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Abstract

Let M be a closed n-dimensional smooth Riemannian manifold, and let X be a C'-vector field of M. Let
v be a hyperbolic closed orbit of X. In this paper, we show that X has the C!-stably shadowing property
on the chain component Cx(y) if and only if Cx(y) is the hyperbolic homoclinic class.
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1. Introduction

In differentiable dynamical systems, an important area of research in recent years has
been the study of robust dynamical properties. These properties often have some close
relation to hyperbolicity.

Many results obtained for diffeomorphisms can be extended to the case of vector
fields, but not always. For instance, a diffeomorphism f is called a star diffeomorphism
if there is a C'-neighborhood U(f) of f such that for any g € U(f), every p € P(g)
is hyperbolic. Denote by 7 (M) the set of all star diffeomorphisms. By Hayashi [8]
and Aoki [3], if a diffeomorphism f € ¥ (M) then f satisfies both Axiom A and the
no-cycle condition. However, there is a star flow with nonhyperbolic nonwandering
set, for example the geometric Lorenz flow (see [7]).

Chain components are natural candidates to replace Smale’s hyperbolic basic set in
nonhyperbolic theory of dynamical systems. Many recent papers (see [1, 2, 5, 11-13,
16-27]), most of which are only for diffeomorphisms, explore their hyperbolic-like
properties such as partial hyperbolicity and dominated splitting. For instance, in
[13], Lee et al. showed that if f has the C'-stably shadowing property on the chain
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components, then it is hyperbolic. However, it is still an open problem whether the
above results can be extended to the case of vector fields.

In this paper, we will study the hyperbolic structure on the chain component of
C'-vector fields. More precisely, our main problem can be formally stated as follows.

PROBLEM. If a vector field has the C'-stably shadowing property on the chain
component, is it hyperbolic?

Let us recall two recent papers that motivate our result. In the first, Lee and Sakai
[14] prove that if a nonsingular vector field X is in the C'-interior of the set of vector
fields whose flows have the shadowing property then the vector field satisfies both
Axiom A and the strong transversality condition. In the second, Lee et al. [15] prove
that, with an extra condition that the chain component does not contain nonhyperbolic
singularities, if X has the C'-robustly shadowing property on the chain component
then the chain component is hyperbolic.

In this paper we will give a positive answer to our main problem without any extra
condition. To do so, we adapt several techniques from [13] that, in turn, originate in
work by Maifié [29].

2. Basic definition and statement of the results

Let M be a closed n-dimensional smooth Riemannian manifold, and let d be the
distance on M induced from a Riemannian metric || - || on the tangent bundle TM.
Denote by X!(M) the set of C'-vector fields on M endowed with the C'-topology.
Then every X € X' (M) generates a C'-flow X, : M X R — M, that is, a C'-map such
that X; : M — M is a diffeomorphism satisfying Xo(x) = x and X;,,(x) = X;(X;(x)) for
all s,te Randx e M.

For any ¢ > 0, a sequence {(x;,1;) : x; e M,t; > 1, and —co <a<i<b < oo} is a
o-pseudo-orbit of X(or d-chain of X) if

d(X;,(xi),xi41) <6 foranya<i<b-1

An increasing homeomorphism 4 : R — R with 4(0) = 0 is called a reparametriza-
tion of R. Denote by Rep(R) the set of reparametrizations of R. Fix € > 0 and define
Rep(e) as follows:

<ef.

DEFINITION 2.1. Let A be a closed X;-invariant subset in M. We say that X has
the shadowing property on A (or A is shadowable for X) if for any € > 0, there
is 6 > 0 with the following property: given any J-pseudo-orbit & = {(xi, t) : x; € A,
t; > 1,i €Z}, there exist a point y € M and an increasing homeomorphism / € Rep(e)
such that

Rep(e) = {h € Rep: ‘@ -1

dXnwy(¥), Xi—1,(x;)) < €
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for any 7; < t < T;41, where T; is defined as

to+H +---+1_ ifi >0,
T:=4 0 ifi=0
—t4—to,—---—t ifi<O.

The point y € M is said to be a shadowing point of .

We say that A is isolated if there is a compact neighborhood U of A such that

ﬂXt(U) =A.

teR

We introduce the C'-stably shadowing property for a closed X;-invariant subset A
of M.

DEFINITION 2.2. Let X € X!(M), and let A be a closed subset of M. We say that X has
the C!-stably shadowing property on A if there are a C'-neighborhood U(X) of X and
a compact neighborhood U of A such that

) A= X(U),
(i) for any Y € U(X),Y has the shadowing property on Ay(U), where Ay(U) =
(Mser Y:(U) is the continuation of A.

Let X; be the flow of X € X'(M), and let A be a X,-invariant compact set. The
set A is called hyperbolic for X, if there are constants C > 0,4 > 0 and a splitting
M = E} @ (X(x)) ® E¥ such that the tangent flow DX, : TM — TM leaves invariant
the continuous splitting and

IDX,|gzll < Ce™ and DX |zell < Ce™

fort > 0and x € A.

We say that X € X'(M) is Anosov if M is hyperbolic for X. Hyperbolic singular
points or hyperbolic periodic orbits are trivial examples of invariant compact subsets
with the C!-stably shadowing property.

For any x,y € M, we say that x ~ y if for any 6 > 0, there exist a J-pseudo-orbit
{(x;,1;) :0<i<n} with n>1 such that xo =x and d(X;_1(x,—1),y) <6 and a
o-pseudo-orbit {(z;, ;) : 0 < i < m} withm > 1 such that zo = y and d(X, —1(zm-1,x) <0.
It is easy to see that ~ gives an equivalent relation on the chain recurrent set R(X).
Each component of R(X) under the equivalence relation ~ is called a chain component.
The number of chain components may be finite or infinite. Each chain component may
contain closed orbits or not. In this paper, we fix a hyperbolic closed orbit y of the
vector field X, and denote by Cx(y) the chain component that contains 7.

We define the stable and unstable manifolds of y respectively by

Wiy)={yeM: w(y) =y},
Wiy) ={yeM:a(y) =y}
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A point x € W¥(y) h W¥(y) is called a transversal homoclinic point of X, associated
to y. The closure of the transversal homoclinic points of X, associated to 7y is called
the homoclinic class of X, associated to vy, and it is denoted by

Hx(y) = Ws(y) h Wu(y).

It is clear that Hx(y) is a compact, transitive and X,-invariant set. Note that Hx(y) C
Cx(y), but the converse is not true in general.

For two hyperbolic closed orbits y; and vy, of X;, we say vy, and y, are homoclinic
related, denoted by y; ~ y2, if W (y1) h W*(y2) # 0 and W*(y;) h W¥(y,) # 0. By
Smale’s theorem, we know that

Hx(y) ={y1:v1 ~y}h

It is clear that if | ~ 7y then index(y;) = index(y), where index(y) = dim W*(y). Since
¥ is a hyperbolic closed orbit of X, then there exist a C!-neighborhood U(X) of X and
a neighborhood U of v such that for any Y € U(X), there exists a unique hyperbolic
closed orbit yy that equals (), Y:(U). Moreover, we have index(y) = index(yy). The
hyperbolic closed orbit yy is called the continuation of y with respect to Y.

The main purpose of this paper is to characterize chain components Cx(y)
containing a hyperbolic closed orbit y by making use of the shadowing property under
the C! open condition.

MAIN THEOREM. Let X € X' (M), and let y be a hyperbolic closed orbit of X. If X has
the C'-stably shadowing property on the chain component Cx(y), then Cx(y) is the
hyperbolic homoclinic class Hx(y).

3. Proof of main theorem

Let M be a closed smooth manifold, and let X € X'(M). Denote by Sing(X) the
set of singularities of X and by P(X) the set of periodic orbits of X. Let y € P(X) be
hyperbolic, and let p € y be such that X, (p) = p, where n(p) is the period of p. The
strong stable manifold W*(p) of p and the stable manifold W*(y) of y are defined as
follows:

W*(p) ={y € M : d(Xi(y), X,(p)) — 0 as t — oo}.

If > O then the local strong stable manifold W;ip
manifolds Wf](y)(y) of y are defined by

)(p) of p and the local stable

W) =y € M - dXi(y), Xi(p)) < n(p), if t = O},
W;(y)(y) ={yeM:dX(y),X,(y) <n(y), if t > 0}.

By the stable manifold theorem, there is € = €(p) > 0 such that

W (p) = )X (W2 Xi(p)).

>0
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Let o € Sing(X) be hyperbolic. Then there is an e(c”) > 0 such that
Wj((r)((r) ={yeM:dX(y),o) < e(o)if t > 0}
and

W@ = |_J X (Wio)).

>0

Similarly, we can define the strong unstable manifold, local strong unstable manifold
and local unstable manifold.

A consequence of the shadowing property on the chain component Cx(y) is
transversality between y and critical points.

LEMMA 3.1. If X has the shadowing property on Cx(y) then for any hyperbolic 1 €
Cx(y) N Crit(X), we have

W NW'(y) 0 and W"'(n) N W(y) =+ 0,
where Crit(X) = Sing(X) U P(X).

PROOF. Let 17 € Cx(y) N Crit(X) be hyperbolic. We consider the case of hyperbolic
singularity, that is, € Sing(X).

Choose p €. Since n, p are hyperbolic, there are e(7) > 0 and e(p) > 0 such
that if x € Wg(”)(n) then d(X;(x),X;(n)) < e(n) for all + <0 and if x € W:(p)(p) then
d(X;(x), X;(p)) < e(p) for all t > 0.

Take € = min{e(n), €(p)}, and let 0 < 6 = 5(€) < € be as in the shadowing property.
Since Cx () is the chain component, we can construct a finite d-pseudo-orbit {(x;, ;) :
t; 2 1,0 <i <k} C Cx(y) as follows:

o f,=1for0<i<k;
o xo=1n,x=pkz21);
o d(X,(x;),xiv1) = dXi(x;), xi41) <oforO<i<k-1

By gluing segments of real orbits,

o x_;=X_i(xo) =X_;(m) fori>0andt; =1,
o X = Xi(xp) = X,(p) fori>0andz; =1,

we get an infinite §-pseudo-orbit {(x;,#;) : ; = 1,i € Z} in Cx(y).
Since X has the shadowing property on Cx(y), there are z € B¢(xp) and an increasing
homeomorphism % : R — R with 2(0) = 0 such that

dXnn(2), Xe—1,(x})) < €

for T; < 1 < Tiyy, and i € Z. Since d(z, 1) < €, by the shadowing property, z € W¢, ().
We have

dXn)(2), Xi—1, (1)) = d( X (2), Xi—i(p)) < €
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for all i > k, and

d(Xp(2), Xi—j(p)) < €

for j<i<j+1 Then X,(z) € Wi(p), where ¢ € Rep(R). Therefore, we have
Orb(z) N W¥(n) N Wi(p) # 0, and so W(n) N WS(p) # 0.
The other case of a hyperbolic periodic orbit can be proved in a similar manner. 0O

We say that X is Kupka—Smale if every critical point of X is hyperbolic and
their stable and unstable manifolds meet transversally. Denote by KS(M) the set
of all Kupka—Smale vector fields on M. Let Cx(y) be the chain component with
hyperbolic periodic orbit y. Then there exist a C'-neighborhood U/(X) and a compact
neighborhood U of Cx(y) such that for any ¥ € U(X), Cy(yy) C U, where yy is the
continuation of y. If a hyperbolic o € Cx(y) N Crit(X) then oy € Cy(yy) N Crit(Y).
Thus oy € Cy(yy) N Crit(Y) c U, and so oy € Ay(U) = (g Y:(U).

The following result is useful because it rules any singular point out of the chain
recurrent set under assumption of stable shadowability.

LEMMA 3.2. IfX has the C'-stably shadowing property on Cx(y) then
Sing(X) N Cx(y) = 0.

PROOF. To derive a contradiction, we may assume that Sing(X) N Cx(y) # 0. Let
UX) be a C'-neighborhood of X. Since Sing(X)N Cx(y) # 0, we can choose
o € Sing(X) N Cx(y). Note that for any o € Sing(X), we can see that there is
Y C'-close to X such that oy € Sing(Y) is hyperbolic (see [31]). Then we know
dimW*(o) # 0,dimM, and dim W*(y) # 0,dimM. Since X has the C'-stably
shadowing property on Cx(y), there is Y € U(X) such that Y has a hyperbolic
singularity oy € Sing(Y) N Cy(yy) with index i and Y has the hyperbolic yy € P(Y) N
Cy(yy) with index j, where oy, yy are the continuations of o, y, respectively. Then

dim W**(o) = dim W (oy) and dim W¥(y) = dim W (yy).
If j < ithen
dim W*(oy) + dim W (yy) < dim M.

Since X has the C'-stably shadowing property on Cx(y), we can take Z € V(Y) N
KS(M) such that Z has the shadowing property on Az(U), where V(Y) c UX) is
a C'-neighborhood of Y. Since C(y;) € Az(U), and Z has the shadowing property
on Az(U), we know that Z has the shadowing property on Cz(yz). Since Z is a
Kupka—Smale vector field, by [4, Lemma 3.4], if dim W"(oz) + dim W*(y;z) < dim M,
where 0z, vz are the continuations of oy, yy respectively, then

Wi(oz) " W(yz) = 0.
Then we have

dim W*(o) = dim W*(oy) = dim W"(oz)
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and
dim W¥(y) = dim W¥(yy) = dim W (yz).
By Lemma 3.1, we can take x € W*(0z) N W*(yz) such that
Orb(x) ¢ W*(oz) N W(yz).

Then

T(W"(02)) = T(Orb(x)) @ A
and

TW*(y)) = T(Orb(x) © A”.
Then we have

dim (T,(W"(02)) + T.(Wi(yz))) < dim W*(oz) + dim W(yz) = dim M
since dim W*(oz) = dim W*(o") and dim W*(y;) = dim W*(y). Thus
dim(T,(W"(0)) + T.(W*(y))) < dimW" (o) + dim Wi(y) = dim M.

This is a contradiction because Z is a Kupka—Smale vector field.
If j > i then we have

dim W*(oy) + dim W¥(yy) < dim M.

By similar arguments to those above, we get a contradiction.
Therefore, if X has the C'-stably shadowing property on Cx(y) then we have
Sing(X) N Cx(y) = 0. O

By Lemma 3.2, due to absence of singularity, we may combine with [15] to get
hyperbolicity. However, we use another method with a shorter proof.

Hereafter we assume that an exponential map exp,, : T,M(1) — M is well defined
for all p € M, where T,M(5) denotes the ball {v € T,M : ||v|| < 6}. For every regular
point x € M(X(x) # 0), let N, = (X(x))* c T.M, and let N,(5) be the §-ball in N,. Let
N = exp,(Ny(r)). Given any regular point x € M and ¢ € R, there are r > 0 and a
C 1-map 7 : Ny, = R with 7(x) = ¢ such that X;(,)(y) € Nx,(v,1 for any y € N, ,. We
define the Poincaré map fo;: Ny — Nx,o.1 by fii(3) = Xe(n(¥). If Xi(x) # x(0 <
t < to) and ry is sufficiently small, then for 0 < r < ry, the map (¢,y) — X,(y) isa C'
embedding from

{(t,y) e RX N, : 0 <t < 7(y)}
to

Fo(Xi,r,10) == {Xi(y) 1 y € Ny and 0 <1 < 7(y)}
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For € > 0, let B¢(N,,) be the set of all diffeomorphisms ¢ : N,, — N, such that
supp(¢) C N2 and d¢i(¢,id) < €. Here d¢i is a standard C'-metric, id is the identity
map and the support of ¢ is the closure of the set where it differs from id.

LEMMA 3.3 [30]. Let X € X' (M) have no singularities. Suppose X,(x) # x for 0 <
t<ty, and let f: Ny, = Ny, be the Poincaré map (r > 0 is sufficiently small, x| =
X,,(x)). Then, for every C'-neighborhood U(X) C X' (M) of X and 0 < ro < r, there is
€ > 0 with the property that for every ¢ € Bc(N,), there exists Y € U(X) satisfying

Y(y) = X(y) ify & Fx(X;, 10, 1),
fY(y) = f ° ¢(y) lfy € Nx,ro'

Here fy : Ny, = Ny, is the Poincaré map defined by Y;.

Let X € X!(M), and suppose p € y € P(X); Xr(p) = p, where T > 0 is the prime
period. If f: N, — N, is the Poincaré map (ry > 0), then f(p) = p. Note that y
is hyperbolic if and only if p is a hyperbolic fixed point of f. The following lemma
appears in [30].

LEMMA 3.4. Let X € X'(M), p €y € PX,) Xr(p) = p,T >0), and let f: N, —
N, be the Poincaré map for some ry > 0. Let U(X) C X' (M) be a C'-neighborhood of
X, and let O < r < rg be given. Then there are 6y > 0 and 0 < € < r/2 such that for a
linear isomorphism L : N,, — N, with ||IL — D, f|| < o, there is Y € U(X) satisfying

(@) Y() =Xx)ifx ¢ Fy(X;,r,T/2),
(b) peyeP®), 1

_[exp,oLoexp, (x) ifx € Bgu(p) NNy,
© w0 ={70 D ifx# Bo(p) N Ny

where Be(x) is a closed ball in M centered at x € M with radius € > 0, and g : N, , —
N, is the Poincaré map defined by Y .

Let X € X'(M) have no singularities. For x € M, let (X(x)) be the linear subspace
spanned by X(x) and N, = (X(x))* be the orthogonal linear subspace of (X(x)) in T, M.
Denote N = (N,) the subbundle of TM and 7 : TN — N the projection along X. We
now define the linear Poincaré flow PX as

PX(v) = 1(D.X,(v)),

for v € Ny and x € M. It is well known that P; : N — N is a one-parameter transforma-
tion group [28].

As before, we set Ny, = Ny N T M(r) (r > 0) for x € M, and put N, , = exp,(Ny,).
For any vector field Y that is C' nearby X, we get a Poincaré map with respect to N,
in the whole space M, for some r > 0. Let A be a closed X;-invariant regular set. We
say that A is hyperbolic if the bundle N, has a PX-invariant splitting A* & A" and there
exists an / > 0 such that

1 1
IP{lall < 4 and ||P)_(1|A;l(x)” <3
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for all x € A. Then Doering [6] showed one way to obtain hyperbolicity of invariant
subsets for flows.

PROPOSITION 3.5. Let A C M be a compact invariant set of X;. Then A is a hyperbolic
set of X, if and only if the linear Poincaré flow restriction on A has a hyperbolic
splitting Ny = A* @ A", where N = | ¢y, Nx.

Let A be a closed X,-invariant regular set. A PX-invariant splitting Ny = A! @ A? is
a dominated splitting if there is an [ > 0 such that

1P Iatll - 1PX |z Il <

1
X0 2’
for all x € A.

LEMMA 3.6. Let X € X'(M), and let y be a hyperbolic closed orbit of X;. Suppose
X has the C'-stably shadowing property on A. Then there exists a C'-neighborhood
V(X)) c UX) of X such that, for any Y € V(X), every y; € Ay(U) N P(Y) is hyper-
bolic.

PROOF. Suppose that X has the C'-stably shadowing property on Cx(y). Then there
exist a C!-neighborhood U(X) of X and an isolated neighborhood U of Cx(y) such that
for any Y € U(X), Yila,v) has the shadowing property, where Ay(U) = (g Yi(U).

Suppose, for contradiction, that there is a nonhyperbolic periodic orbit y € P(Y) for
some Y € U(X). Then one can see that every p € vy is nonhyperbolic. Let p € y such
that Y7(p) = p(T > 0). Then the flow Y, defines the Poincaré map f : N, ,, — N,, (for
some ry > 0).

Letdy > 0and 0 < ¢ < rp be given by Lemma 3.4 for V(X) and ry with B, (p) C U.
Take a linear isomorphism L : N, — N,,. Then there exists Z € V(X) such that

o Z(x)=YW)ifx & F,(Y;, r0,T/2),
. v = {expp oD,fo expl‘,l(x) %fx € Beyja(p) N Np 1y
fx) if x € Be,(p) " Np s,
Then f(p) = g(p) = p. Since the periodic point p € y is nonhyperbolic, there is an
eigenvalue A of D,g with |1| = 1. We consider two cases: 4 € Rand 1 € C.
In the first case, we assume that 4 € R and let v € N, be the associated nonzero
eigenvector such that ||v|| = /8. Take exp,(v) € Bga(p) N Ny \ {p}. Then

g(exp,(v)) = exp (D, f(exp,' (exp,(v)))
= expp(v).
Put g, = {tv: —€/8 <t < &/8}. Then g(J,) = J,. Then we know that J,, C Ay(U).
Since Y has the shadowing property on Ay(U), Y has the shadowing property on ,.
Take € € (0, €/16), and let 0 < § < € be as in the shadowing property. Let xo = p. Take

Y € Bgja(p) N N, 1, such that d(p,y) > 2e. Let n(p) be the period of p and #; = n(p) for
alli € Z.
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Then for every point x; € J,, we construct a 6-pseudo-orbit {(x;,#;) : t; > 1,i € Z}
as follows:

(1) Xi = Zyp)(p) = xp forall i <0,
(i)  d(Z;(xi), xi+1) = d(x;, xi11) < 0 forall 0 < i < k, and
(iii) x; = Zyp)(g) forall i > k.

It is clear that the 6-pseudo-orbit {(x;,#;) : ; = 1,i € Z} C J,. If a shadowing point
z € B«(p) \ Jp, then by hyperbolicity there are m > 0 and an increasing homeomor-
phism /2 : R — R with #(0) = 0 such that for 7,,, < t < T,,41,

d(Zn(2), Zi-1,,(Xm)) = d(Zi(2), Zi-k (X)) > €.

Since Z has the shadowing property on 7, the shadowing point z is in J,,. Then for
all k € Z, Xiz(p)(z) = z. By the shadowing property, we have

d(p,y) <d(p,z) + d(z,x;) = d(p, 2) + d(Zin(p)(2), Xk) < 26,

which is a contradiction.

In the second case, we assume that A € C. Then by Lemma 3.4 we can find Z €
U(X) such that PZ is a rational rotation. Then there is 7 # 0 such that P n(p) = 1d. As
in the proof of the first case, we get a contradiction.

We write G(A) if there exist a C'-neighborhood U(X) and a neighborhood U of A
such that for any Y € U(X), every p € Ay(U) N Crit(Y) is hyperbolic, where Crit(X) =
Sing(X) U P(X). And we write G*(A) if G(A) \ Sing(X). Then by Lemma 3.6, we have
the following argument. By Hayashi (see [9]), the family of periodic sequences of
linear isomorphisms of R4MM generated by P! (Y close to X) along the hyperbolic
periodic point g € Ay(U) N P(Y) is uniformly hyperbolic. For two linear normed
spaces E and F, and a linear operator A : £ — F, the min-norm m(A) is defined by

m(A) = inf |Av|.
veE |v|=1

PROPOSITION 3.7 [28, Theorem 2.1][29, Lemma I1.3]. Let X € G*'(Cx(y)), and let
V(X) be a C'-neighborhood of X as in Lemma 3.6. Then there are constants
0<A<1,T>0 such that for any Y € V(X) and any p €y € Ay(U)NP(Y), the
following properties hold.

(@) Ay(U) admits a dominated splitting Na, ) = A' ® A? such that for any t > T,

Y Y -2
1P, | arpll - IPZ da2cr,ppll < e g

(b) If T is the period of v, m is any positive integer, and 0 =ty <t; < --- <t =mT
is any partition of the time interval [0,mt] with ti,y —t; > T, then

k—1
1 Y
g 120 log [IP7,,, lascr, (pyll < =4
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and
=
Y
% Z IOg ”P—(tnl—fi)lA“(Yfm(7’))“ <-4
i=0
Then we rewrite Proposition 3.7 as follows.

PROPOSITION 3.8. Let X be the C'-stably shadowing property on Cx(y), and let V(X)
be a C'-neighborhood of X as in Lemma 3.6. Then there are constants 0 < 1 < 1,T > 0
such that, for any Y € V(X) and any p € y € Ay(U) N P(Y), the following properties
hold.

(@)  Ay(U) admits a dominated splitting N,y = A' @ A? such that for any t > T,
IPY |l - 1PY ey, opll < €724
(b) If T is the period of y,m is any positive integer, and 0 =ty < t; < --- <t =mT
is any partition of the time interval [0,mt] with ti,y —t; > T, then
k=1

1 Y
p— ZO: loglIP;, lar, ool < =4
p

and
k-1
Y
% Z log ||P—(fi+1—li)|AM(Yfi+| (p))” <-4
i=0

Let X € X'(M). For any € > 0, we denote by C*(y) the set of all points x € Np,, that
have the following property: there is an increasing continuous map % : (—o0,0] > R
such that d(Xj(x), Y/(y)) < e for all t € (=0, 0].

LEMMA 3.9. Let X € X' (M), and let y be a hyperbolic closed orbit of X. Suppose
that X has the C'-stably shadowing property on Cx(y). Then for every hyperbolic
n € Cx(y) N P(X), we have

index(n7) = index(y).

PROOF. Let ne Cx(y)NP(X) be hyperbolic. Suppose, by contradiction, that
index(n7) # index(y). Since X has the shadowing property on Cx(y), by Lemma 3.1
Wi(m) N WH(y) # 0 and W*(1p) N Wo(y) # 0. Since index(n) # index(y), we have for
x € Wi(p) N W(y) and y € W"(p) N Wi(y),

TW ) + T W) # T,M ot T,W'(n) + T,W'(y) # TyM.

Without loss of generality, we may assume that x,y € N, ,, for some ry > 0. Then by
Lemma 3.3, there exists a vector field Y that is C!-close to X such that

x1 € Wy, Y) N Wiyy, Y),

yi € W(ny,Y) N W(yy,Y)
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and
T, Wy, Y) + T, W(yy, Y) # Ty, M.

It can be seen that ny,x; and y; are elements of the chain component of Y that
contains yy. Let g : N, ,, — N, be the Poincaré map associated to Y. Since p € yy
is hyperbolic, we have N, = A}, & Aj. Since g is locally linear at p, there is €, > 0 such
that

W:I (VY, Y) N Np,ro - epr(A;) and W?, (’)/Y’ Y) N Np,ro c epr(AZ)_

Then we assume that x; € W, (yy, ¥Y) N N, Let C*(x1) be the connected component
of W"(ny, Y) N N, containing x;. Then

exp,(C'(x1)) €N, and Ty, C"(x1) = Ty (W*(ny, ¥) N Np).

Let LCN, be an affine space tangent to exp;l(C"(xl)) at expl‘,l(xl). Denote by

m: N, — A the natural projection parallel to Aj. Then we see that there is no

transversality between C*(x;) and W*(p, g) at x|, and therefore, dim 7r(L) < dim A;‘,.
For € > 0, let

Le={veL:v-exp,'(x)l < e}

Then we can find 7 > 0 such that Y[_; _r117(x1) N By (yy) = 0 for some 0 < ' < r. By
Lemma 3.3, there is Z C'-close to Y such that:

e Zisdifferent from Y in a small neighborhood of the arc Y;_; _+1;(x1);
e there is € > 0 such that exp,(Le) is contained in the connected component of
W(nz,Z) N N, ,, containing x;.

By [15, Lemma 3.3], there is & > 0 such that C¥(x;) C exp,(Le) for any 0 < € < 6.
Since Cz(yz) is upper semicontinuous, we have

Calyz) € Az(U) = () ZAU),

teR

By the assumption, Z has the shadowing property on Az(U). Thus Z has the
shadowing property on Cz(yz) and the shadowing point z must be contained in C¥(x;).
Consequently, X;(z) — nz ast — —oo. Finally, we can easily construct the pseudo-orbit
containing x; which cannot be e-shadowed by the point z € C¥(x;). The proof is
complete. m|

LEMMA 3.10 [15, Lemma 3.5]. Let Cx(y) be the chain component. If X has the
shadowing property on Cx(y) then Cx(y) = Hx(y).

We now recall a flow version [9, 10, 32] of the Maii€ ergodic closing lemma [29].
For X € X' (M), let B(x, X) = {y € M : d(y, X,(x)) < € for some ¢ € R}. Define I as the
set of points x € M such that for any C!-neighborhood U(X) of X and every € > 0, there
are Y € UX),y € P(Y),Tp > 0 and 1y, #; € R with fp < #; such that Y7, (y) =y, X =Y
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on M\ B(x, X;),d(Y(y), X;(x)) < eforall 0 <t < Ty,

and (11 — tp)/Ty > 1 — €. Note that Xy is X,-invariant.

THEOREM 3.11 (Ergodic closing lemma, [32, Theorem 3.9]).
u(Ex U Sing(X)) =1,

for any X,-invariant probability measure pu on the Borel sets of M, where Sing(X)
denotes the set of singularities of X.

PROOF OF MAIN THEOREM. First, we prove the ‘if” part. Suppose that Cx(y) is the
homoclinic class Hx(y) and hyperbolic. Then there exist a C'-neighborhood U(X) of
X and a neighborhood U of Cx(y) such that:

o Cx(y) = Ner X;(U), that is, locally maximal,
o forany Y € UX), Ay(U) = (g Y:(U) and it is hyperbolic.

Consequently, Y has the shadowing property on Ay(U). This means that X has the
C'-stably shadowing property on Cx(y).

Next, we prove the ‘only if* part. Suppose that X has the C'-stably shadowing
property on Cx(y), and let U be a compact neighborhood of Cx(y) as in the definition.
Let j = index(y) be an index of Cx(y). Then by Lemma 3.10,

Hx(y) = Cx(y) = Pi(X|ayy)) = Aj(X).

Let V(X) be the C'-neighborhood of X given by Proposition 3.8. To get the result,
it is sufficient to show that A;(X) is hyperbolic. Fix any neighborhood U; C U
of Aj(X). O

Claim. If Uy(X) € V(X) is a small connected C'-neighborhood of X containing Y
such that ¥ = X on M \ Uj, then index(y) = index(y,) for any y; € Ay(U) N P(Y).

PROOF. If not, there are Y € Uy(X) and y; € Ay(U) N P(Y) such that ¥; = X; on M \
U; and index(y;) # index(y). Suppose that Y7(y;) = yi, i = index(y;), and define I :
(U()(X) — 7 by

T(Y) = #{n € Ay(U)n P(Y) : Yr() = 5 and index(p) = i}.

By Lemma 3.6, the function I" is continuous, and since Uy(X) is connected, it is
constant. But the property of Y implies I'(Y) > I'(X). This is a contradiction, so that
the claim is proved.

We now show that Cx(y) is hyperbolic. By Proposition 3.8(a), Cx(y) admits a
dominated splitting N¢y(,) = A' ® A* such that dimA! = index(y). Let & > 0 and
U (X) be given by Lemma 3.4 with respect to Uy(X). Then, to get that Cx(y) is
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hyperbolic, it is enough to show that N¢,(,) is hyperbolic. In turn, if
liminf |PY|all=0 and liminf [[PX|x)l = 0

for all x € Cx(y) then the splitting Ncy(y) = A' @ A is hyperbolic; that is, A' = A® is
contracting and A> = A" is expanding.
To prove, we suppose that there is a sequence {j,} with j, — oo as n — oo such that

Tim log [IP} |l > 0. (-1
Jn—00

Let C°(Cx(y)) be the set of real continuous functions defined on Cx(y) with the
C-topology, and define the sequence of continuous operators I, : C°(Cx(y)) — R by

1 (Y
Lu(p) = — fo o(PX(x)) ds.

Jn

Hence, there exists a convergent subsequence of I',, (again denoted by I',,) converging
to a continuous map I" : C%(Cx(y)) — R. Let M(Cx(y)) be the space of measures with
support on Cx(y). By the Riesz theorem, there is 4 € M(Cx(y)) such that

) 1 [
f pdu = lim — f @(PY(x)ds = T(p), (3-2)
Cx(») I Jn Jo
for every continuous map ¢ defined on Cx(y). Clearly, the u is PX-invariant. Define
gpr 2 C'(Cx(y)) = Rby
.1
¢px(2) = O (loglI1P;f] 1 IDa=0 = lim 7 1og 1Py I

The map is continuous, and ¢px satisfies (2).
On the other hand, for any 7' € R,

1

1T g 1
7 [ en@ionds =1 [ onoglPily iods = FloglPflyl 33
0 0 PX(p) T 4

By (3-1), (3-2) and (3-3), we have

f @px dﬂ > O
Cx(y)

By the Birkhoff ergodic theorem,

.17
f ppx du = f lim — [ @pc(PY(y)dsdu(y).
Cx(y) Cx

) T T 0

Since y is invariant and Supp(u) € Cx(y), by Theorem 3.11, we have
f(Cx(y) N (Sing(X) UZy)) = 1.

Since X has the C'-stably shadowing property on Cx(y), by Lemma 3.2 Sing(X) N
Cx(y) = 0. Therefore, we have u(Cx(y) NZx) = 1. By the ergodic decomposition
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theorem, we may assume that y is ergodic. Then there is z € Cx(y) N Zx such that

.17
Lim T fo @px(PY(2))ds > 0. (3-4)

Since z € Cx(y) N Zx, there are, for all n, €, (with e, —» 0 as n — o), Y" € U (X), and
Pn € Ayn(U) N P(Y") with period 7, (p,,) such that

IY' =Xl <& and d(Y]'(pa),X(2) < &

for 0 <t < m,(py), where Y} is the flow induced by Y". Obviously, m,(p,) = 0 asn —
oo. Let 4 < 0 be sufficiently small. By (3-4), there is S(1) > 0 such that for ¢t > S(1),

1 !
':£¢NUfWDﬁ21-

t

Since m,(p,) — oo as n — co, we may assume that m,(p,) > S(1) for n sufficiently
large. Since A' @ A? is continuous, we can choose Y” and p, such that

1 T (Pn) pr
¢ (PY(pa)ds > L.
ﬂn(pn) 0
Thus we have
1Pripolag I > €.
By Proposition 3.8(b), this is a contradiction. Thus A! = A*. Analogously, we can show
that A> = A*. By Remark 3.5, Cx(y) is hyperbolic. O
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