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Abstract

The energy spectra of a sparse ensemble of electrons scattered by relativistically intense laser pulses are studied
numerically by solving the relativistic Newton equations with the Lorentz force generated by an electromagnetic
envelope in vacuum. The expressions for the envelope describe focused optical fields, include significant short-pulse
corrections, and afford the representation of laser radiation with various types of transverse distributions of amplitude.
The dependence of the character of the electron energy spectra on the type of the transverse distribution of laser
amplitude is explored. For Gaussian pulses, the electron energy spectra within specific angular ranges tend to either
include a relativistic maximum while being localized around it or to have the shapes of evanescent distributions
dominated by the cold component. Conversely, the energy spectra of electrons ejected into certain angular ranges by
laser pulses having first-order Laguerre profiles combine pronounced cold components and structured strongly
relativistic features. The presumed laser pulse transverse structure and the shapes of the calculated electron energy
spectra for first-order Laguerre amplitude distributions are shown to match, qualitatively, those reported in a recent
experimental study by Kalashnikov et al. in 2015, which revealed the electron energy spectra spanning both the sub-
relativistic and the markedly relativistic energy domains.
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1. INTRODUCTION

The interactions between relativistically intense laser pulses
and matter are a central theme in modern laser and plasma
physics (Mourou et al., 2006; Norreys et al., 2009). The rel-
ativistic diapason of intensities, which corresponds to the op-
tical field strengths inducing relativistic dynamics of
laser-driven electrons, stretches beyond the threshold value
defined as

Ir = m2c3ω2

8πe2
. (1)

Here m and e are the electron mass and charge magnitude,
and ω is the field oscillation frequency. For laser wavelength

λ, the relativistic intensity makes 1.37 × 1018 (1/λ[μm])2

W/cm2. Currently, laser systems in a number of laboratories
worldwide output femtosecond pulses with intensities ex-
ceeding the above value by orders of magnitude [consider-
able potential exists for transcending the current laser
intensity limits with the help of sophisticated laser–matter in-
teraction arrangements (Bulanov et al., 2013)].
Laser physics at relativistic intensities promises a series of

novel applications, particularly, in the sphere of the acceler-
ation of charged particles. The energy spectra of electrons ac-
celerated at various angles to the optical field propagation
axis by laser irradiation of a sparse target are studied in the
present paper in the wake of a recent experimental inquiry
(Kalashnikov et al., 2015).
The schemes of accelerating electrons with the help of ex-

tremely intense laser radiation rely either on the conversion
of electromagnetic field energy in plasmas via wakefields
(Mori, 2007; Esarey et al., 2009; Malka, 2012) and wave
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breaking (Ohkubo, 2006) or on the direct driving of electrons
in vacuum by the focused envelope optical field (Wang et al.,
1998). Note that the acceleration of electrons by intense laser
pulses focused into spots of the order of a single wavelength
is also being explored (Bochkarev & Bychenkov, 2007). In
practice, the direct driving approach is implemented in the
form of accelerating bunches of electrons with densities
low enough to neglect the Coulomb interactions within
them. The optical field for the purpose can be produced by
a single laser pulse (Kong et al., 2000; Wang et al., 2001,
2002; Cao et al., 2002; Pang et al., 2002; Salamin et al.,
2002; Galkin et al., 2008; Payeur, 2012) or, as proposed in
recent studies, by the interference of several tailored laser
pulses (Galkin et al., 2012; Korobkin et al., 2013).
The dynamics of an individual electron in a relativistically

intense laser envelope has been explored to an extent, the key
regime including the capture of the electron by the field, a
period of acceleration and dephasing, and the release of the
charged particle with substantial residual energy. According-
ly, the simulations of the electron motions employ a theory of
focused electromagnetic field in vacuum, which was origi-
nally derived by Quesnel and Mora (1998) in the form of
an asymptotic expansion of a solution to the Maxwell equa-
tions in a small parameter proportional to the ratio of the laser
wavelength to the focal spot radius. The series comprise
terms with alternate powers of the small parameter, while
the temporal profile of the laser pulse is described as a para-
metric dependence built into this asymptotic expansion
(Quesnel & Mora, 1998). As shown below, such framework
requires refinement for short laser pulses.
Calculations of the energy spectra integrated over all

angles are available (Cao et al., 2002; Cao et al., 2004;
Galkin et al., 2010) [angular spectra integrated over energies
are also calculated (Cao et al., 2004)] and, moreover, the
slope of the resulting distribution has been linked to the inci-
dent laser intensity in the case of a Gaussian pulse (Galkin
et al., 2010).

A probe into the aspect of optimizing the electron injection
conditions for laser acceleration, assuming a focused Gauss-
ian laser pulse shape, showed that the electron energy gains
are highly sensitive to the combinations of injection energies
and momenta (Zheng et al., 2008). Asketchy relationbetween
the energies and ejection angles of laser-driven electrons was
suggested on the basis of the theory of electron dynamics in
the fieldof aplanewave (Hartemann etal., 1998), but theunder-
lying assumptions need tobe reconciledwith the situation of fo-
cused laser pulses [some of the available simulations appear to
demonstrate the possibility of departures from the above
energy-angle dependence (Cao et al., 2004)].

A recent experimental study of the scattering of low-
density targets by laser pulses having the peak intensity of
the order of 1020 W/cm2 and the duration of about 30 fs (Ka-
lashnikov et al., 2015) revealed extremely extended post-
interaction electron energy spectra, in which energies ranging
from the sub-relativistic to the markedly relativistic magni-
tudes were found to be bracketed together at some of the ob-
servation angles. Furthermore, the data include a photograph
of the laser beam focus with legible signs of the presence of a
ring-shaped structure around the brighter core (Kalashnikov
et al., 2015), inviting the hypothesis about the first-order La-
guerre transverse distribution of the optical field amplitude.
The pertinent results obtained by Kalashnikov et al. (2015)
are reproduced in Figure 1.

An effort to simulate the electron scattering under the ex-
perimental conditions of the above inquiry had been made
(Borovskiy et al., 2015), but, contrary to the experimental in-
dications seen in Figure 1a, the modeling by Borovskiy et al.
(2015) was performed presuming the Gaussian transverse
shape of the optical pulses. It is also essential that these sim-
ulations were carried out using a model shown below to lack
the necessary short-pulse corrections. Ultimately, the simula-
tions by Borovskiy et al. (2015) did not reproduce the near-
exponential cold parts of the electron energy spectra, which
had been a key finding of the experimental study.

Fig. 1. The experimental results on the interactions between relativistically intense (I> 1020 W/cm2) ultrashort (∼30 fs) laser pulses and
low-density (3 × 10−4 mbar pressure) Ar targets (Kalashnikov et al., 2015): (a) Distribution of the laser intensity at the beam waist [Fig. 1a
from the study by Kalashnikov et al. (2015)]; (b, c) Electron energy spectra in the plane of laser pulse polarization sampled at different
angles to the propagation axis [Figs. 2a and 2b from the study by Kalashnikov et al., (2015)]. The electron energy data in the study were
accumulated over 10,000 shots and statistically processed to introduce adjustments for detector efficiency.
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In the present paper, the numerical part of the analysis,
which is conducted in the framework of a new general
model, is largely geared toward providing a theoretical
groundwork for the aforementioned experimental results re-
ported by Kalashnikov et al. (2015).
The simulations detailed below demonstrate that the char-

acter of the registered spectra spanning both cold and de-
tached relativistic energy zones can be traced back to the
mingling scattering action of the stronger field at the center
and the less intense field at the periphery of pulses having La-
guerre transverse profiles.
In this paper, a comprehensive model is laid out on the

basis of Maxwell equations for a focused electromagnetic en-
velope propagating in vacuum. The formulation includes the
longitudinal component of the laser field along with the high-
order correction due to short-pulse effects. The duration-
related correction is comparable in magnitude to the longitu-
dinal field but is missing in previously reported numerical
studies, which do take the longitudinal field into account.
The model employed here covers optical pulses having the
structure of a superposition of Laguerre modes. The electron
energy spectra are computed below for several angular ranges
for a target sparse enough to neglect the Coulomb interac-
tions within it, specifically assuming a perfectly Gaussian
and a first-order Laguerre laser pulse transverse amplitude
distribution. The objective is to identify the resulting patterns
and to assess the impact of the structure of the transverse dis-
tribution of the optical field on the energy spectra of laser-
accelerated electrons at relativistic intensities. Overall, the
simulations performed below assuming a Laguerre profile
of the optical field lead to results which agree, on the quali-
tative level, with the experimental findings of Kalashnikov
et al. (2015).

2. FOCUSED OPTICAL FIELD MODEL WITH
LONGITUDINAL-FIELD AND SHORT-PULSE
CORRECTIONS

Consider the Maxwell equations (Coulomb gauge) for the
laser pulse vector potential in vacuum

ΔA− ∂2t A = 0, (∇,A) = 0, (2)

where ∇ = (∂x, ∂y, ∂z). The coordinates and time in Eq. (2)
are normalized by w0 and w0/c, c standing for the speed of
light and w0 being a parameter to be ultimately equated to
the focused laser pulse waist. The vector potential in Eq.
(2) is normalized by mc2/e. Assuming that the electromag-
netic field is a linearly polarized envelope such that Ay≡ 0,
we seek solutions to Eq. (2) of the form

Ax = exp i
t − z

e

( )
a(τ, x, y, s) +

∑∞
m=1

emax,m(τ, x, y, s)
( )

+ c.c., (3)

Az = exp i
t − z

e

( )∑∞
m=1

emaz,m(τ, x, y, s) + c.c., (4)

with τ= 2ez, s= t− z, and e= (λ/2πw0), where λ is the
laser pulse wavelength. In line with the envelope approxima-
tion, e is assumed to be a small parameter. The lowest and
first-order results derived by substituting Eqs. (3) and (4)
into the first of Eq. (2) are Schröedinger equations for the
corresponding envelopes

4i∂τa+△⊥a = 0, (5)

− 4i∂τax,1 +△⊥ax,1 = 4∂2τsa (6)

with Δ⊥ = ∂2x + ∂2y . Solutions to Eqs. (5) and (6), along with
the expression for the first-order envelope defined by Eq. (4),
are easily found to be of the form

a(τ, x, y, s) = a0(s)u(τ, x, y), (7)

ax,1(τ, x, y, s) = ia′0(s)∂τ τu(τ, x, y)( )
, (8)

az,1(τ, x, y, s) = −ia0(s)∂xu(τ, x, y), (9)

where u(τ, x, y) is a solution to Eq. (5). Importantly, the term
given by Eq. (8) provides a first-order correction within the
overall expression (3), which governs the transverse field.
This correction is duration-related, is of the same magnitude
as the longitudinal field, and should be taken into account for
short laser pulses. Obviously, the duration-related correction
vanishes in the long-pulse limit, in which the above model
reverts to the one used previously by Galkin et al. (2008).
The solution which resulted from earlier derivations

(Quesnel and Mora, 1998; Salamin et al., 2002) aimed at de-
scribing the transverse component of the vacuum optical
field was developed under the a priori assumption that it
can be represented asymptotically as a sum of terms propor-
tional to even powers of the small parameter and, hence, ig-
nored the short-pulse effects.
In the case of axial symmetry, the simplest case is embod-

ied in the solution of the form

u(τ, x, y) = Λ(τ, r)							
τ2 + 1

√ exp iψ(τ, r)( )
,

Λ(τ, r) = exp − r2

τ2 + 1

( )
, ψ(τ, r) = − τr2

τ2 + 1
+ arctan τ( ).

Laguerre beams are a more general example of solutions to
Eq. (5)

u(τ, x, y)

=

2l/2
([
r/( 							

τ2 + 1
√ )])l sin lφ+ φ0

( )
Llδ
([
2r2/(τ2 + 1)])

× exp
(
i(2δ+ l+ 1) tan−1(τ) − ([

r2(1+ iτ)]/[τ2 + 1]))							
τ2 + 1

√ .

(10)
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Here φ = arctan(y/x) and φ0 is an integration constant. A
superposition of Laguerre modes constitutes the general sol-
ution describing a focused optical field in vacuum. The above
Laguerre mode is reduced to a Gaussian one when l= 0 and
δ= 0.
Altogether, Eqs. (3), (4) and (7)–(10) define the lowest and

first-order approximations to a solution to the Maxwell equa-
tions governing the propagation of a short, focused electro-
magnetic envelope in vacuum. The approach can be
extended to obtain higher approximations, but the corrections
are unlikely to contribute substantially to the electron dynam-
ics for a realistic combination of the values of laser wave-
length and beam waist.
It should be noted that efforts have been made to study

charged particle acceleration by optical fields with structures
more complex than Gaussian pulses. Vacuum acceleration by
Airy beams (Li et al., 2010) and by Gaussian modes (Wang
et al., 2007) was examined. The issue of high-order correc-
tions to the expressions for the field of an ultrashort laser
pulse in vacuum was also addressed (Hua et al., 2004).
The electromagnetic field being defined by Eqs. (3), (4)

and (7)–(9), the relativistic Newton equation for an electron
driven by the corresponding Lorentz force is

pt = − E+ γ−1p ×H
( )

, (11)

the electron momentum being normalized by mc. Here E =
−∂tA and H = ∇ × A are the electric and magnetic fields
normalized bymc2/(ew0), and γ =

								
1+ p2

√
is the relativistic

mass factor. Eq. (11) is solved numerically below for an array
of initial conditions to calculate the energy spectra of a sparse
electron ensemble scattered by a relativistically intense laser
field. The simulations detailed below fully take into account
the three components of the electron coordinate and momen-
tum, of the electric and magnetic field, and of the corre-
sponding Lorentz force.

3. ELECTRON ENERGY SPECTRA FOR SPARSE
TARGETS SCATTERED BY RELATIVISTICALLY
INTENSE LASER PULSES

The laser radiation temporal profile adopted in the study de-
tailed in this paper is

a0(s) = ge−(1/2) ([(s−zd)/τ0])2 ,

where τ0 and zd denote the laser pulse duration and the initial
distance to the target, normalized respectively by w0/c and
by w0. In the simulations described below, zd is chosen to
be large. No data accumulation over multiple laser shots is
being modeled. The parameter g and the peak laser intensity
I are related as g = 				

I/Ir
√

/e. The simulations described
below apply to targets consisting of electrons injected into
the focal area or born within it due to the ionization of low-
density gas by the pulse front.

Provided that the target is sufficiently sparse, the resulting
electron dynamics can be modeled by solving Newton’s
equations for each particle independently as the Coulomb
forces within it are negligible compared with the optical
field Lorentz force (Galkin, 2008). Assuming that the
above condition is met, which is the case for the gas density
in the experimental settings described by Kalashnikov et al.
(2015), the electron scattering is simulated in the present
study by solving Eq. (11) for an array of initial conditions.
The electrons are initially distributed uniformly over large
target space and launched with noise-level start momenta,
with no attempt being made to assign statistical weights to in-
dividual particles.

The electrons were born via the optical field ionization in
the case of the study by Kalashnikov et al. (2015). The above
approach based on treating electrons as a pre-existing envi-
ronment is warranted for the simulation of the experimental
conditions of the study as, for the intensity achieved in it, ion-
ization occurs far at the front of the pulse, with the high-
intensity temporally central part of the optical field running
into the thus preformed electron target.

The electron energy spectra were measured under same
conditions for Ar and Kr to diagnose the potential influence
of the optical field ionization and proved to be practically
identical (Kalashnikov et al., 2015), demonstrating that the
experiment for the given intensity did not extend beyond
full ionization of Ar. An estimate using the Coulomb barrier
suppression model (Augst et al., 1989, 1991) shows that, in
the case of Ar, achieving the two maximally ionized states
should take the intensity of around (4–5) × 1021 W/cm2,
which is slightly out of reach under the experimental condi-
tions discussed by Kalashnikov et al. (2015), while the third-
highest ionized state only requires an intensity close to
1019 W/cm2 and should materialize ahead of the advent of
the high-intensity part of the laser pulse. Consequently, the
major strong-field scattering action of the laser radiation oc-
curred, under the given conditions, in an electron environ-
ment already created at the pulse rise. It should be noted
that, therefore, the effect of exceptionally efficient accelera-
tion of electrons due to their being discharged via ionization
right into the focal spot, as described elsewhere (Hu & Star-
ace, 2002, 2006), was absent. Not being injected right into
the focal spot due to the above effect or to pre-acceleration,
the electrons tend to be scattered by the laser pulse before
the focal spot covers them, which explains the fact that the
electron energies recorded in the recent experimental study
(Kalashnikov et al., 2015) and reproduced in computations
below appear modest compared to the energy of the oscilla-
tions an electron would exhibit in a field with the amplitude
corresponding to the peak laser intensity considered.

As shown in previous studies (Galkin et al., 2008), an
electron interacting with a focused intense laser pulse is cap-
tured by the optical field, oscillates in it, and, finally, drops
out of the focal spot due to dephasing as the pulse propagat-
ing with the speed of light overtakes the accelerated particle.
The focused optical field being transversely inhomogeneous,
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the electron gets displaced radially relative to its original po-
sition over the interaction time and, therefore, is eventually
released at an angle to the propagation axis with a kinetic
energy, which can make a considerable fraction of the
energy acquired in the process of laser-driven oscillations.
For an electron ensemble, the outputs combine into electron
energy spectra, which are recorded within various angular
ranges relative to the laser pulse propagation axis.
Representative simulation results for the electron energy

spectra produced by the interaction between a sparse target
and relativistically intense laser radiation are shown in Fig-
ures 1 and 2. The laser pulse was assumed to have the
peak intensity of 50Ir, the duration of 11.24 optical cycles,
and the focal spot radius of 2.75 laser wavelengths [roughly,
these are the laser system parameters reported by Kalashnikov
et al. (2015)]. The amplitude transverse distributions in the op-
tical fields correspond to a Gaussian pulse in Figure 1 and to

the first Laguerre mode [l= 0 and δ= 1 in Eq. (10)] compris-
ing a Gaussian core and a ring – in Figure 2, the purpose being
to assess how the electron energy spectra are affected by the
optical field transverse structure. The angular ranges for
which the spectra are depicted are chosen in each case to high-
light the patterns specific to the scattering induced by Gauss-
ian and Laguerre laser pulses. The data in Figure 1 correspond
to (a) 40°–50°; (b) 50°–60°; (c) 60°–70°; (d) 70°–80°, and in
Figure 2 – to (a) 10°–20°; (b) 30°–40°; (c) 40°–50°. Electrons
with noise-level post-interaction energies (≤ 0.001mc2) were
filtered out of the spectra, and the energy mesh was slightly
adapted to the character of the distributions by using finer di-
visions to visualize the cold fringes where the numbers of par-
ticles tend to be much higher. The resultant discrete spectra
were interpolated.
The key finding illustrated by Figures 1 and 2 is that sig-

nificantly different patterns arise in the energy spectra of

Fig. 2. The energy spectra of electrons scattered into various angular angular ranges relative to the propagation axis by a laser pulse with a
Gaussian transverse distribution of amplitude and the peak intensity, duration, and focal spot radius respectively equal to 50Ir [where Ir
stands for the relativistic intensity given by Eq. (1)], 11.24 optical cycles, and 2.75 laser wavelengths. The results are shown for the angular
ranges making (a) 40°–50°; (b) 50°–60°; (c) 60°–70°; (d) 70°–80°. The spectra in (c) and (d) are also presented in insets in semi-
logarithmic scale to illustrate the near-exponential character of the corresponding energy distributions.
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the electron ensembles scattered by relativistically intense
laser pulses with Gaussian and Laguerre transverse distribu-
tions of the laser field amplitude. ForaGaussianpulse, the an-
gular range where the maximal electron energy is attained
exhibits a distribution localized around the peak value, as can
be seen in Figure 2a. The localization effect holds within a
neighboring angular range with a lower peak energy (Fig. 2b),

but the type of behavior changes as greater deviations from
the laser propagation axis are examined. For those, the energy
spectra, exemplified by Figures 2c and 2d, are dominated by
cold electrons and have the form of evanescent distributions.
Their near-exponential character over large parts of the energy
diapason is illustratedby the insets inFigures2cand2dshowing
the same data in semi-logarithmic scale.

Fig. 3. The energy spectra of electrons scattered into various angular ranges relative to the propagation axis by a laser pulse with a La-
guerre transverse distribution of amplitude and the peak intensity, duration, and focal spot radius respectively equal to 50Ir [where Ir stands
for the relativistic intensity given by Eq. (1)], 11.24 optical cycles, and 2.75 laser wavelengths. The results are shown for the angular ranges
making (a) 10°–20°; (b) 30°–40°; (c) 40°–50°. For every angular range, the figures include the overall spectrum with the cold part capped
to accentuate the features of the relativistic component, an inset showing the cold part in full range, and a semi-logarithmic plot of the cold
part illustrating its near-exponential character.
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In a crucial contrast, the energy spectra of the electrons
scattered by a Laguerre-mode laser pulse combine cold and
high-energy components within many of the angular
ranges. For some of them, the relativistic parts of the spectra
have complex shapes, such as the twin-maxima structure vis-
ible in Figure 3b. The insets in Figures 3a–3c show uncur-
tailed zooms of the cold components, while their
semi-logarithmic plots, which are also presented in Figure 3,
attest to their exponential character.
With these patterns prominent in the scattering picture

for the Laguerre-mode transverse structure of the optical
field, the corresponding simulated energy spectra bear
strong semblance of the experimental findings (Kalashni-
kov et al., 2015) which are reproduced in Figures 1b
and 1c. Note that the focal spot structure seen in the
photo in Figure 1a, taken from the study by Kalashnikov
et al. (2015), supports the assumption that the optical
field in the case had a first-order Laguerre transverse dis-
tribution of amplitude.
Fully quantitative comparison between the experimental

results (Kalashnikov et al., 2015) and the above computa-
tions is problematic as the observations data underwent stat-
istical processing in the former case and is fairly sensitive to
computational parameters in the latter. Moreover, a plethora
of contributing factors including the laser pulse contrast, tem-
poral profile, and so on may not be fully taken into account.
Nevertheless, there appears to be reasonable agreement be-
tween the observations and the simulation outcomes shown
respectively in Figures 1b and 3b as well as between Figures
1c and 3c. In Figure 1b, the sub-relativistic part is an expo-
nentially decreasing distribution followed by a plateau,
which altogether fit within the energy range of under
0.5mc2, a structure similar to the one depicted in Figure 3b.
The characteristic twin-peak formation in the relativistic dia-
pason is present in both figures, with the maxima in the com-
putational picture positioned approximately at 2.2mc2 and
4.6mc2. The values differ from the corresponding ones in
Figure 1b by around 0.5mc2, which is considerably less than
the widths of the peaks [in computations, the widths come
out to be close to those observed experimentally by Kalashni-
kov et al. (2015)]. An exponential cold part somewhat wider
than in the previous pair of figures is found in both Figures
1c and 3c, while the scarcely distinguishable relativistic-range
peaks in Figure 1c are matched by a single pileup of relativistic
electrons in the computational data given in Figure 3c. The
onset of the relativistic part of the distribution in Figure 3c
is also shifted in comparison with that of Figure 1c by
around 0.5mc2, a value much less than the combined width
of the peaks.
It should be noted that, overall, the shapes of the simulated

energy spectra appear to be sensitive to the full number of
energy scale divisions and to how the total angle is parti-
tioned into ranges, so that the more meaningful aspects of
the description of the scattering of electrons by laser pulses
are reflected by the data on the widths of the energy
distributions.

4. SUMMARY

The post-interaction energy spectra of electrons scattered by
relativistically intense laser pulses into various ranges of
angles relative to the optical field propagation axis are exam-
ined. The concentration in the electron ensemble is assumed
to be low enough to neglect the Coulomb interactions be-
tween electrons as well as between electrons and the ion car-
cass if target ionization by the laser pulse front is implied.
The electron dynamics is modeled by treating the relativ-

istic Newton equation for an array of initial conditions, the
charged particles being driven by the Lorentz force exerted
by a focused electromagnetic envelope. An approximate sol-
ution to the Maxwell equations in vacuum is spelled out to
describe the envelope, with the longitudinal field and short-
pulse corrections (which are of the same order) taken into ac-
count. In the general case, the solution can be represented as
a series of Laguerre modes, the lowest one corresponding to
the Gaussian transverse intensity distribution.
Simulation results are presented for the Gaussian mode

and for the first Laguerre mode, which can be interpreted
as a superposition of a Gaussian distribution and an optical
field ring. The latter case appears to reproduce the features
seen in the laser focus photo from a recent experimental
study (Kalashnikov et al., 2015).
Computations demonstrate that the electron energy spectra

within particular angular ranges tend to be considerably non-
monoenergetic for both Gaussian and first-order Laguerre
laser pulses, but distinct patterns emerge in each case. De-
pending on the angular range, the spectra of the electrons
ejected from the target by a Gaussian pulse either are
peaked around a maximal value or have the shape of evanes-
cent distributions stretching from the cold to the chiefly sub-
relativistic zone of the spectrum. In contrast, pulses with the
first-order Laguerre transverse amplitude profile produce,
within certain angular ranges, grossly non-monoenergetic
electron energy spectra combining cold near-exponential
components and markedly relativistic parts. Furthermore,
the relativistic-energy parts of the electron spectra may exhib-
it characteristic twin-maxima structure. Both of the above
patterns emerging in the simulations for the first-order La-
guerre transverse intensity distribution are recognizable in
the experimentally measured electron energy spectra, which
are reported by Kalashnikov et al. (2015).
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