curl T (s, ()| Ly, o) f (5)lods

<o [ (VRG) + OVRGIE W + VRBI Gl ())
x| f(s)lods
<o [ (LI + g G ) (K6 + L76R) s

<ueE [ (K6 + 1)) <1+ sup k()3 + 1645 H> ds.

s€1[0,T

For the term J4(t), condition 2.11, (A.3) with ¢ =2, Hoélder’s and Young’s
inequalities yield that for v € (0, ]

BA(0) < vp— DB [ GO KE) (14 a6 + CIg o)) ds

TN v 2p v 2p
vep=DE [ K@ (14 s [uh(e)fF + (o)) ds

s€[0,T]

For the term J5(¢), it follows from condition 2.11 and Holder’s inequality that

tINTN
EJs(t) < CE [/ [ (i@ + et 6.t (s). 03 ~)
x |eurl G(s, uf(s),y)|70(dy) ds]

< C()E ( / [ G o).l

el G, (5),0) 0 s

tATN

< CWE / " K| ()2 ds + C)E | K

0
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For the term Jg(¢), condition 2.12, Holder’s and Young’s inequalities imply that

E /O h /Y €5 (s) |32 (curlG (s, ul (5), ) (g(s,y) — 1), €5(5))9(dy) ds

tATN
<CE / / €2 ()22 curlG(s, ut(s), w) g (5. ) — 1[4 (5)| 0 (dy) ds

tATN 2p 2|curlG(S uy(s),y)| o
<ce [ [laen e

x |g(s y) = 11 + 1€ (s)[F)9(dy) ds

YL eyt G ) )l o
<oz [ e SIS (s, y) - 101+ 160 9(a) ds

< CJE/O " /YKZ( 1G5, 9)lo,mlg (s y) = LI + 1€k ()79 (dy) ds

tIANTN N
<CE / / 1G (s 9)llo.xrlg (5 ) — 119(dy) ds
0

tATN
+CE / e (s / 1G5, ) llo.ilg(s, ) — L10(dy) ds

Then, combining the estimates of J; — Jg, we obtain

INTN
B( swp i A ) +2mE [ VGO
s€0,t] 0

<E(] curlfif) + C()E /0 o (K(s) + 17 ()13 ) er(s)1>

+C(W)E (/OWN K (s) ds) '

rows [ (k6 +17008) <1+ sup_Juf (5) )ds

s€[0,7]

tATN
+CE [ gl [ 16 llonlats.y) — 10() ds

INTN
+C]E/ /||G 51)

+ C(V)E(l + sup |ujp(s) ?;)) (/OtATN Ko ds)

s€[0,T)

wlg(s,y) — 1[J(dy) ds

=
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By using Gronwall’s inequality, lemma 2.9 and proposition 3.1, we can infer that
9 tATN 5 5
Bl swp (GGl vmE [ VGERIGOE s (6)
SE[0,EATN)] 0
< C(1+E| curl ¢|3P). (3.10)
From the fact that estimate (3.10) is uniform in N, we can deduce that 7y — T as

N — oo. This together with the monotone convergence theorem yields that (3.8).
Then, the proof of proposition 3.2 is completed. ]

Combining propositions 3.1 and 3.2, we obtain the following well-posedeness
result for the stochastic equations (2.5).

THEOREM 3.3. Let p € [2,00) be such that E(||||*”) < oo. Assume that (T,,G)
satisfies conditions 2.5, 2.11 and (Tl,,é) satisfies conditions 2.6, 2.7 and 2.12.
For every M >0, h:=(f,g) € UM and v e (0, o], there exists a unique stochastic
strong analytically weak solution u¥ € D([0,T]; H) N L*(0,T;V) to (2.5) with deter-
ministic initial data uf(0) = € V. Moreover, uy € D(|0,T); V) P-a.s. and satisfies
inequalities (3.1), (3.2) and (3.6).

4. Existence and uniqueness of solutions for the inviscid problem

In this section, we study the inviscid problem when v = 0. More precisely, we
consider the following Euler equations in [0,7] x D:

dud (t) + B(u
+/YG(t,u

up(0) = <.

SO o

(1), up () dt = Yo(t, uf (1)) f(¢) dt
(), y)(g(t,y) — 1)I(dy) dt, (4.1)

We have the following theorem.

THEOREM 4.1. Suppose that ¢ € V and that (Yo, G) satisfies conditions 2.6, 2.7
and 2.12. For all M >0, h = (f,g) € SM and T > 0, there exists a weak solution
up) € C([0,T); H) N L>®(0,T;V) for (4.1) such that for t € [0,T) and all ¢ €V, it
holds that

(un(t), ) =/ <B(ug(8)7u(ﬁ(8)),<ﬂ>d8+/ (Tols, up(s)f(s), ) ds
0 0

+ / / (Gt ud(s). 1) (g(5,9) — 1), 0)9(dy) ds.

Furthermore, there is a positive constant C(M,T) such that for every h = (f,g) €
SM it holds that

sup ||up (t)] < C(M,T)(1+ [I<]]). (4.2)

0<t<T
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Proof. We consider the following Navier—Stokes equations:
dup” (t) = —[vAup” (t) + B(up” (t), up” (8))]dt + To(t,up! (1) £ (¢) dt

i 4.3
+/G(t7u%”(t),y)(g(t,y)—1)19(dy) dt 3
Y

with v > 0, the initial data 3 (0) =, V - u)” = 0 and (1.3). When s € H, (T, G)

satisfies conditions 2.6, 2.7 and h = (f,g) € SM with M > 0, similar to the proof

of proposition 3.1, we can conclude that (4.3) has a unique weak solution u)” €

C([0,T]; H) N L?(0,T; V). Furthermore, when ¢ € V and (T, G) satisfies condi-
tions 2.7 and 2.12, similar to the proof of proposition 3.2, we can infer that
u” € C([0,T); V).

By taking v — 0, we need to get some uniform estimates of u9” about v > 0
for proving the existence of solutions to (4.1). Similar to the proof of proposition
3.1, multiplying (4.3) by 2uY” and integrating over [0,¢] x D and applying (A.5),
Holder’s and Young’s inequalities, condition 2.6, we obtain for every v > 0

3 |H+2u/ 3 (s)2ds
<ol +2 / (Tols,ul () £(s), ud¥ (5)) ds
2 / / (Gt w2 (5),9)(9(s5, ) — 1), ud (5))9(dly) ds
<lelhr+2 [ K@as+2 [ (K + @R (s
e / / 1G5, 9)llo.srlg (s, 9) — L19(dy) ds

e / i (s)12, / 1G5 9)llo.srlg (s, 9) — 11(dy) ds

Then, using condition 2.7, remark 2.8, lemma 2.9 and Gronwall’s inequality, we
deduce that there exists a constant C such that

sup sup |up” (t)|3; < C(M, T)(1+ [|F). (4.4)
v>00<t<T

Denote €27 (t) := curl u9¥(¢). Similar to the proof of proposition 3.2, employing the
curl operator to (4.3) and applying (A.6), we get

dép’ (1) = —vAEY (1) — B(up! (1), €0 (1)) dt + curl To(t,up” (¢)) f(¢) dt

4.5
+ / curl Gt u” (£), y)(9(t,y) — D)o (dy) dt )
Y

with the initial data £)¥(0) = curl c.
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Multiplying (4.5) by 2¢9” and integrating over [0,7] x D and using condition
2.12, (A.7) (¢ =2), (A.3), Holder’s and Young’s inequalities, one deduces that

e |H+2u/||£ 5)2ds

< | curl o[ + 2/0 | curl Yo(s, u (s))|zco,mn) | £(9)[0l€R” (5)| rds

+2 / / | curl G(s, ud (5), 9) rlg(s, ) — LI ()]0 (dy) ds
0 Y

< Il + (14 sup [uf(s)f3) / (K +176)B) ds

s€[0,T]

2 / (K(5) + 1£(5)2) €27 (5) 215
e / / 1G(s,9) lo.erlg (s, ) — 1/9(dy) ds
e / €0 ()2 / 1G5 9)lo.srlg(5, 9) — 11(dy) ds

It follows from condition 2.7, remark 2.8, lemma 2.9, (4.4) and Gronwall’s inequality
that there exists a constant C' such that for every i = (f,g) € SM, it holds that

sup sup &7 () |5 < C(M, T)(1 + [[s[*). (4.6)
v>00<t<T

This together with (4.4) and (A.3) yields that

sup sup [Jup’|| < C(M,T)(1+ ||<]). (4.7)
v>00<t<T

Moreover, for every v > 0, we can infer that u € C([0,7]; H) N L>=(0,T;V) and
it holds that

t)zg—V/tAu%”(s)—/tB(u%”(s ds+/ Yols,ud(s))f(s)ds

/ | Gs.u9.9)(a(5.9) — Do) .

By applying (4.4), (4.7), conditions 2.6, 2.7 and 2.12 on (Yo, G) and (A.4) when
q¢=2 and r = 1, remark 2.8, lemma 2.9, one deduces that for any v € (0,1] and
= (f.9) € S™:

lup” lwr.20,mv) < C(L+ <)
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Then, there exists a function v € W12(0,T; V') N L>(0,T; V) such that

up’ — v weakly in L*(0,7;V) n W"2(0,T; V'),
uh — v strongly in L? (O7 T; H)7
u” — v weak star in L>° (O, T; V),

as v — 0. Taking v — 0 in (4.3), we conclude that u) := v is a solution of (4.1)
as [52, theorem 3.1] (see also [60]). Moreover, since (4.7) is uniformly bounded in
v >0, taking v — 0 in (4.7), we can get (4.2). O

As far as we know, it is difficult to prove the uniqueness of solution to the
Euler equations in Hilbert—Sobolev spaces. But scholars get the uniqueness of solu-
tion in the non-Hilbert-Sobolev spaces H9, q € [2,+00) for the deterministic case.
Inspired by them such as [8], for proving uniqueness, then we require the coefficient
(T,,G) to meet some conditions (see conditions 4.2 and 4.3).

For k > 0, q € [2,00), we denote R(Hy, W*4) by the space of all y-radonifying
mappings from Hy into W9, We note that R(Hy, W) are analogues of
Hilbert-Schmidt operators when W*?2 is replaced by the general Banach spaces
Wka, We refer to [10, 12, 26, 43, 44] for the definitions and some basic properties
of stochastic calculus in the Banach spaces.

CONDITION 4.2. Let g € [2,00); T, € C([0,T] x H*; R(Hy, H"?)) for v >0 and
G €C([0,T) x H*® x LY(Y); H"?), there exists K(t) € L*([0,T],R*) such that for
everyw € HN H*? and v > 0, if £ = curl u, it holds
[eurl Yo, (8, w) |G a1,y < B )L+ [Jullf + [1€]17),
[ Nlewrt 6, ute) w2 00) < [ 1606 curt u(e) L 0()
Y Y
< K ()1 + [[eurl ul|).
CONDITION 4.3. Let g € [2,00); T, € C([0,T] x H“%; L(Hy, H“9)) for v >0, G €

C([0,T) x HY9 x LY(Y); HY9), and there exists K (t) € L*([0,T],R") such that for
every u € HY9 and v > 0 (resp. u € H*>9 forv=0) if £ = curl u, it holds

Il curt Yo (t, 0|y, 0y < VE @)L+ Jlullg + 1€]l0),

/Ilcwl @(t,U(t),y)Hqﬁ(dy)S/IIG(t, curl u(t), y)[l40(dy).-
Y Y

Note that examples of Nemytski operators in [12] for Y,, T, and
(0 ), Gt 0 0) = (00() £ O3, where () (1) € L([0,T], R ™),
I'(y) € LYY fY (dy) < C, satisfy the above conditions. If curl ¢ is bounded, we
have the followmg theorem.

THEOREM 4.4. Suppose the hypotheses of theorem 4.1 are satisfied. Moreover, we
assume that curl ¢ € (L*°(D))? and that condition 4.3 holds. For every M >0
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and h = (f,g) € SM, then the weak solution of (4.1) is unique in C([0,T]; H) N
L*°(0,T; HY9), q € [2,00). Moreover, we have

sup || curl up(tlly < O+ [[s]| + || curl <), (4.8)
\t\
sup [|Vap (t)]lq < Ca(l+ [[sl| + || curl <|,)- (4.9)
0<t<T

Here C > 0 is a constant, which depends on M, T, and ||<|| g (p;r2)-

Proof. First, we verify the estimates (4.8) and (4.9). Thanks to (A.3), we only need
to check the L9(D) upper bounds of curl u)(t). Now, we establish the a priori
estimates of the Galerkin approximation solution uj, , , and assume that uy, , € H>9.
To simplify the notation, we drop the index n.

Denote £9(t) := curl ul(¢). Applying the curl operator to (4.1) and using (A.6),
we have

dép(t) = —B(up(1), (1)) dt + curl To(t, up(t))f(¢) dt

~ (4.10)
—|—/Y curl G(t,ud(t),y)(g(t,y) — 1)I(dy) dt, £2(0) = curl c.

Multiplying (4.10) by q|€2(¢)]972£2(¢) and integrating over [0,¢] x D, we obtain
t
80z +a [ [ @) VI eh ) dzds
0 D
t ~
—leuldly+a [ [ cul Tols, 6D SR s)dods
0 D

+q/o /D/Y curl G(t,up (), y)(g(t, y) — DIEHD) T ()0 (dy)dxds.

We note that for every s, [, (up(s) - V)E(s)|Ep(s)]7 %€ (s)dx = 0 by using the fact
that £)(t) = curl u)(t), and (A.7). Then, by using Holder’s and Young’s inequalities
and condition 4.3, one has

Ieholy < 1l eurt <l -+ " curl T, ud (5)) sty oy |/ (loll€06) 2 s
+a | t [ [ et Gleuio)mtate.s) ~ DI 00 () deds
< curl <llg +q(1 +02181£TIIU%(8)||3) /Ot (K(s) +1£(5)[3) ds
wa [ (6 + 608 lehio)lgas
+0 [ [ 166 lndlots) — 119(ay) s

e / 1€9(s)]le / 1G5, lloglg(s,9) — 119(dy) ds.
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From the fact that H'? < L(D), (4.2), lemma 2.9 and Gronwall’s inequality, we
conclude that for any n > 1 and h = (f,g) € SM

sup_ 10, (Dl13 < C (|| ewrl </l + 1+ <]1*). (411)
otLT

Note that the upper bounds of inequality 4.11 do not depend on n. We can take
n — oo in (4.11) and use classical arguments to get (4.9). For more details, see

e.g. [8].
Next, we prove the uniqueness of the solution u%. By using (4.9) for some ¢ > 2
and (A. 2) we can infer that any solution u9 to (4.1) belongs to L>°((0,7) x D).

Let uh and vY be two solutions of (4.1) with the same initial data. Denote w :=

u? —v?. Then w is a weak solution of the following equations:

dw(s) = — [B(up(s), up(s)) — B(vh(s), vp(s))] ds
+ [ Tos. u(5) = Tols,0f(s))] f(s) ds
+ [ [ u20.0) - 6o e85).9)] (905.9) ~ DIy s, (0) = .
Y
Multiplying the above equations by w(t) and integrating on D, and using condition

2.6 on (Y, G), Schwarz’s and Holder’s inequalities and (4.9), we obtain for any
q € (1,00)

/\w ) [Vl (1) ()
+ 1 (Yot wf(6) = Tolt, o) ) lacato,n | F Olol= ()]

+ Cla(l / 1G(t9) gt ) — 19(dy)

< IV O DO e oo Ol ™+ VE@ ) — o0 111 ol (0)
+ Cla(l / 1G(t ) slg(t ) — 119(dy).

Applying the fact that || curl ||, < C| curl ¢||0,q € [2,00),C > 1, @w(0) =0 and
(4.9), we obtain for ¢t € [0,T]

W (t) < 2gC(M)(1 + [[s]| + || curl | e (o) WIW(E) ™7 + 2(K (1) + [ F(OI)W(E)

W) / 1G(ty) lg(t ) — 119(dy),
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where W := supgc, <7 [|[@(t)|| Lo (py and W(t) := |@(t)|3;. Then

2
q

W(t)/4 < 20q Ca(M)[L + |||l + || curl ]| o ()Wt

+ [ 28+ 176 B s

t

0 [ Wt [ 16l lats.) - 119() ds.
0

Hence, by using Gronwall’s inequality, for ¢ € [2, 00) and any T* € [0, T'], we deduce

that

sup |@(t)|h
0<t<T

< 0(20<M>[1 el + 1 curl gl (o) A?T

T p
xeXP{/O [(K(t)+f(t)l%)+A||é(t,y)||1,H|g(t,y)_1|ﬂ(dy)}dt}> _

Choosing 75 > 0 small enough and taking ¢ — oo, for every ¢ € [0, T}, we can infer
that | (t)|% = 0. Repeating this process by using the value at time 77} as the initial
data and employing (A.2), (4.9) and (4.2), one concludes that there is a T > 0 such
that for every integer k = 0,1,--- and any ¢ € [T} + kT*, T} + (k+ 1)T*| N [0, T,
it holds that |w(t)|% = 0. This yields the uniqueness. We complete the proof of
theorem 4.4. ]

5. A priori estimates

In this section, we should give an a priori estimate and more regularity of the
solution u¥ in H'% q € [2,+00) to the stochastic controlled equations (2.5) for
establishing a large deviation principle of the solution u” to equations (1.6).

PROPOSITION 5.1. We assume that E[s|?? < oo for some p € [2,00), and
E|<[|%1.4 < 00 for q € [2,00). Furthermore, suppose that (Y,,G) and (Y,,G) sat-
isfy conditions 2.5-4.3, respectively. For M >0, h= (f,g) € UM and v € (0, ],
then the stochastic strong analytically weak solution u} of (2.5) belongs to
L>(0,T; HY) P-a.s.. Moreover, we have

0<v<vo heliM 0<t<T

sup  sup E( sup ||U%(t)||§p,q> <SOM,q)(1+E[sln.). (5.1

Proof. Now, we study the energy estimation of the approximation solution uj ,
in H%4. To simplify the notation, we drop the index n. It follows from (A.1) and
proposition 3.2 that for 0 < v < vy and h = (f,g) € UM, E(supge o lluf(t)]|9) <
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C(q, M)(1 +E|s||?). Denote & := curl uf. By using (A.3), we have ||[Vuy|l, <
||curl u¥||4. Then, for getting (5.1), we only need to prove

sup  sup E( sup |sz<t>||g> <OM,q)(1+E[ cwrl <2).  (5.2)

0<v<vo heiM  \ O<t<T
Denote (-,-) by the duality between L?(D) and L9 (D), where é + q% = 1. For
fixed N >0, set 7v =1inf{t > 0: {7 (¢)|lq = N} AT. By using Itd’s formula, we

obtain
8

€k (¢ ATl < flewrle]|g + > Ki(e),

i=1

where

K0 =0V [ GO 6), el Xy louf () (),

Ka(t) = | [ (5 6) vt G, I ()19) N (),
Koty = v [ G2, 4Gk 6

Kat)=a [ (GO ), can B, uk(6))as,

Koty = [ G2, cam T (s, ()59,

ot = S =1 [ ownh Yoo,k 6) s o 61O,
wy=v [ [ (o) +veun sl - KON

gl ()L ), curl G, u(s), y>>)ﬁ<dy> ds,

Ks(t) = g / v / €2 ()| 2 (curl G (s, u(s), 1) (a5, ) — 1), €4(5))9(dy) ds.

For the term K;(t), by applying the Burkholder-Davies-Gundy inequality, condi-
tion 4.2, Holder’s and Young’s inequalities, we deduce that

E ( sup K, (s))
sE[0,tATN]

tIANTN
< ﬁw&( [ e ms,uz(s))|%>,<HD,LQ)||fz<s>||3<q—“ds>

N
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<ﬁ0qlE< sup ||fg<sATN>||§[ / "l ()lle2K (s)

0<s<t

1 tANTN
< 2IE< sup §Z(SATN)|3> +VCQQE/ K(s)[|€ (s)ll5ds
0

0<s<t

W=

x (1 k()2 + g (5)112) ds]

tx

+1/Cq2<1+IE( sup ||ug(t)g)>/0 ” K(s)ds.

For the term K5(t), we use the Burkholder-Davis—Gundy inequality, condition 4.2,
Holder’s and Young’s inequalities again to obtain

E sup  Ko(s)
s€[0,tATN]

@U h / (IIgk () + veu G(&“Z(é’)ay)ﬂg_|§5(5)||3)219(dy)d5]
0 Y

1
2

tATN
<C<V>E( [ [ge2iencts. w1

|-

+Igx () 137 lleurl G(s, up(s), )l + leurl G(s, up(s), y) 570 (dy) dS)

<cws( K(S)Hﬁg(s)”qus); wowe( [ " k() d$>%

<

N =

se[0,tATN

+ C(WIE ( /0 R ds)é .

By using the facts that £ = 0 on D and A = —A, one deduces that

E( sup |£z<s>||g>+c<u>ﬂ<: / "K€) 2ds
] 0

EKs(t) = —qvE / v /D (V€8 ()|2€4(5)), VEL (s)) drds

tATN
= —q(g—1)VE /0 /D (€2 (5)] 2| VL ()| 2dauds.
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It follows from & = curl uf and (A.7) that EK,(t) = 0. For the term Kj5(t), we
employ Holder’s and Young’s inequalities and condition 4.3 to bound

curl TV(S, up(s))f(s)lqds

q*

tATN
EX5(t) < qE / Il (s)[a!
0

(1 s furg) [ (K6 + 1768 s

<E
s€[0,7

ro [ I+ 17608) 0]

Condition 4.2, Holder’s and Young’s inequalities imply that for any v € (0, vo]

a1 g /0 k@K () (14 luk (5)3 + ik (9)]2) s

EKg(t) <
alg—1) 2 /
< —vE(1+ - sup |uf(s)||? K(s)ds
7 vB(L+ g s lu)l) [ K (o)
tATN
Frla-1PE [ KOs
0

For the term K7(t), by using condition 4.2, Hélder’s and Young’s inequalities, we

have

tATN
EK7(t) < CE [/0 /Y (Hf’;{(s)Hg_Z + [Jvcurl G(s,ug(s),y)Hg_Q) l
xveurl G(s,up(s), y)||§19(dy) ds]
tATN
< CWE ( / / (€ ()19 leurl G(s, ul(s), )2
T Jlewrl Gs, uf(s),9)]9)9(dy) ds)
tIATN tATN
< CWIE / K(s)|€(s)]2ds + C(v)E / K(s)ds,
0 0
For the term Kg(t), applying condition 4.3, Holder’s and Young’s inequalities, one
has
tATN _
E / / €& ()[192 (curl G (s, u(s), y)(g(s, ) — 1), £ (5))9(dy) ds
0 Y
tATN _
< CE / / l€4() 142 leurl s, u(5),9) lalg(s, 9) — 1L ()]l 9(dy) ds

thTy leurl G(s, uf(s),y)|
<ce [ [l FO
; Y” h( )Hq 1_|_H§;_;(5)||q

x g(s,y) = 11+ [1€5(s)[5)0(dy) ds
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<ce [ [ SEE s, - 10+ g @0 a

tATN _
<cx [ [ IIGE wlodlats. )~ 10+ [0 ds
0 Y

tATN N
<cr [ [ 16 nalas.) - 19() ds
0

tATN -
+CE / € (s)) / 1G5 9o
0 Y
Then, we obtain

Ell&h @A)l

g(s,y) — 1]9(dy) ds.

< Elfeurl 6|7+ C(v,q)E

(14 s tuk)g) [ (56 +15698) ds]

s€[0,T]

+Owa)s [ 1K) +FER) ds+ oW [ K)ds

+ce [ [ 16 ilnalats. ) - 0@ as-+ cwie ([ K Gs) 1)

+0E/0 . ||fu(s>\\3£{|é(s,y)|o,q #(5.9) — 118(dy) .

Using Grownall’s inequality and lemma 2.9, we have

sup  sup ]E( sup Hﬁ;{(t)”g) < C(M,q)(l—!—EH curl g||g).
0<v<vo heyyM o<t<T

Then, one deduces that (5.2) holds for the approximation sequence ¢y . We notice
that the constant C'(M,q) does not depend on n. Hence, letting n — oo, we can
obtain (5.1) by using the weak convergence discussion. Therefore, we complete the
proof. O

6. Large deviations principle

In this section, we establish a large deviation principle of (2.4) by using a weak
convergence approach in [13, 15]. First, for every v > 0 and for every ¢ € [2,4+00),
we assume that Y, = T,, G = G satisfy conditions 2.6, 2.7, 2.12 and 4.3. Moreover,
we assume that (Yo, G) satisfies the following condition:

CONDITION 6.1. For every q € [2,4+00), we assume that (Yo, G) satisfies conditions
2.5, 2.7, 2.11 and 4.2 and Y satisfies

sup }T,,(t,u) —Yolt,u

gC’V(l—Hu\H), forue H and v > 0,
0<t<T

) |L(H0,H)

where C,, € [0,+00) and it converges to 0 as v — 0.
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Here, we notice that ||V| 1 z,,20) < C|| Y| r(Hy,L9)- Then, for v > 0, (T,,G) also
satisfies conditions 2.6, 2.7, 2.12 and 4.3 with appropriate Coefﬁments.
Let B be the Borel o—field of the following Polish space:

X =D([0,T];H) N L>(0,T; H**NV) N L*(0,T; H)
with the norm |u% = fOT lu(t)||3,dt and define
Y ={s €V, such that curl ¢ € L>(D)}

with the norm [[<[3, := [|s[|* + || curl |7 .

By using (A.3) and (A.1), for any ¢ € [2,00), we obtain ) C H"9. Next, we
establish a large deviation principle of equations (2.4) with deterministic initial
data u”(0) =< € ).

Now, we state our main result in this section.

THEOREM 6.2. Assume that ¢ € Y, and for v > 0, (T,, Q) satisfies conditions 2.5,
2.7, 2.11 and 4.2 for any q € [2,400), K(t) = C and condition 6.1 is satisfied.
Then, the stochastic strong analytically weak solution u” of equations (2.4) with
deterministic initial data s satisfies a large deviation principle in X with the good
rate function I defined in definition 2.1.

Notice that inspired by [20], we will study the construction of the rate function I
in the further work. For fixed ¢,p € [4,00), M > 0 and vy > 0, let i, = (f1,9,),0 <
v < vy be a family of random elements taking values in UM . Suppose that uy s the
stochastic strong analytically weak solution of the following stochastic controlled
equations:

duy, (t) = —[vAuf (t) + B(uy, (t),uf (t)]dt + VYt up (t)dW ()
+ T (¢, up, ()£ (1) dt

+1//G(t uf (t=),y)NV 9 (dy, dt)

/ Gt (1)) (g (t,y) — 1)9(dy) d (6.1)

with deterministic initial data wuj (0) =< € ). Due to the uniqueness of the
solution, we can conclude that for (f,,g,) € UM, up (s) = GY(Vv(W(s) +
7= Jo fu(s)ds),uN" "ov). Recall that u) = GO(f; f(s)ds,99).

Now, we proceed to verify the second part of condition 2.3.

PROPOSITION 6.3. Assume that for v > 0 the coefficients T, G satisfy conditions
2.5, 2.7, 2.11 and 4.2 for all q € [2,+00) and that condition 6.1 holds. Further-
more, we suppose that for every p € [2,00), E(|s|}y + [<|},) < +o0, and (f,,g.)
conwverges in distribution to (f,g) in UM. Therefore, the process Gl (Vv(W () +

ffo fo(s)ds),vNV 9") converges in distribution to G2( (Jo f(s)ds,99) in X as
v — 0.
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Proof. We divide the following four steps to prove the proposition.
Step 1: We note that uy =<+ S0 H;, where

t t
Hy = _,,/ Auf,(s)ds, Hy = —/ B(ul, (s),ut. (s)) ds,
0 0

t

Hs = ﬁ/ TV(Sauh (s ))dW( ), Ha :/ TV(S’UZV(S))fV(S)dS
Hs = v/ /G (t,ul (t=),y)N¥ "9 (dy,dt),

Hy — / / Gt (1),9) (gt ) — 1)9(dy) dt.

For v € (0, 1], by using Minkowski’s and Cauchy-Schwarz’s inequalities, we obtain

T t 2 T
1l = [ ] [ Au, ) as] aeev [ 1aug 0

T
<C(@pw [ 1Au, (5) s
0
Hence, for v € (0, 1], by virtue of (3.6), one deduces

E(1H1 [y .2(0,7:01)) < C(M, T, 10) (1+El]|*) -
Similarly, it follows from (3.6) that for all p € [2,00) and v € (0, )

T T
B[ H [y 100 727 < C(T)E / | Auf, (3)][%ds < vC(T)E / l, (s)Pds

< O(T, p,vo) (1 + E[[¢[[?).

Minkowski’s and Hoélder’s inequalities and (A.8) imply that for p,q € [4,00) and
v € (0, 1)

T
10y € OTo0) [ (0 (0P
Then, for v € (0, 1], by using Hélder’s inequality, (3.6) and (5.1), we have

1-p/q
Bl 0,20m) < O M, p,0) (14 Efslp/@=0) " (14 Efjlg,)""

By the Burkholder-Davis—Gundy inequality and Hoélder’s inequality, it holds that

T T T /2
IE/ |H(t) |5, dt < c,,yp/2/ E </ Tl,(s,ugu(s))%st> dt
0 0 0

<CVP/2(1+E sup [uf (s / / K(t dt “d

s€[0,T]

< C(T,p,vo)(1+ Els[7).
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Let p € [4,0), a € (0, ) By virtue of the Burkholder-Davis-Gundy inequality
and Holder’s inequahty7 one deduces that

//|H3 |1+£p)Hdtd

_,,m/ /TEJ‘S” (g, () AWl

[t — s|itop

< C(T,p,vo)(1 + Elslt)) / / ~(+ap) 4sdt

< C(T,p,v0)(1 +Els[})).
Then, we obtain
2
E (1 Hsl%y 0 n 015y < C0 T (1 +E[s])

Furthermore, we use Hdélder’s inequality and condition 2.5 to infer that for v €
(0, vo] and p € [4, 00)

T
/ |H4(t)\%dt<0(1—|— sup |up (s / / K(t dt
0 s€[0,7)

Let « € (0, %) By using Minkowski’s and Holder’s inequalities, condition 2.5 and
Fubini’s theorem, we deduce that for v € (0, vg]

//|H4t—51+((xp)Hddt
/ / t-s) ap/|T (r.t, ()| g | o (r)odr| ds s

<1+ suwp |ugy(r)\%)/0 /0 (t— $)~1=P dsdt.

rel0,T]

Using the two above estimates and (3.1), for a € (0, 3), p € [4,00) and v € (0, ),
we get

E(||H4||€VavP(O,T;H)) < C(p,a, T, M) (1 + Efs|7) -
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For the term Hj, by the Burkholder—Davis—Gundy inequality and Holder’s inequal-
ity, and proposition 3.1, we obtain

p/2

T
B [ |Hs(0)ffd < o / (/ JAC >|Hﬁ<dy>dt> dt
0
T T p/2
gcpuf’/?/ ]E(/ |ugy|§1dt> dt
0 0

+ C(p, T)v?/? ( / ! K(t) dt) )
0

< C(p, T)vP/? (1 + sup Eluf, (t)|’,;> + C(p, T)vP/?
0<t<T

<O, T (1 +Elsly) .

Let p € [4,00), a € (0, %) The Burkholder-Davis—Gundy and Holder’s inequalities,
conditions 2.5 and proposition 3.1 imply that

|Hs(t) — Hs(s)[}y
o [t

s t v
p/2/ /T E| y (Tvuh,,(r)ay) (dy,d’/’) H ds dt

[t — s|LFer
o [
0 0

T T
< CpuP/? <1 + sup Eluy (t)|%> / / It —s|~(FP) qs dt
o Jo

0<t<T

p/2
[t —s|~(+eP) ds de

sVt
E / Gl (r—). y)
sAt

<O, T (1 +Elsly) .

For the term Hg, by using conditions 2.5, 2.7, lemma 2.9 and proposition 3.1, we
obtain

|H6 Hg(s)[%
e[ [ e asa

/ /T E| J20 Gl (1), y) (g0 (r,y) — 1)9(dy)

[t — s|iror

d p
WYY
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P

T T sVt
<G, / / E|f / Gyl (=), ) g () — 1[8(dy) dr

Nt

x [t — s|7(FeP) ds dt
P

T rT sVt
<6 [ [E|[ " [16emlnlat) - 10+, o)
0 0 sAt JY

x [t — s|~(FeP) dsdt

T T
<G (1 + sup Eluf (t)%) / / [t —s|~(1+oP) dsdt
o Jo

0<t<T

<Cp (L+E|s%).

Combining the estimates of H; — Hg, we can infer that for p € [4,00), a € (0,1/2),
there is a constant C'(p, M, T) > 0 such that for any v € (0, 1], it holds that

E(llur, e o.r:m) + E(llug, e omryy) < Co,M,T). (6.2)

Step 2: Using lemmas 4.3 and 4.4 in [60], we deduce wuj is tight in
D([0,T); D(A=8),3 > 1/2. Tt follows from (3.6) and (6.2) that the process
{u} }ve(o,10) is bounded in probability in

W*2(0,T; H) N L*(0,T; V) N W*P(0,T; V").

Using theorem 2.1 in [29] (see also [12] and the references therein), we can infer that
the space W*2(0,T; H) N L?(0,T; V) (W*2(0,T; V)N L?(0,T;V)) is compactly
embedded in L2([0, T]; H) (L*([0,T); H)).

Therefore, for v € (0,19], using the Prokhorov theorem, we know that the
distribution £((f,,g.),uj ) of the process ((f.,g,),uy ) is tight in

Z:=UM x L2([0,T]; H)(or L*([0,T); H)) N D([0, T); D(A™?)).

Let {vn}n>0 be a sequence in (0,1p] such that v, — 0. Thus, we can choose a
subsequence, still denoted by ((f.,,9y,),us" ), that converges in distribution to
((f,9),u) in Z as n — oc. !

Step 3: Applying the Jakubowski-Skorohod Theorem in [33], we infer that
there exists a stochastic basis (Q, F, {Fi}i>0,P) and on this basis, Z-valued ran-
dom variables ((f,g),a) and {((fun,gyn)mg; )}n>0 such that ((f}n,gun)mg; )
and  ((fv,,9v,),uy" ) have the same distribution on Z, and as n — oo,
(s Gu) apr ) — ((f,9),a) in Z P-a.s. For simplicity, we drop the tilde and the
index n. Denote ¢ = uy (0). Notice that here the corresponding solution is the

stochastic weak solution.
Applying (3.1), (3.6) and (5.1), for v € (0,10], @ € (0,1/2) and ¢q € [2,00), we get
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T
E( sup quu(t)|%> <C, E </ IIU%V(t)IIZdt> <0,
0<t<T 0

E( s [luf, %)) < C:

i<

Then, there is a subsequence which converges weakly to u in L2(Q x (0,T); V)N
LI x (0,T); H»?) as n — oo. Hence,

ue L*0,T;V)NL>(0,T; HNHY) P — as.
Step 4: We want to check that u is a weak solution of the following equations:

du(t) + B(u(t), u(t)) dt = To(t, u(®)) f(£) dt
/G (4 u(), 1) (g(ty) — 1)9(dy) dt,  u(0) = <.

Taking ¢ € D(AP) with 8> 1/2, then we have
(i, () =500+ | " (Bl (5), i, 5)) — Yofo, v, () F(6), 9)ds = 3 L,
where
L= | (Al (5).0) ds, Lo =F (T(s,u, (5)). ) AW (),
L=v | t [ (G, (¥ (s ),
L= (B, () - ulo), (), ) + (Blu(s),u, (5) — u(), ) s,
L= [ ([T, (5) = Tolssut, ()] (), ) s,
Fo= [ (oo () = Yoo, )] ol ) .
L= [ (s, u(s)) [(s) — F(6)], ) s,

Lg_// (s, (), 9)(9u(5,9) — 1), 0)

yuls), y)(9(s,y) — 1), )] 9(dy) ds.
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For the term Li, the fact that D(A®) C V, 3 > 1/2, CauchySchwarz’s inequality
and (3.6) imply that for ¢ € [0,7] and v € (0, 1]

t t 1/2
E[L;| < VE/O luz, (s)llllellds < vV (E/O IIUZV(8)||2d8>

L2
< vO(T, M)||¢| (1 +E|¢| ) —0asv— 0.

For the term Ly, by using the Burkholder-Davis—Gundy inequality, Cauchy—
Schwarz’s inequality, condition 2.5 and (3.1), we have

t 1/2
B|L,| < Vo ( / |T<svuzy<s>>|%Q||so||2)

. 1/2
< Vo|lellC(T, M) (1 + ]E|<|‘}I) —0asv—0.

For the term L3, we use the Burkholder-Davis—Gundy inequality, Holder’s inequal-
ity and condition 2.5 to deduce

E|Ls| < ufE( sup]/o /Y(G(s,ugu(s—),y)]\}u1(dy,ds),<p)>

te[0,T

T
< vk ( | (s (102t dt)

- 1/2
<vlelle, M) (1+Bkll) = 0as v —o0.

1
2

For the term Ly, using (2.2), Holder’s inequality and (3.6), the fact that uy —u — 0

in L2(0,T;H) P-a.s. as v — 0, (3.6), (4.2), the Vitali convergence theorem, we
obtain

BILal < CE [ uf, (5) — u)le (lu, () + [uls) ) ol
¢ 1/2 ¢ 1/2
<Clly| (E / ||uzu<s>—u<s>||%ds) (E / [|uzu<s>||2‘v+||u<s>||2v}ds)

1/2

<o el (1+210%) " (& [k, () - uols) - —o.

For the term Ls, condition 6.1, Cauchy—Schwarz’s inequality and (3.1) yield that
~ gt
]E|L5| S E/O ‘TV(‘S’uZ,, (S)) - T0(87 ug,, (S))’L(HOVH)|fV(S)|0|(p|HdS

3 t 1/2
14 v 2
< el VAITE( [ (0005, () = Yol (D) 1, 1)
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" 1/2
< ColluVAITE ([ [1+1uf, ()]s )
0
- 1/2
< Oy lo|pC(T, M) (1 +1E|g@,) —0asv—0.
For v € (0,10], by condition 2.5 and Holder’s inequality, we obtain
B B t
BILol <B | [Las.uf,) = To(s. 006D gy ool

< CloluE: ( [ VG0 - u<s>|H|fy<s>|ods> .

For any € > 0, let A, . = {t € [0,T] : [u}; (s) —u(s)|z > e}, then we have

~ T
E Vo(t) — u(t)|%dt
lim Ar(A,.) < lim Jo luf, (8) ~u®)lpdt

; 0.
v—0 v—0 £

Set M = SUDy ¢ (0,v0] ]E(supte[O’T] lup, (t)|m) V E(Squ,e[o,T] |u(t)|r) < oo. Then, one
gets

BlLol <201l | [ Kyan] [ 10Rat +eleln [ VEQS@) 0o

< 2M|gln /A K(t)dty) / ()Rt
T T
+elgln ( / K(f)d + / |f<t>|3dt>

—0asv—0.

For the term L7, we have

E|Ly| = E \ / () = . X35, u(s))0) .

It follows from condition 2.5 that
T T
| et utseidas <lelh [ K@)+ (o)) as <
We note that f, — f — 0 in L?(0,T; Hy) for the weak topology P-a.s. as v — 0.
Hence, fot(fl,(s) — f(s), Y5(s,u(s))p)ds — 0 P-a.s. as v — 0. On the other hand,

(4.2) implies that E([](f,(s) — f(s), Tg(s.u(s))p)ds)®> < C. Applying the Vitali
convergence theorem and (6), we can infer that E|L;| — 0 as v — 0.
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Finally, by condition 2.6, lemma 2.9 and the fact that u} — u in L*(0,T;H)
P-a.s. as v — 0, we get for fixed @ € O

/ / (G54, (5),9)(g(s.9) — 1))
0 Y
- (G

(s;u(s),9)(9(s,y) — 1), 9)]d(dy) ds — 0.

In fact, we have

/0 /Y |(G(s,uk, (5),9)(9(5,9) = 1), 0) = (Gls,u(s) y)(9(5,9) = 1), 9)|9(dy) ds
< C/O /Y||G(8,:U)||1,H|ugy(s) —u(s)|alg(s,y) — 1|9(dy) ds

<cnr /A / 1G (s, ) l.i2lg(s: ) — 119(dy) ds

“/Agi/Y”G(S’y’

< OMij+ Ce — 0,

l1,m2l9(s,y) — 1|J(dy) ds

since 17 and ¢ are arbitrary. Moreover, condition 2.5, lemmas 2.9 and 2.10 yields
that as v — 0, it holds

/0 / (Gs, . (5), 9) (g0 (5,9) — 1), 2)9(dly) s

= / / (Gl (),9)(g(s, ) — 1), @)I(dy) ds.

For the completeness, we give the details of the proof. First, from lemma 2.10, we
know that for every € > 0, there exists a compact set K C Y so that

| [ (@i 6050 = 1010 as

<Csup [ G5, (). ) ol (s,) ~ DIy ds < e
[0,T] xKe

Here g.(s,y) = gu(s,y) or ¢g(s,y). Then, to prove the above convergence, we need
to prove that for every compact K C Y, it holds that

/K (s, (), 9)(gu (5, 9) — 1), )9(dy) ds

=), (G(s,up, (5),9)(g(s,y) — 1), 9)0(dy) ds.

Here Ky := [0,T] x K. If G(s, -, y) is bounded, then fYT (G(s,,y), p)0(dy)ds < oo,
and we just need to prove that

/K(G(Syuzy(S),y)gu(s,y),w)ﬁ(dy)ds—> ; (G(s,up, (5),9)9(s,y), ¢)9(dy) ds.
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For this, we introduce 6(-) = % as appendix in [13]. Hence, we know that
6 is a probability measure on [0,7] x K. By Hélder’s inequality and lemma 2.9, we
have

/K (G (5,15, (5),9) — Gls,u(s), 1), 9)]0(dy) ds

2

<O <K ( 16, ute). ). )ty ds)

T 3
x ( / it (s) u<s>|%1ds> )

Then, we deduce that (G(s,uy (s),y),) — G(s,u(s),y),p) 0-as. Setting W =
9T COK) g = 90COK)
f]K g,9(dy)ds f]]g g9 (dy)ds’
2.8 in [9] and the fact that [, g,9(dy)ds — [ g0(dy)ds, we get

we know that J¥ converges weakly to 0. By lemma

/K (Gs,ul (). 9)gu(5,9), )0(dy) ds — | (Cls.u(s), 9)g(s,9), 2)9(dy) ds,

Kr

and

/K(G(s’ua(8)7y)g(s,y),sa)19(dy)ds—> (G(s,u(s),y)g(s,y), p)V(dy) ds.

Kr
For general G(s,-,y), it is enough to get

I'= SUP/K G (s, Yllo, L1605, w)llo.n> My 9 (5,9)0(dy) ds — 0.
T

Since ab < eX* + 11(b) for a,b € (0,00), L € [1,00), where I(b) = bInb—b+1 (see
remark 3.3 in [13]) and using the definition of S™, we have

1
IT'| < sup/ PG wllomy(dy) ds + 7 sup/ 1(g.(s,y))0(dy) ds
Krn{||Gllo,z>M} Yr

v

< sup/ eLHG(sa'ay)HO,Hﬁ(dy) ds + %
Krn{[|Gllo,m>M} L

For any € > 0, we can choose a sufficiently large L such that % < ¢ and take My
L||G(s,,
0.TIXK){[[Gllo. 11 > M} € GG w)llo.rr9(dy)ds < e for M > My

(see remark 2.8). Since ¢ is arbitrary, we have I' — 0 as M — co. Hence, for fixed

large enough so that f([
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@ € ), combining the above arguments, we arrive at

/0 / (G(s, 4, (),9) (g (5.9) — 1), )9(dly) ds
- / / (Gs,u(s), ) (g(s, ) — 1), 0)0(dy) ds.
0 Y

Therefore, as v — 0, for any ¢ € [0,7] and ¢ € D(AP) with 8 > 1/2

E((uzy (),¢) - / (= Blu(s),u(s)) + o0(s, u(s)) f(s), ©)ds
+ / / (G(s,u(s), 1) (g(s. ) — 1), 9)9(dy) ds> 0.

On the other hand, taking ¢ € D(A?), we deduce that

sup |(uf, (t) —u(t), )| — 0, P -a.s. as v — 0.
t€[0,T)

By (3.6), (4.2) and the Vitali convergence theorem, we can infer that

E ( sup |(up () — u(t),cp)|> —0asv—0.
te[0,T

Then, u is a solution of (4.1). By applying theorem 4.4, we obtain u = u. It follows
from theorems 4.1 and 4.4 that u? belongs to C([0,7]; H) N L>(0,T;V N HY).
Note that ;" and u;" has the same law. Hence, when v, — 0, we can chose

k

v . . . . .
a subsequence {vy, }x>0 such that w,"* converges to uj in distribution in X.

ny,

Then, uj ~converges in distribution to u?. By applying the facts that up (s) =
GY(Vv(W(s) + ﬁ I fo(s)ds), vN* " '9) and u) = G2( [, f(s)ds,09), we get the
desired result. Therefore, we complete the proof. O

Next, we verify the first part of condition 2.3.

PROPOSITION 6.4. For all ¢ € [2,+00), we assume that (o, G) satisfies condition
2.6, 2.7, 2.12, 4.3. For fired M > 0, deterministic initial data ¢ € Y and let (f,g) €
SM be such that (fn,gn) — (f,g) as n — 0. Then

Go (/O Fuls) ds,ﬁ%”) . Go (/O.f(s) ds,ﬁgT> .
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Proof. Let {un}n>1 be a sequence corresponding to the solutions of (4.1) with
control {(fn, gn)tn>1 in SM:

duy, (t) + Blun(t), u,(t)) dt

= To(t, un (1)) fu(t) dt+/Yé(t»un(t),y)(gn(tvy) — 1)d(dy) dt

with the initial data u, (0) = <. First, for any p,q > 2 and o < %, we will prove that
Uy, is bounded in W2(0,T; LY) N W*P(0,T; L) N L?(0,T; H>9). In fact, we can
rewrite the above equality as u,(t) = ¢ + Wi (t) + Wa(t) + W3(t), where

t

Wi(t) =—/ B(un(s), un(s)) ds, Ws(t) :/ To(s,un(s)) fu(s) ds,

0 0
¢
Wat) = [ [ Gs.a(5). 1)l (5.9) - DO(a) .
o Jy
For the term W7y, by using Holder’s inequality, (A.8), and (4.9), we have

2
IWill¥y 100,70y < C(T) ol (D)1 1.0 < Cla, To M) (14 s + | curl o]g)™".
tel0,

For the term W, it follows from Minkowski’s inequality, (A.1), (A.3), condition 2.6
and (4.2) that

2

T ~
[Wal|Z. < C(T, q)(/o ||T0(t7un(t))fn(t)”th>

2

T ~
< C(T, Q)</O ||T0(t7un(t))fn(t)”dt>
T 2
< C(T, (J) (/0 | curl TO@:un(t))|L(Ho7H)|fn(t)|0dt>

<C(Tq) <1+ sup ||un<t>||2> / K(t)dt / F0)l2ae

€[0T
< O(T,q, M) (1+ [s]?) -

Applying Minkowski’s and Holder’s inequalities, the Sobolev embedding theorem,
(A.3), conditions 2.6 and 2.12, (4.2) and (A.1), we obtain

[ waga
< [ ][ 1o mmtnsuoaas]

<o [ | [ 1ot mnas]a
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v p
< Clq) sup [Yo(t,un(t)I} g, v / ‘/ )+ | fn(s) )ds‘ dt

te[0,T)

< C(p,q, T, M) (1 + sup IIU(t)||p>

te[0,T]
<C(p,q, T, M) (14 [[||”).

Moreover, for o € (0, 1), we use conditions 2.6 and 2.12 to get

/OT/OT ||W2(i;i ST1+a(p)qd sd
C(a) / / (t - 5)"1-0r

< 20(q)C <1+ sup [un(r ||P>/ / (t—s) 17 ds dt
re(0,77]
<C(g, T, M) (1 +[[¢]”) .

/ HT()(T, UWL(T))fn(T)||d’I” : dsdt

For the term Wj, by using condition 2.6, 2.7 and lemma 2.9, one deduces that

W3 (1220, 7:10)
2
dt

<C(”£Eé%] Jun(0)]?) / ' ( I/ ||G<t,y>||o,q<gn<t,y>—1>ﬁ<dy>dt> at

< O(T.q.M) (14 []P).

Then, for a € (0, 3), we have

/ /T IIWstﬂlMp)Iqu "
(o) / / (t— 57170

‘/ / HG 7, un (1), y) (gn(r,y) — 1)[|9(dy) dr‘ dsdt

T gt
<2C(g)C <1+ sup ||un(r)||p>/ /(t—s)_l_c‘pdsdt
rel0,T] o Jo
< Clg,T) (1 + [s[17)-

From the above estimates of W; — W3, we can infer that {u,},>1 is relatively
compact in C([0,T]; D(A=?)) N L?(0,T;H) with 3> 1/2 by using Aubin-Lions
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Lemma (see also [8, 38]). Then, there exists a subsequence, still denoted {u,},
which converges to some element u in C([0,T]; D(A=")) N L?(0,T;H). Finally, it
remains to check that u is a solution to the following equations:

du(t) + B(u(t), u(t)) dt = To(t, u(t))f(t) dt
+ [ Gttt - Dot u©) =<
Y
Similar to the proof of step 4 in proposition 6.3, we can prove the desired result. [

Proof of theorem 6.2.. According to theorem 2.4, using propositions 6.3 and 6.4,
we can get the desired result of theorem 6.2. Then, we complete the proof. 0

Appendix A.

In this section, we first recall the following classical Sobolev embeddings. Let D
be a bounded domain in R? and satisfy the cone condition. Then, we have (see

e.g. 2, 8]):
lully < C(g)||lullwrz for u € Wh2 and 1 < ¢ < +o0, (A1)
w2t c cy(D), Wh c C%(D) for q € (2,00). (A.2)

Next, we recall the following result in [35] (see also [8, 12, 58]. For a given ¢ €
[2,00), there exists a constant C' such that for every u € H%9, it holds that

[Vull, < Cq|| curl ul|, for ¢ € [2,00). (A.3)

Moreover, for a given ¢ € [2,00) and 7 > 0, the operator B has a unique extension
to a continuous bilinear operator from H"9 x H"9 to H~"9 and for all u,v € H"4
resp. ¢, € D(A), it holds that
1B(u, )l sz-ra < Cllullgrol|vllmro, (A
(B(u,v),v) =0, (A.
(curl B(g,¢),v) = (¢ V( curl 9),v) = (B(p, curl ¢),¢), (A
(curl B(u,v), curl v|curl v|772) = 0 for all u,v € H*%N D(A). (A

Finally, if ¢ > 2, for all u,v € H"9, it holds that
|B(u, )| < Cllullgrallvll gz and || B(u, v)[lq < Cllullgral|vll g (A.8)

Here C > 0 is a constant.
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