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Abstract

We consider fibrewise singly generated Fell bundles over étale groupoids. Given a
continuous real-valued 1-cocycle on the groupoid, there is a natural dynamics on the cross-
sectional algebra of the Fell bundle. We study the Kubo—Martin—Schwinger equilibrium
states for this dynamics. Following work of Neshveyev on equilibrium states on groupoid
C*-algebras, we describe the equilibrium states of the cross-sectional algebra in terms of
measurable fields of states on the C*-algebras of the restrictions of the Fell bundle to the
isotropy subgroups of the groupoid. As a special case, we obtain a description of the trace
space of the cross-sectional algebra. We apply our result to generalise Neshveyev’s main the-
orem to twisted groupoid C*-algebras, and then apply this to twisted C*-algebras of strongly
connected finite k-graphs.

2010 Mathematics Subject Classification: 46L.05 (Primary); 46L.55 (Secondary)

1. Introduction

The study of KMS states of C*-algebras was originally motivated by applications of
C*-dynamical systems to the study of quantum statistical mechanics [2]. However, KMS
states make sense for any C*-dynamical system, even if it does not model a physical system,
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and there is significant evidence that the KMS data is a useful invariant of a dynamical
system. For example, the results of Enomoto, Fujii and Watatani [4] show that the KMS
data for a Cuntz—Krieger algebra encodes the topological entropy of the associated shift
space. And Bost and Connes showed that the Riemann zeta function can be recovered from
the KMS states of an appropriate C*-dynamical system [1]. As a result there has recently
been significant interest in the study of KMS states of C*-dynamical systems arising from
combinatorial and algebraic data [1, 3, 7, 15, 20]. In particular, there are indications of
a close relationship between KMS structure of such systems, and ideal structure of the
C*-algebra [6, 13, 22].

Our original motivation in this paper was to investigate whether the relationship, discov-
ered in [6], between simplicity and the presence of a unique KMS-state for the C*-algebra
of a strongly connected k-graph persists in the situation of twisted higher-rank graph
C*-algebras. The methods used to establish this in [6] exploit direct calculations with the
generators of the C*-algebra. Unfortunately, a similar approach seems to be more or less
impossible in the situation of twisted k-graph C*-algebras, because the twisting data quickly
renders the calculations required unmanageable.

Instead we base our approach on groupoid models for k-graph C*-algebras and their ana-
logues. Building on ideas from [10], Neshveyev proved in [15] that the KMS states of a
groupoid C*-algebra for a dynamics induced by a continuous real-valued cocycle on the
groupoid are parameterised by pairs consisting of a suitably invariant measure & on the unit
space, and an equivalence class of p-measurable fields of states on the C*-algebras of the
fibres of the isotropy bundle that are equivariant for the natural action of the groupoid by
conjugation. Though Neshveyev’s results are not used directly to compute the KMS states
of k-graph algebras in [6], it is demonstrated in [6, section 12] that the main results of that
paper could be recovered using Neshveyev’s theorems.

Every twisted k-graph algebra can be realised as a twisted groupoid C*-algebra [11],
and simplicity of twisted k-graph algebras can be characterised using this description [12].
Twisted k-graph C*-algebras are in turn a special case of cross-sectional algebras of Fell
bundles over groupoids. Since the latter constitute a very flexible and widely applicable
model for C*-algebraic representations of dynamical systems, we begin by generalising
Neshveyev’s theorems to this setting; though since it simplifies our results and since it covers
our key example of twisted groupoid C*-algebras, we restrict to the situation of Fell bun-
dles whose fibres are all singly generated. Neshveyev’s approach relies heavily on Renault’s
Disintegration Theorem [17], and we likewise rely very heavily on the generalisation of the
Disintegration Theorem to Fell-bundle C*-algebras established by Muhly and Williams [14].

Our first main theorem, Theorem 3-4, is a direct analogue in the situation of Fell bun-
dles of Neshveyev’s result. It shows that the KMS states on the cross-sectional algebra of
a Fell bundle B with singly generated fibres over an étale groupoid G are parameterised
by pairs consisting of a suitably invariant measure p on G0 and a j-measureable field of
states on the C*-algebras C*(G}, B) of the restrictions of B to the isotropy groups of G
that each centralise the fibre of 53 over the corresponding unit, and that satisfy a suitable
G-invariance condition. By applying this result with inverse temperature equal to zero, we
obtain a description of the trace space of C*(G, B).

Given a continuous T-valued 2-cocycle o on G, or more generally a twist over G in the
sense of Kumjian [8], there is a Fell line-bundle over G whose cross-sectional algebra coin-
cides with the twisted C*-algebra C*(G, o) (see Lemma 4-1). We apply Theorem 3-4 to
such bundles to obtain a generalisation of Neshveyev’s results [15, theorems 1-2 and 1-3] to
twisted groupoid C*-algebras (see Corollary 4-2).
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We next consider a strongly connected k-graph A in the sense of [9]. There is only one
probability measure M on the unit space gj{” = A that is invariant in the sense described
above [6, lemma 12-1]. Given a cocycle ¢ on A, Kumjian, Pask and the second author intro-
duced a twisted C*-algebra C*(A, ¢) and showed that the cocycle ¢ induces a cocycle o, on
the associated path groupoid G, such that the C*-algebras C*(A, ¢) and C*(G,, o.) are iso-
morphic [11, corollary 7-9]. The cocycle o, determines an antisymmetric bicharacter @, on
Per A (see [16] or [12, proposition 3-1]). The trace simplex of C*(Per A, o,) is canonically
isomorphic to the state space of the commutative subalgebra C*(Z,, ) of the centre of the
bicharacter w, (see Lemma 2-1). Conjugation in the line-bundle associated to o, determines
an action of the quotient #, of G, by the interior of its isotropy on A® x /Z\a,{. Kumjian,
Pask and the second author showed that C*(A, ¢) is simple if and only if this action is min-
imal. Here we prove that the KMS states of C*(A, c¢) are parameterised by M-measurable
fields of traces on C*(Z,,,) that are invariant for the same action of H . Unfortunately, how-
ever, we have been unable to prove that minimality of the action implies that it admits a
unique invariant field of traces.

We begin with a section on preliminaries. We show if o is a 2-coycle on a finitely
generated free abelian group, and if Z,, is the centre of the corresponding antisymmetric
bicharacter, then the trace spaces of C*(P, w) and C*(Z,) are isomorphic. In Section 3,
we prove our main theorems about the KMS states on the cross-sectional algebra of a Fell
bundle. In Section 4, we construct a Fell bundle from a cocycle on a groupoid, and use our
results in Section 3 to obtain a twisted version of Neshveyev’s results in [15]. Section 5
contains our results about the preferred dynamics on the twisted C*-algebras of k-graphs.
We finish off by posing the question whether simplicity of C*(A, c¢) implies that it admits a
unique KMS state.

2. Preliminaries

Throughout this paper, T is regarded as a multiplicative group with identity 1.

2-1. Groupoids

Let G be a locally compact second countable Hausdorff groupoid (see [17]). For each
x €GO wewrite G* =r~'(x),G, =5~ (x) and G} =G, N G*. The set Iso(G) := J, g0 G}
is called the isotropy of G, and the groups G are called the isotropy subgroups of G. We say
G is étale if r and s are local homeomorphisms. A bisection of G is an open subset U of G
such that r|y and s|y are homeomorphisms.

A continuous T-valued 2-cocycle o on G is a continuous function o : G* — T such
that o (r(y), y) =o(y,s(y)) =1 for all y €G and o(a, B)o(ap, y) =0 (B, y)o(a, By)
for all composable triples (a, B, ). We write Z>(G, T) for the group of all continuous
T-valued 2-cocycles on G. Let b : G — T be a continuous function such that b(x) = 1 for all
x € G The function §'b: G x G — T given by 8'b(y, a) = b(y)b(a)b(ya) is a continu-
ous 2-cocycle and is called the 2-coboundary associated to b. If b is continuous, then §'b is
a T-valued 2-cocycle on G. Two continuous T-valued 2-cocycles o, o’ are cohomologous if
o'e = 8'b for some continuous b. A continuous R-valued 1-cocycle D on G is a continuous
homomorphism from D to R.

Given o € Z*(G, T), the space C.(G) is a x-algebra with the involution and multiplication
defined by

ffy)y==oc(y,y Hf(y~") and
(fO) =Y o B f(@gP).
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We denote this *x-algebra by C.(G, o). The formula

171 =max (sup D 1FG sup D7 IFR1)

¥€d¥ ) egr *€G¥ 1eg,

determines a norm on C.(G,o). By a s-representation of C.(G,o), we mean a
x-homomorphism from C.(G, o) to the bounded operators on a Hilbert space. The rwisted
groupoid C*-algebra C*(G, o) is the completion of C.(G, o) in the universal norm

| £l :=sup{||L(f)| : L is a = -representation of C.(G, o)}.

A measure p on G is called quasi-invariant if the measures v, v=!' on G given by

f fdv= /g 2 fdut)  and / fdv'= fg L2 fdut)

yeg* y€G,

are equivalent. We write A, :=dv/dv~"' for the Radon-Nikodym derivative of v with
respect to v~'. We will call A, the Radon-Nikodym cocycle of . Given a bisection U
and x € GO, let U* := U Nr~!(x). Define Ty : r(U) — s(U) by T (x) = s(U*). To see that
a measure u is quasi-invariant it suffices to show that

f(Ty(x)) dp(x) = J)ALUy) dp(x)

r(U) s(U)

for all bisections U and all f :s(U) — R.

2.2. Fell bundles

Let C, D be C*-algebras. A C—D bimodule Y is said to be a C—D-imprimitivity bimodule
if itis a full left Hilbert C-module and a full right Hilbert D-module, and forall y, y', y" €Y,
ceCandd e D, we have

cly-d,yYy=cly,y-d*), (c-y,Y)p=(y,c"-y)p and
e Y)Y =y, Y. (21

Let G be a locally compact second countable Hausdorff étale groupoid. Suppose that
p:B— G is a separable upper-semicontinuous Banach bundle over G (see [14, defini-
tion A-1]). Let

B? :={(a,b) e Bx B:(p(a), p(b)) e G?}.

Following [14], we say B is a Fell bundle over G if there is a continuous involution a
a*:B— B and a continuous bilinear associative multiplication (a, b) — ab: B® — B
such that:

(F1) p(ab) = p(a)p(d);

(F2) p(a*)=pa)™;

(F3) (ab)* =b*a*,

(F4) for each x € G, the fibre B(x) is a C*-algebra with respect to the *-algebra structure
given by the above involution and multiplication; and
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(F5) for each y € G, B(y) is a B(r(y))—-B(s(y))-imprimitivity bimodule with actions
induced by the multiplication and the inner products

B(r(y)) (a, b) =ab* and (Cl, b)B(s(y)) =a’b. (22)

For x € G, we often write A(x) for the fibre B(x) to emphasise that these fibres are
C*-algebras between which the various B, are imprimitivity bimodules. Given a Fell bundle
B over G, we say the fibre B(y) is singly generated if there exists an element 1, € B(y)
such that

acon(ly, L) =110 =lacgy, (Ly, 1L)ase) =11, =lasq) and
B(y)=Ar(y)Nl, =1,A(s(y)).

In particular, for x € G, the fibre A(x) is singly generated if and only if it is a unital
C*-algebra, and we can then take 1, = 14().

A continuous function f : G — B is a section if p o f is the identity map on G. A section
f vanishes at infinity if the set {y € G:| f(x)|| > €} is compact for all € > 0. We write
[y (G; B) for the completion of the set of sections which vanishes at infinity with respect to
the norm || || :=sup, g [ f (¥) . The space ['o(G; B) is a Banach space (see for example
[21, proposition C-23]).

A Fell bundle B over G has enough sections if for every y € G and a € B(y), there is a
section f such that f(y) =a.If G is a locally compact Hausdorff space, then p : B — G has
enough sections, see [5, appendix C].

The space I'.(G; B) of compactly supported continuous sections is a *-algebra with
involution and multiplication given by

f*y)=f(y ™" and (23)
frgy)=Y_ fl@g(B) forf gel.(G;B). (2-4)
ap=y

The 7-norm on I'.(G; B) is given by

£ = max (sup YIS sup YIS G).

xeg©® reGr xeg©® AEG,

A x-homomorphism L :T.(G; B) — B(H.) is an I-norm decreasing representation if
span{L(f)é: feT(G; B),E e Hy=H,}andif [L()| < | f; forall f €T .(G; B). The

universal C*-norm on I'.(G; B) is
I £l :=sup{||IL(f)|l : L is an I-norm decreasing representation}

and C*(G, B) is the completion of I'.(G; B) with respect to the universal norm.

Let F be a closed subgroupoid of G. Then B]| = is a Fell bundle over F. We write I'.(F; B)
in place of I'.(F; B|7) and we denote the completion I".(F; B) in the universal norm by
C*(F, B).

Suppose that each fibre in B is singly generated. Fix x € G©. For u € G and a € B(u),
leta -6, e T'.(Gy; B) be the section given by

a ifu=v
0 otherwise.

a'au(v)z{
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Then

C*(G;, B)=span{a -6, :u €}, ae Bu)}.
In particular C*(G}, B) is a unital C*-algebra with 1¢+(g: 5y = 1, - 6.

2-3. Representations of Fell bundles and the Disintegration Theorem

Let p:B— G be a Fell bundle over a locally compact second countable Hausdorff
étale groupoid G. Suppose that G x H is a Borel Hilbert bundle over G as in [21,
definition F-1]. Let

End(GV «H) :={(x, T, y):x,y €GP, T € B(H(y), H(x))}.

Following [14, definition 4-5], we say a map 7 : B— End(G” x H) is a x-functor if
each 7 (a) has the form 7 (a) = (r(p(a)), 7 (a), s(p(a))) for some 7 (a): H(s(p(a))) —
H(r(p(a))) such that the maps 7 (a) collectively satisfy:

(S1) m(ra +b) =Am(a) + () if p(a) = p(b);
(S2) m(ab) = (b)m(a) whenever (a, b) € B?; and
(S3) nw(a*) =mn(a)*.

A strict representation of B is a triple (u, G x H, ) consisting of a quasi-invariant
measure 1 on G, a Borel Hilbert bundle G % H and a x-functor 7 : B — End(G© % H).
For such a triple, we write L2(G® x #, u) for the completion of the set of all Borel sections
£:G9 = GO xH with fg(o,(f(x), F ) 1 din(x) < oo with respect to

(f, &) 12G0sr ) = /()(f(x), 8(X)) 1) din(x).
g 0
Let A, (u) be the Radon-Nikodym cocycle for . Given a strict representation (p, G©
H, 7), proposition 4-10 of [14] gives an I-norm bounded s-homomorphism L on L*(G© %
‘H, 1) such that

(L(HE|n) = fg 2 @ @EGC@) [0 @) A F dpe). (@5)

ueG*

We call L the integrated form of . The Disintegration Theorem [14, theorem 4-13] shows
that every nondegenerate representation M of C*(G, B) is equivalent to the integrated form
of a strict representation.

2-4. Cocycles and bicharacters on groups

Let F be an abelian group. Viewing F as a groupoid with the discrete topology, we write
Z*(F, T) for the set of T-valued 2-cocycles on F. Given o € Z>(F, T), define o*(p, q) =
o(q, p). Proposition 3-2 of [16] implies that o, o’ € Z*(F, T) are cohomologous if and only
ifoo*=0'0".

Given o € Z>(F, T), the C*-algebra C*(F, o) is the universal C*-algebra generated by
unitaries {W, : p € F} satisfying W,W, =o(p, g)W,, for all p, g € F. A standard argu-
ment shows that if o and o’ are cohomologous in Z*(F, T), say o = §'bo’, then the map
W, — b(p)W, descends to an isomorphism from C*(F, o) onto C*(F, 0'), see for example

[19, proposition 3-5].
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A bicharacter on F is a function w: F x F— T such that the functions w(-, p) and
w(q, -) are homomorphisms. A bicharacter w is antisymmetric if w(p, q) = w(q, p). Each
bicharacter is a T-valued 2-cocycle. If F is a free abelian finitely generated group, then
[16, proposition 3-2] shows that every T-valued 2-cocycle o on F is cohomologous to a
bicharacter: Let ¢y, . . ., g, be the generators of F. Define a bicharacter w: FF x F — T on
generators by

o(qi,q;)o(q;,q;) ifi>]
w(qi’qj):{l(q a))o(q;, q1) ifi<j‘. 26)

Then ww* = oo™ and by [16, proposition 3-2], w is cohomologous to o .
Given o € Z*>(F, T), the map p+> (60*)(p, ) is a homomorphism from F into the
character space of F'. Let

Zs:={peF:00"(p,q)=1forall g € F}

be the kernel of the this homomorphism, so Z, is a subgroup of F. If w is a bicharacter
cohomologous to o, then Z, = Z,.
Given a unital C*-algebra A, we write Tr(A) for the simplex of tracial states of A.

LEMMA 2-1. Suppose that F is a finitely generated free abelian group. Let o € Z*(F, T)
and let w be the bicharacter defined in (2-6). Then

Tr(C*(F, o)) = Tr(C*(F, ) = Tr(C*(Z,,)) = Tr(C*(Z,)).

Proof. The first and third isomorphisms are clear. So we prove the second isomorphism. We
first claim that for every v € Tr(C*(F, w)), we have

Yy(W,)=0forall p ¢ Z,.

To see this, fix p ¢ Z,. There exists at least one generator ¢g; € F such that (ww*)(p, q;) # 1.
Since v is a trace and w is a bicharacter, we have

Y (W,) =y (W W,W,) = w(p.g)o@ ", pg)¥(W,)
=w(p. g)og ", polq ", )V (W,)
= w(p, g)w(gi, polg; ", g)v(W,)
= (0w")(gi. P)o(q; ", gV (W,).

The formula (2:6) for w says that a)(qi_', g;) =1. Since (ww*)(g;, p) # 1, the above
computation shows that ¥ (W,) =0.
Next define a linear map Y : C*(F, w) — C*(Z,) on generators by

W, iftpeZz,

T(Wp) = {0 if p ¢ Z,.

This induces a map @ :Tr(C*(Z,)) — Tr(C*(F, w)) by ®(y) =1 o Y. The map & is
clearly a continuous and affine map. The embedding ¢ : C*(Z,) — C*(F, w) induces a map
1:Tr(C*(F, w)) = Tr(C*(Z,)) with i(¥/) = ¥ o 1. A quick computation shows that i and ®
are inverses of each other and therefore ® is an isomorphism.
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2-5. KMS states

Let 7 be an action of R by automorphisms of a C*-algebra A. We say an element a € A
is analytic if the map t — o, (a) is the restriction of an analytic function z — «.(a) on C.
Following [2, 6, 15], for 8 € R\ {0}, we say that a state { of A is a KMSg state (or KMS state
at inverse temperature ) if ¥ (ab) = ¥ (ba;g(a)) for all analytic elements a, b. It suffices to
check this condition (the KMS condition) on a set of analytic elements that span a dense
subalgebra of A. By [2, propositions 5-3-3], all KMSg states for 8 # 0 are t-invariant in the
sense that ¥ (t,(a)) =¥ (a) for all t € R and a € A. For 8 =0, the KMS condition reduces
to the tracial condition ¢ (ab) = ¢ (ba), but does not automatically imply t-invariance. We
define the KMS,, states for 7 to be the t-invariant traces of A.

3. KMS states on the C*-algebras of Fell bundles

In [15, theorems 1-1 and 1-3], Neshveyev described the KMS states of C*-algebras of
locally compact second-countable Hausdorff étale groupoids. Here, we generalise his results
to the C*-algebras of Fell bundles over groupoids. Our proof follows Neshveyev’s closely.

Let 1 be a probability measure on G A u-measurable field of states is a collec-
tion {Y,}rego of states ¥, on C*(Gy, B) such that for every f € I'.(G; B) the function
X e U (f ) - 8,) G9 — C is p-measurable. Given a pu-measurable field W :=
{¥}rego of states we define

(W], = {(p : ¢ is a pu-measurable field of states and ¢, = v, for u-a.e. x € g<°>}.

Given a state ¢ on a C*-algebra A, the centraliser of Y is the set of all elements @ € A such
that

Y (ab) = Y (ba) forall b € A.

We say that v centralises a € A if a belongs to the centraliser of ¥; we say that i centralises
a subalgebra A, of A if it centralises every element of Ay.

THEOREM 3-1. Let p : B — G be a Fell bundle with singly generated fibres over a locally
compact second-countable Hausdorff étale groupoid G.

(i) Let ju be a probability measure on G and let ¥ := {1, } cgo be a p-measurable
field of states . : C*(Gy, B) such that each . centralises A(x). Then the formula

U /Q«» Wx(f|g§) dp(x) = /gm) Z 1/f)‘(f(u) ) 8u) dp(x) 31D

ueGy

extends to a state © (v, V) of C*(G, B) that centralises To(GV; B).

(i) Srates ©(u, V) and O (v, V') obtained from part (i) are equal if and only if @ =v
and [¥], = [V'],.

(iii)) The map © of part (i) is a surjection onto the space of states of C*(G, B) that
centralise To(G©, B).

The following lemma will establish part (ii) of Theorem 3-1.

LEMMA 3-2. Let p : B— G be a Fell bundle with singly generated fibres over a locally
compact second countable Hausdorff étale groupoid G. If 1 is a probability measure on
GO and W :={{,}rcgo and V' :={{},cgo are p-measurable fields of states such that
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Y, and ;. centralise A(x) for each x, and such that . =, for p-almost every x, then
the functions © (., V) and ® (u, V') given by (3-1) agree. If ¥ is a state of C*(G, B) that
centralises To(GV; B), then there is at most one pair (M, [W] u) consisting of a probability
measure w on G and a p-equivalence class [V, of w-measurable fields of states on
C*(G:, B) such that ®(u, ¥) = 1.

Proof. The first statement is immediate from the definition of p-equivalence.

Now fix a state ¥ of C*(G, B) that centralises I'y(G?; B). Suppose that u, i’ are proba-
bility measures on G and that ¥ = {1/, },cgo and W' = {{// },cgo are u-measurable fields
of states satisfying ®(u, ¥) =y = @(u’, ¥’). For each f € Cy(G?), there is a section
f eT.(G, B) € C*(G, B) such that

oL ify=xeg®
f(y)—{o it 200,

So (3-1), shows that

WU%»dmm=w03=medh»mmm.

Go

Since each f (x) = f(x)1,, and since each ¥, and each v is a state, we have
¥ (f ) = F) = v.(f(x)) for all x. Hence [y fdu=v(f)= [0 fdu'. So the
Riesz Representation Theorem shows that ;= /.

To see that ¢ and ¥’ agree p-almost everywhere, we suppose to the contrary that ¥, # .
for all x in some set V € G with (V) # 0 and derive a contradiction. Since 3 has enough
sections, there is a countable family F C I, (Iso(g); B) such that for each y € Iso(G), we
have span{ f(y): f € F} =B(y). So there is at least one f € F and V' C V of nonzero
measure such that

V(flar) =D velf@)-8) # Y Wi(fw)-8)=y'(flg;) forallxeV'.

ueGy ueGy

ForeachleN, let V/ := {x eV’ |wx(f|g.;) - w;(flg;)
w(V/)>0.Now for 0 < j <3, let

> %} So there is / € N such that

V= {x eV : Arg(Vi(flgr) — vi(flay)) € [1% G+ 1)%]}'

Then there is j such that w(V/ > 0. Then

F2j—Dr , , 1
%(e'4 K%(W&ﬂw)—wxﬂgﬁduﬁoENMW)ZE>0,

which is a contradiction.

Proof of Theorem 3-1. (i) Fix a probability measure 1 on G© and a p-measurable field
W = {y,} of states V¥, : C*(G;, B) - C such that each v, centralises A(x). For each
x € GV, define ¢, : T'.(G; B) — C by

0 ()= Y (fw)-8,).

uegy
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Since ¥, is a state, ¢, is norm-decreasing, and so extends to C*(G, BB). We claim that each ¢,
is a state of C*(G, B) that centralises I'o(G?; B). For this, fix x € G and let (H,, 7, )
be the GNS-triple corresponding to v,. Let Y (x) be the closure of I'.(G,; B) under the
C*(Gy, B)-valued pre-inner product

(f.e)=/f"*g.

Then Y (x) is a right Hilbert C*(G?, B)-module with right action determined by multi-
plication (see [18, lemma 2-16]). Also C*(G, B) acts by adjointable operators on Y (x)
by multiplication. By [18, proposition 2-66] there is a representation Y (x)-Ind(r,):
C*(G, B) > L(Y (x) ®c+gs.5 H.) such that

Y (x)-Ind(7,) () (g ®k) = (f *g) k.

We define 0, :=Y(x)-Ind(n,). Let hy=1,6, =1lc+g: 5. We take fel.(G:B) and
compute:

O (@) | (e ®8)) = ((f %h) R Ly | he R L)
= (c((hes f xR )| 8)
= Y. ((hy, [ hy)). (32)

For each u € G, we have
(hoy [xho)(u) = (hy* fxh)(u)= Z ho(a™)* f(B)h(y).

afy=u

Each summand vanishes unless o' =y = x and B = u. Therefore

(he, foh)@) =17 f@)1, = fu),
and hence (h,, f * h,) = f|g:. Putting this in (3-2), we get
(0N ® ) | (e ®20) =V (Flgr) = D ¥ (f ) - 8.) =0 ().
ueGy
Also since (h,, h,) =1, -6,

Ay ® &l = (hx ® §x|hx ® é‘x) = (jTX<hX7 hx)(xkx) = WX(U/lxv hx)) =y, (L, -d0,) =1

Now since f > (0. (f)(h: ® &) | (he ® £,)) is a state, g, is a state as well.

To see that ¢, centralises ['o(G?; B), fix f € [y(G?; B) and g € I'¢(G, B). Using at the
second equality that f(v) =0 for v € G} \ {x}, and at the third equality that ¥, centralises
f(x)-8, € A(x), we see that

e(fx8) = D Yu((f %)W) 80 = Y Yu((f() - 8:)(gw) -8,)

uegGy ueGy
= Z Ve ((gu) - 8,) (f (x) - 8:)) = (g * f).
uegy

We have now proved that ¢, is a state of C*(G, B) that centralises I'o(G; B) as claimed.
Since x > ¢, (b) from G to C is u-measurable for each b € C*(G, B), there is a positive
functional v : C*(G, B) — C such that v (b) = fg(o, ¢ (b) diu(x). Since p is a probability

https://doi.org/10.1017/50305004119000379 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004119000379

KMS states 231

measure and each ¢, is a state, ¥ is a state of C*(G, B). This ¥ is given by (3-1) by
construction, and it centralises I'o(G©; 1B) because each ¢, does.

(i) The first assertion of Lemma 3-2 gives the “if” implication. Part (1) shows that
each ¥ = ®(u, W) is a state that centralises I'o(G'?; B), and so the second assertion of
Lemma 3-2 gives the “only if”” implication.

(iii) Fix a state ¥ of C*(G, B) that centralises I'o(G”’; B). We must construct a pair
(n, W) as in (i) such that v = ®(u, V). Let (H, L, &) be the GNS-triple corresponding
to 1. Applying the Disintegration Theorem (see [14, theorem 4-13]) gives a strict represen-
tation (A, G % H, 7) of B such that L is the integrated form of 7 on L*(G? % H, 1). By
[14, lemma 5-22], there is a unitary isomorphism from H onto L>(G® % H, A). We identify
H with L>(G© % H, 1) and view & as a section of the bundle G % H. Let .« be the measure
on G© given by duu(x) := ||E(x)||*d A (x). For each x € G©, define ¢, : C*(G, B) — C by

Yela-8,) = @) (T(@E ), £(x)), (3-3)

where u € G and a € B(u). We first show that v, is a state on C*(G}, B).
Fix u € G} and a € B(u). A computation using the multiplication and the involution
formulas (2-4) and (2-3) shows that for v € G} and b € B(u) we have

(a-8,)*(b-8)=ab-8,and (a-§,) =a*-§,~. (3-4)
Therefore using (S1) and (S2) at the final equality we see that
Ye((a-80) * (a-8,)%) = V(aa* - 8u1) = 1§07 (7 (aa*)E (x) |€(x)) > 0.
Since 7 is a x-functor, (S1)—(S3) imply that 7 (1,) = 1 g3 (x)- Now the computation
V(L8 = £ (T (1)EW)[E () =1

implies that v, is a state on C*(G}, B).
We claim that the pair (M» {Ipx}xeg«») satisfies the equation (3-1). By (2:5) for all
f €T.(G; B) we have

v =(LNHE|E) = /g ) @ @EGCW) [Em) A drw). ()

ueG*

To prove (3-1), it suffices to show that for A-almost every x € G© we have

Y ((f)Es @) | E()) AL E =0.

ueG*\Gy

Equivalently, it suffices to show that for A-almost every x € G, for each bisection
Ucg\ Uxegw) G such that u € G* N U, and for each a € B(u), we have

(T(@Es@) [§(x) =0. (3-6)

Fix abisection U € G \ U, g0 G and g € T.(U; B) with supp g € U. Since r(y) # s(y)
for y e supp ¢ C U, and since supp g is compact, we can cover supp g by finitely many
open sets U; € U such that r(U;) N s(U;) = @. Choose h; € Co(r(Uy), [0, 1]) CT(G?; B)
such that ), hi2 is identically 1 on r(supp g). Then each s((supp #;)U) Nsupp h; S r(U;) N

https://doi.org/10.1017/50305004119000379 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004119000379

232 ZAHRA AFSAR AND AIDAN SIMS
s(U;) = 0. Since each h; is centralised by 1/, we then have

V(@)=Y Yhixg) =y (hi*gxh)=0.

Define ¢ : G — C by

g = (m(g@)E(s) [00)Axw) .

ueG*

Since ¥ (g) =0, we have ¥ (g(x)g) =0 for all x € G. Applying (3-5) for v together with
(S1) for the *-functor 7 gives

0=v(gx)g) =/g( q(x) Z (()E(s (W) | £(x)) Ay () ™2 di(x)

uegG*
2
1
= / 3 (r(g@)E(s ) | £)) Ar) ™
go ! o
Thus >, . (T(g)E(s(w)) | E(x)) A, (u)~2 = 0 for A-almost every x € G©.
Since B has enough sections, we can fix a countable set {g,} of elements of I".(U; B) such
that for each u € U, the set {g, (1) : n € N} is a dense subset of B(u). For each n € N, let

(37

X, = {x cU: Y (n(g)Es) |E) # o} and let X :=|_J X,..
ueG*NU neN
Equation (3-7) implies that A(X) = 0. For any x € r(U) the set U N G* is a singleton; we
write u* for the unique element of U N G*. Then for x € U \ X and n € N, we have

(@ NEG) @) = Y (m(gu)EG @) | §() =

ueG*NU

By choice of g,, the set {g,(u"):n €N} is a dense subset of B(u*). It follows that
(m(@)&(s(u)) | £(x)) =0 for all a € B(u*), giving (3-6). So ¥ is given by (3-1).

To see that each v, centralises A(x), note that since ¥ centralises I'o(G®; B), the
formula (3-1) implies that

/ ((f %) )E@) | £(0)) A (w)™? dA(x)
g

0}
ueGy

L 7 (g% £)@))E)) | £(x)) Ar(u) > din(x)

0
ueg"

for all f, g € I'o(G?; B). Therefore for A-almost every x € G, we have

D (E((Fr)E) @) =D (x((g* HW)EW) ). (3-8)

uegG! uegy

Fix a € A(x), ve G} and b € B(v) so that a - §, and b - §, are typical spanning elements of
A(x) and C*(G7, B) respectively. Choose f € I'0(G”; B) such that f(x) =a and choose a
bisection V C G containing v and an element g € I'.(V, B) C T'.(G, B) such that g(x) = b.
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For this f, g the sums on both sides of (3-8) collapse and we get

(7 (ab)g (x)[&(x)) = (m(ba)€ (x)|&(x)) for A-ae. x € GO

Since (a - 8,) * (b - 8,) =ab - §,, the formula (3-3) for i, implies that

Vi ((a 8,) % (- 81})) = WX((b 8y) % (a- 8):))
Thus ¥, centralises A(x).

Definition 3-3. Theorem 3-1(ii) allows us to use the map ® of Theorem 3-1(i) to define a
map ® from the collection of pairs (i, C) consisting of a probability measure w on G© and
a u-equivalence class of fields of states of the C*(G?, I3) centralising the A(x); specifically,

O, [V],) =0O(u, ¥) forall (u, ¥).

THEOREM 3-4. Let p : B — G be a Fell bundle with singly generated fibres over a locally
compact second countable Hausdorff étale groupoid G. Suppose that y — 1, :G — B is
continuous. Let D be a continuous R-valued 1-cocycle on G and let t be the dynamics
on C*(G, B) given by t.(f)(y)=¢e"Y f(y). Let B R. Then © restricts to a bijec-
tion between the simplex of KMSg states of (C*(G, B), t) and the pairs (,u, [\If]ﬂ) as in
Definition 3-3 such that.

(i) is a quasi-invariant measure with Radon—Nikodym cocycle e P ; and
(ii) for p-almost every x € G, we have

Vs (@ - 8.) = Yy ((1yal}) - yuyt)  foru € Gy, a € B(u) and n € G,.

Remark 3-5. In principal, the condition in Theorem 3-4(ii) depends on the particular rep-
resentative W = {, },cgo of the u-equivalence class [W],. But if W = {i/, },cgo and V' =
{1/} represent the same equivalence class, then ¥, = for u-almost every x, and so W
satisfies (ii) if and only if U’ does.

Before starting the proof, we establish some notation. Let U be a bisection. For each
x€G9 wewrite U* :=r~'(x)NU and U, :=s~'(x) NU. The maps x > U* : r(U) — U
and x — U, : s(U) — U are homeomorphisms and we can view them as the inverses of
r and s respectively. We also write Ty : r(U) — s(U) for the homeomorphism given by
Ty(x) =s(U").

Proof. Suppose that ¥ is a KMSg state on (C*(G, B), t). Since D|go =0, the KMSg con-
dition implies that I'o(G®; B) is contained in the centraliser of 1. By Theorem 3-1 there is a
pair (@, [¥],,), consisting of a probability measure x on G and a p-equivalence class [¥],,
of u-measurable fields of states 1, on C*(G}, B) that centralise the A(x), that satisfies (3-1).
We claim that p and {, };cgo satisfy (i) and (ii).

First note that for a bisection U, f € T.(U; B) and g € T.(G; B), the multiplication
formula in T'.(G; B) implies that

_ _ [ fWheuny) ifx=r(y) er)
frg) —aﬁzzy f@3gB)= {0 ifr(y) ¢ 1(U).
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Similarly

PP (y (U)W ifx =s(y) €s(U)

g*Tig(f)y) = { if s(y) ¢s(U).

Since ¥ is a KMSy state, we have ¥ (f * g) = ¥ (g * 7;3(f)). Formula (3-1) for ¢ gives us

/ D v (f WUHEWUHw) - 8,) dpnlx)
)

uegy

= / e PPN Y (qwW) T f (W) -8,) dux).  (3:9)
s(U)

ueGy

To see (i), fix a bisection U and let g € C.(s(U)). Since B has enough sections, we can
define h: U — Bby h(y) =q(s(y))1,. Since y > 1, is continuous, & extends to a contin-
uous section /2 on G. Now we apply (3-9) with f := h and g := h*. The sums in both sides
collapse to the single term u = x. Since U* = Uy, (), we have

[ n(laenrLe) s duto = [ e 0 (g0 L1 -8,) duc)
r(U) s(U)

Note that (Aa) -6 =A(a-§) for all L € C and 1,1} =14,y = L,. Since 1, -6, = l¢+(g:.5)
and ¥, is a state on C*(G, B), we have

/( )|Q(Tu(X))’2 dM(X)Z/ )e”sD(U”Iq(X)Iz dp(x).
r(U s(U

Thus p is a quasi-invariant measure with Radon-Nikodym cocycle e #P.

For (i), let x € G, u € G*, a € B(u) and n € G,. Let a € T'.(G,; B) such that a is sup-
ported in a bisection U and a(u) = a. Since U is a bisection, it follows that a(v) = 0 for all
ve G, \ {u}. Fix a bisection V containing 7 such that s(V) C s(U). Fix ¢ € C.(G”) such
that ¢ = 1 on a neighbourhood of x and supp ¢ € s(V). Define 1 € T'.(G; B) by

_JaGnt, ifyev
h(y) = { 0 otherwise.

Since ¥ is a KMSg state, we have

Y((@axh*)*«h)=1vy(hx*tg(a=h)). (3-10)
We compute both sides of (3-10). For the left-hand side, we first apply the formula (3-1)
for ¢ to get
V(@ h*) xh) = 0 > Yy (@xh () - 8,) dp(y). (3-11)
GO .
vegy

Since & is supported on the bisection V, h* x h is supported on s(V) and we have

@xh*xh)) =) a@)(h* *h)()=a@)(h* *h)(s ).
af=v
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Since a is supported in U,

Yov(@xh k) -8) = D v (@h*xh)s))-8.)

UEQ_;“' vEQ;‘fﬁU

Uy (@) (% h)(y)) - 8U}.)-

Putting this in (3-11) and applying the definition of /4, we get

Y((@*h")xh) = / ¥ (@) (5 h) () - 8u,) dp(y)

s(V)

=/ lg Py (aU,) - 8u,) du(y). (3-12)
s(V)
For the right-hand side, we start by applying the formula (3-1) for v:

Y (hxTig@xh*) = fg0 Xeg: V((h x Tig(@*h*)(w) - 8,) du(z).

Two applications of the multiplication formula in '.(G; B) give

S (k)@ iV w) -8, ) diaco)

weg:

2/ e*ﬁD(UTv(z)(VZ)fl)wz((h(vz)&(UTV(z))h(Vz)*) '5VZUTV(Z)(V3)*‘>dM(Z)
r(V)

¥ (h xTig(a*h)) =/

r(vV)

= [ el gy @) P (LU ) L) S duna),
r(V)

Since for each z € r(V), we have V= Vp,(, and z=r(Vy,(,)), the variable substitution
y =Ty (z) gives

Y(h*Tp(a b)) = / 14O Py (L, aU)TY) -8,0,y) du(y).  (3:13)

s(V)

Putting y = x in (3-13), we have U, =u and V, = 7. Since |g(x)|> =1, condition (ii) now
follows from (3-12) and (3-13).

For the other direction, suppose that (/L [W] M) satisfies (i) and (ii). The formula (3-1)
in Theorem 3-1 gives a state ¥ := ®(u, ¥) on C*(G, B). We aim to show that i is a
KMS; state. It suffices to show that for each bisection U, each f € I'.(U; B3), and each
g €T.(G; B) we have

U (f xg) =V (g*Tp(f)). (3-14)

Fix a representative {{/, }yego € [V],. The left-hand side of (3-14) is

U(fxg) = / S v (FWUHEUH W) - 8,) d (). (3-15)

rU) gy
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To compute the right-hand side, we start with the multiplication formula in T'.(G; B) and
the formula (3-1) for y:

V(g *Tip(f)) = > (g xTip()) @) - 8,) dpa(x)

©)
xeg ueGy

= / Z efﬁD(Ux)wx((g(u(UX)*l)f(Ux)) . 8:4) du(x).
xes(U) uegs

Since p is quasi-invariant with Radon-Nikodym cocycle e#?, the substitution x = Ty (y)
gives

V(g *Tig(f)) =/ Z V1o (8@ WUr,0) ™) fWUr, ) - 8u) dpe(y).

rU) [Le)
U
4€Gr, )

Since Uz, (yy = U”, we obtain

V(g *Tip(f)) = / > Yne (g™ W) -8,) du(y).

r(U) 7
[7482
u€Gry )

Applying the identity g;ggj (U")~'=(U?)"'G}, we can rewrite the sum as

‘gb(g * Tiﬂ(f)) = / Z WTU(y)((g((Uy)fll))f(Uy)) . S(U.\‘)flqu) d,U«(y) (316)

W) vegy
To simplify further, fix v € GJ. Using that 1,1, = 1,, equation (3-4) gives

Vo (@) 0 FWU) 80 1000 )

= Ym0 (@) WL 1 FU) By vy 100

= Y1y (((8((Uy)_]v)]1w) -8(U>~)4UU,>((]1’5),f(Uy)) .5(U)),U">>'

Since (]l*U,f(Uy)) 8wy € A(Ty(y)), which is in the centraliser of Vg, (), we have

Vo (U0 FU) 8o )

= V0 (((Il’{,yf(Uy)) S ) (WD ) 1) .a(U‘,)lvU},))

= Yo (L5 £ U)W 0 T0) -8y aa) by (B4,

We apply (ii) with n=U". Recall that Ty (y) =s(U”) and so r(n) =y. So for p-almost
every y, we have

1//Tu(y)<(g((Uy)_1U) S U'v)) : 5(U>‘)flvw>
= 9, (1o 15, FUNRW 010 13,) -8,)
= U (UMW) ') - 8,).
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Substituting this in each term of (3-16) gives

W(g*flﬁ(f))—f Zz/g FWUNHEUH ™)) -8,) du(y)

(CON
which is precisely (3-15). So (3-14) holds, and v is a KMSg state for 7.

By specialising our arguments to 8 =0, we can use our results to describe the trace space
of the cross-section algebra of a Fell bundle with singly generated fibres. This is particularly
important given the role of the trace simplex of a simple C*-algebra in Elliott’s classification
program.

COROLLARY 3:6. Let p:B— G be a Fell bundle with singly generated fibres over a
locally compact second-countable Hausdorff étale groupoid G. Then O restricts to a bijec-
tion between the trace space of (C*(G, B), t) and the pairs (,u, [‘-IJ]M) consisting of a
probability measure  on G and a p-equivalence class [V],, of w-measurable fields of
states Y, of C*(G}, B) that centralise the A(x) such that:

(1) w is a quasi-invariant measure with Radon—Nikodym cocycle 1;
(i) for w-almost every x € G, we have

Ysan (@ - 80) = Y (1ya13) - 8yu1)  forue Gy, a e Bu)andneg,.

Proof. The KMS condition at inverse temperature 0 reduces to the trace property. So we just
need to observe that the proof of Theorem 3-4 does not require the automatic t-invariance
of KMS states for 7.

4. KMS states on twisted groupoid C*-algebras

To apply our results to twisted groupoid C*-algebras, we recall how to regard a twisted
groupoid C*-algebra as the cross-sectional algebra of a Fell bundle with one-dimensional
fibres. This is standard; we just include it for completeness.

LEMMA 4-1. Let G be a locally compact second countable Hausdor{f étale groupoid, and
leto € Z*(G, T). Let B:=G x C and equip B with the product topology. Define p : B— G
by p(y,z)=1y. Then:

(1) p:B— G isa Fell bundle with respect to the multiplication and involution given by

oy.y Ha); (4-1)

(v, 2)(, w) = (yn, o(y, n)zw) and (y, 2)" = (y

(ii) for each y € G, the fibre B(y) is singly generated by 1, := (y, 1). The map y >
1, : G — B is continuous;
(iii) there is an injective x-homomorphism ® from C.(G, o) onto I'.(G, B) such that

O(f)(y)=(y, f(y)) forall feC.(G,0)andy €G;

This homomorphism extends to an isomorphism ® : C*(G, o) — C*(G, B);
(iv) foreach x € G, there is an isomorphism Y : C*(G*, o) — C*(G*, B) such that

YT(W,)=(u,1)-8, forallu € G.
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Proof. For (i), since C is a Banach space, B is the trivial upper-semi continuous Banach
bundle. We check (F1)—(F5): The conditions (F1) and (F2) follow from (4-1) easily. To
see (F3), leta := (y, z) and b := (5, w). An easy computation using (4-1) shows that

(ab)* =(my)~", o(yn. n~ 'y Ho(y, n)zw), and
ba*= ()" o,y Do, n Doy, y Hzw).

Two applications of the cocycle relation give us

Ly Don,n 'y Doy, ) =oyn, n Ho(y, y Doy, n)

=a@m,n Hom, rme(y,y™ "
=o(m.n Doy, y ™).

o(n”

Therefore (ab)* = b*a*. For (F4), let x € G©. Since x~! = x = x~'x, the operations (4-1)
make sense in the fibre B(x) and turn it into a x-algebra. Also for a = (x, z) € B(x), we have
laa*|| = |c(x~", x)zZ| = |z|> = ||a||*>. Thus B(x) is a C*-algebra. For (F5), note that each
fibre B(y) is a full left Hilbert A(r(y))-module and a full right Hilbert A(s(y))-module.
Equations (2-1) and (2-2) follow from (4-1).

Part (ii) is clear. To see (iii), note that the multiplication and involution formulas in
C.(G, o) and I'.(G; B) show that ® is a *-homomorphism. Since each section g € I'.(G; B)
has the form g(y) = (y, z,,,) for some z, , € C, we can define ®:T.(G; B)— C.(G, 0)by
d~>(g)(y) = Z,.,- An easy computation shows that @ is the inverse of ® and therefore ® is
a bijection. For each I-norm-decreasing representation L of ['.(G; B), the map Lo ® is a
x-representation of C.(G, o). Therefore

1D()Ir.c:B)
=sup{||L(®(f))]| : L is an I-norm decreasing representation of I'.(G; B)}
<sup{|IL'(f)| : L' is a *-representation of C.(G, o)}

= fllc.c.0-

Thus @ is norm decreasing and therefore extends to an isomorphism of C*-algebras.
For (iv), take W,,, W,, € G}. We have

T(Wu Wv) =U(u9 U)T(Wuv) :O'(M, U)((MU, 1) : 8uv)~
To compare this with Y (W,)Y (W,), we calculate, applying (3-4) in the second equality:
T(W)Y (W) = ((u, 1) - 8,) % ((0, 1) - 8,) = (u, (v, 1) - 84 = 0 (u, v) (v, 1) - 8y).

Thus Y is a x-homomorphism. The map Y:C* (G, B)— C*(G}, o) given by Y((u, z) -
84) = zW, is an inverse for T, so Y descends to an isomorphism of C*-algebras.

In parallel with Section 3, we say that a collection {{/, }.cgo of states ¥, on C*(G}, o) is
a -measurable field of states if for every f € C.(G, o), the function

X Y fu)P (W)

ueGy

is u-measurable.
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We apply Theorem 3-4 to the Fell bundle of Lemma 4-1 to compute the KMS states of
C*(G, o). The key point is that for this Fell bundle, each A(x) = Cl¢-(g:.0) € C*(G;,0) =
C*(G:, B) is central. Thus every state ¥, of C*(G}, B) centralises A(x).

COROLLARY 4-2. Let G be a locally compact second-countable Hausdorff étale
groupoid, and let o € Z*(G, T). Let D be a continuous R-valued 1-cocycle on G and let
T be the dynamics on C*(G, o) given by 7,(f)(y) =e"PY) f(y). Take B € R. There is a
bijection between the simplex of KMSy states of (C*(g, o), 'E) and the pairs (M, [\IJ]M) con-

sisting of a probability measure i on G and a p-equivalence class [V],, of p-measurable
fields of states on C*(G}, o) such that:

(i) is a quasi-invariant measure with Radon—Nikodym cocycle e #P;
(ii) for each representative {{,}.cgo € [¥], and for p-almost every x € G, we have

v (W) =0, n~ Do, wyo =, Meay (Wyw1) forueGy, andneg,.

The state corresponding to the pair (M, [\IJ]M) is given by

v(f) = / D F@y (W) du(x) forall f e Ce(G, o). (4-2)

ueGy

Proof. Lemma 4-1 yields a Fell bundle B over G, an isomorphism @ :C*(G, o) —
C*(G, B), and an isomorphism Y : C*(G}, o) — C*(G}, B). The isomorphism & inter-
twines the dynamics 7 and t induced by D on C*(G, o) and C*(G, B). We aim to apply
Theorem 3-4.

Let ¥ be a KMSy state of (C*(G,0), 7). Then ¢:=v od ! is a KMS; state on
(C*(G, B), t) and Theorem 3-4 gives a pair (i, {¢x}xego) of a probability measure 1 on
G© and a pu-measurable field of states on C*(G*, B) satisfying (i) and (ii) of Theorem 3-4.
Let ¢,:=¢,0Y. For each feC.(G, o), the function x> Zueg¢ fa)y(W,) =
Zuegf o ((u, f(u))-95,) is w-measurable. Therefore {1/, },cgo is a u-measurable field of
states on C*(GY, o).

To see that {1, }ca~ satisfies (ii), let u € G} and n € G,. A computation in G x C shows
that

L@, 21 = (n, D, (0. 1)* = (qun~", o Gu, n™"Yo (0, wo (=2, m)).
Now applying part (ii) of Theorem 3-4 to {¢,}rca~ With n and a = (u, 1) we get
V(W) = ¢, ((u, 1) - 8,)
= <pr<n)((nun", o(u. nHo (. wo (="', n) - Snun—l)
= o (u, n o, wo (=, M@y ((qun", 1) - 8u-1)
= o (qu, 117 (0,100 (0~ )Yty (W) -
To see (4-2), fix f € C.(G, o). Applying the formula (3-1) for ¢ we have
U (f) = @(@(f)) —/ D @ (@(f) ) - 8,) dpa(x)

ueG?

/ 3 Fec, 1) -8,) dp(x) = / 3" Fp (W) dutx). (4:3)
g uegl g ueg;
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So the KMS; state v yields a pair (,u, [w]#) satisfying (i) and (ii), and  is then given
by (4-2).

For the converse, fix (,u, {, }xeg(o)) satisfying (i) and (ii). Let ¢, =, o Y~!'. For g €
I'.(G; B) and u € G©, let z,, € C be the element such that g(u) = (u, z,,). The func-
tion x > Zueg‘ o (gm) - 6,) = Zueg‘ Zg.uWx (W,) is u-measurable. Therefore {¢, } ego is
a u- -measurable field of states on C *(ij , B). Each ¢, centralises A(x) because A(x)=
Clc-g:,p) is central in C*(G}, B). By (ii) we have

@, 2) - 8,) = Yy oW ((u, 2) - 8,)
= Y (zW,)
= zo (nu, "o (n, 0o ", MV (Waun-1)
= Y (20 G, 0™ (n, w)o (7", 1) Wiy 1)
= @ ((nun™", 2o (qu, ™o . Wo (=", 1)) + Syuy1)
= Qe (L, 2)17) - Syt

Thus (,u, {(px}xeg(o)) is a pair as in Theorem 3-4. Therefore there is a KMSg state ¢ :=
O(u, W) on C*(G, B) satistying (3-1). Now ¥y = ¢ o ® is a KMS4 on C*(G, o) and by (4-3)
Y satisfies (4-2).

Remark 4-3. Corollary 4-2 applied to the trivial cocycle o =1 recovers the results of
Neshveyev in [15, theorem 1-3].

5. KMS states on the twisted C*-algebras of higher-rank graphs
5-1. Higher-rank graphs

Let A be a k-graph with vertex set A° and degree map d : A — N* in the sense of [9].
For any n € N¥, we write A" :={A € A :d(A) =n}. A k-graph A is said to be finite if A" is
finite for all n € NF. Given u, v € A°, we write uAv:={L e A :r(A) =u and s(L) =v}. We
say A is strongly connected if u Av # @ for every u, v € A°. A k-graph A has no sources if
uA" # ¢ for every u € A° and n € N* and it is row finite if u A" is finite for all u € A°, and
n e N,

A T-valued 2-cocycle ¢ on A isamap ¢c: A@ :={(A, u) e A x A:s(A)=r(u)}— T
such that ¢(r(1), ) =c(r, s(X)) =1 for all A € A and c(X, w)c(Ap, v) =c(u, v)c(A, nv)
for all composable triples (A, i, v). We write Z>(A, T) for the group of all T-valued
2-cocycles on A.

Let @ :={(m,n) e N* x N*:m <n}. Then @ is a k-graph with r(m, n) = (m, m),
s(m,n) = (n,n), (m,n)(n, p)=(m, p) and d(m, n) =n —m. We identify QY with N* by
(m, m) — m. The set

A% :={x:Q; — A: x is afunctor that intertwines the degree maps}

is called the infinite-path space of A. For | € N¥, the shift map o' : A® — A is given by
ol(x)(m,n)=xm +1,n+1) forall x € A® and (m, n) € .
Let A be a strongly connected finite k-graph. The set

Per A:={m —n:m,neN ¢"(x)=0"(x) forall x e A} C Z*

is subgroup of Z* and is called periodicity group of A (see [6, proposition 5-2]).
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5-2. The infinite-path groupoid

Suppose that A is a row finite k-graph with no sources. The set
Gr =10, 1,y) e A° X ZF x A®:1=m —n,m,neN and 0™ (z) = 0"(2)}

is a groupoid with (G,)® ={(x,0, x) : x € A®} identified with A, structure maps
r(x, Ly)=x,s(x,L,y)=y, &, [, WO, I',2)=(x,[+1',z) and (x,1, y)"" = (y, =L, x).
This groupoid is called infinite-path groupoid. For A, u € A with s(A) =s(u) let

ZO, ) ={(x,d) —d(u), ux) € Gy :x € A and r(x) = s(1)}.

The sets {Z(A, u): X, w € A, s(A) =s(n)} form a basis for a locally compact Hausdorff
topology on G, in which it is an étale groupoid (see [9, proposition 2-8]).
Let A g%, A:={(,v) € A x A:s(u) =s(v)}. Let P be a subset of A ;*, A such that

(w, squ) ePforallpeA, and Ga= | | Zu ). (5-1)
(n,v)eP

There is always such a P [11, lemma 6-6]. For each « € G,, we write (44, V) for the ele-
ment of P such that « € Z(11y, Vo). Let d: G — 7ZF be the function defined by c?(x, n,y)=
n. Given a 2-cocycle ¢ on A, [11, lemma 6-3] says that for every composable pair o, 8 € G,
there are A, ¢, k € A and y € A* such that

Vod = pl,  Hor = ek, Vgl =Vgpk, and

@ = (ahy, d(@), vory),  B=(upty, d(B), vpty) and af = (iapky, d(@B), Vagky).

Furthermore, the formula

UC(Ol, :3) = C(,LLO(, )\,)C(Va, L)C(Mﬂ7 L)C(Uﬂ’ L)C(Maﬁv K)C(Vaﬂ, K)

is a continuous 2-cocycle on G, and does not depend on the choice of A, ¢, k. Theorem 6.5
of [11] shows that continuous 2-cocycles on G, obtained from different partitions P, P’ are
cohomologous.

Let A be a strongly connected finite k-graph and take ¢ € Z>(A, T). Let P C A ;%, A be
asin (5-1). For each x € A*, define o : Per A — T by 0 (p, q) :=0.((x, p, x), (x, g, X)).
Clearly o € Z?(Per A, T). By [12, lemma 3-3] the cohomology class of o is indepen-
dent of x. So by the argument of Section 2-4 there is a bicharacter w. on Per A that is
cohomologous to ¢ for all x € A*.

5-3. KMS states for the preferred dynamics on a twisted k-graph C*-algebra

Given a finite k-graph A and given 1 <i <k, let A; € Mo be the matrix with entries
A;(u, v) :=|uA“v|. Writing p(A;) for the spectral radius of A;, define D:G, — R by
D(x,n,y)= Zf:l n; In p(A;). The function D is locally constant and therefore it is a con-
tinuous R-valued 1-cocycle on G, . Lemma 12-1 of [6] shows that there a unique probability
measure M on A with Radon—Nycodym cocycle e”. This measure is a Borel measure and
satisfies

M(x e A®:{x} x Per A x {x} #G}})=0. (5-2)
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Given o € Z*(Ga, T), D induces a dynamics 7 on C*(G,, o) such that 7,(f)(x, m, y) =
e"Pmy) £(x m, y). Following [6] we call this dynamics the preferred dynamics.

COROLLARY 5-1. Suppose that A is a strongly connected finite k-graph. Let c €
Z*(A, T) and let P be as in (5-1). Suppose that w. € Z*(Per A, T) is a bicharacter cohomol-
ogoustoa)(p,q) =o0.((x, p,x), (x,q,x)) forall x € A*°. Let T be the preferred dynamics
on C*(Gn, 0.). Let M be the measure described at (5-2). There is a bijection between the
simplex of KMS, states of (C *(Ga, 00), ‘L') and the set of M-equivalence classes [V]y of
fields {Yri}rea~ of tracial states W, on C*(Per A, w.) such that for all W, € Per A and
n:=(y,m, x) € (Ga),, we have

(W) =0 (n, (x, p, 0)oe (v, m + p, x), 0~ o (g~ my, (W), (5-3)

The state \ corresponding to the class [V]y, satisfies

V= [ G p (W) M) forall £ €C.(G. o)
Go

pePer A

Proof. To prove the result, we first establish a bijection between the KMS; states and the
fields of states i, satisfying (5-3). We will then show that if i is a KMS; state then in the
corresponding field of states, M-almost all of the v, are tracial.

Fix x € A® such that {x} x Per A x {x}=G*. Let 8'b be the 2-coboundary such
that w, = Slbacx. Composing the isomorphism W, +— b(p)W, of C*(Per A, w.) onto
C*(Per A, 0) and the isomorphism W, W ,. :C*(Per A, ) — C*(G}, 0.), we
obtain an isomorphism ® : C*(Per A, w.) — C*(G;, o.) such that

S (W,)=b(p)W p forall pePerA.

Since M is the only probability measure on A> with Radon-Nikodym cocycle e?, by
Corollary 4-2 it suffices to show that there is a bijection between the fields of states
on C*(Per A, w.) satisfying (5-3) and the M-measurable fields of states on C*(G}, o)
satisfying Corollary 4-2(ii).

Let {¢ }rean~ be an M-measurable field of states on C*(G},o.) satisfying
Corollary 4-2(ii). Then clearly {¢, o ®},ca~ is a field of states on C*(Per A, w.). Applying
Corollary 4-2(ii) with n and u = (x, p, x) we get

((0)( o d))(Wp) = @x (b(p)W(x,p,x))
= b(p)ac((y’ m + P, x), U_I)UC(W, (X, P, x))oic(nilv n)(Oy(W(y,p,y))
= Uc((y’ m+ p, )C), (xv P x))Uc(ﬂ» ()C, P, x))Uc(UA’ ’7)% © q>(Wp)

Conversely let {1/, },ca= be a field of states on C*(Per A, w,) satisfying (5-3). Since M is
a Borel measure on A, for all f € C.(G, o), the function

X Y fF@ o @ W)= D flx. p. x)b(P)Y(W))

ueG pePer A

is continuous and hence is M-measurable. Therefore {1/, 0 ® !} s~ is a M-measurable
field of states on C*(G}, o.).
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Now applying (5-3) to {{}rea~ With n and W, we have

(Y 0 @YW, = Y. (B(P)W,)
=b(p)o.((y.m+ p.x), n Yo (n, (x, p, X)a(n~", MY, (W,,)
=o.((y,m+ p,x), (x, p, x))o.(n, (x, p, X)) oc(n=1, M) (Y, 0 D~H(W,).

It remains to show that if v is a KMS; state then M-almost all of the v, are tracial. Given
f€Co(A™®) and p € Per A, there is a function f, € C*(G,, o) such that f,(x, g, y) =
8pq0xy f(x) forall (x,q,y) € Ga. As discussed in [6, remark 7-2], for p € Per A, we have
D(x, p, x) =0 for all x, and so 7,(f,) = f, for all t € R. In particular, for p, g € Per A

and f, g € Co(A™), we have Y (f,8,) =V (8,Tip(fp)) =V (g, fp). The final statement of
the corollary therefore shows that

/Q<0> Z (fpgq)(x’r’x)wX(Wr)dM(X)zfg(O) Z (gqu)(x’r’ X)l//x(W,~)dM(x),

rePer A rePer A

We have (f,8,)(x,r, x) =8,44.,05(p,q) f(x)g(x) and W), = w.(p, g)W,W,, and simi-
larly (g, f,)(x, 7, x) =8p44.,0.(q, p) f(x)g(x) and W, = w.(q, p) W, W,. Therefore

/g«» o (P @) @ (p, @) (f&) ()Y (W, W,) dM (x)
= /g(o) U:C(q’ P)m(fg)(x)x/fx(wqu) dM (x).

Since this holds for all f, g € Cy(A*), we deduce that

o (p, Qo(p, Y (W,W,) =0(q, p)o.(q, p)¥«(W,W,) for M-almost all x. (5-4)

By definition of w., we have o (p, g)o (g, p) = w.(p, 9)w.(q, p) for all x. Rearranging
gives o (p, Q)w.(p,q) =0} (q, p)w.(q, p) for all x. Thus (5-4) gives ¥ (W,W,) =
Y (W, W,) for M-almost all x. Since Per A is countable, it follows that 1, is a trace for
M -almost every x.

5-4. KMS states and invariance

Given a strongly connected finite k-graph A, let Z, be the interior of the isotropy
Iso(G,) in GA. Then Z, is clopen by [12, proposition 2-1]. Define H, := G, /Z, and let
7 : G — H, be the quotient map. Let ¢ € Z2(A, T) and let P be as in (5-1). Suppose that
w, € Z*(Per A, T) is a bicharacter cohomologous to o (p,q)=o0.((x, p,x), (x,q, x)) for
all x € A®. By [12, lemma 3-6] there is a continuous ZUL -valued 1-cocycle 7 on H, such
that

Fo =0y, (. p.)o(.m+p, )y oy y)

for all y = (x, m, y) € G, and p € Z,, ; [12, corollary 4-8] show that C*(A, ¢) is simple if
and only if the action B of H, on A® x Z,, such that

Broh(s(y), x) = (r(y), o X) forall y € H, and x € Z»
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is minimal. The action of ZU( on itself by multiplication induces an action on the state space
S(C*(Z,,)) of the associated C*-algebra, and so the action B of H, on A® x Z,, just
described induces an action B* of H, on A® x S(C*(Z,,)).

COROLLARY 5-2. Suppose that A is a strongly connected finite k-graph. Let c €
Z*(A, T) and let P be as in (5-1). Let w. € Z*(Per A, T) be a bicharacter cohomologous
to 6} (p, q) =o0.((x, p,x), (x,q,x)) for all x € A*™°. Let T be the preferred dynamics on
C*(Gy, 0.) and let M be the measure of (5-2). Then there is a bijection between the simplex
of the KMS, states of (C*(Gy, 0.), T) and the set of M-equivalence classes Y]y of states
{Yi}ren~ on C*(Z,,) = C(’Z\wi_) that are invariant under the action B, in the sense that

Bn(y)(s(y)7 1//r(;/)) = (i’()/), 1z[/s()/)) for all 1S %A-

Proof. This follows from Corollary 5-1 and Lemma 2-1.

5-5. A question of uniqueness for KMS, states

If ¢ = 1, the results of [6] show that C*(G,, o1) has unique KMS; state if and only if it is
simple (see [[6], theorem 11-1 and section 12]). Corollary 4-8 of [12] shows that C*(G,, o.)
is simple if and only if the action B of H, on A* x /Z\a,c is minimal. So it is natural to ask
whether minimality of the action B characterises the presence of a unique KMS; state for
the preferred dynamics? We have not been able to answer this question. The following brief
comments describe the difficulty in doing so.

The key point in [6] that demonstrates that KMS states are parameterised by measures on
the dual of the periodicity group of the graph is the observation that in the absence of a twist,
the centrality of the copy of C*(Per A) in C*(A) can be used to show that KMS states are
completely determined by their values on this subalgebra. This, combined with Neshveyev’s
theorems, shows that the field of states {1, },cp~ corresponding to a KMS state v is, up to
measure zero, a constant field (see [6, pages 27-28]). The corresponding calculation fails in
the twisted setting.

However, we are able to show that, whether or not  , acts minimally on A® x /Z\,,,C, there
is an injective map from the states of C*(Z,,,) that are invariant for the action of H , on Z;
induced by the cocycle 77 to the KMS states of the C*-algebra. It follows in particular that
the Haar state on C*(Z,, ) induces a KMS state as expected.

COROLLARY 5-3. Let ¢ be a state on C*(Z,,) such that iy, -¢ =¢ for all y € Ha.
Then there is a KMS state Yy of (C*(Ga, o), T) such that

Vol = [ Y Pl p0s(¥) @) forall £ €CuG.a).
GO

pePer A

The map ¢ — Y4 is injective. In particular, there is a KMS) state Yy, of (C*(Gy, 0), T) such
that

Yre(f) = f(x,0,x)dM(x) forall feC.(G,o).
GO

Proof. For each x € A* define.

¢ if{x} xPer A x {x} =G
V=10 if {x} x Per A x {x} #G~.
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Then 4 := O (M, {1 }rea~) satisfies the desired formula. The first statement, and injec-
tivity of ¢ > 4 follows from Corollary 5-2. The final statement follows from the first
statement applied with ¢ equal to the Haar trace Tr on C*(Z,,,).

Remark 5-4. Suppose that H A acts minimally on A* x Z . Then in particular the induced
action B of H, on Za, is minimal. So if ¢ is a state of C*(Z .) that is invariant for B asin
Corollary 5-3, then continuity ensures that the associated measure is invariant for translation
in Z,, , so must be equal to the Haar measure. So to prove that yrr, is the unique KMS; state
when C*(A, ¢) is simple, it would suffice to show that the map ¢ — 1, of Corollary 5.3 is
surjective.

One approach to this would be to establish that if {¥/,},ca~ iS an M-measurable,
B*-invariant field of states on C*(Z,,), then the state ¢ given by ¢ := f A Y dM(x) is
B-invariant and satisfies Yy = O (M, {{},en~), but we have not been able to establish either.
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