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Abstract

Let M be a closed n-dimensional smooth Riemannian manifold, and let X be a C1-vector field of M. Let
γ be a hyperbolic closed orbit of X. In this paper, we show that X has the C1-stably shadowing property
on the chain component CX(γ) if and only if CX(γ) is the hyperbolic homoclinic class.
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1. Introduction

In differentiable dynamical systems, an important area of research in recent years has
been the study of robust dynamical properties. These properties often have some close
relation to hyperbolicity.

Many results obtained for diffeomorphisms can be extended to the case of vector
fields, but not always. For instance, a diffeomorphism f is called a star diffeomorphism
if there is a C1-neighborhood U( f ) of f such that for any g ∈ U( f ), every p ∈ P(g)
is hyperbolic. Denote by F (M) the set of all star diffeomorphisms. By Hayashi [8]
and Aoki [3], if a diffeomorphism f ∈ F (M) then f satisfies both Axiom A and the
no-cycle condition. However, there is a star flow with nonhyperbolic nonwandering
set, for example the geometric Lorenz flow (see [7]).

Chain components are natural candidates to replace Smale’s hyperbolic basic set in
nonhyperbolic theory of dynamical systems. Many recent papers (see [1, 2, 5, 11–13,
16–27]), most of which are only for diffeomorphisms, explore their hyperbolic-like
properties such as partial hyperbolicity and dominated splitting. For instance, in
[13], Lee et al. showed that if f has the C1-stably shadowing property on the chain
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components, then it is hyperbolic. However, it is still an open problem whether the
above results can be extended to the case of vector fields.

In this paper, we will study the hyperbolic structure on the chain component of
C1-vector fields. More precisely, our main problem can be formally stated as follows.

PROBLEM. If a vector field has the C1-stably shadowing property on the chain
component, is it hyperbolic?

Let us recall two recent papers that motivate our result. In the first, Lee and Sakai
[14] prove that if a nonsingular vector field X is in the C1-interior of the set of vector
fields whose flows have the shadowing property then the vector field satisfies both
Axiom A and the strong transversality condition. In the second, Lee et al. [15] prove
that, with an extra condition that the chain component does not contain nonhyperbolic
singularities, if X has the C1-robustly shadowing property on the chain component
then the chain component is hyperbolic.

In this paper we will give a positive answer to our main problem without any extra
condition. To do so, we adapt several techniques from [13] that, in turn, originate in
work by Mañé [29].

2. Basic definition and statement of the results

Let M be a closed n-dimensional smooth Riemannian manifold, and let d be the
distance on M induced from a Riemannian metric ‖ · ‖ on the tangent bundle TM.
Denote by X1(M) the set of C1-vector fields on M endowed with the C1-topology.
Then every X ∈ X1(M) generates a C1-flow Xt : M × R→ M, that is, a C1-map such
that Xt : M → M is a diffeomorphism satisfying X0(x) = x and Xt+s(x) = Xt(Xs(x)) for
all s, t ∈ R and x ∈ M.

For any δ > 0, a sequence {(xi, ti) : xi ∈ M, ti ≥ 1, and −∞ ≤ a < i < b ≤ ∞} is a
δ-pseudo-orbit of X(or δ-chain of X) if

d(Xti (xi), xi+1) < δ for any a ≤ i ≤ b − 1.

An increasing homeomorphism h : R→ R with h(0) = 0 is called a reparametriza-
tion of R. Denote by Rep(R) the set of reparametrizations of R. Fix ε > 0 and define
Rep(ε) as follows:

Rep(ε) =
{
h ∈ Rep :

∣∣∣∣∣h(t)
t
− 1
∣∣∣∣∣ < ε
}
.

DEFINITION 2.1. Let Λ be a closed Xt-invariant subset in M. We say that X has
the shadowing property on Λ (or Λ is shadowable for X) if for any ε > 0, there
is δ > 0 with the following property: given any δ-pseudo-orbit ξ = {(xi, ti) : xi ∈ Λ,
ti ≥ 1, i ∈Z}, there exist a point y ∈ M and an increasing homeomorphism h ∈ Rep(ε)
such that

d(Xh(t)(y), Xt−Ti (xi)) < ε
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[3] Chain components with the shadowing property for vector fields 245

for any Ti < t < Ti+1, where Ti is defined as

Ti =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
t0 + t1 + · · · + ti−1 if i > 0,
0 if i = 0
−t−1 − t−2 − · · · − ti if i < 0.

The point y ∈ M is said to be a shadowing point of ξ.

We say that Λ is isolated if there is a compact neighborhood U of Λ such that⋂
t∈R

Xt(U) = Λ.

We introduce the C1-stably shadowing property for a closed Xt-invariant subset Λ
of M.

DEFINITION 2.2. Let X ∈ X1(M), and let Λ be a closed subset of M. We say that X has
the C1-stably shadowing property on Λ if there are a C1-neighborhoodU(X) of X and
a compact neighborhood U of Λ such that

(i) Λ =
⋂

t∈R Xt(U),
(ii) for any Y ∈ U(X), Y has the shadowing property on ΛY (U), where ΛY (U) =⋂

t∈R Yt(U) is the continuation of Λ.

Let Xt be the flow of X ∈ X1(M), and let Λ be a Xt-invariant compact set. The
set Λ is called hyperbolic for Xt if there are constants C > 0, λ > 0 and a splitting
TxM = Es

x ⊕ 〈X(x)〉 ⊕ Eu
x such that the tangent flow DXt : TM → TM leaves invariant

the continuous splitting and

‖DXt |Es
x‖ ≤ Ce−λt and ‖DX−t |Eu

x ‖ ≤ Ce−λt

for t > 0 and x ∈ Λ.
We say that X ∈ X1(M) is Anosov if M is hyperbolic for X. Hyperbolic singular

points or hyperbolic periodic orbits are trivial examples of invariant compact subsets
with the C1-stably shadowing property.

For any x, y ∈ M, we say that x ∼ y if for any δ > 0, there exist a δ-pseudo-orbit
{(xi, ti) : 0 ≤ i < n} with n > 1 such that x0 = x and d(Xtn−1(xn−1), y) < δ and a
δ-pseudo-orbit {(zi, si) : 0 ≤ i < m}with m > 1 such that z0 = y and d(Xsm−1(zm−1, x)< δ.
It is easy to see that ∼ gives an equivalent relation on the chain recurrent set R(X).
Each component of R(X) under the equivalence relation ∼ is called a chain component.
The number of chain components may be finite or infinite. Each chain component may
contain closed orbits or not. In this paper, we fix a hyperbolic closed orbit γ of the
vector field X, and denote by CX(γ) the chain component that contains γ.

We define the stable and unstable manifolds of γ respectively by

Ws(γ) = {y ∈ M : ω(y) = γ},
Wu(γ) = {y ∈ M : α(y) = γ}.

https://doi.org/10.1017/S1446788720000415 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788720000415
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A point x ∈ Ws(γ) � Wu(γ) is called a transversal homoclinic point of Xt associated
to γ. The closure of the transversal homoclinic points of Xt associated to γ is called
the homoclinic class of Xt associated to γ, and it is denoted by

HX(γ) = Ws(γ) � Wu(γ).

It is clear that HX(γ) is a compact, transitive and Xt-invariant set. Note that HX(γ) ⊂
CX(γ), but the converse is not true in general.

For two hyperbolic closed orbits γ1 and γ2 of Xt, we say γ1 and γ2 are homoclinic
related, denoted by γ1 ∼ γ2, if Ws(γ1) � Wu(γ2) � ∅ and Wu(γ1) � Ws(γ2) � ∅. By
Smale’s theorem, we know that

HX(γ) = {γ1 : γ1 ∼ γ}.
It is clear that if γ1 ∼ γ then index(γ1) = index(γ), where index(γ) = dim Ws(γ). Since
γ is a hyperbolic closed orbit of Xt then there exist a C1-neighborhoodU(X) of X and
a neighborhood U of γ such that for any Y ∈ U(X), there exists a unique hyperbolic
closed orbit γY that equals

⋂
t∈R Yt(U). Moreover, we have index(γ) = index(γY ). The

hyperbolic closed orbit γY is called the continuation of γ with respect to Y.
The main purpose of this paper is to characterize chain components CX(γ)

containing a hyperbolic closed orbit γ by making use of the shadowing property under
the C1 open condition.

MAIN THEOREM. Let X ∈ X1(M), and let γ be a hyperbolic closed orbit of X. If X has
the C1-stably shadowing property on the chain component CX(γ), then CX(γ) is the
hyperbolic homoclinic class HX(γ).

3. Proof of main theorem

Let M be a closed smooth manifold, and let X ∈ X1(M). Denote by Sing(X) the
set of singularities of X and by P(X) the set of periodic orbits of X. Let γ ∈ P(X) be
hyperbolic, and let p ∈ γ be such that Xπ(p)(p) = p, where π(p) is the period of p. The
strong stable manifold Wss(p) of p and the stable manifold Ws(γ) of γ are defined as
follows:

Wss(p) = {y ∈ M : d(Xt(y), Xt(p))→ 0 as t → ∞}.
If η > 0 then the local strong stable manifold Wss

η(p)(p) of p and the local stable
manifolds Ws

η(γ)(γ) of γ are defined by

Wss
η(p)(p) = {y ∈ M : d(Xt(y), Xt(p)) < η(p), if t ≥ 0},

Ws
η(γ)(γ) = {y ∈ M : d(Xt(y), Xt(γ)) < η(γ), if t ≥ 0}.

By the stable manifold theorem, there is ε = ε(p) > 0 such that

Wss(p) =
⋃
t≥0

X−t(Wss
ε (Xt(p))).
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Let σ ∈ Sing(X) be hyperbolic. Then there is an ε(σ) > 0 such that

Ws
ε(σ)(σ) = {y ∈ M : d(Xt(y),σ) < ε(σ) if t ≥ 0}

and

Ws(σ) =
⋃
t≥0

X−t(Ws
ε (σ)).

Similarly, we can define the strong unstable manifold, local strong unstable manifold
and local unstable manifold.

A consequence of the shadowing property on the chain component CX(γ) is
transversality between γ and critical points.

LEMMA 3.1. If X has the shadowing property on CX(γ) then for any hyperbolic η ∈
CX(γ) ∩ Crit(X), we have

Ws(η) ∩Wu(γ) � ∅ and Wu(η) ∩Ws(γ) � ∅,
where Crit(X) = Sing(X) ∪ P(X).

PROOF. Let η ∈ CX(γ) ∩ Crit(X) be hyperbolic. We consider the case of hyperbolic
singularity, that is, η ∈ Sing(X).

Choose p ∈ γ. Since η, p are hyperbolic, there are ε(η) > 0 and ε(p) > 0 such
that if x ∈ Wu

ε(η)(η) then d(Xt(x), Xt(η)) ≤ ε(η) for all t ≤ 0 and if x ∈ Ws
ε(p)(p) then

d(Xt(x), Xt(p)) ≤ ε(p) for all t ≥ 0.
Take ε = min{ε(η), ε(p)}, and let 0 < δ = δ(ε) < ε be as in the shadowing property.

Since CX(γ) is the chain component, we can construct a finite δ-pseudo-orbit {(xi, ti) :
ti ≥ 1, 0 ≤ i ≤ k} ⊂ CX(γ) as follows:

• ti = 1 for 0 ≤ i ≤ k;
• x0 = η, xk = p(k ≥ 1);
• d(Xti (xi), xi+1) = d(Xi(xi), xi+1) < δ for 0 ≤ i ≤ k − 1.

By gluing segments of real orbits,

• x−i = X−i(x0) = X−i(η) for i ≥ 0 and ti = 1,
• xk+i = Xi(xk) = Xi(p) for i ≥ 0 and ti = 1,

we get an infinite δ-pseudo-orbit {(xi, ti) : ti = 1, i ∈ Z} in CX(γ).
Since X has the shadowing property on CX(γ), there are z ∈ Bε(x0) and an increasing

homeomorphism h : R→ R with h(0) = 0 such that

d(Xh(t)(z), Xt−Ti (xi)) < ε

for Ti ≤ t < Ti+1, and i ∈ Z. Since d(z, η) < ε, by the shadowing property, z ∈ Wu
ε(η)(η).

We have

d(Xh(t)(z), Xi−Tk (xk)) = d(Xh(t)(z), Xi−k(p)) < ε
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for all i ≥ k, and

d(Xh(t)(z), Xi−j(p)) < ε

for j ≤ i < j + 1. Then Xt′(z) ∈ Ws
ε (p), where t′ ∈ Rep(R). Therefore, we have

Orb(z) ∩Wu
ε (η) ∩Ws

ε (p) � ∅, and so Wu(η) ∩Ws(p) � ∅.
The other case of a hyperbolic periodic orbit can be proved in a similar manner. �

We say that X is Kupka–Smale if every critical point of X is hyperbolic and
their stable and unstable manifolds meet transversally. Denote by KS(M) the set
of all Kupka–Smale vector fields on M. Let CX(γ) be the chain component with
hyperbolic periodic orbit γ. Then there exist a C1-neighborhoodU(X) and a compact
neighborhood U of CX(γ) such that for any Y ∈ U(X), CY (γY ) ⊂ U, where γY is the
continuation of γ. If a hyperbolic σ ∈ CX(γ) ∩ Crit(X) then σY ∈ CY (γY ) ∩ Crit(Y).
Thus σY ∈ CY (γY ) ∩ Crit(Y) ⊂ U, and so σY ∈ ΛY (U) =

⋂
t∈R Yt(U).

The following result is useful because it rules any singular point out of the chain
recurrent set under assumption of stable shadowability.

LEMMA 3.2. If X has the C1-stably shadowing property on CX(γ) then

Sing(X) ∩ CX(γ) = ∅.
PROOF. To derive a contradiction, we may assume that Sing(X) ∩ CX(γ) � ∅. Let
U(X) be a C1-neighborhood of X. Since Sing(X) ∩ CX(γ) � ∅, we can choose
σ ∈ Sing(X) ∩ CX(γ). Note that for any σ ∈ Sing(X), we can see that there is
Y C1-close to X such that σY ∈ Sing(Y) is hyperbolic (see [31]). Then we know
dimWs(σ) � 0, dim M, and dim Ws(γ) � 0, dim M. Since X has the C1-stably
shadowing property on CX(γ), there is Y ∈ U(X) such that Y has a hyperbolic
singularity σY ∈ Sing(Y) ∩ CY (γY ) with index i and Y has the hyperbolic γY ∈ P(Y) ∩
CY (γY ) with index j, where σY , γY are the continuations of σ, γ, respectively. Then

dim Ws,u(σ) = dim Ws,u(σY ) and dim Ws,u(γ) = dim Ws,u(γY ).

If j < i then

dim Wu(σY ) + dim Ws(γY ) ≤ dim M.

Since X has the C1-stably shadowing property on CX(γ), we can take Z ∈ V(Y) ∩
KS(M) such that Z has the shadowing property on ΛZ(U), where V(Y) ⊂ U(X) is
a C1-neighborhood of Y . Since CZ(γZ) ⊂ ΛZ(U), and Z has the shadowing property
on ΛZ(U), we know that Z has the shadowing property on CZ(γZ). Since Z is a
Kupka–Smale vector field, by [4, Lemma 3.4], if dim Wu(σZ) + dim Ws(γZ) ≤ dim M,
where σZ , γZ are the continuations of σY , γY respectively, then

Ws(σZ) ∩Wu(γZ) = ∅.
Then we have

dim Wu(σ) = dim Wu(σY ) = dim Wu(σZ)
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and

dim Ws(γ) = dim Ws(γY ) = dim Ws(γZ).

By Lemma 3.1, we can take x ∈ Wu(σZ) ∩Ws(γZ) such that

Orb(x) ⊂ Wu(σZ) ∩Ws(γZ).

Then

Tx(Wu(σZ)) = Tx(Orb(x)) ⊕ Δ1

and

Tx(Ws(γ)) = Tx(Orb(x)) ⊕ Δ2.

Then we have

dim (Tx(Wu(σZ)) + Tx(Ws(γZ))) < dim Wu(σZ) + dim Ws(γZ) = dim M

since dim Wu(σZ) = dim Wu(σ) and dim Ws(γZ) = dim Ws(γ). Thus

dim(Tx(Wu(σ)) + Tx(Ws(γ))) < dimWu(σ) + dim Ws(γ) = dim M.

This is a contradiction because Z is a Kupka–Smale vector field.
If j ≥ i then we have

dim Ws(σY ) + dim Wu(γY ) ≤ dim M.

By similar arguments to those above, we get a contradiction.
Therefore, if X has the C1-stably shadowing property on CX(γ) then we have

Sing(X) ∩ CX(γ) = ∅. �

By Lemma 3.2, due to absence of singularity, we may combine with [15] to get
hyperbolicity. However, we use another method with a shorter proof.

Hereafter we assume that an exponential map expp : TpM(1)→ M is well defined
for all p ∈ M, where TpM(δ) denotes the ball {v ∈ TpM : ‖v‖ ≤ δ}. For every regular
point x ∈ M(X(x) � 0), let Nx = 〈X(x)〉⊥ ⊂ TxM, and let Nx(δ) be the δ-ball in Nx. Let
Nx,r = expx(Nx(r)). Given any regular point x ∈ M and t ∈ R, there are r > 0 and a
C1-map τ : Nx,t → R with τ(x) = t such that Xτ( y)(y) ∈ NXτ(x),1 for any y ∈ Nx,r. We
define the Poincaré map fx,t : Nx,r → NXT (x),1 by fx,t(y) = Xτ( y)(y). If Xt(x) � x(0 <
t ≤ t0) and r0 is sufficiently small, then for 0 < r ≤ r0, the map (t, y) �→ Xt(y) is a C1

embedding from

{(t, y) ∈ R × Nx,r : 0 ≤ t ≤ τ(y)}
to

Fx(Xt, r, t0) := {Xt(y) : y ∈ Nx,r and 0 ≤ t ≤ τ(y)}.
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For ε > 0, let Bε(Nx,r) be the set of all diffeomorphisms φ : Nx,r → Nx,r such that
supp(φ) ⊂ Nx,r/2 and dC1 (φ, id) < ε. Here dC1 is a standard C1-metric, id is the identity
map and the support of φ is the closure of the set where it differs from id.

LEMMA 3.3 [30]. Let X ∈ X1(M) have no singularities. Suppose Xt(x) � x for 0 <
t≤ t0, and let f : Nx,r → Nx1 be the Poincaré map (r > 0 is sufficiently small, x1 =

Xt0 (x)). Then, for every C1-neighborhoodU(X) ⊂ X1(M) of X and 0 < r0 ≤ r, there is
ε > 0 with the property that for every φ ∈ Bε(Nx,r0 ), there exists Y ∈ U(X) satisfying⎧⎪⎪⎨⎪⎪⎩

Y(y) = X(y) if y � Fx(Xt, r0, t0),
fY (y) = f ◦ φ(y) if y ∈ Nx,r0 .

Here fY : Nx,r0 → Nx1 is the Poincaré map defined by Yt.

Let X ∈ X1(M), and suppose p ∈ γ ∈ P(X); XT (p) = p, where T > 0 is the prime
period. If f : Np,r0 → Np is the Poincaré map (r0 > 0), then f (p) = p. Note that γ
is hyperbolic if and only if p is a hyperbolic fixed point of f . The following lemma
appears in [30].

LEMMA 3.4. Let X ∈ X1(M), p ∈ γ ∈ P(Xt) (XT (p) = p, T > 0), and let f : Np,r0 →
Np be the Poincaré map for some r0 > 0. LetU(X) ⊂ X1(M) be a C1-neighborhood of
X, and let 0 < r ≤ r0 be given. Then there are δ0 > 0 and 0 < ε0 < r/2 such that for a
linear isomorphism L : Np → Np with ‖L − Dp f ‖ < δ0, there is Y ∈ U(X) satisfying

(a) Y(x) = X(x) if x � Fp(Xt, r, T/2),
(b) p ∈ γ ∈ P(Y),

(c) g(x) =
{ expp ◦ L ◦ exp−1

p (x) if x ∈ Bε0/4(p) ∩ Np,r,
f (x) if x � Bε0 (p) ∩ Np,r,

where Bε(x) is a closed ball in M centered at x ∈ M with radius ε > 0, and g : Np,r →
Np is the Poincaré map defined by Y .

Let X ∈ X1(M) have no singularities. For x ∈ M, let 〈X(x)〉 be the linear subspace
spanned by X(x) and Nx = 〈X(x)〉⊥ be the orthogonal linear subspace of 〈X(x)〉 in TxM.
Denote N = 〈Nx〉 the subbundle of TM and π : TN → N the projection along X. We
now define the linear Poincaré flow PX

t as

PX
t (v) = π(DxXt(v)),

for v ∈ Nx and x ∈ M. It is well known that Pt : N → N is a one-parameter transforma-
tion group [28].

As before, we set Nx,r = Nx ∩ TxM(r) ( r > 0) for x ∈ M, and put Nx,r = expx(Nx,r).
For any vector field Y that is C1 nearby X, we get a Poincaré map with respect to Nx,r
in the whole space M, for some r > 0. Let Λ be a closed Xt-invariant regular set. We
say that Λ is hyperbolic if the bundle NΛ has a PX

t -invariant splitting Δs ⊕ Δu and there
exists an l > 0 such that

‖PX
l |Δs

x‖ ≤ 1
2 and ‖PX

−l|Δu
Xl(x)
‖ ≤ 1

2 ,
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for all x ∈ Λ. Then Doering [6] showed one way to obtain hyperbolicity of invariant
subsets for flows.

PROPOSITION 3.5. LetΛ ⊂ M be a compact invariant set of Xt. ThenΛ is a hyperbolic
set of Xt if and only if the linear Poincaré flow restriction on Λ has a hyperbolic
splitting NΛ = Δs ⊕ Δu, where N =

⋃
x∈MX

Nx.

Let Λ be a closed Xt-invariant regular set. A PX
t -invariant splitting NΛ = Δ1 ⊕ Δ2 is

a dominated splitting if there is an l > 0 such that

‖PX
l |Δ1

x
‖ · ‖PX

−l|Δ2
Xl(x)
‖ ≤ 1

2 ,

for all x ∈ Λ.

LEMMA 3.6. Let X ∈ X1(M), and let γ be a hyperbolic closed orbit of Xt. Suppose
X has the C1-stably shadowing property on Λ. Then there exists a C1-neighborhood
V(X) ⊂ U(X) of X such that, for any Y ∈ V(X), every γ1 ∈ ΛY (U) ∩ P(Y) is hyper-
bolic.

PROOF. Suppose that X has the C1-stably shadowing property on CX(γ). Then there
exist a C1-neighborhoodU(X) of X and an isolated neighborhood U of CX(γ) such that
for any Y ∈ U(X), Yt |ΛY (U) has the shadowing property, where ΛY (U) =

⋂
t∈R Yt(U).

Suppose, for contradiction, that there is a nonhyperbolic periodic orbit γ ∈ P(Y) for
some Y ∈ U(X). Then one can see that every p ∈ γ is nonhyperbolic. Let p ∈ γ such
that YT (p) = p(T > 0). Then the flow Yt defines the Poincaré map f : Np,r0 → Np (for
some r0 > 0).

Let δ0 > 0 and 0 < ε0 < r0 be given by Lemma 3.4 forV(X) and r0 with Bε0 (p) ⊂ U.
Take a linear isomorphism L : Np → Np. Then there exists Z ∈ V(X) such that

• Z(x) = Y(x) if x � Fp(Yt, r0, T/2),

• g(x) =
{ expp ◦ Dp f ◦ exp−1

p (x) if x ∈ Bε0/4(p) ∩ Np,r0 ,
f (x) if x � Bε0 (p) ∩ Np,r0 .

Then f (p) = g(p) = p. Since the periodic point p ∈ γ is nonhyperbolic, there is an
eigenvalue λ of Dpg with |λ| = 1. We consider two cases: λ ∈ R and λ ∈ C.

In the first case, we assume that λ ∈ R and let v ∈ Np be the associated nonzero
eigenvector such that ‖v‖ = ε0/8. Take expp(v) ∈ Bε0/4(p) ∩ Np,r0 \ {p}. Then

g(expp(v)) = expp(Dp f (exp−1
p (expp(v))))

= expp(v).

Put Jp = {tv : −ε0/8 ≤ t ≤ ε0/8}. Then g(Jp) = Jp. Then we know that Jp ⊂ ΛY (U).
Since Y has the shadowing property on ΛY (U), Y has the shadowing property on Jp.
Take ε ∈ (0, ε0/16), and let 0 < δ < ε be as in the shadowing property. Let x0 = p. Take
y ∈ Bε0/4(p) ∩ Np,r0 such that d(p, y) > 2ε. Let π(p) be the period of p and ti = π(p) for
all i ∈ Z.
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Then for every point xi ∈ Jp, we construct a δ-pseudo-orbit {(xi, ti) : ti ≥ 1, i ∈ Z}
as follows:

(i) xi = Zπ(p)(p) = x0 for all i ≤ 0,
(ii) d(Zti (xi), xi+1) = d(xi, xi+1) < δ for all 0 < i ≤ k, and
(iii) xi = Zπ(p)(q) for all i > k.

It is clear that the δ-pseudo-orbit {(xi, ti) : ti = 1, i ∈ Z} ⊂ Jp. If a shadowing point
z ∈ Bε(p) \ Jp, then by hyperbolicity there are m > 0 and an increasing homeomor-
phism h : R→ R with h(0) = 0 such that for Tm ≤ t < Tm+1,

d(Zh(t)(z), Zt−Tm (xm)) = d(Zh(t)(z), Zt−k(xm)) > ε.

Since Z has the shadowing property on Jp, the shadowing point z is in Jp. Then for
all k ∈ Z, Xkπ(p)(z) = z. By the shadowing property, we have

d(p, y) ≤ d(p, z) + d(z, xk) = d(p, z) + d(Zkπ(p)(z), xk) < 2ε,

which is a contradiction.
In the second case, we assume that λ ∈ C. Then by Lemma 3.4 we can find Z ∈

U(X) such that PZ
t is a rational rotation. Then there is τ � 0 such that PZ

τ+π(p) = id. As
in the proof of the first case, we get a contradiction. �

We write G(Λ) if there exist a C1-neighborhoodU(X) and a neighborhood U of Λ
such that for any Y ∈ U(X), every p ∈ ΛY (U) ∩ Crit(Y) is hyperbolic, where Crit(X) =
Sing(X) ∪ P(X). And we write G∗(Λ) if G(Λ) \ Sing(X). Then by Lemma 3.6, we have
the following argument. By Hayashi (see [9]), the family of periodic sequences of
linear isomorphisms of Rdim M generated by PY

t (Y close to X) along the hyperbolic
periodic point q ∈ ΛY (U) ∩ P(Y) is uniformly hyperbolic. For two linear normed
spaces E and F, and a linear operator A : E → F, the min-norm m(A) is defined by

m(A) = inf
v∈E,|v|=1

|Av|.
PROPOSITION 3.7 [28, Theorem 2.1][29, Lemma II.3]. Let X ∈ G∗(CX(γ)), and let
V(X) be a C1-neighborhood of X as in Lemma 3.6. Then there are constants
0<λ< 1, T > 0 such that for any Y ∈ V(X) and any p ∈ γ ∈ ΛY (U) ∩ P(Y), the
following properties hold.

(a) ΛY (U) admits a dominated splitting NΛY (U) = Δ
1 ⊕ Δ2 such that for any t ≥ T ,

‖PY
t |Δ1(p)‖ · ‖PY

−t |Δ2(Yt(p))‖ ≤ e−2λt.

(b) If τ is the period of γ, m is any positive integer, and 0 = t0 < t1 < · · · < tk = mτ
is any partition of the time interval [0, mτ] with ti+1 − ti ≥ T , then

1
mτ

k−1∑
i=0

log ‖PY
ti+1−ti |Δs(Yti (p))‖ < −λ
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and

1
mτ

k−1∑
i=0

log ‖PY
−(ti+1−ti)|Δu(Yti+1 (p))‖ < −λ.

Then we rewrite Proposition 3.7 as follows.

PROPOSITION 3.8. Let X be the C1-stably shadowing property on CX(γ), and letV(X)
be a C1-neighborhood of X as in Lemma 3.6. Then there are constants 0 < λ < 1, T > 0
such that, for any Y ∈ V(X) and any p ∈ γ ∈ ΛY (U) ∩ P(Y), the following properties
hold.

(a) ΛY (U) admits a dominated splitting NΛY (U) = Δ
1 ⊕ Δ2 such that for any t ≥ T,

‖PY
t |Δ1(p)‖ · ‖PY−t |Δ2(Yt(p))‖ ≤ e−2λt.

(b) If τ is the period of γ, m is any positive integer, and 0 = t0 < t1 < · · · < tk = mτ
is any partition of the time interval [0, mτ] with ti+1 − ti ≥ T , then

1
mτ

k−1∑
i=0

log ‖PY
ti+1−ti |Δs(Yti (p))‖ < −λ

and

1
mτ

k−1∑
i=0

log ‖PY
−(ti+1−ti)|Δu(Yti+1 (p))‖ < −λ.

Let X ∈ X1(M). For any ε > 0, we denote by Cu
ε (y) the set of all points x ∈ NP,r0 that

have the following property: there is an increasing continuous map h : (−∞, 0]→R
such that d(Xh(t)(x), Yt(y)) < ε for all t ∈ (−∞, 0].

LEMMA 3.9. Let X ∈ X1(M), and let γ be a hyperbolic closed orbit of X. Suppose
that X has the C1-stably shadowing property on CX(γ). Then for every hyperbolic
η ∈ CX(γ) ∩ P(X), we have

index(η) = index(γ).

PROOF. Let η ∈ CX(γ) ∩ P(X) be hyperbolic. Suppose, by contradiction, that
index(η) � index(γ). Since X has the shadowing property on CX(γ), by Lemma 3.1
Ws(η) ∩Wu(γ) � ∅ and Wu(η) ∩Ws(γ) � ∅. Since index(η) � index(γ), we have for
x ∈ Ws(η) ∩Wu(γ) and y ∈ Wu(η) ∩Ws(γ),

TxWs(η) + TxWu(γ) � TxM or TyWu(η) + TyWs(γ) � TyM.

Without loss of generality, we may assume that x, y ∈ Np,r0 for some r0 > 0. Then by
Lemma 3.3, there exists a vector field Y that is C1-close to X such that

x1 ∈ Wu(ηY , Y) ∩Ws(γY , Y),

y1 ∈ Ws(ηY , Y) ∩Wu(γY , Y)
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and

Ty1 Ws(ηY , Y) + Ty1 Wu(γY , Y) � Ty1 M.

It can be seen that ηY , x1 and y1 are elements of the chain component of Y that
contains γY . Let g : Np,r0 → Np be the Poincaré map associated to Y . Since p ∈ γY

is hyperbolic, we have Np = Δ
s
p ⊕ Δu

p. Since g is locally linear at p, there is ε1 > 0 such
that

Ws
ε1

(γY , Y) ∩ Np,r0 ⊂ expp(Δs
p) and Wu

ε1
(γY , Y) ∩ Np,r0 ⊂ expp(Δu

p).

Then we assume that x1 ∈ Ws
ε1

(γY , Y) ∩ Np,r0 . Let Cu(x1) be the connected component
of Wu(ηY , Y) ∩ Np,r0 containing x1. Then

expp(Cu(x1)) ⊂ Np and Tx1 Cu(x1) = Tx1 (Wu(ηY , Y) ∩ Np).

Let L⊂Np be an affine space tangent to exp−1
p (Cu(x1)) at exp−1

p (x1). Denote by
π : Np → Δu

p the natural projection parallel to Δs
p. Then we see that there is no

transversality between Cu(x1) and Ws(p, g) at x1, and therefore, dim π(L) < dimΔu
p.

For ε > 0, let

Lε = {v ∈ L : ‖v − exp−1
p (x1)‖ < ε}.

Then we can find τ > 0 such that Y[−τ,−τ+1](x1) ∩ Br′(γY ) = ∅ for some 0 < r′ < r. By
Lemma 3.3, there is Z C1-close to Y such that:

• Z is different from Y in a small neighborhood of the arc Y[−τ,−τ+1](x1);
• there is ε > 0 such that expp(Lε) is contained in the connected component of

Wu(ηZ , Z) ∩ Np,r0 containing x1.

By [15, Lemma 3.3], there is ε2 > 0 such that Cu
ε (x1) ⊂ expp(Lε) for any 0 < ε ≤ ε2.

Since CZ(γZ) is upper semicontinuous, we have

CZ(γZ) ⊂ ΛZ(U) =
⋂
t∈R

Zt(U).

By the assumption, Z has the shadowing property on ΛZ(U). Thus Z has the
shadowing property on CZ(γZ) and the shadowing point z must be contained in Cu

ε (x1).
Consequently, Xt(z)→ ηZ as t → −∞. Finally, we can easily construct the pseudo-orbit
containing x1 which cannot be ε-shadowed by the point z ∈ Cu

ε (x1). The proof is
complete. �

LEMMA 3.10 [15, Lemma 3.5]. Let CX(γ) be the chain component. If X has the
shadowing property on CX(γ) then CX(γ) = HX(γ).

We now recall a flow version [9, 10, 32] of the Mañé ergodic closing lemma [29].
For X ∈ X1(M), let Bε(x, X) = {y ∈ M : d(y, Xt(x)) ≤ ε for some t ∈ R}. Define ΣX as the
set of points x ∈ M such that for any C1-neighborhoodU(X) of X and every ε > 0, there
are Y ∈ U(X), y ∈ P(Y), T0 > 0 and t0, t1 ∈ R with t0 < t1 such that YT0 (y) = y, X = Y
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on M \ Bε(x, Xt), d(Yt(y), Xt(x)) ≤ ε for all 0 ≤ t ≤ T0,

{Xt(x) : t0 ≤ t ≤ t1} ⊂ {Yt(y) : t ≥ 0}
and (t1 − t0)/T0 > 1 − ε. Note that ΣX is Xt-invariant.

THEOREM 3.11 (Ergodic closing lemma, [32, Theorem 3.9]).

μ(ΣX ∪ Sing(X)) = 1,

for any Xt-invariant probability measure μ on the Borel sets of M, where Sing(X)
denotes the set of singularities of X.

PROOF OF MAIN THEOREM. First, we prove the ‘if’ part. Suppose that CX(γ) is the
homoclinic class HX(γ) and hyperbolic. Then there exist a C1-neighborhood U(X) of
X and a neighborhood U of CX(γ) such that:

• CX(γ) =
⋂

t∈R Xt(U), that is, locally maximal;
• for any Y ∈ U(X),ΛY (U) =

⋂
t∈R Yt(U) and it is hyperbolic.

Consequently, Y has the shadowing property on ΛY (U). This means that X has the
C1-stably shadowing property on CX(γ).

Next, we prove the ‘only if’ part. Suppose that X has the C1-stably shadowing
property on CX(γ), and let U be a compact neighborhood of CX(γ) as in the definition.
Let j = index(γ) be an index of CX(γ). Then by Lemma 3.10,

HX(γ) = CX(γ) = Pj(X|HX (γ)) = Λj(X).

Let V(X) be the C1-neighborhood of X given by Proposition 3.8. To get the result,
it is sufficient to show that Λj(X) is hyperbolic. Fix any neighborhood Uj ⊂ U
of Λj(X). �

Claim. If U0(X) ⊂ V(X) is a small connected C1-neighborhood of X containing Y
such that Y = X on M \ Uj, then index(γ) = index(γ1) for any γ1 ∈ ΛY (U) ∩ P(Y).

PROOF. If not, there are Y ∈ U0(X) and γ1 ∈ ΛY (U) ∩ P(Y) such that Yt = Xt on M \
Uj and index(γ1) � index(γ). Suppose that YT (γ1) = γ1, i = index(γ1), and define Γ :
U0(X)→ Z by

Γ(Y) = �{η ∈ ΛY (U) ∩ P(Y) : YT (η) = η and index(η) = i}.
By Lemma 3.6, the function Γ is continuous, and since U0(X) is connected, it is

constant. But the property of Y implies Γ(Y) > Γ(X). This is a contradiction, so that
the claim is proved.

We now show that CX(γ) is hyperbolic. By Proposition 3.8(a), CX(γ) admits a
dominated splitting NCX(γ) = Δ

1 ⊕ Δ2 such that dimΔ1 = index(γ). Let δ0 > 0 and
U1(X) be given by Lemma 3.4 with respect to U0(X). Then, to get that CX(γ) is
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hyperbolic, it is enough to show that NCX(γ) is hyperbolic. In turn, if

lim inf
n→∞ ‖P

X
t |Δ1

x
‖ = 0 and lim inf

n→∞ ‖P
X
−t |Δ2

x
‖ = 0

for all x ∈ CX(γ) then the splitting NCX(γ) = Δ
1 ⊕ Δ2 is hyperbolic; that is, Δ1 = Δs is

contracting and Δ2 = Δu is expanding.
To prove, we suppose that there is a sequence {jn} with jn → ∞ as n→ ∞ such that

lim
jn→∞

log ‖PX
jn |Δ1

x
‖ ≥ 0. (3-1)

Let C0(CX(γ)) be the set of real continuous functions defined on CX(γ) with the
C0-topology, and define the sequence of continuous operators Γn : C0(CX(γ))→ R by

Γn(ϕ) =
1
jn

∫ jn

0
ϕ(PX

s (x)) ds.

Hence, there exists a convergent subsequence of Γn (again denoted by Γn) converging
to a continuous map Γ : C0(CX(γ))→ R. LetM(CX(γ)) be the space of measures with
support on CX(γ). By the Riesz theorem, there is μ ∈ M(CX(γ)) such that∫

CX(γ)
ϕ dμ = lim

jn→∞
1
jn

∫ jn

0
ϕ(PX

s (x)) ds = Γ(ϕ), (3-2)

for every continuous map ϕ defined on CX(γ). Clearly, the μ is PX
t -invariant. Define

ϕPX : C0(CX(γ))→ R by

ϕPX (z) = ∂h(log ‖PX
h |Δ1

p
‖)h=0 = lim

h→0

1
h

log ‖PX
h |Δ1

p
‖.

The map is continuous, and ϕPX satisfies (2).
On the other hand, for any T ∈ R,

1
T

∫ T

0
ϕPX (PX

s (p)) ds =
1
T

∫ T

0
∂h(log ‖PX

h |Δ1
PX

s (p)
‖)h=0 ds =

1
T

log ‖PX
T |Δ1

p
‖. (3-3)

By (3-1), (3-2) and (3-3), we have∫
CX(γ)
ϕPX dμ ≥ 0.

By the Birkhoff ergodic theorem,∫
CX(γ)
ϕPX dμ =

∫
CX(γ)

lim
T→∞

1
T

∫ T

0
ϕPX (PX

s (y)) ds dμ(y).

Since μ is invariant and Supp(μ) ⊂ CX(γ), by Theorem 3.11, we have

μ(CX(γ) ∩ (Sing(X) ∪ ΣX)) = 1.

Since X has the C1-stably shadowing property on CX(γ), by Lemma 3.2 Sing(X) ∩
CX(γ) = ∅. Therefore, we have μ(CX(γ) ∩ ΣX) = 1. By the ergodic decomposition
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theorem, we may assume that μ is ergodic. Then there is z ∈ CX(γ) ∩ ΣX such that

lim
T→∞

1
T

∫ T

0
ϕPX (PX

s (z)) ds ≥ 0. (3-4)

Since z ∈ CX(γ) ∩ ΣX , there are, for all n, εn (with εn → 0 as n→ ∞), Yn ∈ U1(X), and
pn ∈ ΛYn (U) ∩ P(Yn) with period πn(pn) such that

‖Yn − X‖ < εn and d(Yn
t (pn), Xt(z)) < εn

for 0 ≤ t ≤ πn(pn), where Yn
t is the flow induced by Yn. Obviously, πn(pn)→∞ as n→

∞. Let λ < 0 be sufficiently small. By (3-4), there is S(λ) > 0 such that for t ≥ S(λ),

1
t

∫ t

0
ϕPX (PX

s (y)) ds ≥ λ.

Since πn(pn)→ ∞ as n→ ∞, we may assume that πn(pn) > S(λ) for n sufficiently
large. Since Δ1 ⊕ Δ2 is continuous, we can choose Yn and pn such that

1
πn(pn)

∫ πn(pn)

0
ϕPYn

(PX
s (pn)) ds ≥ λ.

Thus we have

‖PYn

πn(pn)|Δ1
pn
‖ > eλπn(pn).

By Proposition 3.8(b), this is a contradiction. Thus Δ1 = Δs. Analogously, we can show
that Δ2 = Δu. By Remark 3.5, CX(γ) is hyperbolic. �
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