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Abstract Suppose that G is a connected reductive algebraic group defined over R, G(R) is its group
of real points, 6 is an automorphism of G, and w is a quasicharacter of G(R). Kottwitz and Shelstad
defined endoscopic data associated to (G, 6, w), and conjectured a matching of orbital integrals between
functions on G(R) and its endoscopic groups. This matching has been proved by Shelstad, and it yields a
dual map on stable distributions. We express the values of this dual map on stable tempered characters
as a linear combination of twisted characters, under some additional hypotheses on G and 6.
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1. Introduction

The theory of endoscopy expresses the harmonic analysis of an algebraic group in terms
of the harmonic analysis of smaller so-called endoscopic groups. The group in the present
work is a connected reductive algebraic group G defined over R, and the endoscopic
groups are denoted by H. Actually, an endoscopic group is only a part of an endoscopic
datum upon which the analytic comparison depends, but we shall overlook this briefly.
In standard endoscopy there are several established identities connecting the harmonic
analysis of G to H. These identities rely on correspondences between the conjugacy
classes of the groups G and H. Perhaps the most basic identities are of the form

D0, (fu) =) AW, 8)0s5(f), feCP(GR)) (1.1)
14 )

[34, Theorem 14.3]. Here, O. denotes an orbital integral, y a conjugacy class of H(R)
which corresponds to a conjugacy class § in G(R), A(y,§) are scalars, and fy €
CX(H(R)). The sum on the left runs over the representatives of a stable conjugacy
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class. An alternative way of expressing (1.1) is that, for any @ in the space of orbital
integrals on G(R),

Trans(®) := Z A(, )P (5)
s

lies in the space of stable orbital integrals on H(R). The map Trans is typically called
geometric transfer.

The transpose of geometric transfer is a map from stable distributions on H(R) to
invariant distributions on G(R). This is what is meant by spectral transfer. Tempered
spectral transfer identities are dual to the geometric identities above, and have the basic
form

Y O (fm) =) A@n.mOx(f), feCIGR). (1.2)

7€y well,

Here, the orbital integrals are replaced by Harish-Chandra’s characters ®. of tempered
representations in L-packets. The terms A(pg,w) are scalars called spectral transfer
factors. They are defined relative to the geometric transfer factors A(y,8) given in (1.1).
The definition of these factors and the proofs of these identities were given by Shelstad
originally in [33], and revised more recently in [34, 36].

In twisted endoscopy, the group G is supplied with an algebraic automorphism 6 and
a continuous quasicharacter w of G(R). The endoscopic groups H are influenced by the
twisting data (6, w). So too are the underlying conjugacy classes and representations. The
foundations of twisted endoscopy were set down by Kottwitz and Shelstad in [20]. They
included a conjectural twisted geometric transfer identity extending (1.1). This geometric
transfer identity was proved recently by Shelstad in the real case [37].

Extensions of (1.2) to base change were proved in [7, 10, 11]. More generally, the real
twisted version of (1.2) was proved in [28] under the assumptions that @ was trivial, 8 was
of finite order, and the L-packets consisted of (essential limits of) discrete series. There
was one further technical assumption in [28] which we will give later. The purpose of
this paper is to extend (1.2) to the twisted context only under this technical assumption
and the assumption that 6 acts semisimply on the centre of G. Our extension of (1.2)
is given in Theorem 6.7. We will give just enough background for a precise statement of
this theorem, and then discuss its proof.

Suppose that 6 is an algebraic automorphism of G which is defined over R. The technical
assumption alluded to above requires us to specify a quasisplit group G* in the inner
class of G. By definition, the group G* has an R-splitting spl;+, and there is an inner
twisting ¥ : G — G*. On may choose gg € G* such that 6* = Int(gg)0y ' preserves
splg+. One may also choose u, € G* such that Int(u,) = Yoy "'o~! for the non-trivial
automorphism o € Gal(C/R). In fact, one chooses gy and u, in G, the simply connected
covering group of the derived group of G*, with the interior automorphisms interpreted
correctly [20, 1.2 and 3.1]. It turns out that

o> goue0(89) 0% (ug) ™! (1.3)
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determines a one-cocycle in the 6*-coinvariants of the centre of G¥, [20, Lemma 3.1.A].
Our technical assumption is that this cocycle is a coboundary. The assumption is
satisfied for quasisplit G when 6 fixes an R-splitting. In particular, it is satisfied for
the automorphisms 6(N) and 6 appearing in [1].

The remaining background for the main theorem pertains to twisted endoscopy, and we
expect that the reader has some familiarity with this. Let (H, H, S, &) be an endoscopic
datum for (G, 8, w) [20, 2.1], and (H|, £n,) be a corresponding z-pair [20, 2.2]. The group
H\ is a z-extension of H with centre Z;. For every f € C2°(G(R)), there exists a smooth
function fm, on H;(R) with matching orbital integrals [37], (5.5.1) [20]. Let ¢ g, be a
tempered L-parameter for Hi, and ¢p, € ¢ g, be an admissible homomorphism. One
may define a tempered admissible homomorphism ¢ of G by composing ¢y, with £ o & I;l
[28, 6]. By the local Langlands correspondence, there are L-packets of (equivalence classes
of) irreducible tempered representations Iy, and I, attached to (the L-parameters of)
o, and ¢, respectively [26]. For each representation g, € 1'I<le , we have a distribution
character ®],H1 If e I, is equivalent to w @ w 0 6 via an intertwining operator Ty, then
one may define a distribution character ®, 1 which is twisted by T [28, 5.2]. Otherwise,
we set O, 1, =0.

Theorem 1.1 (Main Theorem). Suppose that 6 acts semisimply on the centre of G, and
that the cocycle defined by (1.3) is a coboundary. Then there exist spectral transfer factors

Alpn,,m)eC, mell,

such that

() Y Ony (dh= " Apm, 10T, (f)

JTHIEH¢H1 well,

/;11(R)/21(R)

for all f € C(G(R)).

The crux of this theorem is to produce explicit spectral transfer factors so that the
desired identity holds. Although we have done this, we must stress that the transfer
factors are defined without showing that they are canonical. Indeed, there are certain
choices made in the definition of these transfer factors [28, 6.3], and one wishes to
show that the transfer factors are independent of these choices. This type of canonicity
holds for geometric transfer factors [20, §4.6], and the analogous canonicity for spectral
transfer factors is to be expected (see [31] and [36, §12]). One would also expect a form
of Whittaker normalization for the twisted spectral transfer factors [20, 5.3], [36, 11].
Rather than trying to cull canonicity and normalization from the complicated spectral
transfer factors used here, it would be better to develop a theory that parallels the one
given in [36].

Before turning to a discussion of the proof of the main theorem, let us comment
on the aforementioned technical assumption on (1.3). It does not seem to be relevant
to expected applications, and it simplifies the setting for it avoids any twisting of the
endoscopic groups (see [20, 5.4]). However, the cocycle of (1.3) appears to be an essential
feature of twisted endoscopy, and future work in this area should accommodate it.
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Let us turn to the proof of the main theorem. The proof relies on [28], where w was
taken to be trivial and 6 was taken to be of finite order. These assumptions were made
on w and 6 in order to satisfy the hypotheses of a twisted version of Harish-Chandra’s
uniqueness theorem [29, Theorem 15.1], [28, Theorem 1]. This twisted uniqueness theorem
has been extended here in appendix A to allow for arbitrary w and 6. The assumption
of 6 being semisimple on the centre remains due to changes of variable [28, Corollary 1].

The passage from (essential limits of) discrete series to tempered representations in
the proof of the main theorem in standard endoscopy employs a simple application of
Harish-Chandra’s method of parabolic descent [36, 14]. To see that something more
is required in the twisted case, consider the example of G(R) = SL(3,R). Let w be
trivial, and set the automorphism 6 equal to the inverse-transpose map composed
with conjugation by a representative wg € SL(3, R) for the long element in the Weyl
group. The dual group G is equal to PGL(3, C). There is a tempered L-packet IT, attached
to the homomorphism ¢ : Wgr — G defined by

_ €0 0 _ 00 -1
e =101 0 Z,ré'eC*, ¢)=|(01 0 |Z.
0 0 10 0

Here, Z is the centre of GL(3, C), and Wr = C* U C* 0o is the real Weil group. The image
of ¢ is contained in the proper Levi subgroup

* 0 %
M = 010]|Z; =ZGL(Z2,0),
* 0 %

and this Levi subgroup is dual to the following Levi subgroup of SL(3, R):

* 0 %
MR) = 0x0 = GL(2,R).
* 0 %

Regarding ¢ as a homomorphism into M , one obtains an L-packet Il, » of discrete
series representations of M (R). In addition, the representations in I, are the irreducible
subrepresentations of the representations induced from Iy » [4, 11.3]. The element

00 —1
s=|01 0 |wyZ e PGL(3, C)
10 0

corresponds to an endoscopic group H(R) = PGL(2, R), and the tempered L-packet IT,
corresponds to an L-packet Iy, of discrete series representations [20, p. 24].

In standard endoscopy [34, 7], one may take the centralizer of the split component
of an elliptic maximal torus in H(R) to produce a Levi subgroup M*(R) C G(R) which
corresponds endoscopically to H(R) and yields an L-packet IT, p+ of discrete series.
One then uses parabolic descent to M*. Unfortunately, in our case the elliptic tori of
H(R) have trivial split component so M* = SL(3,R) and IT, y+ = I1, does not consist
of discrete series representations.

https://doi.org/10.1017/51474748014000437 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000437

Tempered spectral transfer in the twisted endoscopy of real groups 573

One might nevertheless associate H with the Levi subgroup M above, for M is preserved
by 6 and Il, y consists of discrete series. One might then attempt to derive a spectral
character identity by parabolic descent to M. The problem here is that in the twisted case
the characters on the right-hand side of (1.2) are twisted by an intertwining operator.
Although M is preserved by 6, none of its associated parabolic subgroups are. This
necessitates the introduction of a Knapp—Stein intertwining operator [17, 6 XIV] into
the twisted character, and this operator hinders the usual process of parabolic descent
[17, 3 X]. In fact, there is no proper maximal parabolic subgroup of SL(3, R) which is
preserved by 6.

One way out of this bind is to recognize that the representations in Il, are
fundamental series representations (II1.3 [13]). Work of Duflo and Bouaziz affords us
with characterizations of, and twisted character expansions for, the fundamental series.
Using this work, one may prove a twisted spectral transfer identity between H(R) and
SL(3, R) without appealing to parabolic descent. This is the approach we use in general.
We have learnt from Clozel that this approach was already present in [9, §2.5].

For the remainder of this introduction, assume that H is any endoscopic group for a
general twisting datum (G, 8, w). Our proof of spectral transfer follows in three stages. In
the first stage, the L-packet I, consists of (essential) discrete series representations, and
I, consists of fundamental series representations (Theorem 4.11). In the second stage,
the method of coherent continuation is applied to extend spectral transfer to the case
that Iy, consists of (essential) discrete series representations and I, consists of limits
of fundamental series representations (Theorem 5.3). In the final stage, it is shown that
there is a parabolic subgroup of G(R) which allows us to imitate the parabolic descent
argument of standard endoscopy [36, 14]. These three stages are analogous to the three
stages of the spectral transfer theorem in standard endoscopy [36, 13-14], [31, 11].

We close with some anticipated consequences of tempered twisted spectral transfer. As
in standard endoscopy, one expects to invert the spectral transfer identities for a fixed
L-packet TI, [33, 5.4], [35]. In so doing, one expects to pair IT, with a group-theoretic
structure fine enough to isolate individual representations [3, 6]. Such a pairing is
of fundamental importance to twisted trace formula comparisons. This is evidenced
by Arthur’s recent work in classifying automorphic representations of symplectic and
orthogonal groups [1, Theorem 2.2.1 and Remark 5]. Indeed, when G is a general linear
group the packet I1, is a singleton and Theorem 1.1 has important consequences for [1,
(2.2.6)].

2. Notation

In this section only, G is a real Lie group which acts upon a non-empty set J. We set

Ne(J)={geG:g-J S J}
Zc(J)={geG:g-j=jforall jeJ}

In what follows, the set Ng(J1) always forms a group. We set Q(G, J) equal to the
resulting factor group Ng(J)/Zg(J).
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For an automorphism 6 of G, we set (0) equal to the group of automorphisms generated
by 6. There is a corresponding semidirect product G x (6). When elements of G are
written side by side with elements in (f), we consider them to belong to this semidirect
product.

The inner automorphism of an element § € G is defined by

Int()(x) =x8~", xe€G.

It shall be convenient to denote the fixed-point set of Int(§) o6 in G by G%. We shall
abbreviate the notation Int(§) o0 to Int(§)0 or 6 habitually.

Unless otherwise mentioned, we denote the real Lie algebra of a Lie group using Gothic
script. For example, the real Lie group of G is denoted by g. Suppose that J is Cartan
subgroup of a reductive group G. Then the pair of complex Lie algebras (gQC,j®
C) determines a root system which we denote by R(g® C,j® C). We denote the Lie
algebra dual to g by g*. The differential of the inner automorphism Int(8) is the adjoint
automorphism Ad(§) on g. The adjoint automorphism induces an automorphism on g* in
the usual way. Often, it shall be convenient to write § - X in place of Ad(§)(X) for X € g.
Similarly, we write 6 - X to mean the differential of 6 acting on X € g. We extend this
slightly abusive notation to the dual spaces, writing § - A or even simply SA in place of
the coadjoint action of § on A € g*.

Finally, if we take H to be an algebraic group defined over R, we denote its identity
component by H? and derived subgroup by Hger. The group of real points of H is denoted
by H(R). This is a real Lie group, and we denote the identity component of H(R) in the
real manifold topology by H(R)°.

3. The foundations of real twisted endoscopy

This section is a digest of some early material in [20], in the special case that the field of
definition is equal to R. It is essentially a reproduction of [28, Chapter 3], and is included
for convenience and completeness.

3.1. Groups and automorphisms

Let G be a connected reductive algebraic group defined over R. We take 6 to be an
algebraic automorphism of G defined over R, and assume additionally that it acts
semisimply on the centre Zg of G. Set G(R) to be the group of real points of G. Let T’
be the Galois group of C/R, and let o be its non-trivial element.
Let us fix a triple
(Bo, To, {X}) (3.1)

in which By is a Borel subgroup of G, Tp € By is a maximal torus of G, and {X} is a
collection of root vectors corresponding to the simple roots determined by By and Tj .
Such triples are called splittings of G. If (By, Tp, {X}) is preserved by I', then it is called
an R-splitting.

There is a unique quasisplit group G* of which G is an inner form [39, Lemma 16.4.8].
This is to say that there is an isomorphism ¥ : G — G* and Yoy ~'o~! =Int(u’) for
some u’ € G*. We shall choose u, in the simply connected covering group G, of the
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derived group G}, of G* so its image under the covering map is u’. We shall then abuse
notation slightly by identifying u, with 4" in equations such as

vou ol = Int(ugy). (3.2)

As G* is quasisplit, there is a Borel subgroup B* defined over R. Applying [40, Theorem
7.5] to B* and o, we obtain an R-splitting (B*, T*, {X*}). Following the convention made
for us € G¥,, we may choose gg € G¥, so the automorphism

Sc?
6% = Int(ge) YOy~ (3.3)
preserves (B*, T*, {X*}) [39, Theorems 6.2.7 and 6.4.1], [16, 16.5]. Since
o (6%) = 06*0 " = Int(o (gous)g, 0% (us))0*

preserves (B*, T*, {X*}), and the only inner automorphisms which do so are trivial, it
follows in turn that Int(o (gg ug)gQ_IQ*(ug)) is trivial and o (*) = 6*. This means that the
automorphism 6* is defined over R.

We wish to describe the action of 6 induced on the L-group of G. The splitting (3.1)
determines a based root datum [39, Proposition 7.4.6] and an action of I on the Dynkin
diagram of G [4, 1.3]. To the dual based root datum there is attached a dual group G
defined over C, a Borel subgroup B C G, and a maximal torus 7 C B [38, 2.12]. Let
us fix a splitting (B, T, {X}) of G. This allows us to transfer the action of I' from the
Dynkin diagram of G to an algebraic action of G [38, Proposition 2.13]. This action may
be extended trivially to the Weil group Wr, which as a set we write as C* Uo C* [4, 9.4].
The L-group LG is defined by the resulting semidirect product LG = G x Wr.

In a parallel fashion, 6 induces an automorphism of the Dynkin diagram of G, which
then transfers to an automorphism 6 on G. We define L6 to be the automorphism of G
equal to 6 x lwg. By definition, the automorphism 6 preserves (B, T, {X}).

We close this section with some remarks concerning Weyl groups. Let us assume for
the moment that By and Ty are preserved by 6, and that T'! is the identity component
of T? € Ty. The torus T' contains strongly regular elements [2, pp. 227-228], so its
centralizer in G is the maximal torus Ty. Setting the identity component of GY equal to
G! and the Weyl group of G! relative to T! equal to Q(G', T!), we see that we have an
embedding

QG TYH - QG, 1)

into the 6-fixed elements of the Weyl group (G, T). In fact, this embedding is an
isomorphism [23, Lemma I1.1.2].

3.2. Endoscopic data and z-pairs

Endoscopic data are defined in terms of the group G, the automorphism 6, and a
cohomology class a € H'(Wg, Zg), where Zps denotes the centre of G. Let w be the
quasicharacter of G(R) determined by a [26, pp. 122-123], and let us fix a one-cocycle a
in the class a. By definition [20, pp. 17-18], endoscopic data for (G, 6, a) consist of the
following:

(1) a quasisplit group H defined over R;
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(2) a split topological group extension

N c
1> H—>HS WRr— 1,

whose correspondmg action of Wr on H coincides with the action given by the
L-group LH = H x WR;

(3) an element s € G such that Int(s)d is a semisimple automorphism [40, 7];
(4) an L-homomorphism [20, p. 18] £ : H — LG satisfying
(a) Int(s) L o& =a’-& [4, 8.5] for some one-cocycle @’ in the class a,

(b) & maps H 1som0rphlcally onto the identity component of Gse the group of
fixed points of G under the automorphism Int(s)9

Despite requirement 3.2 of this definition, it might not be possible to define an
isomorphism between H and “H which extends the identity map on H. One therefore
introduces a z-extension [20, 2.2], [25]

1> Z > H % H-1 (3.4)

in which Hj is a connected reductive group containing a central torus Z;. The surjection
pH restricts to a surjection Hj(R) — H(R).
Dual to (3.4) is the extension

1> H—>H —> 7 — 1. (3.5)

Regarding H as a subgroup of ﬁl, we may assume that ' H embeds into “ H; and that
H, — Z; extends to an L-homomorphism

p: LH1 — Lzl.

According to [20, Lemma 2.2.A], there is an L-homomorphism &g, : H — L H; which
extends the inclusion of H — H; and defines a topological isomorphism between H and
&n, (H). Kottwitz and Shelstad call (Hy, &x,) a z-pair for H.

Observe that the composition

&
WR 5 H —H>1 LHl _p) LZ1 (36)

determines a quasicharacter Az, of Z;(R) via the local Langlands correspondence [4, 9].

3.3. Norm mappings

Our goal here is to fix endoscopic data (H,H, S, &) as defined in the previous section
and to describe a map from the semisimple conjugacy classes of the endoscopic group H
to the semisimple 6-conjugacy classes of G. The map uses the quasisplit form G* as an
intermediary. The reference for this section is [20, Chapter 3].

Since we are interested in semisimple conjugacy classes, and semisimple elements lie
in tori, we shall begin by defining maps between the tori of H and G*. Suppose that
By is a Borel subgroup of H containing a maximal torus Ty and that (By, Ty, {Xg}) is
the splitting of H used in the definition of L H (§3.1). Suppose further that B’ is a Borel
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subgroup of G* containing a maximal torus 7', and that both are preserved by 6*.1 We

may assume that s € T, é(TH) = (7'6)0 and &(By) C B. The pairs (BH, TH) and (By, Tg)
determine an 1somorphlsm T = Th. Similarly, through the pairs (B T’ ) and (B, 7T), we
conclude that 77 = 7. We may combine the former isomorphism with requirement 3.2 of
§3.2 for the endoscopic map & to obtain isomorphisms

o § s
Ty = Ty = (1790
To connect (7-@)0 with 77, we define Ty, = T'/(1 —6*)T’, and leave it as an exercise to

prove that ((f"/ )é)0 = 7/";. Combining this isomorphism with the earlier ones, we obtain
in turn that

[[Qome

(TH0 = (1))’ = T, (3.7)
and Ty = Tj..

The isomorphic groups Ty and T}, are related to the conjugacy classes, which we now
define. The 6*-conjugacy class of an element § € G* is defined as {g~1860*(g) : g € G*}.
The element § is called 0*-semisimple if the automorphism Int(8§)0* preserves a Borel
subgroup of G* and maximal torus thereof. A 6*-semisimple 6*-conjugacy class is
a 0*-conjugacy class of a 6*-semisimple element. Let CI(G*,0*) be the set of all
0*-conjugacy classes, and let Cli(G*, 6*) be the subset of 8*-semisimple 6*-conjugacy
classes. With this notation in hand, we look to [20, Lemma 3.2.A], which tells us that
there is a bijection

Cls(G*,6%) — Tj/QG*, T,
given by taking the coset of the intersection of a #*-conjugacy class with 7’.
The aforementioned map specializes to give the bijections on either end of

Cls(H) < Ty /QUH, Ty) — T/ QUG T < Cls(G*, 6%). (3.8)
To describe the remaining map in the middle of (3.8), recall from (3.7) that the
isomorphism between Ty and T}, is obtained by way of &. Using these ingredients and
the closing remarks of §3.1, we obtain maps
QH, Ty) = QH, Ty) = A, T) — QUG T = Q6" T
This completes the description of the map from Clg(H) to Cly(G*, 6%).
We proceed by describing the map from Cli(G*, 6*) to Clg(G, 0). The function m :
G — G™* defined by
m@) =vy©®)g,'. seG (3.9)
passes to a bijection from CI(G, 6) to CI(G*, 0*), since
m(g~'86(8)) = ¥ () m(®)6* (¥ (g))

We abusively denote this map on 6*-conjugacy classes by m as well. It is pointed out in
[20, 3.1] that this bijection need not be equivariant under the action of I'. One of our key
assumptions is that the element gg of (3.3) may be chosen so that

gouoa (g5 )0 ug) " € (1-0%)Zgy,. (3.10)

LReaders of [20] should note that we write T’ for the torus T occurring there.
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Under this assumption, m is T'-equivariant [20, (3) Lemma 3.1.A]. Finally, we may
combine this bijection with (3.8) to obtain a map

Ame : Cls(H) — Cly(G., 0).

In keeping with [20, 3.3], we define an element § € G to be 6-regular if the identity
component of G% is a torus. It is said to be strongly 6-regular if G% itself is abelian.
An element y € H is said to be (strongly) G-regular if the elements in the image of
its conjugacy class under Am\g are (strongly) regular. An element y € H(R) is called
a norm of an element § € G(R) if the #-conjugacy class of § equals the image of the
conjugacy class of y under Am\g. It is possible for Ax\g(y) to be a #-conjugacy class
which contains no points in G(R) even though y € H(R). In this case, one says that y
is not a norm. These definitions are carried to the z-extension H; in an obvious manner.
For example, we say that y; € H{(R) is a norm of § € G(R) if the image of y; in H(R)
under (3.4) is a norm of §.

As in [20, 3.3], we conclude with a portrayal of the situation when a strongly regular
element y € H(R) is the norm of a strongly 0-regular element § € G(R). We may let
Ty = HY, as y is strongly regular. The maximal torus Ty is defined over R, since y
lies in H(R). [20, Lemma 3.3.B| allows us to choose By, B’, and T’ as above so that
6*(B’) = B’, and both T’ and the isomorphism Ty = T}, are defined over R. The resulting
isomorphism

Ty (R) = T/.(R) (3.11)

is called an admissible embedding in [20, 3.3]. The image of y under this admissible
embedding defines a coset in T’/ Q(G*, T")?". This coset corresponds to the 6*-conjugacy
class of m(8). In fact, by [20, Lemma 3.2.A], there exists some gy € G%, such
that (after g7v has been identified with its image in G™*) this coset equals
grm(8)0*(gr)~'Q(G*, T")?". The element

§* = grm(8)0* (gr) ! (3.12)

belongs to T’, and it is an exercise to show that Int(g7/) o ¢ furnishes an isomorphism
between G* and (G*)%™?". Since Int(§*) o 6* preserves (B’, T'), the torus (G*)**?" contains
strongly G-regular elements of T’ [2, pp. 227-228], so we see in turn that the centralizer
of (G*%?" in G* is T', and (G*)*"?" = (T")"". By [20, (3.3.6)], the resulting isomorphism

I ’ ®
G0 "SIV e (3.13)

is defined over R.

3.4. Twisted geometric transfer

Twisted geometric transfer is laid out generally in [20, 5.5]. For real groups, it has been
proved in [37]. It shall be convenient for us to state twisted geometric transfer in the
framework of orbital integrals on the component G(R)@ of the group G(R) x (9). Let
8 € G(R) be 8-semisimple and strongly 6-regular, and assume that the quasicharacter
w is trivial on G% (R). Let CX(G(R)0H) be the space of smooth compactly supported
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functions on the component G(R)6. Define the twisted orbital integral of f € C2°(G(R)0)
at 660 € G(R)0 to be

0w = | w(g)f(5~'30g) ds.
G¥R)\G(R)

We wish to match functions in C°(G(R)6) with functions on the z-extension Hj.
Specifically, let C°(H{(R), 1z,) be the space of smooth functions fm, on H;(R) whose
support is compact modulo Z;(R) and which satisfy

Fr (zh) = Az, fu, (W), z € Zi(R), h € H{(R)

(see the end of §3.2). The definition of orbital integrals easily carries over to functions of
this type at semisimple regular elements.

Suppose that y; € H{(R) is a norm of a 6-semisimple strongly 8-regular element § €
G(R). According to [37, Corollary 2.2], for every f € C2°(G(R)0) there exists a function
fu, € C*°(H1(R), Az,) as above such that

DOy (fu) =) A, 8)O0s9(f). (3.14)
!/ 6/

Y1

The sum on the left is taken over representatives in Hj(R) of H;(R)-conjugacy classes
contained in the Hj-conjugacy class of y;. The sum on the right is taken over
representatives in G(R) of 8-conjugacy classes under G(R) contained in the 8-conjugacy
class of §. The terms A(y;,d’) are geometric transfer factors, and they are defined in
[20, Chapter 4]. Normalization is required for the measures in the orbital integrals
to be compatible [20, p. 71]. We assume that the correspondence f < fp, induces
a continuous map on spaces of orbital integrals, and thereby also a map from stably
invariant distributions on Hj(R) to distributions on G(R) as in standard endoscopy |8,
Remark 2, 6].

4. Spectral transfer for the fundamental series

The first step in proving spectral transfer in standard endoscopy for real groups is the
case of essentially square-integrable representations [36, 13], [33, 4.4]. This was done for
twisted endoscopy for 0 of finite order and trivial quasicharacter w [28, Theorem 1]. It
amounts to an identity of the form

" Ory (N dh = ) Alpn, m)Oru, 41
/H.<R>/zl(R)fH'() 2 () > A O, () (4.1)

7 €llpy, welly,

for all f € C°(G(R)#). The restrictions on # and w were due to the lack of a sufficiently
general version of Harish-Chandra’s uniqueness theorem in the twisted case. The required
version of this theorem is proved in the appendix (Proposition A.4). The spectral transfer
theorem (4.1) therefore now holds for arbitrary quasicharacter w and 6 acting semisimply
on Zg when I, consists of essentially square-integrable representations.

The purpose of this section is to prove (4.1) when I, consists more generally
of fundamental series representations. By ‘fundamental series’ we have in mind the
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representations presented in [13, II1.3]. For convenience, let us call the essentially
square-integrable representations the discrete series, and highlight some differences with
the fundamental series. The discrete series is determined by regular forms of elliptic
tori. By contrast, the fundamental series is determined by regular forms of fundamental
tori. The main difference here is that elliptic tori are compact modulo the centre, whereas
fundamental tori are merely maximally compact modulo the centre. The compact portion
of a fundamental torus takes on the role of an elliptic torus in the discrete case, and a
fundamental series representation is obtained by inducing the resulting discrete series
representation.

Luckily, the character expansions of Bouaziz [6, Proposition 6.1.2], which lie at the
core of the spectral transfer theorem for the discrete series, remain the same for
the fundamental series. Thus, the foremost tasks in proving spectral transfer for the
fundamental series are to convert the language of Duflo into endoscopic parameters, and
then to show that this conversion retains the hypotheses necessary for Bouaziz’ character
expansions. We begin by providing the said endoscopic parameters. We shall do so in the
form of six assumptions.

The quadruple (H,#H,S, &) is a fixed set of endoscopic data together with a z-pair
(H1,&pn,), as in §3.2. We take an L-parameter ¢ g, which is the I-Iﬁ—conjugacy class of an
admissible homomorphism ¢g, : Wg — L H; [4, 8.2]. We suppose that the composition
of g, with LH, — LZ, corresponds to the quasicharacter Az, Z1(R) - C* of (3.6)
under the local Langlands correspondence. The endoscopic Langlands parameter ¢ g,
corresponds to a Langlands parameter ¢* of the quasisplit form G* [28, 6]. Our first
assumption is that ¢g, is not contained in a proper parabolic subgroup of LH,. This is
equivalent to the assertion that the L-packet l'[w1 consists of essentially square-integrable
representations [4, (3) 10.3].

Our second assumption is that there exists a strongly 8-regular element § € G(R) which
has a norm y € H(R) (§3.3), and (G‘SG/Z%)(R) is compact. A strongly 6-regular element
in G(R) satisfying the latter compactness condition is called -elliptic [20, p. 5]. This
compactness condition may be translated to a maximal torus. We say that a maximal
torus S in G, which is defined over R, is fundamental if R(G, S) has no real roots.
This is equivalent to S(R) being a maximally compact Cartan subgroup in G(R) [44,
Lemma 2.3.5]. Similarly, on the level of Lie algebras, one says that s is fundamental if
R(g® C, s, ®C) has no real roots.

Lemma 4.1. The element § € G(R) determines a unique mazimal torus S of G which
contains G® . Moreover, the torus S is defined over R, and is fundamental.

Proof. By definition of strongly #-regular, G% is an abelian group. It contains strongly
G-regular elements [2, pp. 227-228], so the identity component of Z(G%) is a maximal
torus of G, which is uniquely determined by §. Suppose first that the centre Zg is trivial.
Then G%(R) is compact, since 8 is @-elliptic. The Lie algebra of G% (R) is therefore
contained in a Cartan subalgebra of the Lie algebra of a maximally compact subgroup of
G(R). The centralizer of this Cartan subalgebra in g is a fundamental Cartan subalgebra
s of g [18, Proposition 6.60]. The exponential of § ® C is a maximal torus S in G [16,
Corollary 15.3]. By construction, the torus S is defined over R, and S(R) is maximally
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compact. Furthermore, S contains G% so it is equal to the uniquely determined torus
mentioned above.

Now, we remove the assumption that Zg is trivial, and observe that there is a canonical
bijection between the set of maximal tori of G and the set of maximal tori of the
semisimple algebraic group G/Zg, which is induced by the quotient map. The quotient
map is defined over R [39, Theorem 12.2.1]. This bijection therefore passes to a bijection
of maximal R-tori. In addition, the quotient map sends & to an element of (G/Zg)(R),
and it is immediate that this element retains the analogues of the properties of strong
f-regularity and 0-ellipticity. By our earlier argument, we obtain a maximal torus of
G/Z¢. The pre-image of this torus under the quotient map is a maximal torus in G with
the desired properties. O

By construction, the torus § of Lemma 4.1 is stable under Int(§)0, and isomorphism
(3.13) passes to an isomorphism

I ’ *

In fact, this map extends to an isomorphism of the respective centralizers

Int(gy)¥
SR) = T'(R), (4.2)

as the commutator of o and Int(gy/)y lies in Int(7”) [20, (3.3.6)] and acts trivially on 7"
One may decompose § into a product of a maximally split subtorus S; and a maximally
anisotropic subtorus S, [5, Proposition 8.15]. The centralizer M = Z5(Sy) is a Levi
subgroup of G which is defined over R [5, Proposition 20.4]. By construction, Zy 2 Sy,
and it therefore follows that § is elliptic in M. The torus Sy is also the split component
of the centre of M [5, Proposition 20.6]. The usual notation for the latter is Ap. Observe
that, since Int(8)6 is defined over R and preserves S, it also preserves S; = Ay and M.

Our third assumption is that ¢* has a representative homomorphism ¢* whose image is
minimally contained in a parabolic subgroup of G, and that this parabolic subgroup is
dual, in the sense of [4, 3.3 (2)], to an R-parabolic subgroup P of G with Levi component
M. In the language of [4, 8.2], this translates as the parabolic subgroup of *G being
relevant, and ¢* being admissible with respect to G. Under this assumption, we set
¢ = @* with the intention that ¢ be regarded as a Langlands parameter of G.

We choose a Levi subgroup M of G and an admissible homomorphism ¢ € ¢ such that
M = M and M x W is a standard Levi subgroup of G which contains ¢ (WR) minimally
[4, 3.4], [28, 4.1]. We may thus regard ¢ as an admissible homomorphism into M x WR,
and derive from it an L-packet I, a of essentially square-integrable representations of
M(R) [4, 10.3 (3) and 11.3)].

Our fourth assumption is that the representations in Il, » have unitary central
character. From this, the local Langlands correspondence prescribes that the
representations in I, are the irreducible subrepresentations of the representations
induced from those in Iy » [4, 11.3].

Before making our fifth assumption, we must recall some facts about the
homomorphism ¢ and the L-packet I, . The homomorphism ¢ is determined by a pair
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w,h € Xo(8) ®C [26, 3], [28, 4]. One may regard the elements in this pair as elements in
the dual of the complex Lie algebra of S via the isomorphisms X, (S) = X*(S) and

X*(SH®C=s5"®C. (4.3)

To be more precise, isomorphism (4.3) is an isomorphism of R[I']-modules, given that
I acts on both X*(S) and C in the usual way [4, see 9.4]. In other words, isomorphism
(4.3) rests upon an isomorphism

(X*(S) ®iR) ® (X*(S) ®R) = 5* (4.4)

of R-vector spaces. The pair may be lifted to a quasicharacter of S(R) in the following
manner. The element wu is M—regular, and so determines a positive system on R(M, S)
[26, Lemma 3.3]. Let ty € X.(S) ® C be the half-sum of the positive roots of R(M, S).
The pair (u —tpy, &) corresponds to a linear form on s, and satisfies a condition which
allows one to lift to a quasicharacter A = A(i —ty, A) of S(R) [26, p. 132], [28, 4.1].

By the work of Harish-Chandra, the quasicharacter A corresponds to an essentially
square-integrable representation of Zy (R)Mger(R)° [14]. Inducing this representation to
M(R) produces an irreducible representation wy € Iy [26, p. 134]. The remaining
representations of I, ps are obtained by replacing A by wlA =A™ (w—1m), 1),
where w € Q(M, S)/ Qr(M, S) (see 28, 4.1]).

Let us consider the differential of the quasicharacter A. The differential only records the
behaviour of A on the identity component S(R)?, and this behaviour is given precisely by
1 —tyr [32, 4.1]. The infinitesimal character of @wp corresponds to u, and the restriction of
this infinitesimal character to s N[m, m] C s, is equal to the Harish-Chandra parameter
of the underlying representation of Mge(R)? [17, p. 310].

Our fifth assumption is really two separate regularity assumptions. The first regularity
assumption is that u is G—regular, that is,

(n,a) #£0, «€ R(G,S).

The second regularity assumption pertains to Duflo’s characterization of fundamental
series representations, and this depends on the behaviour of p© on the anisotropic part
S.(R) of S(R)? [13, (ii) II1.1]. By identifying u with a linear form in s* ® C under (4.3),
the second regularity assumption reads as

(s, @) #0,  a € R(G,S).

Holding this view, the second regularity assumption is equivalent to the g ® C-regularity
of the s} ® C-component of . Alternatively, the u|s, may be regarded as the restriction
to S, of € X*(S)®C.

We come to our sixth and final assumption. In order for twisted spectral transfer to
have any content, we assume that I, is stable under twisting, that is,

My = w® (I, 00)

(see [28, 4.3]).
We list the six assumptions of this section again for convenience.
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Assumption 1. ¢p, is not contained in a proper parabolic subgroup of LH,.

Assumption 2. There exists a strongly 6-regular and 0-elliptic element § € G(R) which
has a norm y € H(R).

Assumption 3. ¢* has a representative ¢* whose image is minimally contained in a
parabolic subgroup of LG which is dual to an R-parabolic subgroup P with Levi
component M.

Assumption 4. The representations in IT, 3 have unitary central character.
Assumption 5. The elements v and ps, in X.($) ®C are G—regular.
Assumption 6. I1, = 0 ® (I, 00).

4.1. Fundamental series representations

Our goal here is to show that the L-packet Il,, given under the previous
assumptions, consists of fundamental series representations as defined by Duflo
in [13, III]. By definition, the representations in II, are (equivalence classes of)
irreducible subrepresentations of indgsﬁgw, where @ € I, m [4, 11.3]; parabolic induction
throughout is normalized. Recall that @y € Ily y is induced from an irreducible
representation of Zu (R)Mger(R)?. More precisely, there exists a square-integrable (i.e.,
discrete series) representation @y of Mder(R)O such that

~ : M(R)
WA = lndZM(R)Mder(R)O (X(p ® wO) ) (4'5)

where y, is the central character of @, (or any other representation in Iy ). Using
isomorphism (4.3), one may identify the infinitesimal character of @ with . In addition,
since (u,a”) € R for all « € R(M, S) [26, Proof of Lemma 3.3] and x, is unitary on
ZuR), it follows from Corollary 6.49 [18] that i € s* (see (4.4)). In particular,

o) = —p. (4.6)

This infinitesimal character must satisfy three criteria in order for indg(ﬁ) wp to be in

the fundamental series. Two of the three criteria are covered by Assumption 5. The
g ® C-regularity of p fulfils the criterion that i be bien polarizable [13, Lemma 7 II and
III.1]. The g ® C-regularity of the s} ® C-component of u fulfils the criterion of i being
standard [13, (ii) IIL.1].

To state the third criterion, we define p to be the half-sum of positive roots in R(g®
C, s ® C) determined by the regular element p|s,. The third criterion is that u — p lifts
to a quasicharacter of S(R)° [13, Remark 2 I1.2]. This is equivalent to i u being admissible
in the parlance of Duflo.

Lemma 4.2. The linear form u— p € s* ® C lifts to a quasicharacter of S(R)°.

Proof. Since Sz(R)?S, (R) is a closed connected subgroup of the same dimension as S(R)?,
we see that S(R)? = S;(R)’S,(R). It is clear from the isomorphism sy = Sy(R) that
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(w—p)s, lifts to a quasicharacter of S;(R)Y. To lift (w—p)|s,» Wwe observe that
—o(lys,) = His, (see (4.6)). It follows that —o(p) = p and

p=l5 X o]t|5 X etcom].

imaginary complex

where the rightmost sum is over —o-orbits of positive roots. The sum on the left
corresponds to ty [39, Lemma 15.3.2]. By [32, 4.1], the form (u —tp)}s, lifts to A =
A(u—tp,2) on S;(R). The lemma will therefore be complete once we show that the
second sum lifts to S, (R). For this, we compute that

% Z (W—U(‘Y))wa:% Z Q|s, + |5, = Z sy

complex complex complex
and note that all integer combinations of roots lift to S(R) [17, (4.15)]. O

We have now verified the criteria u must satisfy for us to describe Il, in Duflo’s
framework.

Lemma 4.3. The representation 1ndP(R) w 1S irreducible and equivalent to

. GR) . G(R)O
1nng(R)G(R)O <(X‘/’)|ZG(R) ® lndp(R)nG(R)Owl) ’ (47)

where @y is defined in terms of (4.5) as

lrldM (R)NG(R)?

@1 2t (RO Mer(R)0 X0 1 Zg (RYO ® T0).

Proof. The reader may verify that the distribution characters of ind$! P(R) ) and (4.7)
agree on the regular subset of S(R). The equivalence of the two representations then
follows from Harish-Chandra’s uniqueness theorem [17, Theorem 12.6]. The irreducibility
of (4.7) follows in two steps. First, we show that it is equal to representation [13, (8), on
p. 172]. The latter representation is written as

GR)

Ind," Ro®

0
(T @TS®. (4.8)

Here, g € g* is an element which is admissible, bien polarizable, and standard(.) As discussed
PRNGR
p. 164]. The term t is an irreducible representation of a metaplectic group, but only its
restriction to Zg(R) is relevant in (4.8). We may take 71z, ®) = (X¢)|zs®)- With these
substitutions, one sees that (4.7) is equal to (4.8).

The irreducibility of (4.8) follows from [13, Lemma 8 (i) II1.6] once we show that
S(R) = Zg(R) S(R)® [13, Remark 2 IIL.5]. When G is semisimple, this identity follows
from [19, Lemma 10.4]. When G is reductive, the semisimple case reduces the exact
sequence

0
above, we may take g = iu. The expression TgG(R) is defined as ind @1 [13,

H (T, X(Z2)) — HX (T, X4(S)) — H*(T, X.(S/Z%))

to a surjection
ZoR)/Z6(R)? — S(R)/S(R) — 1

cf. [32, 4.1]). This surjection implies that S(R) = Zg(R)S(R)°. O
(cf. | 1) ] p
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Corollary 4.4. Every representation of G(R), parabolically induced from an irreducible
representation in Iy y, is irreducible.

Proof. The representations of IT, s are obtained by replacing wa by w,,-1,, where
weQM,S)/QR(M, S) (see [28, 4.1]). The arguments of the proof are unaffected by
replacing A by w™'A and p by w™! - u for any w € Q(M, S). O

Corollary 4.4 tells us that parabolic induction furnishes a bijection between Iy,
and IT,. Moreover, every representation in IT, has an expansion as in (4.7). From the
perspective of [13, III], this is equivalent to saying that every representation in IT, belongs
to the fundamental series of G(R).

4.2. Twisted characters

As claimed earlier, the character expansions of Bouaziz [6, Proposition 6.1.2] apply
equally well to discrete series and fundamental series representations. We shall address
this claim in the context of the twisted characters. In this section, we suppose that the
representation

T = indgggiw/\ eI,
is stable under twisting. More precisely, we suppose that there exists a unitary linear
operator U = U, on the space V;; of & such that

Uor(x) =wx)7’(x)oU, x e GR). (4.9)
We define the twisted character ®, y as the distribution on G(R) given by

f tr/ F@xO)r(x)Udx, f e CF(GR)H)
G(R)

(see [28, (34)]). This is the kind of distribution which appears on the right of (4.1).

There is a technical point we must verify in order to use Bouaziz’ character formula
later on. By the reduction of [28, 5.1], this point needs only to be verified in the case that
G (R) is semisimple and connected in the manifold topology. Let us assume for the rest
of §4.2 that this is so. In this way, we temporarily remove the quasicharacter w from the
picture, and associate the representation 7 to a representation of the larger disconnected
Lie group

L =GR) x (86).

In the context of this group, ®, y may be identified with the restriction of the distribution
character to the connected component G(R) x 80 C L. Under this identification, Bouaziz’
character formula on L delivers an explicit formula for ®, |y on #-regular and 6-elliptic
elements of G(R) [28, Lemma 6]. This was explained in great detail in 5 [28] for discrete
series representations. The only noteworthy difference in the case of the fundamental
series is in proving that the parameter u occurring in A = A(u —tpr, A) is elliptic, i.e.,
that its restriction to Sy is trivial (5.2 [6]). Indeed, in the case of discrete series the torus
S is elliptic so Sy is itself trivial and there is nothing to prove. This is the technical point
alluded to above.

Lemma 4.5. The parameter u is elliptic.

https://doi.org/10.1017/51474748014000437 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000437

586 P. Mezo

Proof. The element u € X*(S)® C is obtained from pp, € X*(Ty,) ® C. To be more
precise, pp, lies in the image of X*(Ty) @ C — X*(Tw,) @ C [28, 6], and u is obtained
through the sequence of I'-module homomorphism

* £ 510 %l %/ “.2) *
X*(Ty) = X (Ta) = X ((THY) = XX (T) = XHT) = X*(S).

There is a surjection S*(R) — Ty (R) [28, Proof of Lemma 12], and under our
assumptions S%(R) is compact. It follows in turn that Ty (R) is compact, X*(Ty)' =" =
X*(TH) [47 94-]7 G(MHl) = —MUH U(M) =M, and nis, = 0. O

4.3. A parameterization of stable data

There are two sorts of stable data underlying the spectral transfer identity (4.1). The first
sort is geometric and is related to the pair of elements § € G(R) and y; € p,}1 (y) € Hi(R).
Explicitly, the stable geometric data are the 8-conjugacy classes under G (R) of elements
in G(R) whose norm is yp, that is, the collection of sets

(x718'0(x) : x € GR)},

where 8’ € G(R) runs through the representatives which have norm y;. By Assumption 2,
3 is a representative of such a conjugacy class. This collection of sets is basic to geometric
transfer [20, 5.5]. When § is elliptic in G and 6 is trivial, this collection of stable data
is parameterized by the collection of cosets Q(G, S)/QRr(G, S) [24, 6.4]. Our first effort
will be to describe how this parameterizing set is altered when S is fundamental and 6
is non-trivial.

The second sort of stable data is spectral and is related to representations in the
L-packet TT,. Again, when S is elliptic in G and 6 is trivial, these representations are
parameterized by Q(G, S)/ Qr(G, S) [24, 7.1]. We shall describe in the general case how
this spectral parameterizing set is altered and becomes an object attached to M.

Upon having described parameterizing sets of the stable geometric and spectral sorts,
we connect them through a canonical surjection. This is indispensable in the proof of
(4.1), since it connects the data of geometric transfer to the L-packets IT, and Mgy,

Let us begin geometric parameterization by looking back at some cosets presented in
[28, 6.1]. One may dissect (G, S)/Qr(G, S) and extract the coset space Ng(S)/NG®)(S).
When S is elliptic in G, the elements in Ng(S) act as R-automorphisms of § [24, Lemma
6.4.1]. This is not so in general, and the elements of Ng(S) which act as R-automorphisms
form the subgroup Ng(S%) = Ng(S(R)). A moment’s reflection reveals that Ng(r)(S) and
S are subgroups of Ng(S(R)) so we may consider the collection of double cosets

S\NG(S7)/NG®)(S).
This collection may be identified with
Q(G, $)°/Q2r(G, S). (4.10)

This will be seen to be the parameterizing set of the stable geometric data when 6 is
trivial. However, as seen in [28, 6.1], twisting by 6 forces us to consider the collection of
double cosets

S*\NG(S°)/Ne®)(S).
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In fact, the only double cosets S‘WxNG(R)(S) which are of interest are those which satisfy

x180x(80)7! € G(R). (4.11)
This being so, we define

S \(NG (57)/ N w) (5))* (4.12)

to be the collection of double cosets whose representatives x € Ng(S?) satisfy (4.11). The
following two results justify the above claims.

Lemma 4.6. Suppose that x € G and x~'86(x) € G(R). Then Int(x’l)\s is defined over
R. In particular, if x also belongs to Ng(S), then x € Ng(S9).

Proof. It suffices to show that Int(xa(x_l))|5 is the identity map. From (3.12), we know
that y; being a norm of § entails that §* = gTrm(S)Q*(g;/l) for some g7 € G¥,. According

to [20, Lemma 4.4.A], the element gru,0(g;') belongs to T.,. Likewise, x 180 (x) has
norm y;. Indeed, following the computations of [20, 3.1], we observe that

m(x7186(x)) = ¥ (x~Hm(8)8* (¥ (x)),
SO
8* = gy ()m(x180(x))0* (g (x)) .

We may thus apply [20, Lemma 4.4.A] to the element gp¢¥(x) in place of g7,
to find that g ¥ (xX)uso (g (x))~" belongs to T).. Therefore conjugation of T’ by
gV (Dugo(gry(x))~! is trivial. Under transport by (4.2), this implies that the
restriction to S of

Y nt(gr) " nt(gr v (0up o (g (x)) ™D Int(gr) ¥
is the identity map. For simplicity, we write g = g77, and compute
¥~ 'Int(g) " Int(g ¥ (V)us o (g9 (x)) " HInt(g)yr
= Int(x)y~ 'Int(uy ) Int(o (¥ (x 1) g™ ")) Int(g) ¥
= Int(x)o 'y lolnt(o (Y (x g ™)) Int(g)y

= Int(xo (x 1)) (o~ (Int(g)y) o Int(g)¥)
= Int(xo (x 1)),

where the last equality follows from (4.2) being defined over R. O

The next lemma is a slightly amended version of [28, Lemma 14]. Only the surjectivity
argument is affected when S is not elliptic in G.

Proposition 4.7. Suppose that x € Ng(S%) satisfies (4.11). Then the map defined by
x > x 180(x)

passes to a bijection from (4.12) to the collection of 6-conjugacy classes under G(R) of
elements in G(R) whose norm is y.
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Proof. Suppose that x € Ng(S7) satisfies (4.11). Since § belongs to G(R), property (4.11)
is equivalent to x~180(x) € G(R). As y; is a norm of 8, it is also a norm of x~1860(x).
It is simple to verify that any element in the double coset §%¢\x /NG®)(S) maps to an
element which is 6-conjugate to x 7186 (x) under G(R). Thus, we have a well-defined map
from (4.12) to the desired collection of 6-conjugacy classes.

To show that this map is surjective, suppose now that x € G is any element satisfying
x~180(x) € G(R), that is, an element in G(R) whose norm is y;. The automorphism
Int(x 186 (x))0 is defined over R. Therefore, the group G~ 19009 ig defined over R. The
property that x~186(x) € G(R) implies in turn that xo (x 1) € G% and

Gx*'@@(x)e(R) — (x—lG(S@x)(R) — .X_IGSQ(R)X-

The quotient fol‘se(x)e(R)/Zec(R) =x"1(G% (R)/Z% (R))x is compact, since § is
g-elliptic. Using [44, Lemma 2.3.4] and the arguments of Lemma 4.1, one may show
that there exists g € G(R) such that gilfolw(")e (R)g lies in the torus S(R). Hence,

=) g—lGx_l(SQ(x)Gg _ (xg)_lG‘wxg _ (xg)_lS‘wxg.

The group $% contains strongly G-regular elements [2, pp. 227-228]. The previous
containment therefore implies that xg € Ng(S). Furthermore, the element (xg)~'86(xg)
belongs to G(R) so xg € Ng(S?) by Lemma 4.6. It is clear that xg € Ng(S°) maps to
the same @-conjugacy class as x 180 (x) under G(R), and surjectivity is proved.

To prove injectivity, suppose that xi, xo € G are representatives for double cosets in
(4.12) such that x1_166(x1) and x2_159 (x2) belong to the same 6-conjugacy class under
G (R). Then there exists g € G(R) such that

x'80(x1) = (x29)7'860(x2),

and it follows that
ngxl_l e G = 5%,

This implies that g € Ng®)(S), and x| and x, represent the same double coset in (4.12).
O

Let us point out that there is some redundancy in the notation of (4.12). If x € Ng(S)
satisfies (4.11), then it satisfies x7186(x) € G(R). Lemma 4.6 then tells us that x €
NG (89). As a result, (4.12) could have been written more simply as

SY\(NG(S)/Now)($)Y.

We prefer the notation of (4.12), as it highlights a distinction which is absent for elliptic
tori, and reduces more readily to (4.10) when 6 is trivial.

We now turn to the parameterization of the spectral data IT,. Our assumptions on
¢ dictate that induction furnishes a bijection between Iy » and I, (Lemma 4.3). The
L-packet I, p of essentially square-integrable representations of M (R) is parameterized
by the coset space Q(M, S)/Qr(M, S) (see [28, (21)]). We wish to ascertain the cosets
which parameterize the representations in Il, which are stable under twisting by (w, ).
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Define (Q2(M, S)/Qr(M, $))*? to be the subset of those cosets in Q(M, S)/Qr(M, S)
which have a representative w € Q(M, §) satisfying

w 0w 86)~! € Qr(M, S). (4.13)
Suppose that @, is a representation in Iy » which is stable under twisting. Suppose
that w € Q(M, S) is a representative of a coset in Q(M, S)/Qr(M, S). Then, according
to [28, Lemma 15],

Ty-1p = OMER) @ wliG*lA
if and only if w satisfies (4.13).

Proposition 4.8. Without loss of generality, the representation indggggw,\ € I, is stable
under twisting. Furthermore, the subset of representations in I, which are stable under
twisting 1s
[indG 14 1w e @M, )/ 2rM, )]

Proof. The first assertion follows by applying the arguments of [28, Corollary 2] to
indggg @ in place of @y (cf. [27, Proof of Proposition 4.1]). There is no loss of generality,
since A may be replaced by any w™'A, w € Q(M, S) without affecting the assumptions
of §4.

To prove the second assertion, suppose that w € Q(M, S) and that indgggwwq[\ is
stable under (86, ). According to the Langlands disjointness theorem [26, pp. 149-151],
there exists k € NgR)(Aum) such that w -1, is stable under (k§6, wp(R))- Since k € G(R),
the maximal torus kSk~! is defined over R and also elliptic in M. As all elliptic tori of M
are M (R)-conjugate, we may assume that k normalizes § while maintaining the stability
of w, -1, under twisting. This stability implies that

w5 (k80w - A) =w™! AL
By assumption, w|sr)(86 - A) = A so we may rewrite the above equation as
wilk-A = A,

where A’ =80w=10)"1-A and w; =w 180w@B0)~!. The differential of the
quasicharacter A’ is G-regular so wflk is the identity in (G, S) [16, Lemma B 10.3].
It follows that w; is represented by an element in G(R). Looking back to (4.13), this
means that w € (QrR(M, S)/ Qr(M, 5))*°. Conversely, given w € (Qr(M, S)/ Qr(M, )%,
the intertwining operators in [27, Proof of Proposition 4.1] exhibit the stability of
. 1G(R)
indp )@ y-14- O

This proposition tells us that (Q2(M, S)/Qr(M, N is a spectral parameterizing set

for I1,. Despite appearances, it is not so different from the geometric parameterizing set
S\ (NG(S%)/NG®)(5))%. The intermediary between the two sets is

SONNm(S)/ Nuwy(S)*,

whose definition is given by substituting M =G in (4.11). According to [28,
Proposition 2], there is a canonical surjection

SN(NM(S)/Num)($)¥ — (M, S)/Qr(M, $))*. (4.14)
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To complete the comparison between the spectral and geometric parameterizing
sets, we observe that there is a canonical map from S‘W\(NM(S)/NM(R)(S))‘W to
SY\(NG(S%)/NG®)(5))%. We conclude this section by proving that this map is a
bijection.

Lemma 4.9. Suppose that x € G such that x~'86(x) € G(R). Then there exists y € G(R)
such that xy € M.

Proof. Fix a maximally R-split torus S’ containing S; and a positive system on
R(G, S"). Choose BY € X,(S4) C X«(S") as regular as possible in the positive chamber,
and let P(BY) be its corresponding R-parabolic subgroup (see [5, Proposition 20.4]).
By construction, P(BY) has Levi decomposition MU. According to Lemma 4.6,
the map Int(x_1)|s is defined over R so x~'Syx is an R-split torus. Consequently,
x~'P(BY)x = P(x-BY) is also an R-parabolic subgroup. By [39, Theorem 15.2.6] and
[5, Theorem 20.9], there exists y € G(R) such that (xy)~'Syxy € 8" and (xy) "' P(BV)xy =
P(BY). The latter equation implies that xy € P(8") [5, Theorem 11.16]. Writing xy = mu
according to the Levi decomposition P = MU, the earlier containment implies that

uim smus™ = usus e S NU = {1}, se€8,.

In other words, the element u belongs to M = Zg(S4), and so xy € M. O

We remark that Lemmas 4.6 and 4.9 do not rely on the 6-ellipticity of §, and so remain
true without the assumption that § is fundamental in G. This fact will be used in §6.

Lemma 4.10. The canonical map

S\(Nm ($)/ Ny (SN — S*\(NG(S7)/Newy ($)™
s a bijection.
Proof. The injectivity of this map follows from Ng®g)(S)NM = Nyw)(S). To prove
surjectivity, suppose x € Ng(S?) is a representative of a double coset on the right. Then
x~180(x) € G(R) by Proposition 4.7. Choosing y € G(R) as in Lemma 4.9, we see that
xy € M. The map Int((xy)_1)|s is defined over R. Consequently, the torus (xy)~1S(xy) is
also elliptic in M. After possibly multiplying y on the right by an element of M(R), we
may assume that (xy)~!S(xy) = S [44, Lemma 2.3.4] so xy € Ny(S) and y € Ng®)(S).
Finally, as M is preserved by Int(8)6, we have (xy)~'80xy(80)~! € M, and

(cy)"'80xy(80) ! =y IxT180(x)0(»)8 T € GR)NM = M(R).

This proves that xy € Ny (S) is a representative of a double coset on the left, and that
the canonical injection is surjective. O

4.4. Spectral comparisons

We shall provide a brief overview of the proof of the spectral transfer identity (4.1).
The proof is essentially the same as the one given in [28, 6] for discrete series
representations. We therefore tailor our overview around those points which are influenced
by accommodating fundamental series representations.
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There are two pieces to the proof. The first is the proof of (4.1) for functions f with
small elliptic support about 86 [28, 6.3]. The second piece of the proof is an extension
to all f € C°(G(R)O) using a twisted version of Harish-Chandra’s uniqueness theorem
[28, 6.4]. The second piece is not affected by the move to the fundamental series, and
the required uniqueness theorems are given in appendix A. For this reason, we shall only
examine the proof in the case of small elliptic support [28, 6.3].

The proof begins with the left-hand side of (4.1). The sum over the discrete L-packet
l'I(le may be converted to one over Q(Hj, Ty,)/Qr(H1, Tyy). The latter set also
parameterizes the stable conjugacy class on the left of (3.14). Using the Weyl integration
formula, it then becomes possible to substitute the geometric transfer identity (3.14). The
resulting substitution [28, (100)] yields a sum over S\ (Ng(5%)/Ng®)(5))% (Proposition
4.7) which may be replaced by S%\(Ny (S)/Ny®)(S))*? (Lemma 4.10). The substitution
also introduces geometric transfer factors, which we may choose as in [28, 6.2]. After
this point, one may continue precisely as in [28, Section 6.3] to arrive at the right-hand
side of (4.1). In particular, the surjection (4.14) accounts for the desired sum over I,
(Proposition 4.8). The twisted characters ®, |y, are obtained by replacing A in section
4.2 by w'A, where w € (Q(M, S)/Qr(M, $))%’. The use of Bouaziz’ character formula
is also justified in §4.2.

Theorem 4.11. The spectral transfer identity (4.1) holds for the fundamental series under
Assumptions 1-6.

5. Spectral transfer for limits of fundamental series

In this section, we adjust the framework of §4 by weakening Assumption 3 and removing
Assumption 5. Let us concentrate on Assumption 5 for the moment. If we remove the
G—regularity of the parameters u and p|s,, then the irreducible representations in I, need
no longer be fundamental series representations. As we shall see, these representations
may be obtained using the method of coherent continuation or Zuckerman tensoring.
When the Levi subgroup M of §4 is equal to G, then this method produces (essential)
limits of discrete series [17, 7 XII]. By analogy, when M is allowed to be a proper Levi
subgroup, we shall speak of (essential) limits of fundamental series. The goal then is to
prove Theorem 4.11 for L-packets II, consisting of limits of fundamental series. This
was accomplished for limits of discrete series in 7.2-7.3 [28]. The proof for the limits of
fundamental series is basically the same once the requisite objects are introduced.

We assume that we have the same endoscopic data as in §4 with the same Langlands
parameter @ g,. The pair of elements § € G(R) and y; € H{(R) are as before, and these
bring with them the same fundamental torus S and Levi subgroup M. However, our
assumptions on the Langlands parameter ¢* for G* shall be weaker. We merely assume
that @* has a representative ¢* which is an admissible homomorphism with respect to
G [4, 8.2]. This amounts to the assumption that the image of ¢* is minimally contained
in a parabolic subgroup of “G which is relevant (in the sense of 3.3 [4]) with respect
to G.
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Lemma 5.1. The image of ¢* is contained in a Levi subgroup “M dual to M (in the sense
of (3) 8.3 [4]).

Proof. Without loss of generality, we assume that ¢g, (C*) € Ty [28, 4]. Let M be
the centralizer in G of the subtorus equal to the identity component of the fixed-point
subgroup of 7 under conjugation by ¢*(c). Then M is a Levi subgroup of G 5,
Proposition 20.4]. Let “M be the subgroup generated by M and ¢*(o). It is a Levi
subgroup of G by [4, Lemma 3.5]. Furthermore, the image of ¢* is contained in the
subgroup of M generated by 7 and ¢*(o). The admissibility assumption on ¢* [4, (ii)
8.2] implies that M is dual to (a G(R)-conjugacy class of) an R-Levi subgroup M’ of G
[4, (3) 3.3]. The action of ¢*(o) on R(M, T) is that of inversion [39, Lemma 15.3.2]. In
[26, Proof of Lemma 3.1], one sees that this implies that M’ contains an elliptic maximal
torus 8’ such that ©S" = (T, ¢*(WR)). By the conjugacy theorems, [18, Corollary 4.35]
and [38, Corollary 5.31], we may assume that the anisotropic subtorus S, of §’ is contained
in S,.

It follows from Assumption 1 on ¢g, that ¢, (o) acts by inversion on the root lattice
in X*(Ty) [28, (17)]. This implies that ¢*(o) acts by inversion on the corresponding root
lattice in X*((7?)°) (see (3.7)). Since 6 preserves the pair (B, T), there exists an element
B in the root lattice of R(G, T) which lies in the Weyl chamber fixed by B, and is invariant
under the action of 6. In particular, 8 is G—regular. The dual element 8" [38, 2.2] belongs
to X.(7?). Since 77/ ('T?)O is finite, we may replace B by some integer multiple and
assume that Y € X, ((7?)?). From before, we see that ¢*(o) acts by inversion on BY. It
therefore acts by inversion on B. This, together with the isomorphism X*(7) = X, (5),
allows us to identify B with a regular element in X.(S,) [39, Proposition 13.2.4]. The
regularity of g implies that Zs(im(B)) is a maximal torus of G. Since im(8) € S, € Sy,
we find that this maximal torus is equal to both §" and S.

We deduce in turn that S’ =S is elliptic in M, S; C Zy, and M = Z5(S;) D M'.
On the other hand, the definition of M, and the duality between M and M’, and T
and S, together imply that Zg(Sy) = M’. We conclude that M = M’, and the lemma is
complete. O

According to Lemma 5.1, the group ¢*(WR) is minimally contained in a Levi subgroup
LMy of M. By a relevance assumption, there exists a Levi subgroup M| € M defined over
R which corresponds to M; [4, 3.3-3.4]. This produces an admissible homomorphism
¢ : WR — LG which we may view as a representative of a Langlands parameter for any
of G, M, or M.

Regardless of which perspective one takes, the admissible homomorphism ¢ is
determined by a pair u,A € X*(S’)®C. This pair is begotten from a defining pair
WH,, AH, € X*(f"Hl) ® C for an admissible homomorphism ¢g, € ¢n, [26, 3], [28, 4.1], and
an application of the maps in (3.4), (3.7) and (4.2) (cf. [36, 7(b)]). There are identifications
of Borel subgroups implicit in the maps of (3.7). We may assume that ug, is in the
positive Weyl chamber determined by the Borel subgroup By 2 Ty of H [26, Lemma
3.3], [28, 4.1]. Tt follows from the identification of By with By and the containment
E(By) € B = B’ (§3.3) that u lies in the Weyl chamber determined by B’ N M. To say
precisely what this means, let us denote by B the image of B’ under the inverse of
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Int(g7/)¥. Then the precise statement is that (u, @) > 0 for all @« € R(BN M, S) [26,
Lemma 3.3]. This ensures the Mi-regularity of p, but not its G-regularity.

5.1. Shifting to the context of the fundamental series

We shall approach the representations in II, indirectly, first shifting u by a é—reg‘ular
element v € spanzR(G, S) € X*(S). This shift by v will be constructed so as to
produce a pair of matching admissible homomorphisms ¢ and (,0‘1’11 which satisfy all
of the assumptions of §4. We may then apply coherent continuation to recover the
representations in I, and the spectral transfer identity (4.1).

Lemma 5.2. There exists v € spang R(M, S) which is G-regular and is fized under the
action of 86.

Proof. We first prove the existence of G-regular v. Suppose by way of contradiction that
for some « € R(G, S)¥ and all v € spanz R(M, S) we have (v, ) = 0. Then, in particular,
the image of @ belongs to

(Nperm.s) ker B)° = 29, = Sy

[39, Proposition 8.1.8(i)], [5, Proposition 20.6(i)], and & € X,(Sy). This implies that « is
a real coroot [5, 8.15], which contradicts S being fundamental.

We may now choose G-regular v’ € spangyR(M, S) which is positive with respect to
R(B, S). Under transport by (4.2), we identify v’ with an element in spanZR(é, TV =
spang R(G*, T') which lies in the positive Weyl chamber determined by B’. Recall from
§3.3 that the pair (B’, T') is preserved by 0*. Therefore the automorphism 6* has finite
order on X*(T”), and we may define v = leez*ll (6*)7 (v'). The 6*-invariance of v translates
to 80-invariance under transport by (4.2). O

Let us fix v as in Lemma 5.2. After possibly replacing it by some positive integer
multiple, we have Re{(u+v,aY) > 0 for all o € R(B, S), and so the element p—+v is
é—regular. This takes care of half of Assumption 5 in §4. The other half requires an
understanding of the action of o on v. The §6-invariance of v implies that v € X*(S"w).
Since §% / (8990 g finite, we may again replace v by some positive integer multiple
and assume without loss of generality that v € X*((S"”)O). There is an isomorphism
X, ((899)0) = X*(Ss), where Sso = S/(1 —86)S, and a surjection (5%9)0 — Ssq (see [28,
Proof of Lemma 12]). Consequently, there is an injection X*(Ss9) — X*((5%)9). We may
identify v € X*((S"”)O) with its image under the map

X4 ((8%9)%) — X*((5%9)9)

of I'-modules. In fact, v belongs to the submodule X*((S‘W)O/(ZBG)O). By the 6-ellipticity
of 8, the automorphism o acts as inversion on X*((SSO)O/(Z%)O) so o(v) = —v. The
decomposition

X*(S)®R = (X*(S2) ®R) @ (X*(S4) ®R)
[5, 8.15] allows us to identify v with its restriction vjs, (see (4.4)). As before, we may
assume that

Re{(t +1)js,. @) = Re(pujs, +v.a") > 0
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for all @ € R(B, §), so the element (1 + V), is é—regular. At this point we have shown
that Assumption 5 of §4 holds for u + v.

We turn to the construction of matching admissible homomorphisms ¢V and 90;11 which
satisfy the remaining assumptions of §4. First, since o(v) = —v is in the root lattice,
it is easily verified that the pair w+v, 1 € X*(§)®C corresponds to an admissible
homomorphism ¢" : Wg — G with ¢”(0) = ¢(0) [28, 4]. The pair also corresponds to a
quasicharacter A(u—+v —p, 2) of S(R) [28, (18)]. As in §4, the L-packet ITyv p consists
of essentially square-integrable representations of M (R).

The central character of the representations in ITyv p differs from the unitary central
character of the representations in Il, » by the restriction of A(u—4v—tp, A)A(u—
tm, V)71 to Zy (R). This restriction depends only on the restriction of v € X*(S) ® C to
Zy C S [4, 9]. Therefore, to show that Assumption 4 of §4 holds for the central character
of Myv u, it suffices to show that the restriction of v € X*(S) ® R to the split component
of Zyy is trivial. This is true, as the split component of Zj; is contained in Sy, the map
(1 — o) annihilates X*(Sy) [5, 8.15], and

l1—0 1—0
Vs, = T(U)ls“ = T(v\s,,) = 0.

Thus far, we see Assumptions 2, 4 and 5 of §4 hold for ¢, and enough has been shown
to conclude that the L-packet ITyv is comprised of fundamental series representations
(see 4.1). Assumption 6 of §4 follows from the §6-invariance of v (see [28, (136)]).

It remains to construct an admissible homomorphism (pl‘ill such that Assumptions 1

and 3 hold. For this, we return to viewing v as an element of X*(7},) = X*((Té)o), as in
the proof of Lemma 5.2. Let vy, € X*(f"H) be the image of v under the composition of
the isomorphisms of (3.7). By (3.5), we may regard vy, as an element in X*(f"Hl). The
positivity of v with respect to the Borel subgroup B transfers to the positivity of vy,
with respect to the Borel subgroup By. Let pp,, Ag, € X*(YA‘HI) ® C be a defining pair for
@, such that wupy, is positive with respect to By. Then pp, + vy, is regular so the pair
WH, +VH,, AH, € X*(fH]) ® C defines an admissible homomorphism (p‘;il :Wr — LH; [28,
4.1] such that Assumption 1 of §4 holds for (p,"il.

Finally, Assumption 3 of §4 holds by virtue of the definition of (¢")* as £ o S;ll 090})11
[28, 6]. Indeed, the image of pp, + vy, under the maps induced by & o & gll corresponds

to w4 v by the construction of vy, and the regularity of w4+ v in M ensures that ¥ is
minimally contained in L M.

5.2. Coherent continuation to the limit of fundamental series
representations

Let us describe the relationship between the L-packets of ¢ and those of the shifted
admissible homomorphism ¢”, following [36, 14] and [28, 7]. The representations in TTyv u
are essential discrete series representations. The representations in Iy » are essential
limits of discrete series representations obtained via Zuckerman tensoring representations
in Mgv p [22, (1.10)]. To explain this relationship better, let w € Q(M, §)/Qr(M, S)
and @,,-1, € Iy be as in Proposition 4.8. Denote the distribution character of the
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representation obtained from @1, through Zuckerman tensoring by & (w~'u, A, w™!-
B). Then the set of characters of the irreducible representations in Iy, » is equal to the
non-zero subset of characters in

O ', A, w - B):w e QM, S)/Q(M, S)}.

Using Hecht—Schmid identities, one may determine this non-zero subset explicitly [28,
(142)], [33, p. 408].

The irreducible representations in I, and I, are the irreducible subrepresentations of
the representations induced from Iy as and ITyv a7, respectively. In the present context,
parabolic induction and Zuckerman tensoring commute with one another [41, Corollary
5.9] and produce irreducible representations (when non-zero) [41, Theorem 5.15]. Hence,
parabolic induction furnishes a bijection between Iy » and Iy, just as it does between
Mgy » and . We may write the characters of the representations occurring in I1, as

. R _ 1 2
1ndgER§®(w l,u,)»,w 1'B), (5.1)

where w lies in [28, (142)]. We call the representations corresponding to these characters
limit of fundamental series representations. A limit of discrete series character is the
special case of (5.1) in which P = M = G. These are all special cases of limit of generalized
principal series representations given on [41, p. 265 5].

The spectral transfer identity (4.1) was proved for essential limits of discrete series
in [28, 7.2.3]. The argument there hinges on Zuckerman tensoring a discrete series
representation @, of the disconnected group Gger(R)? x (86) to a limit of discrete series
representation @j. This argument is unaffected when @, is allowed to be a fundamental
series representation. In consequence, if 7 € I, is obtained from 7, € Il,» by Zuckerman
tensoring, we obtain a twisted character ® y_ from the character of @. Moreover, after
defining

Alen,, ) = Al@y,, Tv),

[28, Proof of Theorem 3] carries through and (4.1) holds. We record this as a theorem.

Theorem 5.3. Suppose that there exists a strongly O-reqular and O-elliptic element
5 € G(R) which has a norm y € H(R). Suppose further that ¢u, is an admissible
homomorphism not contained in a proper parabolic subgroup of “Hi. Finally, suppose
that ¢* = @ is an admissible homomorphism such that the representations in I, p have
unitary central character and Ty, = 0 ® (ITy 00). Then

h Oy (W dh =Y Alpp,. 7)0O;
/HI(RVzl(R)fH‘() Z m (M) Z (@H,, 7)O7 U, (f)

7TH1€1'I¢H1 melly

for all f € CX(G(R)H).

6. Spectral transfer for tempered representations

In this section, we show how the framework of the previous sections extends to
tempered representations. Suppose that we have an endoscopic quadruple (H, H, S, &)
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and a compatible z-pair (Hi, £g1), as above. Now, we assume only that ¢g, : Wp —
LH, is an admissible homomorphism such that Mgy, consists of irreducible tempered

representations. As before, we assume that the homomorphism ¢* =& oé‘;ll o@m, is
admissible with respect to G, and denote ¢* by ¢. The condition that l'IW1 be tempered
is equivalent to ¢p, having bounded image [4, (4) 10.3]. It follows from the continuity
of & and 5511 that ¢ has bounded image so Il, is an L-packet consisting of irreducible
tempered representations of G(R). In order for this L-packet to have any bearing on
twisted endoscopy, we assume that I1, = 0 ® I, 00.

Let “Mpy, be the smallest Levi subgroup of LH; containing the image of ¢p,.
By definition, the representations in My, are the irreducible subrepresentations of
the representations induced from H(pH], iy, [4, 11.3]. In addition, the admissible

homomorphism ¢ i, - WR — Ly H,, defined by replacing the codomain of ¢z, with Ly Hi»
satisfies Assumption 1 of §4. In order to ensure that the other assumptions of §§4
or 5 apply, we must produce an R-Levi subgroup M of G and a triple (M, 05, wy)
corresponding to an endoscopic quadruple (My, H ;. S5z, §57), where Mp, is a z-extension
of MH.

6.1. Endoscopic data related to LMHI

We begin with the definition of M. As H| is a quasisplit group, there is an R-Levi subgroup
M m, of Hy which is dual to Lm - The minimality of Ly H, implies that there exists a
maximal torus Tg, of M n, Which is elliptic in M i, - Let Tg 4 be the split component of
Ty = pa(Th,). Choose BY € X.(Th 4) as regular as possible with respect to R(H, Tx),
and choose a Borel subgroup By 2 Ty such that («, ) > 0 for all @« € R(By, Ty). The
cocharacter 8" is defined over R, and the Levi subgroup M H, is the centralizer in H; of any
pre-image of 8¥ under py. An application of [20, Lemma 3.3.B] gives us a §*-stable pair

(B, T') and an admissible embedding (3.11) so we have the following maps of I'-modules:
\Y ~ * f * 7-é 0 ~ /
B € Xu(Th,a) = X«(Tw) = X" (Th) = X*((T7)") = Xs(Ty+)

(see (3.7)). The image £ 0B of BY in X*((T?)") is non-negative with respect to the
ordering defined by R(B, T). We may suppose that 8¥ has been chosen so that & o BV is
as positive as possible with respect to this ordering. There is a unique lift of (some positive
multiple of) & o 8¥ to a character in X*(7) which is trivial on the torus complementary
to (79)° [5, Corollary 8.5]. Let (B')" € X«(T’) be the cocharacter corresponding to this
lift under the isomorphism X, (T’) = X*(T). By design, the cocharacter (8)" is defined
over R and is non-negative with respect to the ordering defined by R(B’, T"). Let M* be
the centralizer of the image of (8')Y. It is the Levi subgroup of the parabolic subgroup
P* determined by (8')Y [39, 13.4]. Both M* and P* are defined over R [39, Theorem
13.4.2]. These groups are also compatible with 6*.

Lemma 6.1. The automorphism 0* preserves both M* and P*.

Proof. Recall that (B)Y corresponds to a lift of an character in X*((Té)o). The
f-invariance of this character implies that * o (8")Y = (8’)Y, and the lemma follows. [J

https://doi.org/10.1017/51474748014000437 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000437

Tempered spectral transfer in the twisted endoscopy of real groups 597

Now, by the admissibility of ¢ [4, 8.2(ii)], there exist R-subgroups M and P of G parallel
to the subgroups M* and P* of G*. From here on, we make the assumption that there
is a f-regular element § € G(R) which has norm y; € Ty, (R). It will be explained in §6.4
why this is a negligible assumption. With this assumption in force, we have recourse to
the R-isomorphism (4.2). It follows that M and P are given by the inverse image of (8')
under Int(gz/)¥. In addition, the §*0*-invariance of M* and P* (Lemma 6.1) translates
to the 8@-invariance of M and P.

We define the twisting data in the triple (M, Oir» wip) by 057 = Int(S)QM;I and wy; = W57-
For the definition of the endoscopic data, we recall that the passage from 6 to the dual
map @ is insensitive to composition with inner automorphisms (83.1, see [4, 1.3]). Indeed,
6 is obtained via an action on based root data, and such an action is independent of
inner automorphisms. The upshot of this observation is that Int(8)0 = 6. This identity
in turn justifies that My, Hz S, &y) is an endoscopic datum for M, Oy;> wy), where

My = pu(Mp,), Hy; = My xc(WR), and &; = E1y (see §3.2). The surjection Piity, *
MHl —> My defines a z-extension of My [20, 2.2] and a z-pair (A;IHI, (EHl)lLMHI).

This choice of endoscopic datum may be associated with the quasisplit group
M* through the isomorphism Int(gr) Y7 - M — M* mentioned above. By defining

Yy = Int(g7r)¥ 7, the element uy of (3.2) is replaced by gT/ugJ(g;,l) e T, c M.
Equation (3.3) is replaced by

05 = Oz =0t Wby

in which some lift of (§*)~! to M takes on the role of gg. Finally, the element in (3.10)
is replaced by

6" grugo(gp)o (890 (0 (9uy ' g7 h). (6.1)

One may compute that this element is equal to
0*(g7/)86ous0 (g5 0% (uy O™ (g7,

which by (3.10) is equal to gguga(gg_l)G*(ugl) and therefore defines a cocycle in (1 —
0")Zgx, < (1 —6;;[)2 T This shows that Assumption (3.10) holds for (M, 0y, wy) in
place of (G, 6, ).

The image of ¢ is contained in the Levi subgroup M dual to M* under the
identification of R(B, T) with R(B’, T’)¥ (see the proof of Lemma 5.1). By substituting
LM for the codomain of ¢, we may regard @i WR — LM as an admissible
homomorphism of M obtained from the admissible homomorphism ¢ My, of M H, above.

6.2. Assumptions required for spectral transfer on M

At this stage, it makes sense to revisit the assumptions of §4 with M in place of
G. As already mentioned, Assumption 1 holds for Pity, - The next lemma shows that
Assumption 2 holds.

Lemma 6.2. The strongly 6-regular element & is 6-elliptic.
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Proof. By isomorphism (4.2), it suffices to prove that the identity component of
(T’ )0*/ Zi; is anisotropic. We shall accomplish this by producing a torus T3 C Zi;* such
that (T’ )9* /T1)(R) is compact. Essentially, 77 is the image of Ty 4 under the maps used
to define (B")Y € X (T").

This is easiest to see in the special case that Tj. = (T")?". In this case, (3.11) maps Ty 4
to a split subtorus T3 C (T’)e*, and (B)Y € X,(Ty) is as regular as possible with respect
to R(B’, T"). It follows that « € R(M*, T') if and only if o7, is trivial [39, Lemma 15.3.2
(ii)], [5, Proposition 20.4]. This implies that 71 € Z;., and we obtain a surjection

*

(3.11) . . s
Tu/Tua = (T )TV — (T )28,
of elliptic tori.
In general, the canonical map (7790 — T,. is merely an isogeny (see [28, Proof of
Lemma 12]). The lift of £ o Y to (B’Y) amounts to a lift from X.(7}.) to X.((T"")9), as
may be seen from

X*(T) ———= &0 Y € X*((TD)Y)

(B)Y € Xu(T) ———= X(T}.)

and the proof of Lemma 6.1. Similarly, the image of Ty 4 in T,. under (3.11) lifts to a
split torus 71 € (T7")°, and (B')Y belongs to X«(T1). As argued in the special case above,
the torus 77 is contained in Z ;.. We now have two surjections,

(T /(250" < (1)) Ty > Tu/Tua.

The surjection on the right is an isogeny induced by (17" - T, and (3.11). As Ty /Ty a
is anisotropic, this isogeny ensures that (170 /Ty is also anisotropic. The surjection on
the left now implies that (77¢")° /(Z M*)O is anisotropic, and the lemma is proved. O

A consequence of Lemmas 6.2 and 4.1 is that S is a fundamental torus in M.

Assumption 3 was weakened in §5 to ¢ being admissible. This admissibility assumption
is made in this section as well, so ¢ ; is admissible.

Assumption 4 must hold, for otherwise the central character of I, » would force the
image of ¢ to be unbounded, and II, would not be tempered.

Assumption 5 was removed in §5, and so we may ignore it.

We must prove Assumption 6 for M. We have assumed that the L-packet I, is stable
under twisting. To deduce the same for the L-packet I, ., it is natural to make a
connection between the two L-packets. The common ground between the two packets
I, and Iy, is the ‘minimal’ packet Iy » in the following extension of Proposition 4.8.

Lemma 6.3. Let Sy be the split component of the torus S, let M = Z;(Sq), and let P

be a parabolic subgroup of G with M as a Levi subgroup. Suppose that w,w’ € Iy y
are essential limit of discrete series representations of M(R) such that indggggw’ and
a)®(indg$gw)80 share equivalent irreducible subrepresentations. Then @' is equivalent

to MR ® @,
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Proof. Suppose first that @’ and @ are essentially square-integrable representations. As
in §4.3, we may write @ = @,,-1, and @’ = @ ,y-1,, where § is an elliptic torus of M =
M, A is an M-regular, and 86-stable quasicharacter of S(R), and w, w’ € Q(M, S). The
Langlands disjointness theorem (pp. 149-151 [26]) provides k € NgR)(M) such that o=’
is equivalent to w;y®) ® @*¥  As in Proposition 4.8, we may assume that k € NG®)(S)
and identify it with an element of Qr(G, S). We have the equation

ws® k80w - A) = (w7 A,
which may be rewritten in the form
wi'k-A = A, (6.2)

where A’ = 80w~ 1(86)~1 - A and w; = (') 180w (s6) .

The (differential of the) quasicharacter A’ is M-regular. We choose a positive system on
R(G, S) so that its induced positive system on R(M, S) corresponds to a Weyl chamber
containing A’. Equation (6.2) implies that the element wl_lk € Q(G, S) is a product of
reflections generated by simple roots in R(G, S) which are orthogonal to A’ [16, Lemma B
10.3]. Suppose that « is such a simple root, and let pp be the half-sum of the positive
roots of R(M, S). The simple reflection s, fixes A’ and therefore stabilizes the system
of positive roots for R(M, S). This implies that s, fixes pys, or, equivalently, that « is
orthogonal to py.

Using the terminology of [43, 3], this proves that « is a quasisplit root and that wl_lk
lies in the quasisplit Weyl group generated by the quasisplit roots. We also know that
w; € Q(M, S) is defined over R [24, Lemma 6.4.1] so wflk belongs to the subgroup
of the quasisplit Weyl group whose elements are defined over R. According to Vogan,
this subgroup is a semidirect product of two groups [43, p. 961], and each of these
two is contained in Qr(G, S) [43, Lemma 3.1]. In short, wl_lk belongs to Qr(G, S) so
w) € QR(M, S) and

w'Qr(M, S) = (86 - w)Qr(M, S).

We deduce from [24, 6.4] and a character comparison that
@' = D)1 ZOMR) O Tsgyia = OU®R) © (@y10)" = o @@

Suppose now that @, @’ € Iy a are essential limit of discrete series representations.

—1, ,
In the notation of 7.2.3 [28], we may write @ =W" (4
wlp

((z,,)):ll_'l(fﬂ,)w(w/)fl,\, where @, -1, and @ -1, are essentially square-integrable
representations as above. As in the previous case, the Langlands disjointness theorem
supplies k € Ng®)(S) such that @’ is equivalent to wy® ® @**?. By [22, Theorem
1.1(c)], there exists ki € Ny;g)(S) such that kiksw™'- A = (w)~'- A. The previous
argument for essentially square-integrable representations therefore applies after
replacing k with k1k. We conclude in turn that @,y -15 = ou®) ® (w_w—lA)(w and @’ is
equivalent to

r_
w,-1, and @' =

86w (u+v")

~ -1, +/
OMR @Yy 1, @,-10)" Z our) ® (‘1’571,;“ V1) = ouw @@, O
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Corollary 6.4. The L-packet I, = 0, iz equals the L-packet oy ® Ty 00;.

Proof. Suppose that @ € H(p j7- Then the irreducible subrepresentations of 1ndig§§w
belong to I, [4, 11.3]. We are assuming that I, = w®II, 06 so that there exists

G(R)

)w and o ® (1ndG(R)

o' € I'I(/J iz such that md )w)ae have some equivalent irreducible
subrepresentations. By Lemma 6.3 and the fact that the irreducible representations
in I, j; are induced from irreducible representations in Iy u (Corollary 4.4), the
representation @’ is equivalent to w; Qwd e wy ®T, o8;. Since L-packets with
non-empty intersection are equal, the corollary is complete. O

Corollary 6.4 shows that Assumption 6 holds for M, and we are now in the position
to apply Theorem 5.3 on the level of M. This will be done in the following section. We
record one more corollary which aligns twisting on I, with twisting on Iy, .

Corollary 6.5. Suppose that w € I, and @ € I, iz such that 7w is a subrepresentation of

1nd(;$; [4, 11.3]. If w is (0, w)-stable, then w is (05, w)-stable.

6.3. Parabolic descent

Suppose that 15H1 is an R-parabolic subgroup of H; which has M H, as a Levi subgroup.
The parabolic descent of a compactly supported (mod centre) function f; on Hj(R) with

respect Py, will be written as f( ) [17, (10.22)]. It is a function on Mg, (R). When
f1 = fu, for some f € CX(G(R)E), the left-hand side of the spectral transfer identity
(4.1) equals

)Py 30 Oy (ydh (6.3)

My, (R)/Z; (R) Tty €M
1 Hy

[17, (10.23)]. This reduces the sum over the tempered L-packet Iy, in (4.1) to a sum
over the (essentially) discrete series L-packet H(mm. We shall take the same approach

to the right-hand side of (4.1), using the parabolic subgroup P of G, and then apply
Theorem 5.3. This approach must take into account the inconvenience that, although P
is preserved by Int(§)0, it might not be preserved by 6. To account for this, we replace
the twisting data (0, w) in this section by the twisting data (Int(§)8, w), but make no
distinction in notation. That this shift from 6 to Int(§)¢ ultimately has no effect on the
spectral transfer identity (4.1) is justified in appendix B.

Let P = MN be a Levi decomposition of P. Suppose that @ is an irreducible tempered
representation of M(R) such that

Uow(x) =w@)a®x)oU, xe M(R) (6.4)

G(R)

80 . .
F (R)w) is equivalent

for a non-zero intertwining operator U. The representation o ® (ind 2
(;EII:; 86 ~ 1ndg$§w Indeed, we may define an operator T on the functions ¢
in the representation space of ind; Eg

(Tp)(g) = Up(Int(8)0(g)), g € G(R).

to w ®ind
w by
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The reader may verify that

i qOR) _ - GR)_\50
TolndP(R)w(x) = w(x) (mdP(R)w) x)oT, x e GR)

(cf. [27, Proof of Proposition 3.1] and [12, Lemma 5(i)—(ii)]).
We wish to compute the twisted character @in R T defined by

P(R) "’

ftr Fa)indé® o) Tdx, feCPGR)O)
GR) P(R)
in terms of the twisted character of @w. This amounts to a twisted version of (6.3), and
the techniques are entirely the same. Suppose that f € C2°(G(R)#) and that n is the real
Lie algebra of the unipotent group N (R). Define

f(ﬁ>(xeM)=|detAd(x)|ﬁ|‘/2/ / fkxns0k YYdndk, x e M(R).
K JNR)

The crucial fact that P is preserved by Int(8)0 allows one to imitate the analytic
manipulations given for descent in 3 X [17]. The result is
0,400, 1(f) = O u(f ). (6.5)

mdP(R)

We wish to apply the descent argument of (6.5) to the right-hand side of (4.1), where
1, is our tempered L-packet. This argument is valid, since Corollary 6.5 tells us that
every representation in " € I, which is stable under twisting is a subrepresentation of
indggiw with @ as in (6.4). One may then define the twisted character ®, 1, by taking
T, to be the restriction of T above to the space of 7" (this uses multiplicity one, [21,
Theorem 2.3(b)]).

One must also define spectral transfer factors which are compatible with parabolic

descent. Accordingly, we define
Alpn,. ') = A@jz, @),

whenever 7" € T, is a (80, w)-stable subrepresentation of indgggw and @ € I1,.. When

7’ is not stable under twisting, we set A(@p,, ') = 0. The parabolic descent argument
applied to the right side of (4.1) yields

> Apn. 70T (= > Aty )Oypgo0 1, (F)

’ -
'€l well, i

> MA@ty ™) O u, (FO). (6.6)

wel‘[W,M

To complete the spectral transfer identity we must proceed from (6.6) to (6.3). For this
one must show that parabolic descent is compatible with twisted geometric transfer. In
other words, one would like to define geometric transfer factors A j;(y1, ") for M so that

F Py, = ) P10, (6.7)
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This is proved in Lemma B.1, by essentially restating ideas from a recent preprint of
Shelstad [37, 11]. Thus we may press on from (6.6) with

> A Ot (= Y. A@y, ®)Ouu, (")

’ —
w'elly, ZD'GI_I(/;_M

= F Pz, () Ox, () dh
/MHI(RVZl(R) e ; M
Mgy iy,

S P03 Oy, () dh,

o €ll
My,

fMHl R)/Z1(R)

(PMHI

where the expression on the right is equal to (6.3).

Theorem 6.6. Suppose that ¢y, and ¢ are admissible homomorphisms with tempered
L-packets. Let LMH] C LH| be a Levi subgroup minimally containing the image of OH, 5
and let Ty, be an elliptic mazimal torus in MHI. If there is a strongly regular element of
Th, (R) which is a norm, then

h Oy (h)dh = A, 7)1,
/HI<R)/ZI<R> @ 3 (M > A@n, MO T, (f)

ﬂHleH¢H1 well,

for all f € C(GR)H).

6.4. No norms

The purpose of this section is to remove the hypothesis in Theorem 6.6 of norms existing
in Ty,. Suppose that no strongly regular element of Tx, (R) is a norm of an element in
G(R). In this case, we set all spectral transfer factors A(@g,, ) on the right of (4.1)
equal to zero. We shall argue that the distribution ® which sends f € C°(G(R)#) to the
left side of (4.1) is also zero. In this way, spectral transfer reduces to an identity of zeros.

First, note that the (tempered) distribution characters of ®7TMH1 in (6.3) allow us to

regard © as a function supported on those elements of 8’0 € G(R)0 for which strongly
6-regular 8’ have norm y| € MHI (R). Thought of in this way, the distribution © is
determined by its values on subsets of the form GY?(R)8’'0. If no such § exist, then
® vanishes. /

Fix then such a 8" € G(R), and let T}, = pH(M}_/I']). The maximal torus T}, C My
contains Zy; 2 T q4. We may therefore repeat the construction of §6.1 with § replaced by
&8, but with the same BY € X(Ty.4), to arrive at a triple M, 04> @) With endoscopic
datum (MH, Hyp S, &), We also have G% C M’, as before. Thus, it suffices to show
that © vanishes on M'(R)8'0’ 2 G*?(R)8'0".

Let ©y = O\ ®ys0- The distribution ®,; is a tempered, wyy-equivariant,
eigendistribution ([28, Lemma 24] and [42, Proposition 30 (38) 6]). Since no strongly
regular element of Ty, (R) is a norm, the distribution vanishes on the 8,;-elliptic elements.
Proposition A.4 therefore applies to ®,;,, and so it vanishes. In conclusion, ® vanishes,
and Theorem 6.6 now extends to the following.
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Theorem 6.7. Suppose that ¢g, and ¢ are admissible homomorphisms with tempered
L-packets. Then

h ®JTH h dh = A , ®7-[, .
/Hl(R)/Z1(R) Fin (1) Z 1( ) Z (QH, ™) T (H)

7o €llp gy, melly,

for all f € C®(G(R)O).

Acknowledgements. We thank the referees for this paper and an earlier version for their
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Appendix A. Twisted uniqueness theorems

Spectral transfer in [28] did not include twisting by a general quasicharacter w of G(R),
and was limited to 6 being of finite order. This resulted from the hypotheses required
for the use of a twisted version of Harish-Chandra’s uniqueness theorem [29, Theorem
15.1]. The hypotheses require 8 to be finite and the distributions to be G(R)-invariant.
The purpose of this appendix is to extend this uniqueness theorem to allow for arbitrary
0, and then to use methods of Waldspurger to handle the lack of G(R)-invariance due to
non-trivial w. As a consequence, we may extend [28, Theorem 1] to include non-trivial @
and 6 of any order.

We assume that § € G(R) is strongly 6-regular and 6-elliptic, and that S is the torus
of Lemma 4.1. We begin with the extension to arbitrary 6.

Proposition A.1. There exists go € Gger(R) such that Int(gg)0 has finite order on Gger(R)
and preserves a mazimally R-split mazimal torus T of G.

Proof. We may assume without loss of generality that G = Gger. We may suppose that
T =Ty of (3.1) is defined over R and contains a maximal R-split torus of G. In other
words, the split component of T is a maximal R-split torus in G. The split component
of the maximal torus 6(7) is also a maximal R-split torus of G, as 6 is defined over R.
Therefore there exists x; € G(R) such that Int(x;)0 preserves T [39, Theorem 15.2.6].
We may therefore assume without loss of generality that 6 itself preserves T. Splitting
(3.1) affords a decomposition of Aut(G) as a split semidirect product of the group of
inner automorphisms and the group of graph automorphisms of the Dynkin diagram [38,
Corollary 2.14]. As the latter group is finite, there exist some positive integer £; and
an element x» € G such that 8¢1 = Int(x,). Since 6 preserves T, so does Int(x3), and this
is the same as saying that x; is a representative of an element in Q(G, T). The Weyl
group Q(G, T) is finite so for some positive integer ¢» we have 04 = Int(x3) where
x3 =x," belongs to T. The automorphism 08©2 commutes with o, and consequently
Int(o (x3)x5 1) is the identity automorphism. This implies that o (x3)x5 ! lies in the centre
of the semisimple group G. The centre is finite, so there exists a positive integer £3 such
that

o) % = (e HB = 1.

This equation implies that x4 = x? € T(R). Similarly, Int(xs) = 6126 commutes with 6,

and this in turn implies that Int(6 (X4)x4_1) is the identity automorphism and O(Xﬁ“) = xﬁ“
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for some positive integer £4. Set x5 = xﬁ“ e T?(R). Finally, being the real points of an
algebraic group, the group T?(R) has finitely many connected components as a real
manifold. Therefore, there is a positive integer £5 such that y = xﬁs belongs to T?(R)°.
Set £ =4£;---£5. Then 6 = Int(y), and there exists ¥ € t’ such that exp(Y) = y. Let
g0 = exp(—%Y) e T?(R)°. Clearly,

(Int(g0)6)* = Tnt(gy)6* = Tnt(y 6"

is the identity automorphism. O

Proposition A.2. Suppose that G is semisimple and that ® is any tempered
G(R)-invariant eigendistribution on G(R)8. Then ® =0 if and only if ©®(x§0) =0 for
all 6-regular elements x8 € S (R)S.

Proof. Since G is semisimple, the centre Zg is finite. Fix an element gy € G(R) as in
Proposition A.1, and let 68’ = Int(go)f be the resulting finite algebraic R-automorphism.
Let 8 = 5g0_1. It is easily verified that G% = §% = 596" = G‘S/G/, and that x € G is
f-regular if and only if xgy Vise’ -regular. The distribution ® may be regarded as a locally
integrable function on the #-regular subset of G(R)8 [6, Theorem 2.1.1]. We define ®’ to
be the distribution on G(R)8" € G(R) x (8") through the function

0'(x8") = O (xgo0)

defined on the #’-regular subset of G(R)#’. It is a simple exercise to show that ® is
also a tempered G (R)-invariant eigendistribution. Obviously, ® = 0 if and only if ® = 0.
[29, Theorem 15.1] applies to ®" (Proposition 3.6.1 [6]). Consequently, ® =0 if and
only if ®'(x8'6") = 0 for all #-regular x8’' € §? (R)§’. The proposition now follows from
O'(x8'0') = O(x8gy ' 200) = O (x80). 0

Corollary A.3. Suppose that ® is any tempered G(R)-invariant eigendistribution on
GR). Then ©® =0 if and only if Oxd0) =0 for all O-regular elements x4 €
ZG(R)S% (R)S.

Proof. Suppose first that G(R) = Zg(R) X G4er(R), and let § = (87, d4er) accordingly. The
multiplication map

CP(ZgR) ® C°(Gaer(R)O) — CZ(G(R)O)

has dense image [30, Theorem III IV.3]. On the left, we are abusively identifying 6 with its
restriction to Gger. For a fixed function h € C°(Zg(R)), define ®;, to be the distribution
on Gger(R)O given by

On(f) =O(f), feCZ(Gur(R)D).

As a locally integrable function on the 0-regular set of Gger(R)6, the distribution ®; has
an expansion

On(x0) = / h(2)®(zx0) dz. (A1)
Zg(R)
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It is simple to show that ®; is a tempered Gger(R)-invariant eigendistribution so
Proposition A.2 applies. Keeping in mind the density of the map above, we find that
© =0 if and only if (A1) vanishes for every h € C°(Zg(R)) and when restricted to
Sggr(R)Sder. Allowing h to approach a Dirac delta function, we see that this is equivalent
to ®(zx860) = 0 for almost all z € Zg(R) and O-regular xd84er € Sggr(R)Bder. This proves
the corollary when G(R) = Zg(R) X Gger(R).

If GR)=ZsR)Ggr(R), then the surjective map from Zg(R) X Gger(R) —
ZG(R)Gger(R) has some finite kernel F. The automorphism 6 induces an automorphism
of the direct product, and in this case the tempered invariant eigendistributions on G (R)6#
may be identified with the tempered invariant eigendistributions on (Zg(R) X Gger(R))6
which are fixed under left multiplication by elements of F. Combining this identification
with the case already proved, we see that the corollary holds when G(R) = Zg(R)Gger(R).

In general, the quotient group G(R)/Zg(R)Gger(R) is finite with representatives
Yis..., ¥ For any f € C°(R), define

t
fix0) =) fix6y; D, x € ZgR)Ger(R).
j=1

Then, by the G(R)-invariance of ®, we have

t
/ f(x0)O(x0) dx :f 3 f(3jx0)O(yjx0) dx
GR) ZG(R)Ger(R) =1
t
:/ Zf(ijeyj—l)@)(xe)dx
ZG(R)Gder(R) j=1
= 01(/f1),
where ©®; is the restriction of ® to Zg(R)Gger(R). It follows that ® = 0 if and only if
®; = 0, and we are reduced to the previous case of the proof. O

Corollary A.3 takes care of general 6. The principal tool in handling a non-trivial
quasicharacter w is the central extension

l-C>G6 2651

constructed recently by Waldspurger [45, Proposition 2.4]. The group C is a central torus
in the connected reductive algebraic group G’. The group G’ is defined over R, and the
algebraic homomorphism p is defined over R and remains surjective as a homomorphism
from G’(R) to G(R). This extension was constructed so that 6 extends to a finite-order
algebraic R-automorphism 6’ of G’ and there exists a unitary character u’ of G'(R) such
that
wop=u o(l—-0". (A2)
We introduce the extension G’(R) into the discussion of 6.4 [28] by first lifting the
distribution ® defined there on G(R)# to a distribution ®" on G'(R)#’. We shall then be
able to apply Corollary A.3 to a variant of ® and thereby deduce the desired vanishing
results for ©.
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Proposition A.4. Suppose that ® is a tempered eigendistribution on G(R)6. Suppose
further that

O(f") =w(O(f), feCT(GRI),
where f¥(x0) = f(y~'x0y) for all x,y € G(R). Then © is given by a locally integrable

function on the 0-regular subset. Moreover, ® =0 if and only if ®(x§0) =0 for all
0-reqular elements x8 € S (R)S.

Proof. We shall lift © to a distribution on G’(R)8’ by using the map v : C°(G'(R)6’) —
CX(G(R)O) defined by

v(f)(p(g"Ho) =/ ['(zg'0"dz, ¢ € G'R).
CR)

Our first claim is that v is a continuous surjection. To see this, we regard the central
extension

1> CR) — G®R) — GR) > 1

as the set G(R) x C(R) together with a group multiplication given by a cocycle in
Z%(G(R), C(R)). In this perspective, we obtain the sequence

CE(GR) ®CE(CR) = CX(G'R)E) = CX(GR)).

The map on the left is the injection given by multiplication, and it has dense image [30,
Theorem IIIIV.3]. If one identifies C2°(G(R)) ® C2°(C(R)) with its image in C°(G'(R)6")
under the subspace topology, then it is simple to show that v is a continuous surjection of
this subspace onto C2°(G (R)). By density then, the map v is continuous on C°(G’(R)6").
We define the distribution ® on the component G’(R)8’ by ® = ®owv. Since O is
tempered and v is continuous, the distribution @ is tempered. Now, define (1)~ 0’ =
® o L1, where L,n-1 CX(G'R)O) — CX(G'(R)O) is left multiplication by (w)H~L.
The map L,»-1 is continuous, since w' is a smooth function [15, Proposition 1 4.6]. It
now follows that (u/)~!- @’ is tempered. By (A 2), the distribution (u/)~!- @’ satisfies

W)™ O (1)) = OW(L )1 (f))
= o (1= () HOW(L )1 £HPO))
=1 o(1=0) () Heo(p(yNOWL -1 £)
=)™ e'(f)

for y € G’'(R). This means that (u/)~!- @ is a G'(R)-invariant tempered distribution.

The final requirement for us to apply Corollary A.3 to (u)~'- @ is that it be an
eigendistribution of Z(g’ ® C). This is easily verified by considering the decomposition
g = g@ ¢ and noting that © is an eigendistribution. Indeed, ®' is an eigendistribution
whose infinitesimal character is that of ® extended by zero on ¢® C.

For the first assertion of the proposition, we use [6, Theorem 2.1.1] to express
(u)~'- @ as a locally integrable function. It then follows that the product of this locally
integrable function with u’ is an expression of ® as a locally integrable function. For
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any f = v(f’) € C(GR)H) we also have f = v(L, f'), where L, f'(x'0") = f'(zx'0’) and
z € C(R). As a result,

/ f&'0He'(x'0)dx' = 0'(f') = e(f) = 6'(L.f)
G'(R)
:/ f/(xle/)G/(Z—lx/Q/) dx’.
G'(R)

This shows that ® is a (left) C(R)-invariant function. We may therefore set ®(x0) =
®'(x0") for H-regular x € G(R) = G'(R)/C(R), and conclude that

O(f) = / F(x'0)e'(x'0") dx’
G'(R)

— f/(Zx/G/) dz®/(x/0/) dx/

/G%R)/caz) C(R)
=/ f(x0)O(x8) dx.
GR)

For the final assertion of the proposition, the surjectivity of v implies that ® = 0 if and
only if ® = 0. Clearly, ® = 0 if and only if (u/)~!- ®" = 0. The assertion now follows by
applying Corollary A.3 to (u/)~'-® =0 and tracing back to ©. O

This last vanishing result was the missing link to [28, Theorem 1] and its subsequent
arguments. The subsequent arguments and results therefore hold for non-trivial w and 6
of any order.

Appendix B. Parabolic descent in twisted geometric transfer

The purpose of this appendix is to delineate results given in a preprint of Shelstad [31,
11] concerning parabolic descent in twisted geometric transfer. The results given here
are considerably simpler than the original ones, as we are working under the assumption
that the cocycles given by (3.10) and (6.1) are trivial.

The main point is to prove (6.7), namely that

(f(ﬁ))MHl = (fu)Pm),  f e CX(GR)H)

under twisting by (Int(8)60, w). To simplify the notation, we shall sketch the proof under
the assumptions that & is the identity and P is preserved by 6. After the proof, we shall
describe how transfer differs when twisting with respect to Int(§)6 or with respect to 6.
Ultimately, we show that the spectral transfer identity (4.1) is unaffected by the shift
from Int(8)6 to 6.

Suppose then that 8 is trivial so that P is preserved by 6, 051 =041 and ¥ = Vi1
etc. (see §6.1). The crux of identity (6.7) lies in the comparison of the transfer factor
Az (v, 8), defined for M, with the transfer factor Ag(y’,8") = A(y’, 8') defined for G.
Each of these factors is a product of four terms [20, 4]. The first terms of these transfer
factors depend only on the torus 7’ and the endoscopic datum s (G* = T~ in [20, 4.2]),
and are therefore equal. The second term of A ;;(y’, 8’) depends on x-data, which may be
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chosen to be trivial on roots outside M. In this way, the second terms of the two transfer
factors may be taken to be equal. The third terms of both transfer factors depend the
strongly 6-regular element 8’ € M(R). To be more precise, there is an element g’ € M(R)
such that g'm(8)0*(g")~' = g'v(8")8*0*(g’)~! corresponds to y’ under an admissible
embedding (see (3.12)). The third term of Ay (y’,8’) depends on the Galois cocycle
defined by g'uso(g’)~! [20, Lemma 4.4.A]. One may choose this cocycle to serve the
same purpose in the definition of the third term of Ag(y’, 8’) so that the third terms are
equal. In summary, we have

AM,IV(V/’ 8 A
Arv(y', 8"
where the terms with 7V in subscript are defined in 4.5 [20].

Ay &) = (', 8, (B1)

Lemma B.1. Under suitable normalization of geometric transfer factors and measures,
we may assume that equation (6.7) holds.

Proof. Suppose that f € C2°(G(R)0). Then, by (3.14), there exists a function (f7) s,
such that ) }
P P

20 (g, ) =D A (. 800w (f ). (B2)

yl// 8/
The sum on the right is taken over the 6-conjugacy classes under M(R) of elements
in M(R) whose norm is y;. It follows from the remark following Lemma 4.9 that
this collection of 8-conjugacy classes over M(R) is in bijection with the collection of
6-conjugacy classes under G(R) of elements in G(R) whose norm is y;. This bijection is
necessary for us to convert the right-hand side of (B 2) into the analogous sum over G (R).
Still looking at the right-hand side, one may imitate the computations of [17, Lemma
10.17] to obtain )

Oo(f ) = Idet(1 — Ad(8'0))1g/ml'/*Ora (f).

Making this substitution and cancelling with the I'V-terms in (B 1), we arrive at

3 oy{/((f@))ml) = |det(1 — Ad()jp/mpl > Y Opr (firy)

" "
"1 "1

=30, ((fu) ).

"
"

In the sums over y," we have also used the bijection between stable conjugacy classes
over H; and My, (Lemma 4.9 with trivial 6, cf. [34, §14]). The above identity between
orbital integrals justifies the assertion of the lemma. O

From now on, we drop the assumption that § is the identity, and distinguish between
twisting with respect to Int(§)6 and twisting with respect to 6. We begin with the concept
of norm. There is a norm with respect to # and a norm with respect to Int(§)0. We call
the former a 6-norm and the latter a §0-norm.

It is simple to show that 86! € G(R) is a strongly Int(§)6-regular element if and
only if 8’ € G(R) is strongly §-regular. Suppose that 8’ is strongly §-regular with -norm
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y; € Hi(R). We wish to prove that 8’871 has 8-norm ¥;- To do this, we must retrace the
definitions of the maps in §3.3. These maps are defined in terms of the endoscopic data
and the automorphism 6*. Replacing 6 with Int(§)6 does not have an effect on 6*, since
the automorphism
Int(goy(8)"HyInt(®)oy " = 6*
preserves the splitting (B*, T*, {X*}). However, this replacement does have an effect on
go. The effect is to replace gy with go(8)!, and this affects the definition of (3.9). By
substituting ggv (8)~! in place of gg and 8’8~ in place of § in (3.9), we find that
Y(E8 ey ®H T =v)e;

and the expression on the right is equal to the image of §’ under the original map (3.9).
Conjugating this equation by g7 (see (3.12)), it is evident that 6’8~ corresponds to an
element 8™ under twisting by Int(§)d in the same way that 8’ corresponds to §* under
twisting by 6.

We should observe that the change from gy to goy(8)~! does not affect Assumption
(3.10). Indeed, substituting ggv (8)~! in place of gg into (3.10) yields

8oV () ugo ((gow ()™ HO* (ug) ™!
= gov (§) ™! (Int(ue)o ¥ (8)) ugo (g HO* (us) ™"
= g0V (8) 'Y (0 (8) uso (g5 H0* (o) ™!
= oo (g, N0 (us) ™' € (1-6"Zgs.

This ensures the I'-equivariance of m relative to twisting by Int(8)6. The rest being the
same, we conclude that 88! has §6-norm Y-

We now examine the effect of replacing 8 by Int(6)6 on twisted characters. Clearly, if
m € I, satisfies (4.9), then it also satisfies

r@®Uow ' (x)m(x) =7 (x) o (B)U, x € GR). (B3)

This presents us with the intertwining operator Uf, = (8)U and the corresponding
twisted character ®, ys defined by

fis tr/ faOT@)T@SUdx, f € CP(GR)). (B4)
G(R)

Define Ry on C°(G(R)6) by

Ry f(y0) = f(yx0), x,y € GR).
Then

Oru (f) = /;;(R) frn@xHUdx = Oy, Rs-1 ), f e CZ(GR), (B5)
by the invariance of the Haar measure (cf. [12, (5.1)]).
There is a dual identity to (B5) for twisted orbital integrals. We denote the orbital
integral of f € C°(G(R)6) at 881 as Og,g(f) when twisted by Int(§)0. Evidently,

0%, (f) = / w(9) f(g18'87180(g)6™ ") dg = O5p(Rs1 f), (B6)
G¥0 (R\G(R)
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where the orbital integral on the right is twisted by 6. Let us denote geometric transfer
factors with respect to twisting by Int(8)0 with A®. It follows for purely formal reasons
that we may take A°(y[,8'87!) = A(y{, §). In this way,

YO, (fu) =D AW 8)Ox(f)
" ¥

=Y N, 85710} Rs £),
5/

and we may define geometric transfer of Rs f with respect to Int(§)6 by

Rs )%y, = fH, (B7)

where on the right we mean transfer with respect to 6.

The assumption of § = 1 above was made only to simplify the notation. In the notation
we have just established, the transfer factors in the proof of Lemma B.1 are given a § in
the superscript, and the assertion of the lemma is

(Pys. 8 \(Pmy)
PNy = O 0.
Similarly, the assertion of Theorem 6.6 reads as

8 h ®7TH h)dh = A‘s , ®n BS
ffh(R)/zl(R)(f)H‘( ps (M 2 Nem, 101 () (B8)

7 €llpy, mell,

when twisting by Int(8)8. Here, the spectral transfer factor A%(g Hy, ) is defined with
respect to twisting by Int(8)0. As with the geometric transfer factors, we may set

An,.m) = N(pp,, ), mell,.
In light of this equation and equations (B7) and (B5), identity (B 8) becomes
/ Rs-1 () Y Oy (dh =Y Agn,, m)Ox 1, Rs-1 f)
Hi(R)/Z(R) jTHleanl wel,
for all f € CX(G(R)0); or, equivalently,
fi () Y Oy (dh =Y Agm,™)OxT, (/).

7y €llgyy well,

/;11 R)/Z1(R)

This proves that Theorem 6.6 remains the same when twisting by 6 or by Int(§)6.
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