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Abstract
This article continues the study of the definability in the local substructure GT,ω of the ω-Turing
degrees, initiated in (Sariev and Ganchev 2014). We show that the class I of the intermediate degrees is
definable in GT,ω.
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1. Introduction
One of the major research themes in computability theory is the exploration of degree structures.
Each degree structure arises as a formal way to model the comparison of the informational con-
tent of given objects. Usually the comparison is described as a reflexive and transitive reducibility
relation ≤ on the set � of the given objects. The equivalence classes of the objects reducible to
each other are called degrees, and the preorder ≤ on � induces a partial order on the degrees.

Among the most explored examples of such structures is that of the Turing degrees. This struc-
ture classifies the informational content of the sets of natural numbers via the Turing reducibility
≤T . Namely, the set A is Turing reducible to the set B if and only if there is an algorithm that, on
any input x ∈ ω, determines the membership of x in A in finitely many steps and making finitely
many membership queries to B.

There are different points of view from which a degree structure can be investigated. For exam-
ple, one can explore the algebraic complexity of the structure. Another one is the exploration of the
definable sets in the structure. The investigation of the complexity of the structure involves also an
analysis of the group of the structure automorphisms, in particular whether there are nontrivial
automorphisms.

What are the typical definability problems, which one can investigate? Suppose that
D = (D,≤, 0) is a degree structure possessing an ordering relation ≤ and a least element 0.
Moreover, suppose that the structure is augmented with a jump operation ′, which is monotone
(i.e., a≤ b⇒ a′ ≤ b′) and strictly expansive (i.e., a< a′). Naturally one can ask for the first-order
definability of the jump operation in the language of the structure order. Problems also arise about
the first-order definability of degree classes, determined originally in the terms of the jump opera-
tion. The same definability problems can be transferred to its local structure (i.e., the substructure
consisting of the degrees bounded by the jump of the least element) as well. As an interesting
special case one can ask about the definability of the classes from the jump hierarchy.
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The jump hierarchy was first introduced for the local substructure of the Turing degrees in
(Cooper 1972) and (Soare 1974). In this hierarchy, the elements of the local substructure are
partitioned in classes depending on their “closeness” to the least element or to its first jump in
the terms of the jump operation. Namely, a degree in the local substructure is lown iff its n-th
jump is as low as possible – the same as the n-th jump of the least element. Similarly, a degree is
highn iff its n-th jump is as high as possible – the same as the n-th jump of the jump of the least
element. The corresponding degree classes are denoted by Ln andHn respectively:

Ln = {x | x(n) = 0(n)} andHn = {x | x(n) = 0(n+1)}.
We set L to be the class of the degrees which are lown for some n< ω, and H – the class of the

degrees which are highn for some n< ω:

L=
⋃

Ln andH=
⋃

Hn.

Finally, we shall refer to the degrees in the local substructure, which are neither in H nor in L, as
intermediate (I).

This article concerns the problem of the first-order definability of the classes L,H, and I in the
local substructure of the ω-Turing degrees DT,ω. Unlike the well-known structures DT and De
of the Turing and the enumeration degrees, DT,ω is induced by a reducibility on the set Sω of the
sequences of sets of natural numbers. The study of the degree structures induced by such reducibil-
ities has been initiated by Soskov. In the paper (Soskov 2007), he introduces the ω-enumeration
reducibility ≤ω, generalizing the enumeration reducibility over sequences.

The structure that is object of the current work, DT,ω, is introduced in (Sariev and Ganchev
2014) as a “Turing” analogue of Dω in the following way. First, to each sequence A= {Ak}k<ω in
Sω, a jump-class JA is assigned:

JA = {degT(X) |Ak ≤T X(k) uniformly in k}.
Then the ω-Turing reducibility ≤T,ω, which induces DT,ω, is set in such a way that for each
sequences A and B in Sω, A≤T,ω B if and only if JB ⊆ JA. The relation ≤T,ω is a preorder on
Sω and induces the structureDT,ω of the ω-Turing degrees in the standard way. The least element
of DT,ω is the degree of the sequence {∅}k<ω.

The jump A′ of a sequence A is defined so that the class JA′ consists exactly of the jumps of
the Turing degrees in JA, that is, so that JA′ = J′A. The jump operator on sequences is monotone
and thus induces a jump operation ′ in DT,ω. Just like the jump operation in DT , the range of the
jump operation in DT,ω is exactly the cone above the first jump of the least element 0T,ω. In other
words, a general jump inversion theorem is valid for DT,ω. Moreover, even a stronger statement
turns out to be true, namely for every ω-Turing degree a above 0T,ω ′ there is a least degree with
jump equal to a. This property is true neither for DT nor for De.

Using this jump inversion theorem, onemay consider a natural copy of the structureDT , which
is definable in DT,ω augmented by the jump operation. Even more, the automorphism groups of
the structures DT and DT,ω

′ are isomorphic. This closeness between DT,ω and DT makes the
ω-Turing degrees interesting for investigation.

Just like the Turing and the enumeration degree structures, the jump operation in each one of
Dω and DT,ω gives rise to the corresponding local substructure: Gω and GT,ω. What do we know
about the definability of the jump classes in these two local structures? First, in both Gω and GT,ω,
for each n the classes Hn and Ln are first-order definable, as it is shown in (Ganchev and Soskova
2012) and (Sariev and Ganchev 2014) respectively. The first-order definability of the classes L and
H, as well as of the class I of the intermediate degrees in Gω, is shown in (Ganchev and Sariev
2015). Note that the latter does not hold in the local substructures neither of the Turing degrees
nor of the enumeration degrees.
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All of these definability results rely on the existence of a class of remarkable degrees having
no analogue in either R (the structure of the computably enumerable degrees), GT , or Ge. These
degrees are denoted by on, n< ω, and are defined so that on is the least degree whose n-th jump
is equal to the (n+ 1)-th jump of 0ω. In other words, on is the least highn degree. The degrees on
are also connected to lown degrees. Indeed, a degree in Gω is lown iff it forms a minimal pair with
on. The same connections hold and in GT,ω.

Each one of the degrees on turns out to be definable both in Gω and GT,ω (Ganchev and Soskova
2012), (Sariev and Ganchev 2014) and hence such are the classes Hn and Ln, for each n< ω.
Nevertheless, the corresponding first-order definitions of the degrees on are quite different. The
definition in Gω of on, given in (Ganchev and Soskova 2012), is based on the notion of Kalimullin
pairs – a notion first introduced and studied by Kalimullin in the context of the enumeration
degrees. Just like in the Turing degrees, Kalimullin pairs do not exist in the structure of the ω-
Turing degrees. The definition here is based on the notion of noncuppable degrees. Namely, in
(Sariev and Ganchev 2014) it is shown that for each n< ω,

on+1 is the greatest degree below onwhich is noncuppable to on.
Further, to obtain a first-order definition of the class I (no matter in Gω or GT,ω) it is sufficient to
define by a first-order formula the class O= {on | n< ω} (of course, in the corresponding local
structure). Indeed, for each degree x in the corresponding local structure,

x ∈ L ⇐⇒ (∃n)[x ∈ Ln] ⇐⇒ (∃n)[x∧ on = 0] ⇐⇒ (∃o ∈O)[x∧ o= 0],

x ∈H ⇐⇒ (∃n)[x ∈Hn] ⇐⇒ (∃n)[on ≤ x] ⇐⇒ (∃o ∈O)[o≤ x],
and

x ∈ I ⇐⇒ (∀n)[x ∈Hn and x ∈ Ln] ⇐⇒
⇐⇒ (∀n)[on ≤ x and x∧ on = 0] ⇐⇒

⇐⇒ (∀o ∈O)[o ≤ x and x∧ o = 0].
In the case of Gω, (Ganchev and Sariev 2015) exploit additional connections between the on

degrees and the elements of the Kalimullin pairs in order to find a definition for the class O and
hence, definitions for L,H, and I.

The existing strong parallel between the ω-Turing and the ω-enumeration degree structures
yields the hypothesis that the classes of the low, high, and intermediate degrees are first-order
definable also in GT,ω. In this article we find an interesting cupping property of the on degrees –
for each degree b above on, the equation on ∨ x= b always has a least solution. Further we use the
above property as our main component in the first-order definition of the classesO, L,H, and I.

Finally as a consequence of the first-order definability of O, we shall conclude the definability
of an interesting class of degrees. More precisely, we shall call a degree almost zero iff it con-
tains such a sequence whose members, when considered in isolation, are Turing equivalent to the
correspondingmember of the leastω-sequence, {∅}k<ω, but not necessary uniformly. A character-
ization of the almost zero degrees in the local structure by Sariev and Ganchev reveals that these
degrees are exactly those that are below each on. Having this, we shall be able to define the class of
the almost zero degrees in GT,ω.

2. Preliminaries
2.1 Basic notations
We shall denote the set of all natural numbers by ω. If not stated otherwise, a, b, c, . . . shall
stand for natural numbers, A, B, C, . . . for sets of natural numbers, a, b, c, . . . for degrees, and
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A, B, C, . . . for sequences of sets of natural numbers. We shall further follow the convention:
whenever a sequence is denoted by a calligraphic Latin letter, then we shall use the roman style
of the same Latin letter, indexed with a natural number, say k, to denote the k-th element of the
sequence (we always start counting from 0). Thus A= {Ak}k<ω, B = {Bk}k<ω, C = {Ck}k<ω, etc.
We shall denote the set of all sequences (of length ω) of sets of natural numbers by Sω.

As usual A⊕ B shall stand for the set {2x | x ∈A} ∪ {2x+ 1 | x ∈ B}.

2.2 The Turing degrees
We assume that the reader is familiar with the notion of Turing reducibility, ≤T , and with the
structure of the Turing degrees.

For every natural number e and every function f ∈ ωω, we denote by {e} f the partial function
computed by the oracle Turing machine with index e and using f as an oracle. Thus for arbitrary
sets A, B⊆ ω, A≤T B ⇐⇒ χA = {e}χB for some natural number e. Given a natural number x, we
shall indicate by {e} f (x) ↓ that the function {e} f is defined in x. In case that {e} f is not defined in
x, we shall write {e} f (x) ↑.

Recall, that A is computably enumerable (c.e.) in B iff there is an enumeration f of A (i.e., a
surjection from ω onto A), such that f = {e}χB for some natural number e.

By A′ we shall denote the Turing jump of the set A, that is,

A′ = {x | {x}χA(x) ↓}.
Recall thatA′ is c.e. inA and every set c.e. inA is Turing reducible toA′. Further, the jump operator
preserves uniformly the Turing reducibility, that is, there is a computable function f , such that for
arbitrary sets A and B if A is Turing reducible to B via the oracle Turing machine with index e,
then A′ is Turing reducible to B′ via the oracle Turing machine with index f (e).

The relation ≤T is a preorder on the powerset P(ω) of the natural numbers and induces a
nontrivial equivalence relation ≡T . The equivalence classes under ≡T are called Turing degrees.
The Turing degree which contains the set A is denoted by degT(A). The set of all Turing degrees
is denoted byDT . The Turing reducibility between sets induces a partial order ≤ onDT by

degT(A)≤ degT(B) ⇐⇒ A≤T B.

We denote by DT the partially ordered set (DT ,≤ ). The least element of DT is the Turing
degree 0T of ∅. Also, the Turing degree of A⊕ B is the least upper bound of the degrees of
A and B. Therefore, DT is an upper semilattice with least element.

The jump operation gives rise to the local substructure GT , consisting of all degrees below
0′
T – the jump of the least Turing degree. In fact, GT is exactly the collection of all �0

2 Turing
degrees.

Finally we need the following definition, which we shall use in order to characterize ω-Turing
reducibility.

Definition 1. Let A= {Ak}k<ω ∈ Sω. The jump-sequence P(A) of A is the sequence {Pk(A)}k<ω

defined inductively as:

1. P0(A)=A0;
2. Pk+1(A)= Pk(A)′ ⊕Ak+1.

Note that P(A) is a monotone sequence with respect to Turing reducibility. Moreover, every
member of the jump-sequence can solve the halting problem of the previous member.
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3. The ω-Turing Degrees
In this section we shall give the basic definitions and list the main properties of the ω-Turing
degrees which we shall need in the last section. All of these definitions and proofs can be found in
(Sariev and Ganchev 2014).

3.1 The structureDT,ω

The ω-Turing reducibility ≤T,ω is a relation between sequences of sets of natural numbers. In the
introduction, the original definition is given in terms of the so-called jump class of a sequence.
Here we use an equivalent one based on the uniform Turing reducibility.

Definition 2. LetA, B ∈ Sω. We shall say thatA is ω-Turing reducible to B, denoted byA≤T,ω B,
if for every n,

An ≤T Pn(B) uniformly in n.

In other words, A≤T,ω B iff there is a computable function f , such that for every natural
number k, χAk = { f (k)}Pk(B).

As onemay expect, the relation≤T,ω is reflexive and transitive, and the relation≡T,ω defined by

A≡T,ω B ⇐⇒ A≤T,ω B & B ≤T,ω A
is an equivalence relation.

The equivalence classes under ≡T,ω are called ω-Turing degrees. In particular the equivalence
class degT,ω(A)= {B |A≡T,ω B} is called the ω-Turing degree ofA. We shall denote the set of all
ω-Turing degrees byDT,ω.

The relation ≤ defined by

a≤ b ⇐⇒ (∃A ∈ a)(∃B ∈ b)[A≤T,ω B] (1)

is a partial order onDT,ω. By DT,ω we shall denote the structure (DT,ω,≤ ).
The ω-Turing degree 0T,ω of the sequence ∅ω = {∅}k<ω, whose every member is the empty set,

is the least element in DT,ω.
Further, the ω-Turing degree of the sequence A⊕ B = {Ak ⊕ Bk}k<ω is the least upper bound

a∨ b of the pair of degrees a= degT,ω(A) and b= degT,ω(B).
Thus DT,ω is an upper semi-lattice with least element.
From the definitions of the jump-sequence and of the ω-Turing reducibility follows that each

sequence is ω-Turing equivalent with its jump-sequence, that is, for allA ∈ Sω,

A≡T,ω P(A). (2)

Note that there exist only countably many computable functions, which implies that there
could be only countably many sequences ω-Turing reducible to a given sequence. In particular
every ω-Turing degree cannot contain more than countably many sequences and hence there are
continuum many ω-Turing degrees.

3.2 Embedding of the Turing degrees
Given a setA⊆ ω, denote byA ↑ ω the sequence (A, ∅, ∅, . . . , ∅, . . . ). From the definition of≤T,ω
and the uniformity of the jump operation, we have that for all sets A and B,

A ↑ ω ≤T,ω B ↑ ω ⇐⇒ A≤T B. (3)
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The last equivalence means that the mapping κ :DT →DT,ω, defined by

κ(x)= degT,ω(X ↑ ω),

where X is an arbitrary set in x, is an embedding ofDT intoDT,ω. Also, the so defined embedding
κ preserves the least element and the binary least upper bound operation.

The above-mentioned properties of the embedding κ are summarized in the following
proposition.

Proposition 1. For all Turing degrees a, b ∈DT,

1. a≤ b ⇐⇒ κ(a)≤ κ(b);
2. κ(a∨ b)= κ(a)∨ κ(b);
3. κ(0T)= 0T,ω.

3.3 Jump operator
Before we define the jump operator on degrees, we need to define a jump of a sequence of sets of
natural numbers.

Definition 3. LetA ∈ Sω. The ω-Turing jump of the sequenceA is the sequence

A′ = (P1(A),A2,A3, . . . ,Ak, . . . ).

Note that for each k, Pk(A′)= P1+k(A). Hence:

A′ ≡T,ω {Pk+1(A)}. (4)

The jump is strictly increasing and monotone operation, that is,

A�T,ω A′ andA≤T,ω B ⇒A′ ≤T,ω B′.
This allows to define a jump operation on the ω-Turing degrees by setting

a′ = degT,ω(A′),

whereA is an arbitrary sequence in a. Clearly a< a′ and a≤ b⇒ a′ ≤ b′.
Also the jump operation on ω-Turing degrees agrees with the jump operation on the Turing

degrees, that is, we have

κ(x′)= κ(x)′, for all x ∈DT .

We shall denote byA(n) the n-th iteration of the jump operator onA. Let us note that

A(n) = (Pn(A),An+1,An+2, . . . )≡T,ω {Pn+k(A)}k<ω. (5)

It is clear that ifA ∈ a, thenA(n) ∈ a(n), where a(n) denotes the n-th iteration of the jump operation
on the ω-Turing degree a.

3.4 Jump inversion
Just like the Turing degrees, eachω-Turing degree b above 0T,ω(n) is a n-th jump of some degree x.
But in DT,ω it holds a much stronger jump inversion property.

Proposition 2. For each n< ω, if 0T,ω(n) ≤ b, then there is a least degree x ∈DT,ω such that
x(n) = b.
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We shall denote this degree by In(b). An explicit representative of In(b) can be given by setting

In(B)= ( ∅, ∅, . . . , ∅︸ ︷︷ ︸
n

, B0, B1, . . . , Bk, . . . ), (6)

where B ∈ b is arbitrary.
From here it follows that for every given n< ω, the operation In is monotone. Also its range is

downwards closed.
The following proposition summarizes the properties we shall use later.

Proposition 3. Let a, b ∈DT,ω be such that 0T,ω(n) ≤ a, b. Then:

1. a≤ b ⇐⇒ In(a)≤ In(b);
2. (∀x ∈DT,ω)[x≤ In(b)⇒ x= In(x(n))].

3.5 The local structure, jump hierarchy, and the on degrees
The degree substructure lying beneath the first jump of the least element is usually referred to as
the local structure of the degree structure. In the case of the ω-Turing degrees, we shall denote this
structure by GT,ω,

GT,ω = ({x ∈DT,ω | x≤ 0T,ω ′},≤ ),

where ≤ is the inherited from DT,ω order.
When considering a local structure, one is usually concerned with questions about the defin-

ability of some classes of degrees, which have a natural definition either in the context of the global
structure (e.g., the classes of the high and the low degrees) or in the context of the basic objects
from which the degrees are built (e.g., the class of the Turing degrees containing a c.e. set).

Recall that a degree in the local structure is said to be highn for some n iff its n-th jump is as
high as possible. Similarly a degree in the local structure is said to be lown for some n iff its n-th
jump is as low as possible. The degrees that are neither highn nor lown for any n shall be referred
to as intermediate degrees. The corresponding degree classes are described in the following
definition.

Definition 4. Let a≤ 0T,ω ′. Then:

1. a ∈ Ln ⇐⇒ a(n) = 0T,ω(n);
2. a ∈Hn ⇐⇒ a(n) = 0T,ω(n+1);
3. L= ⋃

Ln andH= ⋃
Hn;

4. a ∈ I ⇐⇒ a ∈ L∪H.

Using the corresponding results for the structure of the Turing degrees, it is easy to see that the
jump hierarchy is non-degenerative, that is, that I = ∅ and that for all n< ω, Hn+1 \Hn = ∅ and
Ln+1 \ Ln = ∅.

Our definition of the classes L andH relies heavily on the following notion.

Definition 5. For each n< ω, set on to be the least n-th jump invert of 0T,ω(n+1), that is,

on = In(0T,ω(n+1)).

In other words, for each n, on is the least degree, satisfying the equality x(n) = 0T,ω(n+1). Note
also that o0 = 0T,ω ′. The following proposition summarizes the basic properties of the degrees on.
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Proposition 4. For all n< ω and x≤ 0T,ω ′,

1. the sequenceOn = (∅, ∅′, . . . , ∅(n−1), ∅(n+1), ∅(n+2), . . . ) ∈ on;
2. 0′

ω = o0 > o1 > o2 > · · · > on > . . . ;
3. [0T,ω, on]∼= [0T,ω(n), 0T,ωn+1];
4. In(x(n))= x∧ on.

The next proposition presents a characterization of the classesHn and Ln that does not involve
directly the jump operation.

Proposition 5. Let x≤ 0T,ω ′. Then:

1. x ∈Hn ⇐⇒ on ≤ x;
2. x ∈ Ln ⇐⇒ x∧ on = 0T,ω.

Note that from the characterizations from Proposition 5, in order to show that the classes Hn
and Ln are first-order definable in GT,ω, it is sufficient to show this for the degree on. For the
definition of the classes H= ⋃

Hn, L= ⋃
Ln and I= GT,ω \ (H∪ L) it is sufficient to show the

definability of the setO= {on | n< ω}.
In (Sariev and Ganchev 2014) it is shown that each one of the degrees on is first-order defin-

able in GT,ω. The definitions rely on the notion of a noncuppable1 degree. Namely, the following
proposition holds.

Proposition 6. For each n< ω,

on+1 is the greatest degree beneath on, that is noncuppable to on.

Now note that the above definition is equivalent to a first-order formula in the language of the
structure order ≤ and also that o0 = 0T,ω ′ is first-order definable as the greatest element in GT,ω.
So using an induction on n, one can easily show the first-order definability of each one of the
degrees on. Thus we have the following theorem.

Theorem 1. For every n< ω, the classes Hn and Ln are first-order definable in the local structure
of the ω-Turing degrees.

3.6 Almost zero andminimal degrees
Further we shall need the notion of almost zero (a.z.) degrees.

Definition 6. We shall say that the ω-Turing degree x is a.z. iff there is a representative X ∈ x such
that:

(∀k)[Pk(X )≡T ∅(k)]. (7)

It is clear that the class of the a.z. degrees is downward closed. Note also that there are continuum
many a.z. degrees and hence not all a.z. degrees are in GT,ω.

The a.z. degrees in the local structure GT,ω are exactly the degrees bounded by every degree on,
that is,

x ∈ GT,ω is a.z. ⇐⇒ (∀n< ω)[x≤ on]. (8)
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We finish this section with some observations concerning the minimal2 ω-Turing degrees.
As has been shown in (Sariev and Ganchev 2014) there are exactly countably many minimal ω-
Turing degrees and all of them are bounded by 0T,ω ′. This follows from the characterization of the
minimal degrees in DT,ω:

Proposition 7. An ω-Turing degree is minimal, if and only if it contains a sequence of the form
(∅, ∅, . . . , ∅︸ ︷︷ ︸

n

,A, ∅, . . . , ∅, . . . ),

where the Turing degree of A is a minimal cover of 0(n)T and A′ ≡T ∅(n+1).

Note that no a.z. degree is minimal. Since each a.z. degree bounds only a.z. degrees, then no a.z.
degree bounds a minimal degree. In converse, one can easily show that each of the degrees on
bounds (countably many) minimal degrees.

4. Definability inGT,ω
In this last section we shall show how to first order define the setO= {on | n< ω}. This definition
is based on observations for the local theory of the Turing degrees. Finally, from the fact that the
set O= {on | n< ω} is first-order definable in GT,ω, by (5), we conclude the definability of the
classesH, L and I.

Further, if D = (D,≤,∨) is an upper semi-lattice, and a, l, r ∈D are such that l≤ r, then by
Cup(a, l, r) we shall denote the set of all solutions x of the equation a∨ x= r such that l≤ x≤ r,

CupD(a, l, r)= {x | l≤ x≤ r and a∨ x= r}.
Let us now consider a degree b in the local substructure GT,ω of the ω-Turing degrees, which is

above o1. Since (∅, ∅(2), ∅(3), . . . ) ∈ o1, then b contains a sequence of the form (B, ∅(2), ∅(3), . . . ).
Then it is easy to notice that the degree containing the sequence B ↑ ω is the least degree, which
cups o1 to b. Using an analogous reasoning, in the following lemma, we show that each of the
degrees on satisfies the formula:

�(a)� (∀b≥ a)[CupGT,ω (a, 0T,ω, b) has a least element].

Lemma 1. For each n< ω, �(on).

Proof. Indeed, fix a natural number n. Let b ∈ GT,ω be a degree above on. Recall that on contains
the sequence On = (∅, ∅′, . . . , ∅(n−1), ∅(n+1), ∅(n+2), . . . ). Hence there are sets B0, B1, . . . , Bn−1
such that the sequence (B0, B1, . . . , Bn−1, ∅(n+1), ∅(n+2), . . . ) belongs to b. Note that the degree
b̃= degT,ω(B0, B1, . . . , Bn−1, ∅, ∅, . . . ) is in the set CupGT,ω (on, 0T,ω, b). Now, let x be an arbitrary
degree, which cups on to b and let X ∈ x. Hence, for all i< n, we have that Bi ≤T Pi(X ⊕On)≡T
Pi(X ). Thus, b̃≤ x and therefore, b̃ is the least element of CupGT,ω (on, 0T,ω, b).

Further, recall that no a.z. degree bounds a minimal degree. On the other hand, for each n, on
bounds a minimal degree. Thus the property

�(a)� (∃m)[m is a minimal degree &m< a]
separatesO from the a.z. degrees.

In fact, the formula �&� defines exactly the degrees on. In order to prove it, first we need
some additional observations concerning the local theory of the Turing degrees. By (Posner

https://doi.org/10.1017/S0960129519000021 Published online by Cambridge University Press

https://doi.org/10.1017/S0960129519000021


936 H Ganchev and AC Sariev

and Robinson 1981), for all Turing degrees a, b ∈DT(0T , 0′
T), there is a (low) Turing degree

c ∈DT(0T , 0′
T), such that a∨ c= 0′

T and b� c. Hence, if a is a Turing degree strictly between
the least element 0T and its first jump 0′

T , then the set

CupDT (a, 0T , 0
′
T)= {x | 0T ≤ x≤ 0′

T and a∨ x= 0′
T}

is not empty, and does not have a least element. The result in (Posner and Robinson 1981) can be
relativized straightforward.

Thus for each Turing degree d, if a, b ∈DT(d, d′), then there is a (low over d) degree c in
DT(d, d′), which cups a to d′ and avoids b. Using this relativization, we conclude that if a is
in the interval DT(d, d′), then the set CupDT (a, d, d

′) is not empty, but does not have a least
element.

Now we are ready to prove that �&� defines only degrees inO.

Lemma 2. For each a≤ 0T,ω ′, if GT,ω |= �(a)&�(a), then a ∈O.

Proof. Suppose that a is a degree in GT,ω, such that �(a) and �(a) hold in GT,ω, but a
is not in O. Since a bounds a minimal degree, then a is not a.z. degree. By (8), there
exists a greatest natural number n, such that a< on. Since (∅, ∅′, . . . , ∅(n−1), ∅(n+1), ∅(n+2), . . . )
is an element of on, then there are sets An,An+1,An+2, . . . such that the sequence A=
(∅, ∅′, . . . , ∅(n−1),An,An+1,An+2, . . . ) has a degree a. By the choice of n, a is not below on+1,
so ∅(n) <T Pn(A). On the other hand, a≤ 0T,ω ′ and a = on, so Pn(A)<T ∅(n+1).

Since a< on and �(a), then there is a least degree x such that a∨ x= on. Note that x≤ on,
so it contains a sequence X of the form (∅, ∅′, . . . , ∅(n−1), Xn, Xn+1, Xn+2, . . . ), for some
sets Xn, Xn+1, Xn+2, . . .. From a∨ x= on we have that Pn(A)⊕ Pn(X )≡T ∅(n+1) and since
Pn(A)<T ∅(n+1), then ∅(n) <T Pn(X ).

Further, note that if the set of natural numbers Y has a Turing degree in the set
CupDT (degT(Pn(A)), 0(n)T , 0(n+1)

T ), then CupGT,ω (a, 0T,ω, on) contains the ω-Turing degree of the
sequence (∅, ∅′, . . . , ∅(n−1), Y , ∅, ∅, . . . ). By the relativization of the result of Posner and Robinson
for d= 0(n)T , CupDT (degT(Pn(A)), 0(n)T , 0(n+1)

T ) has an element not equal to 0(n+1)
T . Therefore,

CupGT,ω (a, 0T,ω, on) has an element strictly below on, and so Pn(X )<T ∅(n+1).
Finally, since ∅(n) <T Pn(X )<T ∅(n+1), again by the relativization of the Posner and Robinson

result, there is a set Y , such that:
∅(n) <T Y <T ∅(n+1), Pn(A)⊕ Y ≡T ∅(n+1) and Pn(X )�T Y .

Then the ω-Turing degree y of the sequence (∅, ∅′, . . . , ∅(n−1), Y , ∅, ∅, . . . ) is an element of
CupGT,ω (a, 0T,ω, on), which is not above x. A contradiction.

Combining Lemmas 1 and 2 together, we have that for each degree a below 0T,ω ′, a ∈O ⇐⇒
GT,ω |= �(a)&�(a). In order to conclude our main result, we only have to notice that �&� is
equivalent to a first-order formula in the language of the partial orders.

Theorem 2. The classesH, L, and I are first-order definable in GT,ω

A direct consequence of the latter and (8) is the following corollary.

Corollary 1. The class of the a.z. degrees is first-order definable in GT,ω.
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Notes
1 LetD = (D,≤,∨) is an upper semi-lattice. Let a, b ∈D and a< b. We shall say that a is noncuppable to b iff the least upper
bound of a and any x strictly less than b is not equal to b:

(∀x< b)[a∨ x< b].

2 A degree m is said to be minimal in a degree structure D = (D, 0,≤ ), if the only degree strictly less than m is the least
element 0 ofD. Also,m is a minimal cover of a iff a<m and the intervalD(a,m) is empty.
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