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Distributed vortex-wave interactions: the relation
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A large-Reynolds-number asymptotic reduction of the Navier–Stokes equations capable
of describing a locally periodic vortex-wave array and the associated large-scale
variation of the mean-shear velocity field first suggested in Hall (J. Fluid Mech., vol.
850, 2018, pp. 46–82) is extended. The sustaining process of the locally periodic
coherent structures is based on the vortex-wave interaction theory of Hall & Smith
(J. Fluid Mech., vol. 227, 1991, 641–666), wherein two-dimensional roll–streak fields
are supported by localised nonlinear self-interactions of three-dimensional waves that
are largest in size within critical layers of the streak field. The variation of the mean
velocity is made possible by incorporating a slow change to the mean profile using a
Wentzel–Kramers–Brillouin-type approach. As the first extension, we demonstrate that
the local structure corresponds to the asymptotic limit of computations in a shearing
box. A variety of solutions with different symmetry properties are found via the hybrid
numerical asymptotic approach of Blackburn, Hall & Sherwin (J. Fluid Mech. vol. 721,
2013, 58–85). Moreover, some solutions show generic flow features such as uniform
momentum zones and spatial intermittency known to occur in near-wall turbulent
boundary layers. We extend the vortex-wave interaction array theory to show that, in
addition to a Reynolds-averaged-Navier–Stokes-type relationship between the large-scale
vertical variation of the mean flow and local roll–streak scale, a higher-order analysis gives
a second constraint on the slow-scale dynamics. Those constraints are used for the first
time to derive the logarithmic law of the wall through a closed asymptotic analysis of
self-similar local coherent structures, consistent with the attached eddy hypothesis.
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1. Introduction

This work focuses on coherent structures driven by arrays of nonlinear interactions in shear
flows. In particular, by extending the recent work by Hall (2018), henceforth referred to as
H18, we establish a relationship between the well-known universal velocity profile present
in near-wall turbulent boundary layers and the vortex-wave interaction theory.

Figure 1 is a sketch of the mean velocity profile in a turbulent shear flow as a function
of distance from the wall expressed in wall units. Near the wall the mean flow first varies
linearly with distance from the wall in the viscous sublayer and then across the so-called
buffer layer it evolves into a logarithmic velocity profile. The height at which the buffer
layer appears is a function of the friction Reynolds number Reτ , whereas below the buffer
layer the leading-order flow is apparently independent of Reτ . Further away from the wall
in a turbulent boundary layer, the mean part of the flow is thought to be described by von
Kármán’s ‘law of the wall’, i.e. the mean velocity varies logarithmically with distance
from the wall (von Kármán 1930; Millikan 1938). This logarithmic layer is thicker than
the near-wall region and, therefore, capable of supporting a wider range of length scales.

As documented in the recent review paper by Marusic & Monty (2019), a cornerstone
of the interpretation of experiments and numerical simulations has been the so-called
attached eddy hypothesis due to Townsend (1951). The hypothesis suggests self-similarity
within the logarithmic layer, although the hypothesis is based on the assumption that the
different eddies of increasing size do not interact, which is unlikely in a highly nonlinear
flow. Possible models of the eddy structure which might support that near-wall structure
have been advanced by, for example, Perry & Chong (1982) and Perry & Marusic (1995).
However, those models, though motivated by particular Navier–Stokes solutions, do not
account for how eddies of different sizes might interact.

Since recurrent coherent structures in turbulent wall boundary layers first received
attention, the mechanism by which they might be sustained and regenerated has been
the subject of much speculation. The interaction between rolls and streaks was an initial
dominant theme, with various instabilities proposed as a way to provide recurrence; such
works include those of Kim, Kline & Reynolds (1971), Hamilton, Kim & Waleffe (1995),
Waleffe (1997), Schoppa & Hussain (2002), Chernyshenko & Baig (2005) and Hwang
& Cossu (2011). It was also noted that simplified or restricted numerical models of
wall turbulence could provide recurrent structures with many features found in turbulent
flows, as observed by Jiménez & Moin (1991), Jiménez & Pinelli (1999), Bakken et al.
(2005), Flores & Jiménez (2006), Mizuno & Jiménez (2013) and Chung, Monty & Ooi
(2014). Cossu & Hwang (2017) concluded from direct numerical simulations that the
local streaky structure at any position in the inner layer (see figure 1) self-sustains and
indeed persists when the structure in the buffer layer is suppressed. It is noteworthy that
uniform momentum zones have also been observed in turbulent near-wall boundary layers
by Meinhart & Adrian (1995) and Adrian, Meinhart & Tomkins (2000). More recently,
some structural analyses of those uniform momentum zones derived from large Reynolds
number simulations suggest that possess hierarchical length scales, possibly related to the
attached eddy hypothesis; see de Silva, Hutchins & Marusic (2016), de Silva et al. (2017)
and Laskari et al. (2018). It has also been suggested that a link exists between length scales
of uniform momentum zones and balances of terms in the mean momentum equation; see
Klewicki et al. (2014), Klewicki & Oberlack (2015) and Morrill-Winter, Philip & Klewicki
(2017).

It has now become widely accepted that a recurrent interaction between rolls, streaks and
waves is implicated in the process by which near-wall coherent structures are sustained in
turbulent boundary layers. The interaction of the three key ingredients is described by the
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Figure 1. The law of the wall for the mean flow U in turbulent boundary layers. The external mean velocity is
Ue and the distance from the wall expressed in viscous wall units is y+ = ŷûτ /ν̂ in which the friction velocity
based on average wall shear stress τ̂w is ûτ = (τ̂w/ρ̂)

1/2.

vortex-wave interaction theory, henceforth referred to as VWI, developed by Hall & Smith
(1988, 1991), or what in the numerical community is referred to as a self-sustained process
(SSP), following the work of Waleffe (1997). In the VWI/SSP approach a wave riding on
top of a streak lifted up by a roll feeds energy back to the roll via Reynolds stress to
close the cycle. For many years, those two theories had developed independently, until the
discovery by Hall & Sherwin (2010) that the VWI interaction equations of Hall & Smith
(1991) is the formal large-Reynolds-number asymptotic description of SSP.

The link between the two theories was confirmed by numerical computations of
three-dimensional nonlinear finite amplitude solutions of Navier–Stokes equations. At
finite Reynolds numbers, numerical investigations of simple canonical flows such as
plane Couette flow showed that nonlinear travelling wave or steady solutions typically
begin as a saddle-node bifurcation spawning upper and lower branches as the Reynolds
number increases (Nagata 1990; Clever & Busse 1992). The SSP description inspired
numerous related numerical descriptions of these solutions in channels and pipes by, for
example, Waleffe (1998, 2003), Itano & Toh (2001), Faisst & Eckhardt (2003) and Wedin
& Kerswell (2004). Moreover, the importance of those solutions in the dynamical systems
theory view of turbulence has attracted much attention (Gibson, Halcrow & Cvitanović
2008; Kawahara, Uhlmann & van Veen 2012; Willis, Cvitanović & Avila 2013).

Motivated by the numerically predicted scalings for lower-branch states for Couette
flow given by Wang, Gibson & Waleffe (2007), Hall & Sherwin (2010) numerically
solved the relevant VWI system for the first time to compare the asymptotic solution
with those finite Reynolds number computations. Hall & Sherwin’s result, showing that
the asymptotic approach described the lower-branch states at Reynolds numbers almost
down to the saddle-node point, conclusively demonstrates the clear relevance of the
VWI theory to Navier–Stokes dynamics. Moreover, the subsequent finding by Deguchi
& Hall (2014c) that the upper-branch states are also driven by the same mechanism
reinforced the crucial role of the VWI description of high Reynolds number exact coherent
structures.

The crucial simplifying feature of the VWI theory is that it enables the Reynolds number
to be scaled out of the problem and provides a rational closed interaction system describing
the tripartite process allowing rolls, streaks and waves to coexist and support each other.
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The process by which the wave interacts with itself to drive the roll through a stress jump
across the wave’s critical layer is a steady streaming mechanism associated with oscillatory
flows (see, e.g. Batchelor 1967, § 5.13). In the first VWI study by Hall & Smith (1988), a
Tollmien–Schlichting wave drives the interaction in a viscous wall layer. Subsequently,
Hall & Smith (1991) found that the interaction is also possible with an inviscid Rayleigh
wave. A key property of the latter type of VWI which differentiates it from classical
steady streaming is that in the layer where the oscillatory flow drives a mean flow via
Reynolds stresses, this occurs through a jump in stress, rather than in velocity. Thus, the
whole interaction process occurs independently of any effects from the walls. Blackburn,
Hall & Sherwin (2013) and Deguchi (2015) further showed that, for relatively narrow
computational boxes, coherent states in plane Couette flow tend to localise vertically away
from any boundaries. They found the localised solutions independently at almost the same
time, but each by considering a different asymptotic state.

Blackburn et al. (2013) used the VWI equations and showed that the localised states
scale like the Kolmogorov 5/3 rule, while Deguchi (2015) used Navier–Stokes equations
to find asymptotic equilibrium states at the Kolmogorov microscale. The VWI outcomes of
Blackburn et al. (2013) were asymptotically matched by full Navier–Stokes computations
as confirmed by Deguchi & Hall (2014a). When the localised coherent structures found by
Blackburn et al. (2013) are described in terms of the viscous unit in an unbounded domain,
the large asymptotic parameter used in the VWI theory corresponds to the eddy size.
Reducing that eddy size towards the Kolmogorov microscale, eventually all terms in the
Navier–Stokes equations play important roles and, hence, the asymptotic states described
by Deguchi (2015) result. Subsequently, similar localised solutions but attached to the
wall have been identified by Eckhardt & Zammert (2018) and Yang, Willis & Hwang
(2019), and served as a basis to understand some canonical features of near-wall coherent
structures.

A conceptual difficulty in applying the equilibrium states methodologies mentioned
above to flows such as turbulent boundary layers is that there is no means of obtaining
a range of length and time scales. Thus, in H18 the motivation was to see whether arrays
of VWI states are the sustaining mechanism for the more complex states with multiple
frequencies.

The approach taken in H18 was twofold. In the first step, the description of VWI
states in infinite homogeneous shear flow was derived. This can be done by starting
off with an infinite number of vertically localised VWI states as found by Blackburn
et al. (2013) and moving them closer until they interact. The outcome is VWI states
assumed to be periodic in all three directions which, as we shall see in § 2, relate to
shearing box studies of homogeneous shear turbulence. The periodic shearing box model
has long been used to capture the ‘local’ turbulent flow properties that arise as a part
of more global hydrodynamic and magneto-hydrodynamic problems; see, e.g. Rogallo
(1981), Schumann (1985), Gerz, Schumann & Elgobashi (1989), Kaltenbach, Gerz &
Schumann (1994), Brandenburg et al. (1995), Hawley, Gammie & Balbus (1995) and
Pumir (1996). More recently, Riols et al. (2013) found unstable time-periodic solutions
embedded in the magneto-hydrodynamic shearing box turbulence by applying Newton’s
method. Some years later, Sekimoto & Jiménez (2017) found time-periodic solutions for
the purely hydrodynamic counterpart using a large-eddy simulation model.

In the second step of H18, the mean state is again locally a constant shear flow but
at larger scale its amplitude is assumed to be a slowly varying function of depth. This
slowly varying amplitude generates a mean state which is no longer a linear function of
distance from the wall and, moreover, is fixed by the global interaction rather than being
specified in advance. That situation is reminiscent of the Hall & Lakin (1988) description
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Distributed vortex-wave interactions

of large-amplitude Görtler vortices in boundary layers where it was found that the mean
state is that flow which enables the vortex distribution to remain in local neutral stability.
Going back further the situation is not unlike that postulated by Malkus (1956) in his
marginal theory of turbulence or the suggestion by Benney & Chow (1989) that mean flows
might be supported by interacting wave systems. On the other hand, there are many studies
concerning the generation of perturbations for given mean states. Linear amplification of
wave-like perturbations has been frequently studied in the numerical community (see, e.g.
Jiménez 2013), while McKeon & Sharma (2010) studied the associated linear operator
using singular value decomposition. In a similar spirit, but focusing more on a local part
of the mean flow, the structure and spectra of perturbations generated in the logarithmic
layer have long been compared with the shearing box results; see, e.g. Rogers & Moin
(1987), Kida & Tanaka (1994) and Sekimoto, Dong & Jiménez (2016). The main point to
note here is that, unlike the many phenomenological works where the mean unperturbed
state is specified, H18 and the present work deal with a strongly nonlinear interaction in
which there is an interplay between the mean and roll–streak–wave flow.

The results of H18 suggested that slowly varying VWI arrays might be a possible
mechanism to sustain the universal structure of near-wall turbulent flows. In particular,
mean flows with logarithmic profiles might be sustained by arrays of VWI states but
the total self-similarity believed to be present within the logarithmic layer could not be
predicted. Within the H18 formulation the local array properties must vary with distance
from the wall and the ‘slow’ equation enabling that variation was found to be the mean flow
equation of the Reynolds-averaged Navier–Stokes (RANS) equations but with an explicit
closure in terms of the local roll and streak parts of the flow. In the present work we
will further develop the work of H18 and uncover a second slow evolution equation. The
relationship of the new equation to turbulence models such as those of a mixing-length
or eddy-viscosity type is not as yet clear. However, the associated constraints imply
an alternative interpretation of the properties of the first evolution equation and allow
us to judge if self-similarity of coherent structures is possible within the logarithmic
layer.

A major difference of the present paper from previous VWI/SSP papers is that our focus
is on consistency of equilibrium coherent structures that are generic to the Navier–Stokes
equations written in terms of wall units as the distance from the wall increases. We aim
to uncover some generic structures of possible widespread relevance motivated by the
well-known universal behaviours found in turbulent shear flows. In particular, our main
result that the logarithmic law arises only when the coherent structures are localised
in the spanwise direction is potentially important. However, we must bear in mind that
any structures uncovered when applied to a particular configuration need to be suitably
accommodated to the overall flow by rigorous asymptotic matching. The range of validity
of our theory could be found when it is applied to particular geometries, but that is not
the purpose of the present paper. Therefore, we make no claims about the origin of the
logarithmic law for particular flow configurations.

In § 2 we will formulate and solve the periodic VWI array for the homogeneous shear
problem and show how they relate to the periodic shearing box approach. In § 3 we will
describe several new computational results for VWI periodic arrays in the homogeneous
shear flow. This extends the limited numerical results given in H18 for relatively simple
states with flat critical layers associated with mirror symmetry. Importantly, the VWI
solutions found in this section constitute the leading-order solution of the more general
problem described in § 4, where we will reformulate the distributed VWI array problem
in wall-layer variables. The basic scales and interactions remain the same as in H18 but
we now find two slow evolution equations governing the overall variation of the flow in
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the vertical direction. In the same section we will also discuss a possible relationship
between particular types of distributed VWI arrays and the attached eddy hypothesis due
to Townsend (1951). Finally, in § 5 we will draw some conclusions.

2. Formulation of the VWI array problem in an infinite homogeneous shear flow

In this section we develop the details involved with the description of the VWI array
problem, including its connection to the periodic shearing box model previously used
by others (see § 1) in simulations of infinite homogeneous shear flows. Consider the
non-dimensional incompressible Navier–Stokes equations

∂tu + u · ∇u = −∇p + Re−1∇2u, with ∇ · u = 0, (2.1)

where u = (u, v,w) is the velocity, p is the pressure normalized by density and Re is the
Reynolds number. In the absence of any nonlinear interaction, we assume that the basic
state is the infinite homogeneous shear flow u = ub ≡ ( y, 0, 0), where y is in the normal,
or vertical, coordinate direction. The use of shear-periodic boundary conditions implies
that the maximum length scale is specified and, hence, statistically steady turbulence can
be reached (see Pumir 1996).

The VWI problem for periodic arrays given in H18 can be derived by taking the
large-Reynolds-number limit of the shearing box problem, as will be clarified in § 2.1.
The presence of the critical layer type theory means that the numerical analysis of the
asymptotic problem is however a challenging task, because it requires us to solve singular
partial differential equations. Thus, in § 2.2 we describe our strategy to find the numerical
approximation of the canonical VWI array solutions; the method is based on the hybrid
solution methodology used in Blackburn et al. (2013), where it was applied to plane
Couette flow. As we shall see in § 4, the generalization of the asymptotic theory using the
multiple-scale analysis leads us to include the large-scale variation of the mean flow. The
important point to note here is that even when more general mean flows are considered,
the same canonical VWI asymptotic problem appears at each local position.

Prior to the asymptotic analysis, here we summarise the properties of the shearing box
problem. The shear-periodic boundary conditions used in the problem mean that the flow
is not influenced by solid boundaries in the vertical direction. The entire flow is assumed
to be made up of cells of constant depth in the y direction superimposed on an infinite
constant shear base velocity profile. In a given cell the flow is taken to be identical to
that in the cell immediately below/above, except that it propagates in x with a speed equal
to the difference in the base flow between adjacent cells. Assuming this shear-periodic
condition in y and the usual periodicity in x, z with the wavenumbers α†, β†, respectively,
the perturbation flow u − ub satisfies

[u − ub, p](x, y, z, t) = [u − ub, p]
(

x − nt + l1
2π

α† , y − n, z + l2
2π

β† , t
)

(2.2)

for any integers l1, l2, n. Here we have taken the depth of the cell in the y direction as the
length scale on which the equations have been made non-dimensional. Hence, l1 serves as
an index on periodicity of fluctuations with respect to the background shear flow ub in the
streamwise x coordinate, l2 is an index on periodicity in the spanwise z coordinate, while
n is an index on periodic repetition (which may include but is not restricted to wavelike
periodicity) in the vertical y coordinate. The above conditions imply that, for example, the
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pressure can be expressed in the form

p(x, y, z, t) =
∑
m1

∑
m2

p̂m1m2( y, t) ei(m1α
†x+m2β

†z), (2.3)

where m1,m2 are integers and each sum ranges over [−∞,∞]. From the condition (2.2),
the Fourier coefficients must satisfy

p̂m1m2( y, t) = p̂m1m2( y − n, t) e−im1nα†t (2.4)

for any integer n. This rule must be satisfied by any scalar perturbation quantity.
Unlike parallel wall-bounded problems such as plane Couette or Poiseuille flow, the

periodic shearing box problem applied directly to (2.1) does not support simple steady
or travelling wave solutions (unless the flow is independent of x); see Riols et al. (2013)
and Sekimoto & Jiménez (2017). The reason for this is that the shear-periodic boundary
condition depends on x and t in a manner which is incompatible with the travelling wave
form. However, the asymptotic analysis in the next section shows that some solutions may
approach travelling wave states with increasing Reynolds numbers.

2.1. Large-Reynolds-number asymptotic analysis
Vortex-wave interaction theory describes the high-Re asymptotic nature of typical
coherent structures in shear flows. The leading-order part of the theory naturally shows
that the nonlinear interaction between two constituents of flows; the streamwise average
flow (i.e. roll–streak field) and a streamwise-oscillatory wave which in streamwise Fourier
space is represented by a complex-conjugate pair of monochromatic modes. In Hall
& Sherwin (2010) plane Couette flow bounded in the normal (vertical, y) direction
by counter-translating walls was considered in order to compare the asymptotic VWI
approach with the finite-Reynolds-number results of Wang et al. (2007). The VWI array
theory of H18 removes the imposition of walls in the normal direction and replaces this
with additional periodicity of both the roll and the streak, the latter becoming a periodic
variation on a background linear shear flow. The wave is no longer required to be periodic
in y but instead is replaced with a periodic array of waves each allowed to be of large
vertical extent, a relaxation allowed by the asymptotic structure of this flow constituent,
whose interaction with the streamwise average flow is only significant in the critical layer
of each wave.

Below we write down the VWI expansions and the interaction equations describing a
periodic array of VWI states of unit wavelength in the y direction. The basic scalings
for this type of roll–streak–wave interaction remain those introduced by Hall & Smith
(1991) and first used in the high-Reynolds-number asymptotic description of numerically
exact Navier–Stokes solutions by Hall & Sherwin (2010). For later convenience, we define
(X, Z) = (α†x, β†z). In these new coordinates, the streamwise and spanwise periodic box
dimensions are normalised to be 2π. In most parts of the flow, the velocity and pressure
expansions of the periodic VWI array found in H18 are

u = y + U( y, Z)+ ρ
eiX

Re7/6

∞∑
n=−∞

e−iα†ntũ( y − n, Z)+ c.c.+ · · · , (2.5a)

v = V( y, Z)
Re

+ ρ
eiX

Re7/6

∞∑
n=−∞

e−iα†ntṽ( y − n, Z)+ c.c.+ · · · , (2.5b)
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w = W( y, Z)
Re

+ ρ
eiX

Re7/6

∞∑
n=−∞

e−iα†ntw̃( y − n, Z)+ c.c.+ · · · , (2.5c)

p = P( y, Z)
Re2 + ρ

eiX

Re7/6

∞∑
n=−∞

e−iα†ntp̃( y − n, Z)+ c.c.+ · · · , (2.5d)

where c.c. stands for complex conjugate. The two-dimensional complex functions
ũ, ṽ, w̃, p̃ are referred to as the wave part, while the roll–streak part U,V,W,P
are two-dimensional real functions. The ellipses · · · represent higher-order terms
including higher harmonics of the wave. The real constant ρ is the amplitude of
the wave. The streak U makes an O(1) modulation to the mean flow so that it
generates three-dimensional waves via the inviscid Rayleigh instability mechanism.
The 1/Re prefactor of vertical–spanwise roll velocity (V,W) is chosen to ensure the
viscous-convective balance in the streamwise-averaged flow, noting that only the roll
velocity contributes in the convective effect. The boundary conditions to be imposed on
the roll–streak flow are periodicity in y, Z so that

U( y + 1, Z) = U( y, Z + 2π) = U( y, Z), (2.6a)

P( y + 1, Z) = P( y, Z + 2π) = P( y, Z). (2.6b)

The three-dimensional/three-component wave velocity field in (2.5) is, in the majority
of the domain, smaller than that of the roll by a factor Re1/6 and, thus, at first glance
does not cause any feedback effect to the leading-order roll–streak. However, the wave
becomes stronger within the thin critical layer of thickness O(Re−1/3), where the feedback
effect occurs (the amplification can be seen in figures 2 and 3). The scaling of the wave is
chosen in order that the Reynolds stresses in the critical layer produced by the wave drive
the roll flow; see Hall & Sherwin (2010) for a more detailed discussion of the scaling.
The summations in (2.5) represent contributions from the infinite vertical array of waves.
Individual waves are periodic in the streamwise and spanwise directions, and repetitive,
but not assumed periodic in the vertical direction. As described in H18, the magnitude of
each wave component takes on its maximum values within its associated critical layer and
then decays to zero exponentially in neighbouring cells. For example, the wave pressure
satisfies

p̃( y, Z) = p̃( y, Z + 2π), (2.6c)

p̃( y, Z) → 0, y → ±∞. (2.6d)

Although an individual wave is not periodic in y, the entire superimposed array of the
roll–streak–waves (2.5) does satisfy the spectral form of the shear-periodic conditions
(2.4).

The factors e−iα†nt in the summation account for the fact that the speeds of waves
centred in vertically neighbouring cells differ by unity to match the change in mean flow
speed between adjacent cells. We note that in the expansions above one could replace nt
in the exponential terms by (n + c)t in order to describe the situation where each wave
propagates at a phase speed c different from the unperturbed flow speed at the centre
of each cell. Here we describe the case where all the waves have an identical structure
so that we could also then shift the origin in y to reduce c to zero, thereby recovering
(2.5). However, a more detailed consideration of the phase speed would be essential in
cases where waves of distinct properties participate in the array. For example, in § 3.2 we
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(a) (b) (c) (d )

Figure 2. Solution for the mirror-symmetric mode at α† = 2, β† = 2π, Rf = 20 × 103. Horizontal axis is z,
vertical axis is y. The domain shown is y ∈ [−5/2, 5/2], z ∈ [0, 2π/β†]. (a) Contours of roll stream function
ψ in the ( y, z) plane shown for three fundamental vertical modules. A slightly lightened colour is used except
for the central module y ∈ [−1/2, 1/2]. (b) Contours of streak flow y + U on the domain used to solve for the
wave ũ. Critical layers for waves with speeds 0,±1 are shown as black lines. (c) Contours of kinetic energy
|ũ|2 for the central stationary wave. (d) Three-dimensional structure of ũ for the central stationary wave shown
as red/yellow isosurfaces of positive/negative streamwise vorticity. The critical layers for the waves with speeds
0,±1 are shown as translucent planes.

treat the flow maintained by two waves that move in opposite directions. In that case the
c-dependence would need to be retained and we would split the summations in (2.5) into
two sums representing the two sets of waves.

Substituting the expansions (2.5) into (2.1), we can find a leading-order system valid
outside of the critical layer. As anticipated, the streamwise-invariant roll–streak part
satisfies advection-diffusion equations

V + VUy + β†WUZ = Uyy + β†2
UZZ, (2.7a)

VVy + β†WVZ = −Py + Vyy + β†2
VZZ, (2.7b)

VWy + β†WWZ = −β†PZ + Wyy + β†2
WZZ, (2.7c)

Vy + β†WZ = 0. (2.7d)

The wave part satisfies the inviscid instability problem for the base flow y + U( y, Z),
which after some manipulation becomes the single equation for the wave pressure
function p̃,

(
p̃y

{y + U( y, Z)}2

)
y
+
(

β†2p̃Z

{y + U( y, Z)}2

)
Z

− α†2p̃
{y + U( y, Z)}2 = 0. (2.7e)

Given the base flow y + U( y, Z), the wave equations constitute a linear eigenvalue
problem. The wave pressure function p̃( y, Z) is normalised such that the integral of |p̃|2
over the streamwise-normal area of the periodic box is unity. In order to find the size of
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the wave measured by the amplitude ρ we consider the feedback effect of the wave to the
roll–streak.

The periodic roll–streak flow is supported by a periodic array of waves each of which
interacts only significantly in the critical layer. The amplification mechanism of the wave
there is due to the singularity of (2.7e) occurring when y + U( y, Z) vanishes. The classical
critical layer argument can be used to show that within a thin layer of thickness O(Re−1/3)
surrounding the singularity, one must alter the form of the asymptotic expansions. The
viscous effect in the wave equations is no longer negligible there, and singularity observed
in the outer scale is regularised in the inner scale. Remarkably, an analytical solution exists
for the critical layer problem, and we can write the feedback effect down explicitly in terms
of the jump of the roll–streak quantity across the critical layer. The jump conditions are
most easily expressed in terms of Vs, the component of the roll flow locally parallel to the
critical layer, using the new variables s,N which measures distance along and normal to
the layer in the ( y, z) coordinate. From Hall & Smith (1991) and Hall & Sherwin (2010),
the jumps are found to be[

∂Vs

∂N

]+

−
= J′(s), [P]+− = −χ(s)J(s), (2.8a,b)

where χ(s) is the curvature of the critical layer and

J(s) = n0ρ
2|p̃s|2

{α†( y + U)N}5/3

∣∣∣∣
N=0

, n0 = 2π

(
2
3

) 2
3
(

−2
3

)
!. (2.9a,b)

If the critical layer is flat the above jumps reduce to[
∂W
∂N

]+

−
= β†Ĵ′(Z), [P]+− = 0, Ĵ(Z) = n0ρ

2β†2|p̃Z|2
{α†(1 + Uy)}5/3

∣∣∣∣
N=0

, (2.10a–c)

as used in H18. Once again we note that if there is more than a single critical layer in each
cell, one must compute the jumps across each layer induced by the relevant wave.

The equations (2.7), the boundary conditions (2.6), the jump conditions (2.8a,b) and
the wave pressure normalisation constitute a closed nonlinear eigenvalue problem. The
solution of that canonical problem for given α†, β† determines the leading-order structure
(U, p̃) in the leading-order part of the expansion (2.5), together with the amplitude
ρ(α†, β†).

In the high-Reynolds-number limit any neutral wave travelling in the flow will reinforce
locally a flow in the y–z plane predominantly by producing a stress jump associated with
its own critical layer. The overall structure of the single wave interaction problem is
unchanged from the usual VWI for parallel flows. This is advantageous for computations
because the numerical solution of the canonical problem can be found using existing VWI
codes for travelling wave solutions in plane Couette flow with some minor modifications
(see § 2.2, following).

As remarked earlier, the boundary conditions used for the canonical problem are
consistent with the shear-periodic conditions. This means that some time-periodic
solutions of the finite-Reynolds-number shearing box problem as found, for example,
by Sekimoto & Jiménez (2017) might asymptote to the VWI structure described by the
canonical problem even though the asymptotic solution is of travelling wave form. On
first consideration, this might seem a rather paradoxical outcome. However, we recall
that the travelling wave form of the leading-order structure is possible because in the
asymptotic framework the fundamental mode is induced by the linear stability problem

924 A8-10

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
1.

61
6 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2021.616


Distributed vortex-wave interactions

of the streak field. Thus, the interaction of fundamental waves centred in different cells
induces higher streamwise harmonics of a non-travelling wave form in (2.5), and formally
they are smaller than the fundamental mode. This means that an intrinsic property of
periodic box solutions – that no pure travelling wave states are possible – is actually a
finite-Reynolds-number effect.

A referee of this work has kindly pointed out similarities of H18 and the present paper
to Montemuro et al. (2020). The latter was a development of an earlier paper, Chini et al.
(2017), with significant modifications to the streamwise wavelength scales. The essential
structure proposed in those papers is closely related to H18. However, the roll activity is
taken to be sufficiently large that the streamwise velocity becomes uniform and the critical
layer driving the interaction becomes embedded in an outer layer where the streamwise
velocity adjusts between its different constant values in adjacent cells. In previous VWI
and SSP problems it has been found that for a given periodic box size all flow quantities
are determined by solving a nonlinear eigenvalue problem, while Montemuro et al. (2020)
found that for a given periodic box size solutions exist for a continuum of values of the
wave amplitude. This apparently surprising result perhaps arises because the streak profile
in the new layer surrounding the critical layer becomes independent of the wave amplitude
and roll driven by the wave. One might anticipate that similar structures could be found
numerically from the hybrid formulation below but exhaustive searches did not find any
such solutions.

2.2. Hybrid approach
As remarked earlier, the VWI formulation of H18 reduces the Navier–Stokes equations
to a coupled pair of two- rather than three-dimensional momentum equations and takes
the Reynolds number out of the problem. Nevertheless, the computational treatment of
the asymptotically reduced problem (2.6)–(2.8a,b) is challenging because of the stress
jump conditions to be applied across the wave’s critical layer, whose position is a
priori unknown. Here we adopt the ‘hybrid’ methodology first advanced in Blackburn
et al. (2013) and used subsequently by Deguchi & Hall (2016). The key aspect of the
methodology is to regularise the critical layer singularity by retaining some viscous
effects in the reduced system, allowing us to use with only minor variations conventional
numerical methods developed for solution of Navier–Stokes problems. The strength of
the regularisation is measured by the ‘fictitious Reynolds number’ Rf , here based on the
depth of the fundamental vertical module and the background shear, and as in Blackburn
et al. (2013), we check that outcomes become independent of this parameter as it
increases.

Here we remark that the reduced Navier–Stokes computations employed later by
Thomas et al. (2014) and Beaume et al. (2015, 2016) are essentially equivalent to the hybrid
approach. All these methods rely on solving the finite-Reynolds-number Navier–Stokes
equations reduced to just two streamwise Fourier modes: the streamwise average (the
‘vortex’, or roll–streak) and a single streamwise wave. The hybrid equations can be
obtained by further assuming that there is no wave Reynolds stress driving the streak
(U), and that the roll components (V,W) can be neglected in the wave equations. Both
assumptions follow from the fact that the roll velocity is much smaller than that of
the streak (see (2.5)). All reductions make explicit recognition of the crucial tripartite
interaction between rolls, streaks and waves in the VWI theory.

Starting the hybrid reduction process from the Navier–Stokes equations (2.1) with the
leading-order part of the VWI expansions shown in (2.5), and setting Re = Rf , we get the
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roll–streak equations from the x-averaged part

(V∂y + β†W∂Z)

⎡
⎣y + U

V
W

⎤
⎦

= −

⎡
⎢⎣

0
∂yP
β†∂ZP

⎤
⎥⎦+ (∂yy + β†2

∂ZZ)

⎡
⎣U

V
W

⎤
⎦− R−1/3

f ρ2
N∑

n=−N

⎡
⎢⎣

0

F(n)1

F(n)2

⎤
⎥⎦ , (2.11)

which, note, are solved at a unit effective Reynolds number owing to the adoption of the
asymptotic scaling (Hall & Smith 1991; Hall & Sherwin 2010), while the x-fluctuation part
yields the wave equations

iα†( y + U − c)

⎡
⎣ ũ
ṽ

w̃

⎤
⎦+

⎡
⎣ṽ∂y( y + U)+ β†w̃∂ZU

0
0

⎤
⎦ = −

⎡
⎢⎣

iα†p̃
∂yp̃
β†∂Zp̃

⎤
⎥⎦+ R−1

f ∇2

⎡
⎣ ũ
ṽ

w̃

⎤
⎦ .
(2.12)

Owing to the presence of the viscous term, (2.12) are not singular. We have here allowed for
a non-zero wave speed c, allowing us to obtain the type of results to be described in § 3.2
below, though, as discussed in § 2.1, we could equally well have used a slight elaboration
to the form of (2.5) (where c = 0). The final terms in (2.11) represent the Reynolds stresses
from the waves

F(n)1 = ∂y{ṽ( y − n, Z)ṽ∗( y − n, Z)} + β†∂Z{ṽ( y − n, Z)w̃∗( y − n, Z)} + c.c.,

F(n)2 = ∂y{ṽ( y − n, Z)w̃∗( y − n, Z)} + β†∂Z{w̃( y − n, Z)w̃∗( y − n, Z)} + c.c.,

where ∗ denotes complex conjugation and N should formally be taken to be large in order
to recover an infinite array system. These stress terms are inserted in body force form
because, owing to the viscous term in the wave equations, the thickness of the critical
layer becomes finite. Note that these body force terms were absent in the formal asymptotic
reduction (2.7) since the stress terms at the asymptotic limit are concentrated within the
infinitely thin critical layer and, hence, become discontinuous stress jumps across the layer
as given in (2.8a,b).

Now consider the fundamental vertical cell y ∈ [−1/2, 1/2] for the numerical
computations. We enforce periodic conditions of period unity for the roll–streak. In
general, the Reynolds stress term from waves in cells above and below the module must be
accounted for. However, for many of the numerical solutions which follow, the critical layer
is trapped within the fundamental module. In that case we can set N = 0 such that each
roll is influenced only by the wave inside its local module, since the stress is significant
only around the critical layer (it is possible to relax this restriction if required). Each
wave decays exponentially with increasing distance from its corresponding module. For
the wave component, it is typically sufficient to consider a domain of depth three to five
units with no-slip or no-stress conditions imposed at its upper and lower edges.

The preceding discussion assumes that all waves have an identical structure. Next we
consider the case when two distinct waves coexist in one period of the roll–streak flow. In
order to compute this second mode, we exploit the property that the two waves possess
certain symmetries, allowing us to compute over only half of the periodic structure, and,
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hence, it is convenient to choose the depth of the fundamental module to be half of the
roll–streak period, such that it encloses only one wave critical layer.

We solve the hybrid system numerically at finite but large enough Rf , checking that
the solution is in the asymptotic range where the wave amplitude ρ required to produce
an equilibrium state becomes independent of Rf . We have employed two alternative, and
equivalent, means to finding solutions to the system ((2.11), (2.12)). The first method
couples a large-time τ -integration of the unsteady version of (2.11) (i.e. ∂τ [U,V,W]T is
added in the left-hand side) with the eigenvalue analysis of (2.12), using spectral elements
to discretise both equations. The former time integration problem can be solved if the wave
forcing is given, and the latter eigenvalue problem returns the complex phase speed c for a
given streak field. The wave amplitude ρ is tuned to neutralise the growth rate of the wave
in a relaxation iteration based on the successive updates of the wave and roll–streak fields
until reaching a fixed point; this was the approach adopted in Blackburn et al. (2013). The
convergence of a time-stepper-based eigensolution method used in the scheme depends on
the stability of the solution. For lower-branch solutions, the neutrally stable Rayleigh mode
is the least stable one and there is no difficulty in obtaining convergence. However, for
upper-branch solutions, unstable Rayleigh modes typically exist in addition to a neutrally
stable one (Gibson, Halcrow & Cvitanović 2009; Deguchi & Hall 2016), and, hence, a
shift-invert solution method outlined in Gómez et al. (2015) is used to isolate neutrally
stable modes. Using this slight modification to our original methodology we were here able
to find both upper- and lower-branch solutions with the fixed-point technique, something
which did not prove possible in the earlier work, which contained only lower-branch
solutions. The second method uses Chebyshev–Fourier/Fourier–Fourier global expansions
for discretising the waves/roll–streaks and directly solves the resultant algebraic equations
by the Newton–Raphson method. The Navier–Stokes solver developed in Deguchi, Hall &
Walton (2013) can be modified to find solutions of ((2.11), (2.12)); this was the approach
adopted in, for example, Deguchi & Hall (2016). The fixed-point iteration code is useful in
finding solutions from fairly arbitrary initial conditions, while the Newton–Raphson code
provides an efficient continuation method to trace the solution branch without regarding
its stability. We confirmed that the two methods produce the same outcomes at matching
values of α†, β†,Rf .

3. Numerical results for the canonical VWI array problem

A central tenet of the VWI array solutions we seek is that the roll–streak solution is
periodic in the cross-flow directions, sustained by an infinite periodic array of waves
which individually are of larger cross-flow extent, but which are of dominant dynamic
significance only for each associated roll. These features will become apparent in the
solutions shown below. As in H18, the present solutions assume that waves are periodic in
the spanwise direction on the same length scale as the roll–streak flow, but are of ‘infinite’
vertical extent in the vertical direction. In order to treat the solutions numerically, we
approximate the domains for the wave components by adopting computational boxes for
those components which are much larger in y-extent than the roll–streak vertical module
length. Note that outcomes in this section are presented in terms of unmapped coordinates
(x, y, z). Recall that the fundamental module is defined as (x, y, z) ∈ [0, 2π/α†] ×
[−1/2, 1/2] × [0, 2π/β†].

3.1. Mirror-symmetric and sinuous modes
The numerical results presented here were motivated by the previous findings of two
typical steady solutions in plane Couette flow. The first is the mirror-symmetric mode
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found by Itano & Generalis (2009) and Gibson et al. (2009) where in the latter, the
labels EQ7 and EQ8 were used. This mode has some similarity to the VWI array solution
found in H18. The second is the sinuous-mode solution found by Nagata (1990), Clever &
Busse (1992) and Waleffe (1998) and labelled EQ1 and EQ2 in Gibson et al. (2009). This
mode has been the most intensively studied among other numerous solutions, because
it is the first to appear when the Reynolds number is increased, and the lower branch
created by that saddle-node bifurcation defines the edge of the laminar and turbulent
attractors (Wang et al. 2007). The large-Reynolds-number asymptotic development of the
branch has been explained by applying the VWI theory to that branch (Hall & Sherwin
2010; Blackburn et al. 2013; Deguchi & Hall 2014b, 2016). The sinuous mode possesses
so-called shift-reflection and shift-rotation symmetries

[u, v,w](x, y, z) = [u, v,−w](x + π/α†, y,−z), (3.1a)

[u, v,w](x, y, z) = [−u,−v,w](−x,−y, z + π/β†), (3.1b)

while the mirror-symmetric mode satisfies those two symmetries and

[u, v,w](x, y, z) = [−u,−v,w](−x + π/α†,−y, z). (3.1c)

Indeed, Deguchi & Hall (2014a) found a bifurcation point at which the sinuous-mode
branch bifurcates from the mirror-symmetric mode branch by a symmetry breaking of
(3.1c).

Here we consider how those symmetries could be carried over to our triply periodic
problem. It is convenient to begin by first demonstrating that the mirror symmetry (3.1)
imposed for the roll–streak field can reproduce features of the VWI array solutions
presented in H18. The roll–streak field version of (3.1) can be found as

[U,V,W]( y, z) = [U,V,−W]( y,−z), (3.2a)

[U,V,W]( y, z) = [−U,−V,W](−y, z + π/β†), (3.2b)

[U,V,W]( y, z) = [−U,−V,W](−y, z). (3.2c)

From the third condition we see that U = 0 at y = 0. Such a flat critical layer is special
in the sense that the wave pressure admits a regular expansion there and, hence, presents
less numerical difficulty (see Deguchi & Hall 2016, H18 and Deguchi 2019). In fact, the
numerical technique used by H18 can be applied only for this case. As we shall see shortly,
for the sinuous mode, the critical layer is curved, owing to the absence of the symmetry
(3.2c), and, hence, in order to resolve the singular critical layer structure the hybrid method
must be employed.

Imposing (3.2) and periodicity in y with unit wavelength for the roll–streak field, we are
able to generate the mirror-symmetric mode solution shown in figure 2. In figure 2(a), for
presentation of roll velocity field (V,W), we use contours of stream function ψ , where
β†∂Zψ = −V and ∂yψ = W. Three modules of depth unity are shown; except for the
centre module y ∈ [−1/2, 1/2], the colour map is slightly lightened (and owing to the
colour map chosen, variations in streak speed around the central critical layer may be
difficult to perceive, but are similar in nature to the more visible variations near the other
two critical layers shown). The rolls redistribute the streamwise velocity to create the
streaky pattern shown in (b), which in turn generates the wave field shown by figure 2(c,d)
via the wave equations (2.12) that are solved on domains of large but finite vertical extent.
We note that within the domain shown in figure 2(c), three critical layers for waves of
speeds 0,±1 may coexist, as shown by the black lines. Our focus in the computation is on
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(b)(a) (c) (d )

Figure 3. A lower-branch solution for the sinuous mode at α† = 2, β† = π, Rf = 20 × 103. Panels as for
figure 2.

resolving the central wave that is both neutral and stationary; the nature of other neutrally
stable waves is identical to the centre wave and, hence, are not shown in figure 2(c,d).
The generated centre wave ũ indeed satisfies the symmetries (3.1). In order to solve (2.12)
for the centre wave, here a domain three times greater than the roll–streak module (i.e.
y ∈ [−3/2, 3/2]) was used. As may be seen in figure 2(c,d) each wave localises around its
critical layer, and falls rapidly in strength with distance from the layer, consistent with the
asymptotic theory. Only one critical layer is present in each roll–streak module and, thus,
we can set N = 0 in (2.11) to calculate the feedback effect from the waves to the rolls.

Now we turn our attention to the sinuous mode. From the plane Couette flow results we
anticipate that a pair of counter-rotating rolls form within a periodic box. If such rolls are
generated in the fundamental module, it would be more natural to combine a half-shift in
z with the periodic boundary conditions in y, in order to tile the infinite domain. Thus, we
impose

[U,V,W]( y, z) = [U,V,W]( y + 1, z + π/β†), (3.3)

rather than the usual periodicity. A solution generated by imposing symmetries (3.2a),
(3.2b), (3.3) is shown in figure 3. From figure 3(a) it is evident that the shift-periodic
symmetry (3.3) generates a feature characteristic of sinuous-mode arrays: rolls in vertically
and horizontally adjacent cells counter-rotate, chequerboard fashion. In other words, the
period of the roll–streak field is twice unity in y rather than unity; thus, except for this
minor rescaling for numerical convenience, the structure here is fully covered by the
asymptotic theory of § 2. Combining (3.2b) and (3.3), we see that the roll–streak (U,V,W)
has reflectional symmetry with respect to the edge of the fundamental box. As seen in
figure 3(b), the critical layers for the waves of speeds ±1 are placed symmetrically to
that for the centre wave. The kinetic energy of the centre wave is trapped within the
fundamental module (see figure 3c), and, thus, we can use the same numerical technique
as adopted for the mirror-symmetric mode, again with N = 0. As should be apparent from
an examination of figure 3(d), the centre wave ũ satisfies symmetries (3.1a) and (3.1b).

3.2. Spatial intermittency
Interestingly, when a wider domain is used, our periodic array computation is able to
capture spanwise-isolated solutions similar to those found in the plane Couette flow by
Schneider, Gibson & Burke (2010a), Schneider, Marinc & Eckhardt (2010b), Deguchi et al.
(2013) and Gibson & Brand (2014). The solution shown in figure 4 is an example, which
may be considered a counterpart of one of the plane Couette flow solutions in Schneider
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(b)

(a)

Figure 4. A spanwise-isolated solution at α† = 0.8, β† = 0.35, Rf = 40 × 103. Domain shown is y ∈
[−5/2, 5/2], z ∈ [0, 2π/β†]. (a) Contours of roll stream function ψ . (b) Contours of total streak flow y + U.
Critical layers for waves with speeds 2 + c, 1 − c, c,−1 − c,−2 + c with c = −0.24 are shown as black
curves.

et al. (2010a,b), originating in a symmetry breaking bifurcation of the shift-rotation
symmetry (3.1b) from the sinuous mode. By analogy, only (3.2a) and (3.3) are imposed
for the roll–streak to generate the solution shown in figure 4. The structure of each roll
cell is similar to that observed in the sinuous mode (see figure 3a), but these now only
appear in a subinterval of z smaller than the box dimension. The central wave is solved in
a domain five times deeper than the fundamental module using the total streak field shown
in figure 4(b). The wave satisfies (3.1a) but not (3.1b), and, hence, it is no longer stationary.
Nevertheless, the reflectional symmetry with respect to the edge of the modules survives,
meaning that the wave in the module adjacent to the central module propagates in the
opposite direction with the same absolute speed, if the unit increment of the wave speed is
ignored. In figure 4 (b) critical layers exist at U = 2 + c, 1 − c, c,−1 − c,−2 + c, from
top to bottom, where c = −0.24 is the speed of the most central wave.

It is clear from the flow visualisation of figure 4 that the typical scale of the flow
variation in the spanwise direction is comparable to the vertical module, rather than the
spanwise dimension of the computational box size. In fact, the perturbation field decays
exponentially in large z, and, hence, for sufficiently small β†, the coherent structure
becomes insensitive to changes of the width of the box. This strongly suggests that there
is a limiting solution in the limit of β† → 0. The existence of such a spanwise-isolated
canonical array solution is the basis of the discussion in § 4, where the multiple-scale
version of the VWI array theory will be used to derive the logarithmic law of the wall.

3.3. Momentum transport and emergence of uniform momentum zones
Now let us examine the typical parameter dependence of the solutions drawing the solution
branch by varying α† for fixed β†. Here we choose the sinuous mode as the representative
solution.

In order to illustrate the bifurcation diagram, we need to select a typical scalar flow
quantity. The shear of the mean flow on the wall is commonly used as a measure of
nonlinear states in the computational study of wall-bounded shear flows, because it can be
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related to the momentum transport. For our triply periodic VWI problem, by integrating
the streak (2.7a) over one period in Z we can deduce the fact that the momentum transport
σ defined by

σ = dUm

dy
− 1

2π

∫ 2π

0
UV dZ (3.4)

must be a constant for all y. Here we have defined the mean flow distortion by

Um( y) = 1
2π

∫ 2π

0
U dZ. (3.5)

For the sinuous and mirror-symmetric modes, there are axes of symmetry (e.g. y = ±1/2)
on which V vanishes. Thus, for those modes the momentum transport and the shear of
the mean flow are related by σ = (dUm/dy)|y=±1/2, similar to wall-bounded flows. We
also note that by further integrating (3.4) over one period in y we can establish the simple
relationship

σ = −〈UV〉, (3.6)

where 〈 〉 denotes an average over one periodic box in the y, Z plane. As shown by H18 and
to be discussed in § 4, the quantity σ(α†, β†) plays an important role when the VWI array
theory for the homogeneous shear flow is extended by the method of multiple scales.

Figure 5 illustrates the variation of σ along the sinuous-mode solution branch. Here
we use β† = 4, i.e. the same box aspect ratio used to draw the bifurcation diagram of
plane Couette flow study in figure 1 of Deguchi & Hall (2014c) (hybrid systems for both
flows become identical except for boundary conditions). The overall bifurcation diagram
of the array problem (solid curve) is similar to that for the plane Couette flow computed
in Deguchi & Hall (2014c) (dashed curve). The branch turns back around α† ≈ 2.86.
The existence of the turning point suggests that the flow may have a minimal flow unit,
consistent with the observation in finite-Reynolds-number shearing box simulations by
Sekimoto et al. (2016). According to the empirical observation of that paper, the shearing
box turbulence generates typical properties of near-wall turbulence when β†/α† � 2 and
β† � π. The computational boxes we selected in figure 6(a,b) satisfy those conditions.

Upon passing the turning point, the upper-branch solutions are harder to resolve in
the channel flow studies, and this is indeed the case here. The difficulty is due to the
eventual emergence of a homogenised zone developing in the streak field. The upper
panels of figure 6 show that the homogenisation develops with decreasing α†, associated
with progressively more contorted critical layers. As the lower panels of figure 6 illustrate,
when the critical layer straddles the homogenised zone, the local shear around the layer
must necessarily be weak, meaning that we need very large Rf in order to ensure the
thinness of the critical layer. In figure 5 the asymptotic convergence of the solution was
checked by increasing Rf up to 280 × 103. For such very large values of Rf , the critical
layer near the non-homogenised zone becomes extremely thin, as seen in figure 6(a–c).
This multi-scale feature of the flow along the critical layer requires very high resolution
in the computation (to resolve the wave structure, here we have employed 640 Chebyshev
modes in the vertical direction, while up to 42 Fourier harmonics are considered in Z).
These features of the upper-branch solutions are reminiscent of the results of Deguchi &
Hall (2014c), where uniform momentum zones were found for the first time for equilibrium
solutions in plane Couette flow.
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Figure 5. Bifurcation diagram for the sinuous mode at β† = 4 showing variation of momentum-transport
parameter σ (see text) as a function of streamwise wavenumber α†. Solid line: Rf = 280 × 103; open circles:
Rf = 200 × 103; dashed line: equivalent result for plane Couette flow geometry by Deguchi & Hall (2014c).

4. Slowly varying VWI arrays in the wall layer

There is much evidence to suggest that the wall-layer structure shown in figure 1, with
the so-called logarithmic layer interposed between the buffer layer and the wake region, is
ubiquitous in externally driven high-Reynolds-number turbulent boundary layers. Since
Townsend (1951, 1976) hypothesised that the logarithmic layer would be made up of
self-similar energy containing motions of size proportional to the distance from the wall,
there have been numerous attempts to confirm the hypothesis, as summarised in § 1.
Here we investigate whether the attached eddy hypothesis for the logarithmic layer can
be exhibited by distributed arrays of VWI interactions.

Since the structure of near-wall turbulent boundary layers is believed by many
researchers to be generic to all shear flows, it is natural to start formulation of
possible array interactions within the context of the unit-Reynolds-number Navier–Stokes
equations appropriate to wall-unit scalings. The effective Reynolds number is then a
function of the distance from the wall and, based on numerical simulations, can be taken
to be large. We will build on the initial work of H18 on distributed arrays but with the
distance from the wall as the large parameter used to separate scales and the components of
the self-sustaining motion. In order to see the key points more clearly we focus on modes
for which the critical layer is flat; the more general case will lead to similar evolution
equations and conclusions but makes their derivation more cumbersome.

Consider a viscous incompressible flow in the half-plane ŷ > 0 with respect to
dimensional Cartesian coordinates (x̂, ŷ, ẑ). If we let τ̂w denote the wall shear and ρ̂, μ̂
denote the fluid’s density and viscosity then we take ûτ = (τ̂w/ρ̂)

1/2. The form of the
particular flow under consideration will be felt through the conditions to be imposed
sufficiently far from the wall. Using μ̂/(ρ̂ûτ ) as the length scale in the problem and
μ̂/(ρ̂û2

τ ) as the time scale, the dimensionless Navier–Stokes equations written with respect
to dimensionless variables Cartesian coordinates x, y, z, and time t become

∂tu + u · ∇u = −∇p + ∇2u, with ∇ · u = 0, (4.1)

where p is the dimensionless pressure. Once again we stress that, if the structure we
seek is to universally hold in turbulent shear flows, it must be expressed in wall units.
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(e)

(b)(a) (c)

(d ) ( f )

Figure 6. Upper-branch sinuous-mode solutions at β† = 4, showing the effect of streamwise wavenumber α†.
(a–c) Contours of total streak ( y + U) for α† = 0.8, 1.6, 2.4, respectively, with critical layers for waves with
speeds −1, 0, 1. (d– f ) Corresponding contours of kinetic energy |ũ|2 for the stationary wave with its critical
layer.

When our formulation is applied to a particular geometry, such as a pipe or channel, the
generic structure must be matched onto an external flow expressed in terms of variables
relevant to the particular flow. The range of validity of the structure we find depends on
the global flow properties, but we note that in turbulent shear flows the wake region which
is the upper bound for the logarithmic layer is typically located where y = yl � 103. We
write ε = y−1

l and use this as a small parameter in the following asymptotic analysis. The
parameter ε may be related to the Reynolds number of the flow if the asymptotic balance
is obtained everywhere in the flow domain. However, since here we aim only to find an
asymptotic solution in the logarithmic layer, we may leave ε as a quantity to be determined
through full Navier–Stokes simulations.

The analysis below has some similarity to the Wentzel–Kramers–Brillouin theory,
wherein a slow modulation effect to locally periodic solutions is incorporated by a
perturbative approach. We shall shortly see that, to leading order, the description of a
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locally periodic structure is unchanged from § 3 – thus, the analysis of that section provides
an important building block – and at higher order some constraints for the slow evolution
can be deduced. The vertical length scale of the slow evolution in our problem is O(ε−1),
while we denote the typical vertical periodic cell depth (fast scale) as O(δ/ε), with the
relative cell depth δ � 1. The small parameters δ and ε are linked through the asymptotic
balance of the higher-order flow.

4.1. The slow-scale evolution problem
Equations (4.1) are parameter free and so we base our analysis on the assumption that
the structures we seek are distributed over a large range of values of y = O(ε−1)  1.
The quantity ε is however not an arbitrarily small parameter but a quantity to be found
numerically by full numerical solutions of the wall-layer equations. We will look for an
array structure with the local cell depth a function of the slow variable spatial variable
Y = εy. Thus, at the fast scale we define the phase function Φ for the locally periodic flow
structure by

Φ = Θ(Y)/δ. (4.2)

The above choice of scale means that the vertical derivative is transformed as

∂y → εΘY

δ
∂Φ + · · · (4.3)

so that the cell depth at a large height y in wall units is O(δ/(εΘY)). For that reason, we
will refer toΘY as the vertical wavenumber. We shall see from a higher-order analysis that
δ = ε2/5 is the appropriate distinguished limit.

We now consider a slowly varying distributed VWI array driven by an infinite set of
waves of different streamwise wavenumbers moving downstream with the local mean
flow speed at the location Y = Yn. The mean part of the flow is predominantly in the
x direction. In terms of the phase variable Φ, the waves have critical layers located at
Φ = Φn = Θ(Yn)/δ where Φn+1 −Φn = 1. We further assume that the nth wave has
streamwise wavenumber α(Yn). Note here that we are not considering a single wave
with its wavenumber varying in the Y direction but an infinite set of distinct waves
with wavenumber assigned using the function α(Y). Since the local array structure has
a roll–streak–wave flow with variations in all three directions on the same scale we write
(X, Z) = (ε/δ)(x, βz), and on the basis of the above discussion we look for a roll–streak
flow of the form (see H18 also)

u = u(Y)
ε

+ δuY

εΘY
{U1(Φ, Y, Z)+ δU2(Φ, Y, Z)+ · · · } +

∞∑
n=−∞

u(n)w , (4.4a)

v = εΘY

δ
{V1(Φ, Y, Z)+ δV2(Φ, Y, Z)+ · · · } +

∞∑
n=−∞

v(n)w , (4.4b)

w = εΘY

δ
{W1(Φ, Y, Z)+ δW2(Φ, Y, Z)+ · · · } +

∞∑
n=−∞

w(n)w , (4.4c)

p = Kx +
(
εΘY

δ

)2

{P1(Φ, Y, Z)+ δP2(Φ, Y, Z)+ · · · } +
∞∑

n=−∞
p(n)w , (4.4d)
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where K represents a streamwise pressure gradient driving the laminar flow, assumed to
be smaller than O(ε) when measured in wall units. We shall shortly see that the solvability
condition is needed for the terms with subscript 2. Components (u(n)w , v

(n)
w ,w(n)w , p(n)w )

represent the nth wave. In particular, the wave pressure takes the form

p(n)w = u5/6
Y

(
εΘY

δ

)1/3

ρ1(Y)E(n)p1(Φ −Φn, Y, Z)+ c.c.+ · · · , (4.4e)

where

E(n) = exp
{

iX − iα(Yn)

(
u(Yn)

δ

)
t
}
. (4.5)

Here ρ1 is the amplitude of the wave, which is chosen so that the shear associated with
the roll field is modified at leading order when crossing the critical layer; the procedure is
essentially identical to that described in detail in Hall & Sherwin (2010).

The scalings in (4.4) were motivated as follows. First, the scaling of the mean flow ū
is chosen so that it is consistent to the base flow ū = y. The factor (εΘY)/δ in the roll
expansions are introduced so that, in view of (4.3), the roll advection term balances to
the viscous term. The need for the factor (δuY)/(εΘY) in the streak expansion can be
seen by considering the mean flow equation, assuming that to leading order it is driven by
the nonlinear interaction of the roll and the streak. The origin of the wave scaling is less
obvious as it involves the critical layer analysis; however, the essential mechanism that is
determined so that the wave drives the roll–streak is unchanged from the usual VWI. The
derivation of the scaling (4.4e) is explained in detail in the appendix. For simplicity in the
above expansion, we have assumed that each cell is maintained by a single wave. If, say,
two waves are involved we must, as previously noted in § 2.1, split the contributions into
two sums and allow for the wave speeds of each wave to differ from the mean flow speed
at the middle of each cell. The more general case is easily accounted for by replacing the
summation terms in (4.4) into two sums and inserting a wave speed into (4.5).

The factors dependent on ΘY , uY in (4.4) have been introduced in order to facilitate
comparison with the uniform shear case described in § 2. Owing to those factors, at leading
order the roll–streak–wave flow satisfies the triply periodic canonical array problem
(2.6)–(2.8a,b) but with y replaced by Φ, as shown in H18. In order to do so the local
effective wavenumbers and the global wavenumbers must be related as

(α†, β†) =
(
α

ΘY
,
β

ΘY

)
, (4.6)

in which case

U1(Φ, Y, Z;α, β,ΘY , uY) = U(Φ, Z;α†, β†),

p1(Φ −Φn, Y, Z;α, β,ΘY , uY) = p̃(Φ − n, Z;α†, β†) ≡ p̃(n)(Φ, Z;α†, β†),

ρ1(Y;α, β,ΘY , uY) = ρ(α†, β†),

together with similar expressions for the wave velocity field. The left-hand sides of these
equations are the quantities appearing in the expansions (4.4), while on the right-hand side
the solution of the canonical equations (2.7) are used. The implication is that hereafter we
can remove the subscripts 1 which appear in the expansions (4.4).
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We note at this stage that uY(Y) and the normal and streamwise wavenumbers
ΘY(Y), α(Y) are all unknown and it is of interest to know how many of these functions
can be specified a priori. If we think of the array being formed by the bringing together
of the vertically localised canonical states of Blackburn et al. (2013) then it might be
anticipated that, certainly for large separations, the normal wavenumber ΘY(Y) should be
at our disposal. We might anticipate that the mean flow function is then fixed to be the
function supporting that solution leaving α also to be chosen. However, we shall shortly
see that when the flow in each cell strongly interacts, there are two constraints on the slow
dynamics. It will turn out that here, unlike in H18, only one ofΘY(Y), α(Y), uY(Y) can be
chosen.

Hall (2018) obtained the first constraint by considering the development of u. Integrating
the streamwise momentum equation over one periodic cell (X, Φ, Z) ∈ [0, 2π] × [0, 1] ×
[0, 2π], we obtain

uYY + (uYσ)Y = 0. (4.7)

The function σ = −〈UV〉, where 〈 〉 denotes the average over 0 < Φ < 1, 0 < Z < 2π,
can be obtained by the leading-order problem (see (3.6)) and depends on the slow
variable Y through α†, β†. As pointed out in H18, (4.7) is essentially the RANS
equation for the mean flow but with the only difference that here the mean is taken
over X, Φ, Z rather than X, Z. At this stage, in the absence of slow time dependence,
one of the functions uY(Y),ΘY(Y), α(Y) is fixed, and in H18 no further constraint was
enforced.

We shall see below that in fact the second constraint is available by consideration
of the higher-order equations for wave, roll and streak. The slow dependence on Y
of the leading-order roll–streak flow is through the different slow amplitude functions
multiplying each quantity and through the local wavenumbers α†, β†. As is usual with the
phase equation approach, the slow variation will be constrained at next order through a
solvability condition.

As observed earlier, the nature of the wave field sustaining the locally periodic
roll–streak structure differs according to the symmetries to be imposed. For simplicity,
here we assume that (i) just one dominant sustaining wave is present in each cell and (ii)
the local roll–streak field possesses the mirror symmetry mentioned in § 3.1. With this
symmetry, we can assume that the critical layer is flat and located at Y = Yn. Furthermore,
this allows us to significantly contract the algebra that is needed in the higher-order critical
layer analysis (see the appendix) to derive the solvability condition.

At next order the slow variation of the roll–streak with respect to Y comes into play,
and it is O(δ) smaller than the leading-order effect. We also remark that even when
there is no slow effect in the flow there are some higher-order terms in the VWI.
The size of the second type of higher-order terms are comparable to the critical layer
thickness, which is the largest perturbative parameter in the asymptotic analysis. The
critical layer analysis shown in the appendix reveals that the layer thickness is O((ε/δ)2/3),
and by balancing the two perturbative effects, we have the distinguished limit δ =
ε2/5. Collecting the terms of this size, the second-lowest-order roll–streak equations are
written as

(A + B + C + D + E)X = F , (4.8)
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where X ,A,B,C,D,E are defined by

X =

⎡
⎢⎣

U2
V2
W2
P2

⎤
⎥⎦ , A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂2

∂Φ2 + β†2 ∂
2

∂Z2 0 0 0

0
∂2

∂Φ2 + β†2 ∂
2

∂Z2 0 0

0 0
∂2

∂Φ2 + β†2 ∂
2

∂Z2 0

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−V
∂

∂Φ
0 0 0

0 −V
∂

∂Φ
0 0

0 0 −V
∂

∂Φ
0

0
∂

∂Φ
0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−β†W
∂

∂Z
0 0 0

0 −β†W
∂

∂Z
0 0

0 0 −β†W
∂

∂Z
0

0 0 β† ∂

∂Z
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

D =

⎡
⎢⎣

0 −UΦ − 1 0 0
0 −VΦ 0 0
0 −WΦ 0 0
0 0 0 0

⎤
⎥⎦ , E =

⎡
⎢⎢⎣

0 0 −β†UZ 0
0 0 −β†VZ 0
0 0 −β†WZ 0
0 0 0 0

⎤
⎥⎥⎦ .

The term F = [F1,F2,F3,F4]T on the right-hand side of (4.8) arises from the slow
variation of the coherent structure with Y and is given by

F1 = uYY

ΘYuY
(UV − 2UΦ)+ ΘYY

Θ2
Y
(UΦ − UV)+ 1

ΘY
(VUY − 2UYΦ), (4.9a)

F2 = ΘYY

Θ2
Y
(V2 − 3VΦ + 2P)+ 1

ΘY
(PY − 2VYΦ + VVY)+ f2, (4.9b)

F3 = ΘYY

Θ2
Y
(VW − 3Wφ)+ 1

ΘY
(VWY − 2WYΦ)+ f3, (4.9c)

F4 = −ΘYY

Θ2
Y

V − 1
ΘY

VY . (4.9d)
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Here

f2 =
∞∑

n=−∞

Θ
2/3
Y

u1/3
Y α†2

{(
|p̃(n)Φ |2

(Φ + U)2

)
Φ

+ β†

(
β†p̃(n)Φ p̃(n)∗Z
(Φ + U)2

)
Z

}
+ c.c.,

f3 =
∞∑

n=−∞

Θ
2/3
Y

u1/3
Y α†2

{(
β†p̃(n)Φ p̃(n)∗Z
(Φ + U)2

)
Φ

+ β†

(
β†2|p̃(n)Z |2
(Φ + U)2

)
Z

}
+ c.c.,

are associated with the wave Reynolds stress outside of the critical layer. The above
perturbed roll–streak equations must once again be solved subject to periodicity in Z.
We do not write down the perturbed wave pressure equation because it is readily shown
that, whatever the symmetries, the perturbed wave pressure equation does not enter the
perturbed jump conditions and so we need not consider it here.

We see that the normal and spanwise momentum equations are independent of the
streamwise momentum equation in (4.8), just as was the case for (2.7). The link between
the roll and streak equations must therefore come from the jump conditions. For the
mirror-symmetric mode, we can take the critical layers to be at Φ = 0,±1,±2, . . . and
so the boundary conditions in Φ can be most conveniently written in the form

U2(1, Z) = U2(0, Z), U2Φ(1, Z) = U2Φ(0, Z),

V2(1, Z) = V2(0, Z), V2Φ(1, Z) = V2Φ(0, Z),

W2Φ(1, Z) = W2Φ(0, Z),

and

W2(0, Z)− W2(1, Z) = β†

{
U2(0, Z)Ĵ(Z)
1 + UΦ(0, Z)

}
Z

, (4.10)

where the jump is derived in (A13) and Ĵ(Z) is the function defined in (2.10a–c).
The crucial point here is that the homogeneous form of (4.8) and the associated

boundary conditions now has a solution (U2,V2,W2,P2) = ∂Φ(U,V,W,P) representing
the translational invariance of the roll–streak flow. The outcome is that the inhomogeneous
problem specified by (4.8) and the associated boundary conditions require a solvability
condition to be satisfied; in the usual manner this is done by constructing the system adjoint
to the homogeneous problem. The adjoint is formed by multiplying the homogeneous form
of (4.8) by the adjoint function S = [S1, S2, S3, S4]T and integrating over 0 < Φ < 1,
0 < Z < 2π and integrating by parts. We find that the adjoint function must satisfy the
equation

(A − B − C + D
T + E

T)S = 0, (4.11)

together with the boundary conditions

S1(1, Z) = S1(0, Z), S1Φ(1, Z) = S1Φ(0, Z),

S2(1, Z) = S2(0, Z), S2Φ(1, Z) = S2Φ(0, Z),

S3(1, Z) = S3(0, Z), S3Φ(1, Z) = S3Φ(0, Z).

Moreover, S1, S2 are odd, S3, S4 are even with respect to the Φ = 0 axis.
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The solvability condition then takes the form

0 =
k=4∑
k=1

〈SkFk〉. (4.12)

Here we note that there is no energy input for S1 in (4.11) and, thus, S1 ≡ 0. Further using
(4.9) and the fact that β is constant, (4.12) may be written in the form

e1

(
α

ΘY

)
Y

+ e2

(
β

ΘY

)
Y

+ e3
ΘYY

ΘY
= 0, (4.13)

which is the second constraint of our interest. Here e1, e2, e3 are defined by

e1 = 〈S2(VVα† − 2Vα† + Pα†)+ S3(VWα† − 2WΦα†)+ S4Vα†〉, (4.14a)

e2 = 〈S2(VVβ† − 2Vβ† + Pβ†)+ S3(VWβ† − 2WΦβ†)+ S4Vβ†〉, (4.14b)

e3 = 〈S2(V2 − 3VΦ + 2P)+ S3(VW − 3WΦ)+ S4V〉, (4.14c)

and are functions of the slow variable Y through its dependence on α†, β†. Note that by
symmetry f2 and f3 do not contribute to the solvability. In the above set of equations, the
subscripts α†, β† denote the derivative with respect to the local wavenumbers and, hence,
in principle, the integrand can be computed by a parameter search of the local solutions
and the solution of the adjoint problem (4.11).

Although the evolution (4.13) has been derived for the mirror-symmetric mode, the
essential structure of the equation is unchanged for other symmetries. In any case,
the evaluation of the integrals appearing in the definitions above requires the solution of
the adjoint partial differential equations. That rather daunting calculation is not discussed
here but in the next section, where we will see that important conclusions regarding the
possibility of a totally self-similar state consistent with the attached eddy hypothesis can
be drawn without doing so.

We now have sufficient information to see how the canonical vertically localised states
may be moved close enough together for them to interact. We recall that we have three
unknown functions uY ,ΘY , α and the two evolution equations (4.7) and (4.13) linking
those functions. If we think of each VWI cell as being initially far away from its neighbours
to interact it seems most natural to determine how the mean flow u and wavenumber
distribution change in order to support the mutual interaction. In other words, it is perhaps
more natural to specify ΘY and determine uY , α from the two evolution equations.

4.2. Self-similar coherent structures with logarithmic mean flow profile
Here we shall explore the role of the VWI arrays in the logarithmic layer by seeking
self-similar distributed solutions consistent with the attached eddy hypothesis. Firstly we
note that the attached eddy hypothesis requires that the dominant streamwise and spanwise
wavelengths vary linearly with distance from the wall. The apparently insurmountable
constraint not permitting self-similarity is that the spanwise wavenumber β is a constant
so the spanwise variation cannot be self-similar with respect to Y . So at first consideration
it appears that the slowly varying distributed structures we have constructed are not
consistent with the hypothesis; the key to the resolution is the consideration of the local
VWI array solutions fully isolated in the spanwise direction. Thus, we will see that
self-similarity is achieved when the spanwise variations of the roll–streak structure are
no longer influenced by the distant periodic constraint in the spanwise direction.
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We have already seen such isolated solutions indeed exist in § 3.2, and confirmed that
their flow structure becomes insensitive to the change of β† for any choice of sufficiently
small β†. First we note that from the invariance of the isolated flow structure against β†,
we can derive the asymptotic properties

σ → β†σ0(α
†),

e1

e3
→ B1(α

†),
e2

e3
→ B2(α

†)

β† (4.15a–c)

as β† → 0. The scaling law for σ is essentially the mean flow scaling found in Deguchi
et al. (2013), where the asymptotic behaviour was observed for β† numerically smaller
than unity. It can be deduced by recalling that σ = −〈UV〉, where 〈 〉 denotes the average
over the periodic box. If UV is only non-zero for an O(1) spanwise region of the domain
and the rest of O(1/β†) region does not contribute to the average, obviously the scaling
above is expected. The other two scaling laws can be similarly deduced from (4.14).

Noting that complete self-similarity in the global problem is only achieved if the local
streamwise wavelength is everywhere constrained such that α† is a constant, we find that
in the limit (4.15a–c) the evolution (4.7) and (4.13) reduce to

uYY + σ0β

(
uY

ΘY

)
Y

= 0, (4.16)

(1 − B2)
ΘYY

ΘY
= 0, (4.17)

respectively. From the second evolution (4.17) we see that the self-similar roll–streak field
is possible only if

B2(α
†) = 1, (4.18)

which fixes the values of α† permitting self-similarity. If the flow is to be consistent with
the attached eddy hypothesis, then the cell depth must locally scale linearly in Y . Thus, we
choose the vertical wavenumber

ΘY = 1/(Y − Y0), (4.19)

assuming that the self-similarity begins at Y = Y0. For spanwise-isolated local solutions,
whatever the value of β† is, the typical streamwise and spanwise scales are comparable to
the depth of the vertical domain. Thus, (4.19) implies that in the global problem the cell
depth and the typical spanwise and streamwise length scales of the equilibrium structure all
vary like Y − Y0, and, hence, the size variation of the VWI array is the same as envisaged
in the attached eddy hypothesis.

Given a choice of Θ(Y) and a spanwise-isolated solution of the canonical VWI array
problem, we are able to construct a self-similar solution in terms of the wall-unit variables
y, z. As an illustrative example, in figure 7 we show the global flow structure inferred
by the local leading-order solution seen in figure 4 and the distribution Θ = ln Y . In
order to explain how that picture was generated, let us write ( y, z) used in §§ 2 and
3 as (ŷ, ẑ) to avoid confusion. The choice of Θ means that ΘY = Y−1, i.e. Y0 = 0 in
(4.19) and the self-similarity begins at y = 0. From (4.6), the local wavenumber varies like
β† = βY . Further using the two definitions of Z introduced in §§ 2 and 4, we have the
relationship Z = (ε

3
5 )βz = β†ẑ = βεyẑ, while for the vertical coordinate, we can simply
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Distributed vortex-wave interactions

Figure 7. The roll stream function of the self-similar solution in the wall-unit coordinate ( y, z). The isolated
solution shown in figure 4 is used together with Θ = ln Y and ε = 0.001. The horizontal coordinate is z ∈
[0, 1200], the vertical coordinate is y ∈ [50, 500].

use the definition of Φ (which equals ŷ) to deduce

ŷ = ln y

ε
2
5
, ẑ = z

ε
2
5 y
,

from which we can find the flow at any point in the y–z plane through the local array
solution at (ŷ, ẑ). As may be seen in figure 4, self-similarity consistent with the attached
eddy hypothesis can indeed be reached with the isolated solutions.

Note that we have not solved for the adjoint problem and so we can only assume here
that the condition (4.18) may be achieved at some α†. On the assumption that α† satisfying
(4.18) exists, the mean flow (4.16) can be integrated to yield

u(Y) = C1 ln
(

Y − Y0 + 1
σ0β

)
+ C2, (4.20)

where C1,C2 are integration constants.
Therefore, by writing the mean part of u as um( y) = ε−1u(Y), we can see that the

self-similar VWI array leads naturally to the Kármán law of the wall

um( y) = 1
κ

ln y + C, (4.21)

in which we have chosen

Y0 = 1
σ0β

. (4.22)

We remark here that this choice and the linear wall-normal variation of the eddy length
scale are assumptions to yield the log-law, although they seem physically reasonable. The
use of those assumptions may conversely be justified by certain special scale invariances
of the logarithmic profile, e.g. as noted in Moarref et al. (2013) and H18, but we do not go
into detail here.

The Kármán constant κ appearing in (4.21) may be found by solving the matching
problem which connects the solution in what we believe to be the logarithmic layer to
the adjacent regions such as the buffer and/or wake layers. The conclusion is therefore
that our self-similar VWI structure does lead to the law of the wall, but the associated
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y

y = Yc/ε

O(ε–3/5)

O(ε–1)

y = Y0/ε

z

Logarithmic

layer

Figure 8. Schematic of coherent structures in near-wall turbulent boundary layers, with distances given in wall
units. The self-similar VWI eddies of size O(ε−3/5) produce a logarithmic mean flow profile in a layer of depth
O(ε−1). At the lower bound of the logarithmic layer, the eddy size reaches the Kolmogorov microscale O(1).
At the other bound y = Yc/ε, isolated eddies begin to interact with each other and, thus, self-similarity must
be destroyed. The global flow has a spanwise period 2π/βε3/5.

value of the Kármán constant can only be fixed by a more complete matched asymptotic
expansion of the entire flow. This outcome is slightly disappointing but the structure we
have constructed is arguably the first nonlinear equilibrium state built from slowly varying
SSP or VWI states shown to be consistent with the law of the wall and the attached eddy
hypothesis.

Although such a matching problem is out of the scope of the present study, it is
nevertheless interesting to see how the self-similar structure breaks down on exiting the
logarithmic layer. As remarked earlier, the self-similarity starts at Y = Y0 meaning that the
roll cell size formally shrink to zero there; see figure 8. However, the VWI theory breaks
down before reaching this position. When the roll cell size becomes O(1) in the wall
unit, the flow reaches the Kolmogorov microscale and, hence, the assumption used for the
VWI array theory that the cell size is asymptotically large in the wall unit is not satisfied.
Since the size of the roll cell varies like (δ/ε)(Y − Y0), the VWI array is terminated at
slightly (O(ε3/4) in Y) above the location Y = Y0. The small-scale flows may persist all
the way down to the viscous sublayer, and here the localised solutions at the Kolmogorov
microscale found by Deguchi (2015), Eckhardt & Zammert (2018) and Yang et al. (2019),
or their distributed form, (see Yang, Willis & Hwang 2018) would be relevant.

The opposite end of the logarithmic region can be found by recalling that in the
canonical VWI array problem localisation is possible only when β† is sufficiently small
(i.e. the spanwise dimension of the periodic box is large in the local problem). Thus, when
β† becomes sufficiently large and reaches a critical value, β†

c say, the spanwise-isolated
coherent structures originally placed at a large distance apart begin to interact with each
other. If this saturation occurs in the global problem the flow should deviate from the
self-similar state and, hence, the wake region may appear. Since the local wavenumber
varies like β† = β(Y − Y0), the vertical position in Y at which the self-similarity halts can
be estimated as

Yc = Y0 + β†
c

β
= (1 + σ0β

†
c )Y0. (4.23)
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Distributed vortex-wave interactions

Here we recall that the slow evolution equations imply that the vertical mean flow variation
is determined by the wavenumber dependence of the local solution, and we used the
asymptotic behaviour of the isolated solution in the limit of β† → 0 to deduce the
logarithmic mean flow profile. Thus, if the isolated structure were only occurring in an
extremely wide box, so that β†

c is extremely small, the depth of the logarithmic layer would
have been very thin, as expected from (4.23). This is not the case at least for the isolated
solution shown in figure 4, where σ0 ≈ 0.437 and β†

c ≈ 1.5 yield the ratio Yc/Y0 ≈ 1.66.
This number is still not too large, but we note that the isolated solution on which we have
based the above discussion would not be the only possible isolated state of the canonical
VWI array problem. The ratio also depends on σ0. The main reason why that value is
not so large for our solution is that the coherent structure possesses the character of the
typical lower-branch solutions (see figure 4). However, in view of the substantial evidence
of the existence of uniform momentum zones in near-wall turbulence (Meinhart & Adrian
1995; Adrian, Meinhart & Tomkins 2000), there may also be isolated solutions of the
upper-branch type, and they would play more major roles in the flow dynamics. For such
upper-branch-type solutions, as seen in figure 5, the momentum transfer σ is much larger,
and, hence, the logarithmic law will be valid for a wider range of Y .

5. Discussion and conclusions

We have found a number of connections between the VWI array theory and multiple-scale
coherent structures typically seen in near-wall turbulent boundary layers. The coherent
structures at a local position can be found by the canonical triply periodic problem,
defined in § 2, that exactly corresponds to the high-Reynolds-number limit of the shearing
box problem. The global distribution of the vortex array can be determined through the
multiple-scale analysis developed in § 4. Unlike other turbulent flow analyses only a few
assumptions are employed, the main assumptions being the largeness of the Reynolds
number and the travelling wave form of the local coherent structures. The model is fully
nonlinear and there is a strong interaction between the coherent structures and mean flow.
Therefore, the key significance of the distributed VWI structure discussed in H18 and
herein is that it is the first closed large-Reynolds-number Navier–Stokes-based analysis of
near-wall coherent structures. The main outcome of the analysis is that the overall mean
state in which the structure develops is fixed by its slow dynamics so that the shape of the
mean profile is determined by the nature of the interaction.

In § 3 we demonstrated that the canonical triply periodic VWI problem has various
solutions with character typical of coherent structures observed in a number of
previous shear flow studies. Two symmetries were used; the first symmetry used is the
mirror-symmetric mode that can be captured by imposing (3.2) and the vertical periodic
condition to the roll–streak part, so that the generated wave satisfies the symmetries seen in
the plane Couette flow counterpart (3.1). The symmetry (3.2) naturally yields flat critical
layers as observed in the plane Couette solution of Itano & Generalis (2009), EQ7/EQ8 of
Gibson et al. (2009), and indeed implemented in the limited numerical VWI array results
given in H18.

For the second symmetry, here referred to as the sinuous mode, the wave possesses
spanwise-wavy critical layers, known to be relevant for the more dynamically important
kind of coherent structures (e.g. the Nagata–Busse–Clever solution in plane Couette flow).
To generate the sinuous-type coherent structures, only the first two roll–streak symmetries
((3.2a), (3.2b)) are imposed, together with the shifted periodic condition (3.3). The
periodic VWI array produced in that process has four periodic counter-rotating cells in two
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fundamental boxes corresponding to one spanwise and one vertical wavelength, meaning
that it is equivalent to a VWI description with two waves present in each periodic cell.

Here let us briefly consider the role of the vertical phase shift of the roll cells in more
detail. Suppose we imagine an infinite array of VWI states spaced equally in the y direction
but sufficiently far apart that they do not interact with each other, as seen in Blackburn et al.
(2013). If the distance between the coherent structures is decreased there will be a mutual
strong nonlinear interaction between them and the nature of the interaction will depend
on the relative spanwise phase of neighbouring cells. If the separation of the coherent
structures is sufficiently large then, whatever the spanwise distribution of the phases,
there will always be a solution of the associated distributed VWI problem. However, it
is possible that as the separation decreases the possible distributions of spanwise phases
will change. The sinuous-mode scenario corresponds to the rolls initially having a phase
difference of π between them so that as the rolls approach each other there is less
interference between the cells. However, there is no reason to suppose there are many
other possible structures associated with particular phase distributions. The measurements
in turbulent shear flows, see, for example, Hutchins & Marusic (2007), showing that the
spanwise phase varies with both time and y, suggests the possible existence of VWI arrays
in which the spanwise phase varies periodically in time.

Another possibility exists, in which there is no phase difference between neighbouring
cells when they are initially far apart. As the cells become closer, the roll–streak flows
connect and the most relevant natural symmetries to be satisfied are ((3.2a), (3.2b)) with
the usual vertical periodic condition (3.2c). Our fixed-point iteration solver with those
symmetries generates contours of the streak flow that take on a chevron-type pattern
reminiscent of that seen in the shearing box computation of Sekimoto & Jiménez (2017). A
representative solution for the chevron mode at α† = 2, β† = π, Rf = 10 × 103 is shown
in figure 9. We note that this is a case in which the influence of the wave Reynolds stress
extends beyond the central computational module and, for these computations, we have
chosen N = 1, such that each roll experiences driving from three waves (see § 2.2). The
remarkable similarity of the profile given in figures 9 and 3 of Sekimoto & Jiménez (2017)
may reinforce our finding in the present work that at high Reynolds numbers the periodic
shearing box model reduces to the VWI array structure proposed in H18. However, there
is a caveat to our solution; unfortunately, the numerical convergence of the chevron mode
is not as good as for the mirror-symmetric and sinuous modes. A similar difficulty was
experienced in the Navier–Stokes computation of the shearing box solution, and this is
partially the reason why the Smagorinsky turbulence model was used in Sekimoto &
Jiménez (2017). Whether our quasi-solution gives a quantitative prediction of the full
Navier–Stokes solution is also an open issue.

As summarised in § 1, it has become apparent in recent years that numerically exact
solutions of the Navier–Stokes equations identified by numerical and/or asymptotic
techniques play key roles in both the processes by which a flow becomes turbulent and
the nature of the ensuing fully developed turbulence. Therefore, the various solutions
found in § 3 may be regarded as fundamental building blocks with which to understand
near-wall coherent structures seen in many experiments. Despite the reduced form of the
locally periodic VWI problem derived from the Navier–Stokes equations, results presented
in § 3 reveal that its solutions possess surprisingly rich patterns. The patterns found here
remarkably include characteristics typical of near-wall turbulent coherent structures such
as spatial intermittency and uniform momentum zones, thereby suggesting that the VWI
problem has enough structure to describe many key aspects of near-wall turbulence, e.g.
observed by Meinhart & Adrian (1995), Adrian et al. (2000), de Silva et al. (2016, 2017)
and Laskari et al. (2018).
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(b)(a) (c) (d )

Figure 9. A lower-branch solution for the chevron mode at α† = 2, β† = π, Rf = 10 × 103. Panels as for
figure 2.

In Deguchi & Hall (2014c) the emergence of the homogenised zone in the
numerical equilibrium solution of plane Couette flow was briefly explained by using the
Prandtl–Batchelor theorem (Batchelor 1956). When the convective effect in the roll–streak
equations dominates the viscous effect, it is straightforward to show that in the region
where the roll streamline is closed the values of the total streak ( y + U) and the roll
vorticity (Vz − Wy) become constant. Since, strictly speaking, such a homogenisation
cannot be realised in the VWI framework owing to the assumed convective–viscous
balance in the roll–streak, whether or not a relevant new asymptotic regime exists is an
open question. A clean analytic roll solution in the homogenised zone can be found in a
manner similar to the natural convection problem, e.g. analysed by Robinson (1967), and
certainly that is consistent with the numerical observation. However, an identification of
the precise mechanism by which the strong roll circulation is driven by the wave activity
was numerically difficult.

Recently, Montemuro et al. (2020) constructed a reduced model system for infinite
homogeneous shear flow assuming that the Prandtl–Batchelor inertial structure is driven
by very fine-scale waves generated in the shear layer between two homogenised zones.
Here we remark that owing to the reasons that follow, their flow field is quite different
to the typical upper-branch flow structures seen in many previous Navier–Stokes and our
hybrid computations. First, in Montemuro et al. (2020) the wave speed is assumed to be
sufficiently different from the homogenised speed such as to place the critical layer in
the shear layer. However, for the upper-branch solutions, the wave speed is typically very
close to the homogenised streak speed. In particular, for the sinuous mode, both speeds
are zero in the central module, owing to symmetry. Second, as shown in Montemuro
et al. (2020), the upper-branch solutions in plane Couette flow, which superficially exhibit
uniform momentum zones with shear layers, do not scale with the Reynolds number; that
is, the shear layers do not thin as the Reynolds number is increased and there is not strict
homogenisation of the streak. In fact, these Reynolds-number-independent attributes of the
streak accord perfectly with the predictions of VWI theory – but for that reason, in VWI
theory perfect homogenisation does not occur. Third, Montemuro et al. (2020) adopted an
asymptotically large streamwise wavenumber, while it is an O(1) number in the VWI. One
might anticipate that by increasing the streamwise wavenumber of our VWI solutions the
inertial regime envisioned by Montemuro et al. (2020) would be achieved, but as seen in
figure 5, this was not possible owing to the saddle-node point.

In § 4 the distributed VWI array problem was reformulated in localised wall-layer
variables. That approach was motivated by the widely held belief that in the logarithmic
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layer of turbulent shear flows, the flow is in some sense generic and not influenced by the
external geometry or flow. Within the wall-unit formulation the Reynolds number is unity
and so the distance from the wall serves as the large parameter in the asymptotic problem.
Our asymptotic analysis is carried out in terms of a parameter L = 1/ε representing the
depth of the fluid layer where the analysis is valid. We do not relate ε � 1 to any Reynolds
number associated with the flow in a particular configuration; however, it can be inferred
from many experimental results that ε becomes smaller as Reτ increases. We have shown
in § 4.2 that when the mean pressure gradient driving the base flow is sufficiently small,
i.e. K in (4.4d) is smaller than O(ε), the logarithmic law can be derived in this layer by
taking the distribution of the normal wavenumber of the self-similar coherent structures
as (4.19).

A potential objection to the description of near-wall flows in § 4.2 is that the mean
flow momentum equation (4.7), or its alternative form (4.16), expresses a balance between
gradients of viscous and Reynolds stresses and does not account for possible contributions
from forcing terms such as the streamwise pressure gradient (as occurs in turbulent pipe
and channel flows), or mean advection (as in zero pressure gradient boundary layers).
The assumption K � O(ε) made in § 4.2 implies that we are mostly concerned with
the logarithmic region near the wall where the shear stress gradient balance is dominant
compared with the body force effect. This balance is relevant up to the so-called mesolayer
y+ ∼ O(

√
Reτ ), as demonstrated by Wei et al. (2005) and Klewicki (2013).

One may therefore think that the omission of body force leads to difficulty in explaining
logarithmic behaviour in the regions of the outer layer more remote from the wall, since
it is well established by analyses of a number of experiments and numerical computations
that the mean viscous stress gradient is negligible compared with the gradient of Reynolds
stress and the body force there; see, e.g. Wei et al. (2005). However, the objection may
be surmounted by assuming K ∼ O(ε), in which case one must add a constant (K0,
say) to the right-hand side of the mean flow (4.16). Even in this modified equation,
the logarithmic law (4.21) can still be found by choosing the vertical wavenumber
distribution as ΘY = 1/[K0Y2/(σ0βC1)+ Y − Y0], instead of (4.19). Interestingly, the
viscous term uYY = −C1/Y2 then eventually becomes sub-dominant compared with the
pressure-gradient term K0 when Y is large, while the usual Millikan-type argument can be
used for small Y, consistent with the observations made by Wei et al. (2005).

The basic scales and interactions in the present work remain the same as in the
multiple-scale analysis by H18 but we now find a second ‘master’ or ‘slow’ equation
that was not uncovered in that earlier work. The two slow equations govern the overall
variation of the flow in the y direction and time, and, hence, just one of the distributions in
y of the box depth, mean flow or local streamwise wavenumber needs to be specified. An
important by-product in deducing the second slow evolution equation is that if the depth of
the logarithmic layer measured in wall units is L, the typical size of the roll cells in the layer
scales like O(L3/5). Testing whether experimentally/numerically generated turbulence at
various Reynolds numbers satisfies that scaling law may be a feasible task.

The slow equations also led us to construct a self-similar distribution of the coherent
structures in the logarithmically varying mean flow consistent with the attached eddy
hypothesis of Townsend (1951). Self-similarity of the coherent structures in all three
spatial directions as constructed here relies on the existence of spanwise-isolated solutions
in the canonical local VWI problem, as found in § 3.2. When the local sizes of such
coherent structures are varied in direct proportion to distance from the wall, the associated
variation of momentum transport gives a mean flow profile of logarithmic type. We remark
that although our self-similar solution possesses the scalings predicted by the attached
eddy hypothesis, technically the precise relation between the two sets of ideas is rather
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ambiguous in the nature by which the eddies extend to the wall. The eddies which provide
the name for Townsend’s hypothesis are assumed to be both self-similar and attached to the
wall (see, e.g. figure 1 in Hwang 2015) while our figure 8 shows eddies that are detached
from the wall. As discussed by Marusic & Monty (2019), one cannot easily reconcile the
notion of an infinite regression of self-similar eddies to the presence of a viscous near-wall
region of finite depth.

The linear scaling of the eddies is certainly observed in wall turbulence, but the reasons
why it occurs are debatable. Recently the role of the wall in the transition of the eddy size
from inner scale to outer scale was studied in various meticulously configured numerical
simulations. Mizuno & Jiménez (2013) used modified shear-periodic conditions to impose
the vertical variation of the eddy size in the shearing box. An important implication
of their result is that rather than the distance to the wall, a mixing length determined
by the mean local shear determines the characteristic length scale of the eddies. More
recently, Lozano-Durán & Bae (2019) arrived at a similar conclusion using modified direct
numerical simulations of a channel flow. Sekimoto et al. (2016) showed that the local
eddy structure of near-wall turbulence can be generated even in the usual shearing box
simulation, if the result is suitably rescaled around the local part of the mean flow. All of
the above studies result in Townsend’s scaling, but the assumed eddy structure is closer to
our self-similar solution rather than that originally envisaged by Townsend’s hypothesis.

In the present work we have extended the asymptotic analysis of H18 to yield the
asymptotic properties of the near-wall turbulent boundary layers from first principles.
Admittedly, much work has been left for the future. For example, interesting as it would
be, we have not attempted here to solve the slow evolution problem for more general
wavenumber distributions. The singular nature of the asymptotic problem renders the task
overly demanding from a numerical point of view. Moreover, the question of how the
constant in the asymptotic formulation equivalent to the Kármán constant might be fixed
was not addressed. The matching problem of the present logarithmic layer solution with
the wall, buffer and wake layers seems to be the most important remaining unresolved
problem. The problem might also reveal the dependence of the thickness L on the Reynolds
number.
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Appendix A. The jumps across the critical layer

It is sufficient to analyse the wave with n = 0; hereafter we omit the superscript (n)
appearing in the expansion (4.4). Without loss of generality, we can set Φ0 = 0. The
functions (uw, vw,ww, pw) are expanded as

uw = εΘY

δ

ρp

uY
E{u1w(Φ, Y, Z)+ δu2w(Φ, Y, Z)+ · · · } + c.c., (A1a)

vw = εΘY

δ

ρp

uY
E{v1w(Φ, Y, Z)+ δv2w(Φ, Y, Z)+ · · · } + c.c., (A1b)
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ww = εΘY

δ

ρp

uY
E{w1w(Φ, Y, Z)+ δw2w(Φ, Y, Z)+ · · · } + c.c., (A1c)

pw = ρpE{p1w(Φ, Y, Z)+ δp2w(Φ, Y, Z)+ · · · } + c.c., (A1d)

where δ = ε2/5 is the typical scale of the vertical cell depth measured in the Y coordinate
(so the depth measured in y is O(ε−3/5)). Here, for the sake of clarity, the wave pressure
amplitude ρp is not rescaled to be an O(ε0) quantity. We shall shortly see that the amplitude
can be fixed through the roll–wave balance within the critical layer.

Around Y = Y0, the mean flow can be approximated as

u(Y)− u(Y0) ≈ δ
uY

ΘY
{Φ + δqΦ2 + · · · }, (A2)

where q(Z) is (2ΘY)
−1[(uYY/uY)− (ΘYY/ΘY)] evaluated at Y = Yn. The convective

operator ∂t + u∂x acting on the wave becomes

iα†uY{(Φ + U1)+ δ(qΦ2 + U2)+ · · · }, (A3)

while the viscous operator becomes(
εΘY

δ

)2

(∂2
X + ∂2

Φ + ∂2
Z)+ · · · . (A4)

Thus, in the majority of the flow the viscous effect is subdominant in the wave equations
and, thus, they can be reduced to the Rayleigh equation (2.7e).

However, near the critical level where (Φ + U1) vanishes, we must retain the viscous
term. The balance of (A3) and (A4) suggests that the ‘effective Reynolds number’ Reff of
the wave equations can be found as Reff = uY(εΘY/δ)

−2. Thus, the critical layer thickness
measured in y can be found as

Δ ≡ R−1/3
eff = O((ε/δ)2/3). (A5)

For the distinguished limit δ = ε2/5, we have Δ = ε2/5. (Recall that δ is the relative
thickness of the cell depth. In terms of y, the critical layer thickness Δ is thinner than
the cell depth δ/ε.) In the following, δ/Δ is unity but we leave it as is in order to clarify
the derivation.

For the mirror-symmetry mode, the critical layer becomes flat and sits at Y = Yn. The
symmetry of that mode implies that, with respect to the Φ = 0 axis, U1,V1 are odd, and
P1,W1, p1w are even (in addition, p1w is purely real). The next order components have
opposite parity; for example, U2,V2 are even, P2,W2 are odd.

Now we analyse the flow around the critical level Φ = 0. The local expansion of the
streaks around the critical level can be found as

Φ + U1 = λ1Φ + · · · , δ(qΦ2 + U2) = λ0 + · · · , (A6a,b)

where

λ1 = (1 + U1Φ |Φ=0), λ0 = U2|Φ=0. (A7a,b)

In terms of the stretched normal variable N = Δ−1Φ, the z component of the roll expands

W1 = W10 +ΔW11(N , Z)+ · · · , W2 = W20(N , Z)+ · · · . (A8a)
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Also, the inner wave expansions are

w1w = Δ−1w10(N , Z)+ · · · , w2w = Δ−2w20(N , Z)+ · · · , (A8b)

p1w = p10(Z)+ · · · , p2w = Δp20(N , Z)+ · · · . (A8c)

Within the critical layer, the spanwise wave equation becomes

0 = {iα†λ1Nw10 + β†p10Z − w10NN }

+ δ

Δ
{iα†(λ1Nw20 + λ0w10)− w20NN } + · · · . (A9)

To find the jump we must solve the wave equation. We introduce a new variable ζ =
(iα†λ1)

1/3N and a function

S(ζ ) = −i2/3
∫ ∞

0
exp

(
− t3

3
− i2/3ζ t

)
dt (A10)

that satisfies S′′ − ζS = 1 and S → −ζ−1 for N → ±∞. Then (A9) can be solved as

w10 = β†p10Z

(iα†λ1)2/3
S(ζ ), w20 = iα†λ0β

†p10Z

(iα†λ1)4/3
S′(ζ ). (A11a,b)

In the z component of the roll equation, the critical layer balance is like wyy ≈ (w2)z,
where the roll component contributes to the left-hand side and the wave component
contributes to the right-hand side. Using the critical layer expansions (A8),

(
εΘY

δ

)3

Δ−1(W11NN + δ

Δ
W20NN )

≈ ρ2
p

u2
YΔ

2

(
εΘY

δ

)3

2β†(|w10|2 + δ

Δ
{w10w∗

20 + w∗
10w20})Z .

Here by setting

ρp = uYΔ
1/2 = ρu5/6

Y

(
εΘY

δ

)1/3

, (A12)

the balance is achieved and so we get the wave pressure expansion (4.4e) from (A1d).
Using the solutions (A11a,b), the jumps can be obtained as

[W1N ]+− =
∫ ∞

−∞
2{|w10|2}ZdN = β†

{
n0ρ

2β†2|p10Z|2
(α†2λ1)5/3

}
Z
, (A13a)

[W2]+− =
∫ ∞

−∞

∫ N∗

−∞
2{w10w∗

20 + w∗
10w20}ZdN dN∗

= β†
{
λ0

λ1

n0ρ
2β†2|p10Z|2
(α†2λ1)5/3

}
Z
, (A13b)

where n0 is the constant defined in (2.9a,b). From those results we arrive at the conditions
(2.10a–c) and (4.10).
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