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We consider the classical coupon collector’s problem in which each new coupon
collected is type i with probability p; > imy p;=1. We derive some formulas
concerning N, the number of coupons needed to have a complete set of at least
one of each type, that are computationally useful when 7 is not too large. We also
present efficient simulation procedures for determining P(N > k), as well as
analytic bounds for this probability.

1. INTRODUCTION

Consider the coupon collector’s problem in which there are n types of coupons and
each new one collected is, independently of the past, a type j coupon with probability
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pji > j—1 pj=1. Let N denote the minimum number of coupons one must collect to
obtain a complete set of at least one of each type. Also, let L denote the last type
to be collected. In Section 2 we derive some formulas, some of which are well
known, concerning the distribution of N. These formulas typically involve sums of
2" terms and so are only of practical use when 7 is moderately small. We then consider
simulation techniques for when » is large. In Section 3 we present some efficient
simulation techniques for estimating tail probabilities P(N > k). Analytic bounds
for P(N > k) are also given in Sections 2 and 3. In Section 4 we propose a Markov
chain Monte Carlo method for estimating the conditional tail distribution given the
value of L. Many authors have studied various aspects of the coupon collector’s
problem. See [1] and the references cited there for additional work in this area.

2. SOME DERIVATIONS

Let B; denote the set of all (;‘) subsets of size j of {1,...,n}. Also, for « C{1,...,
n}, let
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ProposiTioN 1: Let N be the number of coupons needed for a complete set, let L the
last type to be collected before a complete set is obtained, and let X; be the number of
type j coupons among the N collected.
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Proor: Part (a) follows from the inclusion—exclusion theorem upon setting A; equal
to the event that there are no type i coupons among the first k collected and using
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P(N > k)=P(UA)). Part (b) follows from (a) upon using that P(N = k) = P(N >
k—1)—P(N > k). Part (c) follows from

= Z s*P(N = k)
k=1
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To prove (d), use (c) along with the identity

dr
EINN —1)---(N—r+ 1] = @E[s”’ns:1

To prove (e), we make use of the standard Poissonization trick that supposes that
coupons are collected at times distributed according to a Poisson process with rate
1, which results in the collection times of type i coupons being independent
Poisson processes with respective rates p;, i = 1,...n. Thus, if 7; denotes the first
time a type i is collected, then T;, i = 1,...n, are independent exponentials with
rates p;, yielding

P(L =j) = P(Tj = max T)

= J pje P H (I —eP%)dx.
0

r#j
For (f), use that
P(N =k L=j)=¢; 'pP(N; <k—1),

where N_; is the number needed to collect a full set when each new one is one of the
types i, i #j, with probability p;/q;. Now, use part (b).
For (g) and (h), use that for i # j,

. ® —piX ,—pix (p,-x)k —prx
PX;=kL=j)=Y_| pe"e ‘TH(l—e ) dx.
0 .

J#i r#ij
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Then use

PX; = k) = ZP(Xi =kL=)), k>1,

i
PX;=1)=PL=i)+» PXi=1,L=)).
J#i
|
ProvosiTiON 2: With A=) _; qf»‘,
max(maxq’? A—quu X ) <PIN>k <A
T T A Y Y i) a

Proor: The first term on the left-hand side inequality follows because the probability
of a union is at least as large as the probability of any event of the union, the second is
from the inclusion—exclusion inequalities, and the third is the conditional expectation
inequality (see [3]). The right-hand side is the first inclusion—exclusion inequality
(e.g., Boole’s inequality).

Remark 3: Because the events A; and A;, j# i, are negatively correlated, and so
q4ijy <4 q;» it is easy to see, when A=3 ; qi<1, that

\2
A= 2 :ql{(i = T
DTN i)

i<j

Additional bounds on P(N>k) are given in the next section. [ |

3. SIMULATION ESTIMATION OF P(N> k)

To efficiently use simulation to estimate P(N > k), imagine that coupons are collected
at times distributed according to a Poisson process with rate 1. Start by simulating
T;, i=1,...,n, where T; is exponential with rate p; and represents the time when
coupon i is first collected. Now, order them so that

T, <Tp, <---<T.

We next present our first estimator.
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ProrositioN 4: The estimator

EST, = P(N > kI, ... 1)—2(1—@)" 11_[

J#laj—a,

where a; = qqy,.. ,j},jz1,...,n—1,isunbiasedforP(N>k).

Proor: To evaluate this conditional probability, note first that conditional on Iy, . . .,
1, N is distributed as the sum of 1 plus n — 1 independent geometric random variables
with respective parameters gy, .. 73,j = 1,..., n—1. Now use the following prop-
osition, which can be found in Diaconis and Fill [2]. (For a simple proof of this result,
Ross and Pekoz [3].)

Proposition 5: If X;, ..., X, are independent geometric random variables with par-
ameters ay, .. ., a,, where a; # a; if i # j, then, for k>r—1,

P+ + X, > k) = Z(l—a)"

J#i 4j _al

The preceding also yield additional analytic bounds on P(N > k).

CorOLLARY 6: Suppose p1<p><... <p,. Then

n—1

Z(l—c,)’”H <P(N>k)<Z(1— )’”Hd 0

J#i G —¢Ci J#L

where ¢;=q12,. . s di=qn n-1,... n—jri,andj=1,...,n—1

Proor: Using the assumed monotonicity of the p;, it follows from the proof of
Proposition 4 that N is stochastically larger than 1 plus the sum of n— 1 independent

geometrics with parameters ¢, . ;, j=1,..., n—1, and is stochastically smaller
than 1 plus the sum of n—1 independent geometrics with parameters g, . ,—j 1,
j=1,...,n—1.

Next is our second estimator. [ |

ProrositioN 7: The estimator

k—n
EST, = P(N > k|Ty,....T,) =1 — Ze"‘)\i/i!,
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where

A= pi(T, =Ty
j=1

is unbiased for P(N > k).

Proor: Note that N, conditional on T, ..., T, is distributed as n plus a Poisson
random variable with mean } "y p; (T, —T). The idea being that the first type ;
coupon was collected at time 7; and so the additional number collected until time

T}, is Poisson with mean p; (T} — Ty). u

Remark 8: Although the conditional variance formula implies that our second
estimator has a larger variance than does our first estimator its computation—
requiring only a Poisson tail probability—is simpler than the computation of
the tail probability of the convolution of geometrics that is required by the first
estimator.

REMARK 9: The preceding gives a very efficient way of simulating N;. 1 T;, order them,
then generate a Poisson random variable P with mean ) pi, (1, — T ), and set
N=n+P.

ExampLe 10: Suppose p;=i/55, i=1,...,10, and that we want to estimate P(N >
200). Then based on 10° simulation runs for both, the first estimator produced a
sample mean of 0.0260 with a sample variance of 0.0006, whereas the second esti-
mator produced a sample mean of 0.0262 with a sample variance of 0.022. In
addition, the running time of the first method was not significantly greater than
that of the second. Thus, for these input, the second estimator is only marginally
better than the raw simulation estimator whose variance is approximately
0.026(0.974) ~ 0.025.

Both of the preceding simulation approaches yield estimates of P(N > k) for
every value of k. However, if we only want to evaluate P(N > k) for a specified
value of k, then we have another competitive approach when k is such that P(N >
k) is small. It is based on the following identity. (For a proof, see [3].)

PrOPOSITION 11: For events Ay, ..., A,, let W=> ;I {A;} and set A=FE [W]. Then
1
P(W > 0)=AE|—|A[]|,
W >0) [W| }

where I is independent of the events Ay, ..., A, and is equally likely to be any of the
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values 1, ..., n.
Next is the estimator.

ProPoOSITION 12: Let the random variable X have mass function

g
PX =)= J=L...n
Y14
and let (Ny, . .., N,)|X=] be multinomial with k trials and n type outcomes with type

probability O for N; and p;/q;, i #j for N;. Then the estimator

EST; = Xn:qu/ilw,- =0}
i=1 i=1

is unbiased for P(N > k).

Proor: Let N; represent the number of type i coupons among the first k selected, and
let A;={N;=0}. Thus, P(N > k) = P(W > 0), where W=>_i_; I{A;}. Then note that

if 7 is equally likely to be any of the values 1, ..., n, we have
P(A) q
Pl =jlA) = S o —_J
AD = S~ by >k
Then apply the preceding proposition. |
Remarks

» Because ESTj; is largest when W= "I I{N; = 0} = 1, it is always between
zeroand A =i, qi-‘ and so should have small variance when A is small (see
Example 13).

» To generate N;, i #j, conditional on N; =0, generate a multinomial with k
trials and n—1 type outcomes, with type probabilities p;/g;, i #j. (One way
is to generate them sequentially, using that the conditional distribution at
each step is binomial.) Then set W equal to 1 plus the number of components
of the generated multinomial that are equal to zero.

e ESTj; can be improved by adding a stratified sampling component; that is, if
you plan to do m simulation runs, rather than generate X for each run, just arbi-
trarily set X=j in mP (X = j) of the runs. This will always result in an estimator
with smaller variance.

e The conditional expectation inequality used in Proposition 2 is obtained by
applying Jensen’s inequality to the result of Proposition 11. This yields

P(W >0 .
W=0 2 mrwia
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Using that W|A;<, 1 + W, the preceding—along with Boole’s inequality—
implies that

A
——<PWN>k <A
I+A— ( )<

Example 13: Suppose p;=i/55,i=1, ..., 10, and that we want to estimate P(N > k),
k=50, 100, 150, 200. Below are the data showing the mean, the variance of the raw
estimator, and the variance of estimator 3.

k 50 100 150 200
P(N > k) 0.54 0.18 0.07 0.03

Var raw 0.25 0.15 0.06 0.03

Var EST3 0.026 0.00033 0.000009 0.00000016

Thus, for these inputs, the third estimator is much better than the raw simulation esti-
mator and the other two estimators.

4. USING SIMULATION TO ESTIMATE P(N > k|L = j)

Suppose now that we want to estimate P(N > k|L = j). Again, let T;, i =1, ..., n, be
independent exponentials with rates p; and again define 7, so that

T[] < T[2 < ... < T]ﬂ.

Given the ordering of the 7;, we can utilize either of the first two methods of the
preceding section to get unbiased estimates. This is summarized by the following
proposition.

ProposSITION 14:

P(N > k|L = j) = E[EST)|T; = max T;] = E[EST,|T; = max T}].

Thus, we need to be able to generate the 7; conditional on the event that 7; = max; T;.
To do this, we recommend a Gibb’s sampler approach, leading to the following
procedure.

1. Start with arbitrary positive values of T, . .., T,,, subject to the condition that
the value assigned to 7 is the largest.

2. Let J be equally likely to be any of the values 1, ..., n.

3. If J=k # j, generate an exponential random variable with rate p, con-
ditioned to be less than #; and let it be the new value of 7.
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4. If J = j, generate an exponential with rate p;, add it to max; .; T;, and take that
as the new value of T;.

5. Use these values of T; to obtain an estimate of EST; or EST5.

6. Return to Step 2.
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