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This paper is concerned with the existence and qualitative property of solutions for a
Hénon-like equation

−Δu = ||x| − 2|τ u2∗−1−ε, u > 0, x ∈ Ω,

u = 0, x ∈ ∂Ω,

where Ω = {x ∈ R
N : 1 < |x| < 3} with N � 4, 2∗ = 2N/(N − 2), τ > 0 and ε > 0 is

a small parameter. For any given k ∈ Z
+, we construct positive solutions

concentrating simultaneously at 2k different points for ε sufficiently small, among
which k points are near the interior boundary {x ∈ R

N : |x| = 1} and the other k
points are near the outward boundary {x ∈ R

N : |x| = 3}. Moreover, the 2k points
tend to the boundary of Ω as ε goes to 0.

1. Introduction

We study the Dirichlet problem

−Δu = ψτ (x)u2∗−1−ε, u > 0, x ∈ Ω,

u = 0, x ∈ ∂Ω,

}
(1.1)

where Ω = {x ∈ R
N : 1 < |x| < 3} with N � 4, 2∗ = 2N/(N − 2), ε > 0 and

ψτ (x) = ||x| − 2|τ , τ > 0. This problem can be regarded as a natural extension
to the annular domain of the Hénon equation, which was proposed by Hénon [15]
when he studied rotating stellar structures. The Hénon equation

−Δu = |x|τu2∗−1−ε, u > 0, x ∈ B1(0),
u = 0, x ∈ ∂B1(0),

}
(1.2)

where B1(0) ⊂ R
N is a unit ball centred at the origin, has been extensively investi-

gated. The first existence result is due to Ni [17], who obtained at least one radial
solution for τ > 0 and 2∗ − 1 − ε ∈ (1, 2∗ − 1 + 2τ/(N − 2)) via the mountain pass
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theorem in the space of radial functions. The presence of numerical solutions in [11]
then shows that for fixed τ > 0 the ground state solution of (1.2) is not radial if ε
is sufficiently small and that, for fixed ε ∈ (0, 4/(N − 2)), if τ is large enough, the
ground state solution of (1.2) is not radial either. This was proved by Smets et al .
in [25]. The main idea was to compare the energy of ground state solutions and that
of radially symmetric solutions. Later, by minimization under suitable symmetry
constraints, Serra [24] proved the existence of at least one non-radial solution for
every τ large enough, when ε = 0. Meanwhile, for τ sufficiently small, ε = 0 and
a general domain Ω that is not necessarily the unit ball, Hirano [16] obtained at
least one positive solution to (1.2) by a constrained variational argument. Byeon
and Wang [2, 3] considered the asymptotic behaviour for the solution of (1.2) with
τ large. More results about the asymptotic behaviour of ground states of (1.2) can
be found in [4, 7, 9] and references therein.

In addition, the Neumann problem for the Hénon equation was investigated
in [13], presenting the interesting conclusion for τ large that the ground state is
radial, which is contrary to the Dirichlet case. In [10], Carrião et al . proved results
on existence and multiplicity of non-radial solutions of quasilinear equations of the
Hénon type. Calanchi and Ruf considered the case of the system in [5], and proved
that the ground state solution of the Hénon-type system is not radially symmetric.
For more results we refer the reader to the references therein.

The concentration behaviour of solutions (see [12, 23]) has been studied exten-
sively. It is well known [14] that (1.2) has only radial solutions if τ = 0. Thus, the
only possible concentrating point is x = 0 if τ = 0. It is necessary that τ > 0
to ensure the existence of multiple concentrating solutions. Cao and Peng proved
in [7] that, for ε sufficiently close to 0+, the ground state solutions of (1.2) possess a
unique maximum point whose distance from ∂B1(0) tends to 0 as ε → 0+. Peng [18]
and Pistoia and Serra [20] improved the result in [7] for (1.2) for τ > 0 fixed with
ε going to 0, and obtained multi-bump solutions that are invariant under the action
of the suitable finite subgroup of O(N) and concentrate at the boundary points of
B1(0) as ε → 0.

Since the weight function ψτ (x) on Ω reproduces a similar qualitative behaviour
of |x|τ on the unit ball B1(0) of R

N , Calanchi et al . [6] considered (1.1) on the annu-
lus. They proved the existence of two solutions for τ large, and of two additional
solutions when ε is close to 0. They also proved the appearance of a symmetry-
breaking phenomenon, showing that the least-energy solutions concentrate near
the boundary ∂Ω, and hence cannot be radial functions. However, they could not
determine near which component of the boundary ∂Ω the solutions concentrate
when ε → 0. In our paper, we improve the result in [6] for the Hénon-like equa-
tion (1.1), and establish the existence of solutions concentrating simultaneously
at both the components of the boundary of Ω. Furthermore, we give the rate of
concentrating points approaching ∂Ω as ε → 0.

To state the main result, we consider the functions

Uy,λ(x) =
[N(N − 2)](N−2)/4λ(N−2)/2

(1 + λ2|x − y|2)(N−2)/2 ,

where y ∈ R
N , λ > 0. Then, Uy,λ(x) satisfies the equation −Δu = u2∗−1 in R

N .
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Solutions for a Hénon-like equation 177

We denote by PUy,λ the projection onto H1
0 (Ω) of the function Uy,λ, namely,

−ΔPUy,λ = −ΔUy,λ in Ω,

PUy,λ = 0 on ∂Ω.

}
(1.3)

Let O(N) be the set of all orthogonal transformations in R
N and let G be a finite

subgroup of O(N) generated by g, that is, G = {g, g2, . . . , gk = Id} for some integer
k � 1. The main result in this paper is stated as follows.

Theorem 1.1. Let Ω = {x ∈ R
N : 1 < |x| < 3} with N � 4, ε > 0 and τ > 0.

Suppose that G = {g, g2, . . . , gk = Id} ⊂ O(N), k � 1, and G has no fixed points on
the boundary of Ω. There then exists ε0 > 0 such that, for ε ∈ (0, ε0], problem (1.1)
has a positive solution uε of the form

uε(x) =
k∑

i=1

PUgizε,λε
(x) +

k∑
i=1

PUgi(αεzε/|zε|),λ̃ε
(x) + vε(x),

with λε > 0, λ̃ε > 0, 2 > αε > 1, zε ∈ Ω satisfying

λε = O(ε−(N−1)/(N−2)), λ̃ε = O(ε−(N−1)/(N−2)),

vε(gix) = vε(x) (i = 1, . . . , k − 1),

(αε − 1) + dist(zε, {x ∈ R
N : |x| = 3}) = O(ε),

‖vε‖H1
0 (Ω) =

⎧⎪⎪⎨
⎪⎪⎩

O(ε), N = 4, 5,

O(ε|ln ε|2/3), N = 6,

O(ε(N+2)/2(N−2)), N > 6.

This result provides much finer information on the asymptotic profile of solutions
as ε → 0. The difficulty with the proof is that the local maximum points of the
solution tend to both components of ∂Ω when ε → 0. Due to the fact that the
boundary ∂Ω has two components and ϕy,λ := Uy,λ−PUy,λ and its first derivatives
tend to ∞ as y approaches ∂Ω, we need more precise analysis estimates. The idea
of the proof is mainly inspired by that of [18,22]. We reduce our problem to a finite-
dimensional problem by Lyapunov–Schmidt reduction, and then we use Lusternik–
Schnirelman theory (see [21,23]) to solve it.

This paper is organized as follows. In § 2, we give the notation and a crucial pre-
liminary result preparing for Lyapunov–Schmidt reduction. In § 3, we then obtain
some important estimates and prove theorem 1.1 by Lusternik–Schnirelman theory.
Finally, we collect the detailed estimates in appendix A.

In this paper, we use the following notation.

• C denotes the generic positive constant.

• O(t), o(t) denote |O(t)| � C|t|, |o(t)|/t → 0 as t → 0, respectively.

• For u ∈ Lr(Ω), v ∈ H1
0 (Ω), define |u|rr =

∫
Ω

|u|r, ‖v‖2 =
∫

Ω
|∇v|2.

• Br stands for the ball Br(y) centred at y with radius r.

• For simplicity, denote d(yj , ∂Ω) = dist(yj , ∂Ω).
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2. Notation and preliminary results

Let Iε(u) be the associated functional to (1.1) defined by

Iε(u) = 1
2

∫
Ω

|∇u|2 − 1
2∗ − ε

∫
Ω

ψτ |u|2∗−ε ∀u ∈ H1
0 (Ω). (2.1)

It is not difficult to verify that Iε ∈ C1(H1
0 (Ω), R) and

〈I ′
ε(u), v〉 =

∫
Ω

∇u∇v −
∫

Ω

ψτ |u|2∗−2−εuv ∀u, v ∈ H1
0 (Ω).

From critical point theory, the critical point of Iε is the solution of (1.1). In the
following we aim to find the critical point of the functional Iε.

For y = (y1, . . . , y2k) ∈ R
N × · · · × R

N , λ̂ = (λ1, . . . , λ2k) ∈ R
2k
+ , μ > 0 small,

define

E2k
y,λ̂

=
{

v ∈ H1
0 (Ω) :

(
∂PUyj ,λj

∂λj
, v

)
=

(
∂PUyj ,λj

∂yj
l

, v

)
= 0

for j = 1, . . . , 2k, l = 1, . . . , N

}
, (2.2)

where (u, v) =
∫

Ω
∇u∇v,

D2k
μ = {(y, λ̂) ∈ Ω2k × R

2k : |yi − yj | � c0 > 0, i �= j, 0 < d(yj , ∂Ω) < μ,

λj d(yj , ∂Ω) > μ−1, λj < eμ/ε for i, j = 1, . . . , 2k}, (2.3)

where c0 is a constant. Set

M2k
μ = {(y, λ̂, v) : (y, λ̂) ∈ D2k

μ , v ∈ E2k
y,λ̂

, ‖v‖ < μ}. (2.4)

We build solutions for (1.1) that look like a sum of concentrated solutions for (1.3)
centred at several points. More precisely, we seek a solution uε of (1.1) having the
form uε(x) =

∑2k
j=1 PUyj ,λj

+ v with (y, λ̂, v) ∈ M2k
μ for some suitable μ > 0. Define

Jε(y, λ̂, v) = Iε

( 2k∑
j=1

PUyj ,λj
+ v

)
. (2.5)

It is well known (see [1, 22]) that if μ > 0 is small enough,

u =
2k∑

j=1

PUyj ,λj
+ v

is a positive critical point of Iε(u) in H1
0 (Ω) if and only if (y, λ̂, v) is a critical

point of Jε(y, λ̂, v) in M2k
μ . On the other hand, by the Lagrange multiplier rule,

(y, λ̂, v) ∈ M2k
μ is a critical point of Jε(y, λ̂, v) if and only if there exist Yj ∈ R,

Zjl ∈ R (l = 1, . . . , N, j = 1, . . . , 2k) such that

∂Jε(y, λ̂, v)
∂λj

= Yj

(
∂2PUyj ,λj

∂λ2
j

, v

)
+

N∑
l=1

Zjl

(
∂2PUyj ,λj

∂λj∂yj
l

, v

)
, j = 1, . . . , 2k,

(2.6)
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∂Jε(y, λ̂, v)
∂yj

i

= Yj

(
∂2PUyj ,λj

∂λj∂yj
i

, v

)
+

N∑
l=1

Zjl

(
∂2PUyj ,λj

∂yj
l ∂yj

i

, v

)
,

i = 1, . . . , N, j = 1, . . . , 2k,
(2.7)

∂Jε(y, λ̂, v)
∂v

=
2k∑

j=1

Yj

∂PUyj ,λj

∂λj
+

2k∑
j=1

N∑
l=1

Zjl

∂PUyj ,λj

∂yj
l

. (2.8)

To prove theorem 1.1, we first give the following proposition to reduce the prob-
lem of finding the critical point of Jε in M2k

μ to a finite-dimensional problem.
Throughout this paper, define

dj := d(yj , ∂Ω) and εij :=
1

(λiλj |yi − yj |2)(N−2)/2 for i �= j.

Proposition 2.1. There exist ε0 > 0 and μ0 > 0 such that, for ε ∈ (0, ε0], μ ∈
(0, μ0], there exists a unique C1-map

(y, λ̂) ∈ D2k
μ ↪→ vy,λ̂ ∈ E2k

y,λ̂

such that (y, λ̂, vy,λ̂) satisfies (2.8) for some Yj, Zjl (l = 1, . . . , N, j = 1, . . . , 2k).
Furthermore, we have

‖vy,λ̂‖ = O

( 2k∑
j=1,j �=i

ε
(1/2+θ)
ij

)
+ O

( 2k∑
j=1

(dj + ε lnλj)
)

+
2k∑

j=1

V (λj , dj), (2.9)

where

V (λ, d) =

⎧⎪⎪⎨
⎪⎪⎩

O(λ2−Nd2−N ), N = 4, 5,

O((λd)−4 ln2/3(λd)), N = 6,

O((λd)−(N+2)/2), N > 6.

Proof. Expanding Jε(y, λ̂, v), we obtain

Jε(y, λ̂, v) = Jε(y, λ̂, 0) + fε(v) + 1
2 〈Aε(v), v〉 + Rε(v), (2.10)

where

fε(v) =
2k∑

j=1

∫
Ω

U2∗−1
yj ,λj

v −
∫

Ω

ψτ

( 2k∑
j=1

PUyj ,λj

)2∗−1−ε

v, (2.11)

〈Aε(v), v〉 =
∫

Ω

|∇v|2 − (2∗ − 1 − ε)
∫

Ω

ψτ

( 2k∑
j=1

PUyj ,λj

)2∗−2−ε

v2 (2.12)

and
D(i)Rε(v) = O(‖v‖2+ϑ−i), i = 0, 1, 2. (2.13)

Here, ϑ > 0 is a constant.
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It follows from the fact that fε is a continuous form over E2k
y,λ̂

. Then there exists
a unique f̂ε ∈ E2k

y,λ̂
satisfying

fε(v) = (f̂ε, v) ∀v ∈ E2k
y,λ̂

. (2.14)

Similarly, we obtain that Aε is a continuous linear operator from E2k
y,λ̂

to E2k
y,λ̂

.
By lemma 2.2 below, we see that, for μ and ε sufficiently small, Aε is invertible and
‖A−1

ε ‖ � ρ−1. Using this notation, we have that

∂Jε(y, λ̂, v)
∂v

∣∣∣∣
E2k

y,λ̂

= f̂ε + Aεv + DRε(v).

There is an equivalence between the existence of some constants Yj , Zjl (l =
1, . . . , N, j = 1, . . . , 2k) such that (2.8) is satisfied and

f̂ε + Aεv + DRε(v) = 0. (2.15)

As in [22], by the implicit function theorem we get ε0 > 0, μ0 > 0 and a C1-map
vy,λ̂ : (y, λ̂) ∈ D2k

μ ↪→ E2k
y,λ̂

for ε ∈ (0, ε0], μ ∈ (0, μ0] satisfying (2.15) and

‖vy,λ̂‖ � C‖f̂ε‖. (2.16)

We now estimate ‖f̂ε‖. It follows from lemma A.1 in Appendix A and [1] that

2k∑
j=1

∫
Ω

U2∗−1
yj ,λj

v −
∫

Ω

ψτ

( 2k∑
j=1

PUyj ,λj

)2∗−1−ε

v

=
2k∑

j=1

∫
Ω

U2∗−1
yj ,λj

v −
∫

Ω

ψτ

2k∑
j=1

PU2∗−1−ε
yj ,λj

v

+

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

O

( ∫
Ω

2k∑
i=1, i �=j

PU2∗−2−ε
yi,λi

PUyj ,λj
v

)
, 2∗ − 1 − ε > 2,

O

( ∫
Ω

2k∑
i<j

PU
(2∗−1−ε)/2
yi,λi

PU
(2∗−1−ε)/2
yj ,λj

v

)
, 2∗ − 1 − ε � 2

= O

( 2k∑
j=1

(dj + ε lnλj)
)

‖v‖ + O

( 2k∑
j=1, j �=i

ε
(1/2+θ)
ij

)
‖v‖ +

2k∑
j=1

V (λj , dj)‖v‖,

where θ is a small positive constant.
Consequently, we obtain that, for μ > 0 and ε > 0 sufficiently small,

‖vy,λ̂‖ � C‖f̂ε‖

= O

( 2k∑
j=1, j �=i

ε
(1/2+θ)
ij

)
+ O

( 2k∑
j=1

(dj + ε lnλj)
)

+
2k∑

j=1

V (λj , dj),

which leads to (2.9).
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Lemma 2.2. Let (y, λ̂) ∈ D2k
μ . For μ > 0 and ε > 0 sufficiently small, there exists

a ρ > 0 such that

‖Aεv‖ � ρ‖v‖ ∀v ∈ E2k
y,λ̂

.

Proof. We argue by contradiction. Suppose that there exist εn → 0, μn → 0,
(yn, λ̂n) := (y1,n, . . . , y2k,n, λ1,n, . . . , λ2k,n) ∈ D2k

μn
and vn ∈ E2k

yn,λ̂n
such that

‖Aεvn‖ = on(1)‖vn‖, (2.17)

where on(1) → 0 as n → ∞. Without loss of generality we assume that ‖vn‖ = 1.
For j = 1, . . . , 2k, let

ṽj,n(x) = λ
(2−N)/2
j,n vn(λ−1

j,nx + yj,n).

Set vn(x) = 0 if x ∈ R
N \ Ω. Then, ṽj,n(x) is bounded in D1,2(RN ), and hence we

may assume that there exists vj ∈ D1,2(RN ) such that, as n → ∞,

ṽj,n(x) → vj weakly in D1,2(RN ).

Now, arguing as in [19], and by the estimates in [1], we can verify that vj ≡ 0,
and hence

∫
Ω

ψτ

( 2k∑
j=1

PUyj
n,λj,n

)2∗−2−εn

v2
n

� C

2k∑
j=1

∫
Ω

PU2∗−2
yj

n,λj,n
v2

n + O

( ∫
Ω

∑
i �=j

PU
(2∗−2−εn)/2
yj

n,λj,n
PU

(2∗−2−εn)/2
yj

n,λj,n
v2

n

)

� C
2k∑

j=1

∫
RN

U2∗−2
yj

n,λj,n
v2

n + on(1)‖vn‖2

� C

2k∑
j=1

∫
RN \BR/λj,n

(yj
n)

U2∗−2
yj

n,λj,n
v2

n + on(1) = oR(1) + on(1),

where oR(1) → 0 as R → ∞. Combining this with (2.17), we conclude that ‖vn‖ → 0
as n → ∞, which contradicts ‖vn‖ = 1. Therefore, the desired result is proved.

For the rest of this paper, we take λ1 = λ2 = · · · = λk = λ ∈ R+ and λk+1 =
λk+2 = · · · = λ2k = λ̃ ∈ R+. Let G = {g, g2, . . . , gk = Id} ⊂ O(N). We use d to
denote d1 = · · · = dk and d̃ to denote dk+1 = · · · = d2k. We define

D̃2k
μ =

{
(y, λ̂) =

(
z, gz, . . . , gk−1z, α

z

|z| , . . . , g
k−1

(
α

z

|z|

)
, λ, . . . , λ, λ̃, . . . , λ̃

)
:

(z, α, λ, λ̃) ∈ B̃μ

}
,
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where

B̃μ =
{

(z, α, λ, λ̃) ∈ Ω × R × R × R : 0 < d = d(z, {x ∈ R
N : |x| = 3}) < μ,

λ̃, λ < eμ/ε, 0 < d̃ = α − 1 < μ, λd >
1
μ

, λ̃d̃ >
1
μ

}
.

Next, we show that vy,λ̂ is invariant under the act of orthogonal transformations
of G. This conclusion will be used in proving theorem 1.1.

Lemma 2.3. If (y, λ̂) ∈ D̃2k
μ , vy,λ̂ is obtained in proposition 2.1, then vy,λ̂(gjx) =

vy,λ̂(x) for j = 1, . . . , k − 1.

Proof. Set v̂(x) = vy,λ̂(gjx). Then

Jε(y, λ̂, v̂) = Iε

( 2k∑
i=1

PUyi,λi
+ v̂

)
= Iε

( 2k∑
i=1

PUyi,λi
(g−jx) + vy,λ̂(x)

)

= Iε

( 2k∑
i=1

PUgjyi,λi
(x) + vy,λ̂(x)

)
= Iε

( 2k∑
i=1

PUyi,λi
(x) + vy,λ̂(x)

)

= Jε(y, λ̂, vy,λ̂).

It follows from the uniqueness of the C1-map obtained in proposition 2.1 that
v̂ = vy,λ̂. This verifies the conclusion.

3. Proof of the main result

In this section, we prove that for the Yj , Zjl ∈ R obtained in proposition 2.1 sat-
isfying (2.8) there exists (yε, λ̂ε) ∈ D̃2k

μ such that (2.6) and (2.7) are satisfied by
(yε, λ̂ε, vyε,λ̂ε

). First, we give some estimates.

Lemma 3.1. Let (y, λ̂) ∈ D̃2k
μ and vy,λ̂ ∈ E2k

y,λ̂
. For μ > 0 and ε > 0 sufficiently

small, for j = 1, . . . , 2k, we obtain

∂Jε(y, λ̂, v)
∂λj

=
Aε

λj
− F

λN−1
j

H(yj , yj)

+ O

(
εdj + ε2 lnλj

λj
+

ε lnλj + dj

λN−1
j dN−2

j

+
1
λ3

j

+
2k∑

i=1, i �=j

1

λ
(N+2)/2
i λ

N/2
j

+
1

λN
j dN−1

j

+
2k∑

i=1, i �=j

1
(λiλj)((N−2)/2)(θ+1/2)λj

)

+ O

(
1
λ2

j

+
ε lnλj

λj
+

2k∑
i=1, i �=j

1
(λiλj)((N−2)/2)(θ+1/2)λj

)
‖v‖, (3.1)

where θ is a small positive constant, A, F are positive constants depending on N ,
and H(y, x) denotes the regular part of Green’s function G(y, x), which is defined
in appendix A.
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Proof. A direct computation shows that

∂Jε(y, λ̂, v)
∂λj

=
∫

Ω

∇
( 2k∑

i=1

PUyi,λi
+ v

)
∇

∂PUyj ,λj

∂λj

−
∫

Ω

ψτ

∣∣∣∣
2k∑
i=1

PUyi,λi
+ v

∣∣∣∣
2∗−2−ε( 2k∑

i=1

PUyi,λi
+ v

)
∂PUyj ,λj

∂λj

=: I1 − I2.

By the orthogonality condition (2.2), lemma A.2 and the estimates in [1], we obtain

I1 =
∫

Ω

∇PUyj ,λj
∇

∂PUyj ,λj

∂λj
+

2k∑
i=1, i �=j

∫
Ω

∇PUyi,λi
∇∂PUyi,λi

∂λj
+

∫
Ω

∇
∂PUyj ,λj

∂λj
∇v

=
(N − 2)G

2λN−1
j

H(yj , yj) + O

(
1

λN+1
j dN

j

)

+
2k∑

i=1, i �=j

∫
Ω

U2∗−1
yi,λi

∂PUyj ,λj

∂λj
+ O

(
1
λ2

j

)
‖v‖

=
(N − 2)G

2λN−1
j

H(yj , yj) + O

(
1

λN+1
j dN

j

)
+ O

( 2k∑
i=1, i �=j

G(yi, yj)

λ
(N−2)/2
i λ

N/2
j

)

+ O

( 2k∑
i=1, i �=j

1

λ
(N+2)/2
i λ

N/2
j

)
+ O

(
1
λ2

j

)
‖v‖,

I2 =
∫

Ω

ψτ

( 2k∑
i=1

PUyi,λi

)2∗−1−ε ∂PUyj ,λj

∂λj

+ (2∗ − 1 − ε)
∫

Ω

ψτ

( 2k∑
i=1

PUyi,λi

)2∗−2−ε ∂PUyj ,λj

∂λj
v

+ O

( ∫
Ω

( 2k∑
i=1

PUyi,λi

)2∗−3−ε ∂PUyj ,λj

∂λj
v2

+
∫

Ω

∣∣∣∣∂PUyj ,λj

∂λj

∣∣∣∣|v|2∗−1−ε if 2∗ > 3
)

=: I21 + I22 + I23 + I24.

Using lemma A.3 and the estimates in [1], we have

I21 =
∫

Ω

ψτ

2k∑
i=1

(PUyi,λi
)2

∗−1−ε
∂PUyj ,λj

∂λj

+

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

O

( ∫
Ω

2k∑
i=1, i �=l

PU2∗−2
yi,λi

PUyl,λl

∂PUyj ,λj

∂λj

)
, 2∗ − 1 − ε > 2,

O

( ∫
Ω

2k∑
i<l

PU
(2∗−1)/2
yi,λi

PU
(2∗−1)/2
yl,λl

∂PUyj ,λj

∂λj

)
, 2∗ − 1 − ε � 2
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= −εA

λj
+

(N − 2)G + 2F

2λN−1
j

H(yj , yj) + O

( 2k∑
i=1, i �=j

G(yi, yj)

λ
(N−2)/2
i λ

N/2
j

)

+ O

(
ε lnλj + dj

λN−1
j dN−2

j

+
ε2 lnλj + εdj

λj
+

1
λN

j dN−1
j

+
1
λ3

j

+
2k∑

i=1, i �=j

1
(λiλj)((N−2)/2)(θ+1/2)λj

)
.

It follows from lemma A.4 that

I22 = O

( ∫
Ω

( 2k∑
i=1

PUyi,λi

)2∗−2−ε ∂PUyj ,λj

∂λj
v

)

= O

( ∫
Ω

2k∑
i=1

PU2∗−3−ε
yi,λi

inf(PUyl,λl
, PUyi,λi

)
∂PUyj ,λj

∂λj
v

)

+ O

( ∫
Ω

2k∑
i=1

PU2∗−2−ε
yi,λi

∂PUyj ,λj

∂λj
v

)

= O

(
ε lnλj

λj
+

1
λj(λjdj)(N−2)/2 +

2k∑
i=1, i �=j

1
(λiλj)((N−2)/2)(θ+1/2)λj

)
‖v‖.

Similarly, from lemmas A.5 and A.6, we obtain

I23 = O(λ−1
j ‖v‖2), I24 = O(λ−1

j ‖v‖2∗−1−ε).

Adding the above estimates, the claim follows.

Arguing as in the proof of lemma 3.1, from lemmas A.7–A.10 in appendix A and
the estimates from [1], we obtain the following lemma.

Lemma 3.2. Let (y, λ̂) ∈ D̃2k
μ and let vy,λ̂ ∈ E2k

y,λ̂
. For μ > 0 and ε > 0 sufficiently

small, we have, for j = 1, . . . , 2k, i = 1, . . . , N , that

∂Jε(y, λ̂, v)
∂yj

i

=
G

λN−2
j

∂H(yj , yj)
∂yj

i

− Diψτ (yj)B

+ O

(
ε lnλj +

ε lnλj + dj

λN−2
j dN−1

j

+
1
λ2

j

+
1

λN−1
j dN

j

+
2k∑

l=1, l �=j

1
(λlλj)(N−2)/2λj

+
2k∑

l=1, l �=j

λj

(λiλj)((N−2)/2)(1/2+θ)

)

+ O

(
1

dj(λjdj)(N−2)/2 + 1 + ελj lnλj

+
2k∑

l=1, l �=j

λj

(λiλj)((N−2)/2)(1/2+θ)

)
‖v‖,

(3.2)
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where Di stands for the derivative with respect to yj
i , θ is a small positive constant,

G, B are positive constants depending on N , H(y, x) is the same as in lemma 3.1.

Let

Kε(y1, . . . , y2k, λ1, . . . , λ2k) = Jε(y, λ̂, vy,λ̂),

Lε(z, α, λ, λ̃) = Kε

(
z, gz, . . . , gk−1z, α

z

|z| , . . . , g
k−1

(
α

z

|z|

)
, λ, . . . , λ, λ̃, . . . , λ̃

)

for (z, α, λ, λ̃) ∈ B̃μ.
Define

Mε = {(z, α, λ, λ̃) ∈ B̃μ : γ1ε � d = dist(z, {x ∈ R
N : |x| = 3}) � γ2ε,

λ ∈ [γ3ε
−(N−1)/(N−2), γ4ε

−(N−1)/(N−2)], γ5ε � d̃ = α − 1 � γ6ε,

λ̃ ∈ [γ7ε
−(N−1)/(N−2), γ8ε

−(N−1)/(N−2)]},

where γi ∈ (0, +∞), i = 1, . . . , 8, will be chosen later. Next, we have the following
lemma.

Lemma 3.3. For γi, i = 1, . . . , 8, suitably chosen, Lε(z, α, λ, λ̃) has at least one
critical point in Mε.

Proof. First, we estimate ∂Kε/∂λj and ∂Kε/∂yj
i .

∂Kε

∂λj
=

∂Jε

∂λj
+

〈
∂Jε

∂v
,

∂v

∂λj

〉
, j = 1, . . . , 2k, (3.3)

∂Kε

∂yj
i

=
∂Jε

∂yj
i

+
〈

∂Jε

∂v
,

∂v

∂yj
i

〉
, i = 1, . . . , N, j = 1 . . . , 2k. (3.4)

Since ∂Jε/∂λj and ∂Jε/∂yj
i have already been estimated in lemma 3.1 and

lemma 3.2, respectively, to estimate ∂Kε/∂λj and ∂Kε/∂yj
i , we only have to esti-

mate the products 〈
∂Jε

∂v
,

∂v

∂λj

〉
and

〈
∂Jε

∂v
,

∂v

∂yj
i

〉
.

Writing
∂v

∂λj
= ω +

2k∑
i=1

bi
∂PUyi,λi

∂λi
+

2k∑
i=1

N∑
l=1

ci
l

∂PUyi,λi

∂yi
l

, (3.5)

where bi, c
i
l ∈ R (i = 1, . . . , 2k, l = 1, . . . , N) and ω ∈ E2k

y,λ.
We find〈

∂Jε

∂v
,

∂v

∂λj

〉
=

2k∑
i=1

bi

〈
∂Jε

∂v
,
∂PUyi,λi

∂λi

〉
+

2k∑
i=1

N∑
l=1

ci
l

〈
∂Jε

∂v
,
∂PUyi,λi

∂yi
l

〉
. (3.6)

Moreover, 〈
∂Jε

∂v
,
∂PUyi,λi

∂λi

〉
=

∂Jε

∂λi
,

〈
∂Jε

∂v
,
∂PUyi,λi

∂yi
l

〉
=

∂Jε

∂yi
l

. (3.7)
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Furthermore, if we take the scalar product in H1
0 (Ω) of (3.5) with ∂PUyi,λi

/∂λi

and ∂PUyi,λi
/∂yi

l , respectively (i = 1, . . . , 2k, l = 1, . . . , N), we get a quasi-
diagonal linear system with bj and cj

l unknown. Solving this system (for details, we
refer the reader to [22]), we obtain

bj = O(‖v‖), cj
l = O

(
‖v‖
λ2

j

)
, j = 1, . . . , 2k, l = 1, . . . , N. (3.8)

Taking account of (3.6) and (3.8), we have that

〈
∂Jε

∂v
,

∂v

∂λj

〉
=

2k∑
i=1

O(‖v‖)
∂Jε

∂λi
+

2k∑
i=1

N∑
l=1

O

(
‖v‖
λ2

i

)
∂Jε

∂yi
l

= O

( 2k∑
i=1

ε

λi
+

2k∑
i=1

1
λN−1

i dN−2
i

+
2k∑
i=1

1
λ2

i

)
‖v‖.

Substituting the above estimate and (3.1) into (3.3), we deduce that

∂Kε

∂λj
=

Aε

λj
− F

λN−1
j

H(yj , yj)

+ O

( 2k∑
i=1, j �=i

1
λj(λiλj)(1/2+θ)((N−2)/2)

+
εdj + ε2 lnλj

λj
+

1
λN

j dN−1
j

+
1
λ3

j

+
ε lnλj + dj

λN−1
j dN−2

j

)

+ O

(
1
λ2

j

+
2k∑
i=1

1
λN−1

i dN−2
i

+
ε lnλj

λj
+

2k∑
i=1, i �=j

1
λj(λiλj)(1/2+θ)((N−2)/2)

)
‖v‖

=:
Aε

λj
− F

λN−1
j

H(yj , yj) + Vλ̂(ε, d, d̃, λ̂). (3.9)

In a similar way, we also have that

∂Kε

∂yj
i

=
G

λN−2
j

∂H(yj , yj)
∂yj

i

− Diψτ (yj)B

+ O

(
ε lnλj +

ε lnλj + dj

λN−2
j dN−1

j

+
1

λN−1
j dN

j

+
1
λ2

j

+
2k∑

l=1, l �=j

1
(λlλj)(N−2)/2λj

+
2k∑

l=1, l �=j

λj

(λiλj)((N−2)/2)(1/2+θ)

)

+ O

(
1

dj(λjdj)(N−2)/2 + 1 + ελj lnλj +
2k∑

l=1, l �=j

λj

(λiλj)((N−2)/2)(1/2+θ)

)
‖v‖

=:
G

λN−2
j

∂H(yj , yj)
∂yj

i

− Diψτ (yj)B + Vyj (ε, d, d̃, λ̂). (3.10)
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Set Ωd = {z ∈ Ω : dist(z, {z ∈ Ω : |z| = 3}) > d}, and denote by n(z) the unit
outward normal at z ∈ ∂Ωd. Applying the fact in [21] that, for d = dist(z, {z ∈
Ω : |z| = 3}) sufficiently small,

H(z, z) =
1

2N−2dN−2 + o

(
1

dN−2

)
, (3.11)

∂H(z, z)
∂zi

=
N − 2

2N−2dN−1 ni(z) + o

(
1

dN−1

)
, i = 1, . . . , N. (3.12)

Using the definition of Lε(z, α, λ, λ̃), for ε > 0 sufficiently small and

(y1, y2, . . . , yk, yk+1, . . . , y2k) =
(

z, gz, . . . , gk−1z, α
z

|z| , . . . , g
k−1

(
α

z

|z|

))
,

we conclude that

∂Lε

∂zi
=

∂Kε

∂y1
i

+
k∑

j=2

N∑
l=1

∂Kε

∂yj
l

∂yj
l

∂zi
+

2k∑
j=k+1

N∑
l=1

∂Kε

∂yj
l

∂yj
l

∂zi

=
G

λN−2

∂H(z, z)
∂zi

− Diψτ (z)B

+
2k∑

j=2

N∑
l=1

(
G

λN−2
j

∂H(yj , yj)
∂yj

l

− Dlψτ (yj)B
)

∂yj
l

∂zi

+ O

( 2k∑
j=1

Vyj (ε, d, d̃, λ̂)
)

=
(

G

λN−2

N − 2
2N−2dN−1 − τB

)
ni(z)

+
k∑

j=2

N∑
l=1

(
G

λN−2
j

N − 2
2N−2dN−1

j

− τB

)
nl(yj)

∂yj
l

∂zi

+ O

( k∑
j=1

Vyj (ε, d, d̃, λ̂) + d

)
+ o

(
1

λN−2dN−1

)

= k

(
G

λN−2

N − 2
2N−2dN−1 − τB

)
ni(z)

+ O

( k∑
j=1

Vyj (ε, d, d̃, λ̂) + d

)
+ o

(
1

λN−2dN−1

)
,

where the third equality is the consequence of the properties of orthogonal trans-
formation and
N∑

l=1

nl

(
α

z

|z|

)
∂(αzl/|z|)

∂zi
= −α

N∑
l=1

nl(z)
(

δil

|z| − zizl

|z|3

)
= −α

(
ni(z)
|z| −

N∑
l=1

nl(z)
zizl

|z|3

)

= −α
ni(z)
|z| + α

N∑
l=1

n2
l (z)

zi

|z|2 = −α
ni(z)
|z| + α

zi

|z|2 = 0,

where δil = 1 if i = l and δil = 0 if i �= l.
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On the other hand,

∂Lε

∂λ
=

k∑
i=1

∂Kε

∂λi

∣∣∣∣
(z,gz,...,gk−1z,αz/|z|,...,gk−1(αz/|z|),λ,...,λ,λ̃,...,λ̃)

,

∂Lε

∂λ̃
=

2k∑
i=k+1

∂Kε

∂λi

∣∣∣∣
(z,gz,...,gk−1z,αz/|z|,...,gk−1(αz/|z|),λ,...,λλ̃,...,λ̃)

.

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(3.13)

We are now able to estimate the derivatives of Lε(z, α, λ, λ̃) on the boundary
∂Mε. Using the fact that d = O(ε), d̃ = (α − 1) = O(ε), λ = O(ε−(N−1)/(N−2)),
λ̃ = O(ε−(N−1)/(N−2)), for each (z, α, λ, λ̃) ∈ Mε, we have

Vλ̂(ε, d, d̃, λ̂) = V̄λ̂(ε) = O(ε2(N−1)/(N−2)) (3.14)

and

Vyj (ε, d, d̃, λ̂) = V̄yj (ε) = O(ε1/(N−2)). (3.15)

Therefore, we obtain

∂Lε

∂λ
=

k∑
j=1

∂Kε

∂λj
=

kAε

λ
− kF

2N−2

1
λN−1dN−2 + V̄λ(ε) + o

(
1

λN−1dN−2

)
, (3.16)

∂Lε

∂n
= k

(
G

λN−2

N − 2
2N−2dN−1 − τB

)
+ O

( k∑
j=1

Vyj (ε, λ, dj) + d

)
+ o

(
1

λN−2dN−1

)

(3.17)

and

∂Lε

∂α
= −k

(
(N − 2)G

2N−2

1
(λ̃)N−2(α − 1)N−1

− τB

)

+ O

( 2k∑
j=k+1

V̄yj (ε) + d̃

)
+ o

(
1

λ̃N−2d̃N−1

)
, (3.18)

∂Lε

∂λ̃
=

2k∑
j=k+1

∂Kε

∂λj
=

kAε

λ̃
− kF

2N−2

1
λ̃N−1(α − 1)N−2

+ V̄λ̃(ε) + o

(
1

λ̃N−1d̃N−2

)
.

(3.19)

Choosing

γ1 = γ5 =
(

1
2

)σ (N − 2)GA

τBF
,

γ2 = γ6 = 2σ (N − 2)GA

τBF
,

γ3 = γ7 =
1
2

τB

2(N − 2)G

(
F

A

)(N−1)/(N−2)

,

γ4 = γ8 =
3
2

τB

2(N − 2)G

(
F

A

)(N−1)/(N−2)

,
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where (N − 2)/(N − 1) < σ < 1. Then, for ε > 0 sufficiently small, we have, for all
(z, α, λ, λ̃) ∈ Mε, that

∂Lε

∂λ
(z, α, γ3ε

−(N−1)/(N−2), λ̃) < 0 <
∂Lε

∂λ
(z, α, γ4ε

−(N−1)/(N−2), λ̃),

∂Lε

∂λ̃
(z, α, λ, γ7ε

−(N−1)/(N−2)) < 0 <
∂Lε

∂λ̃
(z, α, λ, γ8ε

−(N−1)/(N−2))

and

∂Lε

∂α
(z, 1 + γ6ε, λ, λ̃) > 0 >

∂Lε

∂α
(z, 1 + γ5ε, λ, λ̃).

Combining (3.15) with (3.17) we obtain, for ε > 0 sufficiently small,

∂Lε

∂n
(z, α, λ, λ̃) < 0 ∀z ∈ ∂Ωγ2ε,

∂Lε

∂n
(z, α, λ, λ̃) > 0 ∀z ∈ ∂Ωγ1ε.

From the Lusternik–Schnirelman theory (see [21,23]) we deduce that Lε(z, α, λ, λ̃)
has at least one critical point in Mε.

Proof of theorem 1.1. First, we prove that if (zε, αε, λε, λ̃ε) ∈ Mε is a critical point
of Lε(z, α, λ, λ̃), then

∂Kε(y1, . . . , y2k, λ1, . . . , λ2k)
∂yj

i

∣∣∣∣(zε,gzε,...,gk−1zε,αεzε/|zε|,...,
gk−1(αεzε/|zε|),λε,...,λε,λ̃ε,...,λ̃ε)

= 0, (3.20)

∂Kε(y1, . . . , y2k, λ1, . . . , λ2k)
∂λj

∣∣∣∣(zε,gzε,...,gk−1zε,αεzε/|zε|,...,
gk−1(αεzε/|zε|),λε,...,λε,λ̃ε,...,λ̃ε)

= 0 (3.21)

for any j = 1, . . . , 2k, i = 1, . . . , N . For simplicity, we define vε = vyε,λ̂ε
and

(yε, λ̂ε) =
(

zε, gzε, . . . , g
k−1zε, αε

zε

|zε|
, . . . , gk−1

(
αε

zε

|zε|

)
, λε, . . . , λε, λ̃ε, . . . , λ̃ε

)
.

By lemma 2.3, we have that, for j = 1, . . . , k, (y, λ̂) ∈ D̃2k
μ , Kε(y, λ̂) satisfies

Kε(gjy, λ̂) = Kε(y, λ̂).

Using the result in [8], we find that (3.20) holds if (zε, αε, λε, λ̃ε) is a critical point
of Lε(z, α, λ, λ̃).

For the proof of (3.21), according to (3.16) and (3.19), it suffices to prove that,

∀(y, λ̂) =
(

z, gz, . . . , gk−1z,
αz

|z| , . . . , g
k−1

(
αz

|z|

)
, λ, . . . , λ, λ̃, . . . , λ̃

)
∈ D̃2k

μ ,

∂Kε(y, λ̂)
∂λi

=
∂Kε(y, λ̂)

∂λj
(3.22)

https://doi.org/10.1017/S0308210513000553 Published online by Cambridge University Press

https://doi.org/10.1017/S0308210513000553


190 S. Peng and H. Pi

for i, j = 1, . . . , k, or i, j = k+1, . . . , 2k. We surely have that (3.22) holds, especially
for

(y, λ̂) =
(

zε, gzε, . . . , g
k−1zε, αε

zε

|zε|
, . . . , gk−1

(
αε

zε

|zε|

)
, λε, . . . , λε, λ̃ε, . . . , λ̃ε

)
.

Recalling (2.8), we obtain

∂Kε(y, λ̂)
∂λi

=
∂Jε

∂λi
+

〈
∂Jε

∂v
,
∂vy,λ̂

∂λi

〉

=
∂Jε

∂λi
−

2k∑
j=1

Yj

〈
∂

∂λi

(
∂PUyj ,λj

∂λj

)
, vy,λ̂

〉

−
2k∑

j=1

N∑
l=1

Zjl

〈
∂

∂λi

(
∂PUyj ,λj

∂yj
l

)
, vy,λ̂

〉

=
∂Jε

∂λi
− Yi

〈
∂2PUyi,λi

∂λ2
i

, vy,λ̂

〉
−

N∑
l=1

Zil

〈
∂2PUyi,λi

∂λi∂yi
l

, vy,λ̂

〉
.

Since (y, λ̂) ∈ D̃2k
μ , vy,λ̂(gjx) = vy,λ̂(x) (j = 1, . . . , k − 1), we have

∂Jε

∂λi
=

∂Jε

∂λj
,

〈
∂2PUyi,λi

∂λ2
i

, vy,λ̂

〉
=

〈
∂2PUyj ,λj

∂λ2
j

, vy,λ̂

〉

and 〈
∂2PUyi,λi

∂λi∂yi
l

, vy,λ̂

〉
=

〈
∂2PUyj ,λj

∂λj∂yj
l

, vy,λ̂

〉
,

i, j = 1, . . . , k or i, j = k + 1, . . . , 2k. To obtain (3.22), we need only show that

Yi = Yj , Zil = Zjl, l = 1, . . . , N. (3.23)

Here, i, j = 1, . . . , k or i, j = k + 1, . . . , 2k.
Let Y , Ỹ and Zl, Z̃l be determined by the following systems:〈
∂Jε

∂v
,
∂PUy1,λ1

∂λ1

〉

= Y

〈 k∑
j=1

∂PUyj ,λj

∂λj
,
∂PUy1,λ1

∂λ1

〉
+ Ỹ

〈 2k∑
j=k+1

∂PUyj ,λj

∂λj
,
∂PUy1,λ1

∂λ1

〉

+
N∑

l=1

Zl

〈 k∑
j=1

∂PUyj ,λj

∂yj
l

,
∂PUy1,λ1

∂λ1

〉

+
N∑

l=1

Z̃l

〈 2k∑
j=k+1

∂PUyj ,λj

∂yj
l

,
∂PUy1,λ1

∂λ1

〉
, (3.24)
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∂Jε

∂v
,
∂PUy1,λ1

∂y1
m

〉

= Y

〈 k∑
j=1

∂PUyj ,λj

∂λj
,
∂PUy1,λ1

∂y1
m

〉
+ Ỹ

〈 2k∑
j=k+1

∂PUyj ,λj

∂λj
,
∂PUy1,λ1

∂y1
m

〉

+
N∑

l=1

Zl

〈 k∑
j=1

∂PUyj ,λj

∂yj
l

,
∂PUy1,λ1

∂y1
m

〉

+
N∑

l=1

Z̃l

〈 2k∑
j=k+1

∂PUyj ,λj

∂yj
l

,
∂PUy1,λ1

∂y1
m

〉
, m = 1, . . . , N, (3.25)

〈
∂Jε

∂v
,
∂PUyk+1,λk+1

∂λk+1

〉

= Y

〈 k∑
j=1

∂PUyj ,λj

∂λj
,
∂PUyk+1,λk+1

∂λk+1

〉
+ Ỹ

〈 2k∑
j=k+1

∂PUyj ,λj

∂λj
,
∂PUyk+1,λk+1

∂λk+1

〉

+
N∑

l=1

Zl

〈 k∑
j=1

∂PUyj ,λj

∂yj
l

,
∂PUyk+1,λk+1

∂λk+1

〉

+
N∑

l=1

Z̃l

〈 2k∑
j=k+1

∂PUyj ,λj

∂yj
l

,
∂PUyk+1,λk+1

∂λk+1

〉
, (3.26)

〈
∂Jε

∂v
,
∂PUyk+1,λk+1

∂yk+1
m

〉

= Y

〈 k∑
j=1

∂PUyj ,λj

∂λj
,
∂PUyk+1,λk+1

∂yk+1
m

〉
+ Ỹ

〈 2k∑
j=k+1

∂PUyj ,λj

∂λj
,
∂PUyk+1,λk+1

∂yk+1
m

〉

+
N∑

l=1

Zl

〈 k∑
j=1

∂PUyj ,λj

∂yj
l

,
∂PUyk+1,λk+1

∂yk+1
m

〉

+
N∑

l=1

Z̃l

〈 2k∑
j=k+1

∂PUyj ,λj

∂yj
l

,
∂PUyk+1,λk+1

∂yk+1
m

〉
, m = 1, . . . , N. (3.27)

It is not difficult to check that Y , Ỹ and Zl, Z̃l are uniquely determined by (3.24)–
(3.27). By the fact that (y, λ̂) ∈ D̃2k

μ , yj = gj−1z, yk+j = gj−1(αz/|z|) (j =
1, . . . , k), λ1 = · · · = λk = λ and λk+1 = · · · = λ2k = λ̃, for such Y , Ỹ and
Zl, Z̃l, we also have, for h = 2, . . . , k, that〈

∂Jε

∂v
,
∂PUyh,λh

∂λh

〉
=

〈
∂Jε

∂v
,
∂PUy1,λ1

∂λ1

〉
,

〈
∂Jε

∂v
,
∂PUyh,λh

∂yh
m

〉
=

〈
∂Jε

∂v
,
∂PUy1,λ1

∂y1
m

〉
.
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Similarly, for h = k + 2, . . . , 2k,〈
∂Jε

∂v
,
∂PUyh,λh

∂λh

〉
=

〈
∂Jε

∂v
,
∂PUyk+1,λk+1

∂λk+1

〉
,

〈
∂Jε

∂v
,
∂PUyh,λh

∂yh
m

〉
=

〈
∂Jε

∂v
,
∂PUyk+1,λk+1

∂yk+1
m

〉
.

On the other hand, observe that all the constants Yj , Zjl, j = 1, . . . , 2k, l =
1, . . . , N , are uniquely determined by the systems obtained by taking the inner
product of (2.8) with ∂PUyj ,λj

/∂λj , ∂PUyj ,λj
/∂yj

i , respectively. Therefore, we have
Yj = Y , Zjl = Zl, Yk+j = Ỹ , Zk+j,l = Z̃l, j = 1, . . . , k, l = 1, . . . , N .

Next, by lemma 3.3, (3.20) and (3.21), we deduce that

(
∂Jε(y, λ̂, vy,λ̂)

∂λj
+

〈
∂Jε(y, λ̂, vy,λ̂)

∂v
,
∂vy,λ̂

∂λj

〉)∣∣∣∣
(y,λ̂,vy,λ̂)=(yε,λ̂ε,vε)

= 0,

(
∂Jε(y, λ̂, vy,λ̂)

∂yj
l

+
〈

∂Jε(y, λ̂, vy,λ̂)

∂v
,
∂vy,λ̂

∂yj
l

〉)∣∣∣∣
(y,λ̂,vy,λ̂)=(yε,λ̂ε,vε)

= 0

for j = 1, . . . , 2k, l = 1, . . . , N .
It follows from (2.8) that (yε, λ̂ε, vε) satisfies (2.6) and (2.7). Therefore, (yε, λ̂ε, vε)

is a critical point of Jε, and hence

uε(x) =
k∑

i=1

PUgizε,λε
(x) +

k∑
i=1

PUgi(αεzε/|zε|),λ̃ε
(x) + vε(x)

is a critical point of Iε in H1
0 (Ω). Moreover, uε > 0 in Ω. In fact, multiplying

the equation by u−
ε = max{−uε, 0} and integrating on Ω and using the Sobolev

inequality, we have either u−
ε ≡ 0 or ‖u−

ε ‖ � c0 > 0. However, ‖vε‖ = o(1) and
|u−

ε |2∗ � |vε|2∗ imply that u−
ε ≡ 0; therefore, uε > 0 follows from the maximum

principle for the weak solution.
Finally, the estimates for αε, dist(zε, {x ∈ R

N : |x| = 3}), λε and ‖vε‖ follow from
the proof of lemma 3.3 and proposition 2.1.

As a result, the proof is complete.

Appendix A.

From [22] we see that

PUy,λ = Uy,λ − ϕy,λ, ϕy,λ =
1

λ(N−2)/2 H(y, ·) + fy,λ,

where H(y, ·) = 1/|y − ·|N−2 − G(y, ·) in Ω and, for any y ∈ Ω, G satisfies

−ΔG(y, ·) = ρNδy in Ω,

G(y, ·) = 0 on ∂Ω,
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where δy denotes the Dirac mass at y and ρN = (N −2) meas(SN−1). It also follows
from [22] that

fy,λ = O

(
1

λ(N+2)/2dN

)
,

∂fy,λ

∂yi
= O

(
1

λ(N+2)/2dN+1

)
,

∂fy,λ

∂λ
= O

(
1

λ(N+4)/2dN

)
,

|ϕy,λ|2∗ = O

(
1

λ(N−2)/2d(N−2)/2

)
,

∣∣∣∣∂ϕy,λ

∂λ

∣∣∣∣
2∗

= O

(
1

λN/2d(N−2)/2

)
,

∣∣∣∣∂ϕy,λ

∂yi

∣∣∣∣
2∗

= O

(
1

λ(N−2)/2dN/2

)
,

H(y, x) = H(y, y) +
N∑

j=1

∂H(y, y)
∂yj

(xj − yj) + O

(
|x − y|2
λ2dN

+
1

λ2dN

)
,

H(y, y) = O

(
1

dN−2

)
,

∂H(y, y)
∂yi

= O

(
1

dN−1

)

for d := dist(y, ∂Ω) small enough.

Lemma A.1. Let (y, λ) ∈ D1
μ. For μ > 0 and ε > 0 sufficiently small, we have that

∫
Ω

U2∗−1
y,λ v −

∫
Ω

ψτPU2∗−1−ε
y,λ v = O(d + ε lnλ)‖v‖ + V (λ, d)‖v‖,

where

V (λ, d) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

O(λ2−Nd2−N ), N = 4, 5,

O((λd)−4 ln2/3(λd)), N = 6,

O((λd)−(N+2)/2), N > 6.

Proof. Let kε = λ−(N−2)ε/2. Then kε = 1 − ((N − 2)/2)ε lnλ + O(ε2 ln2 λ). Direct
computation yields that

∫
Ω

(ψτPU2∗−1−ε
y,λ − U2∗−1

y,λ )v

=
∫

Ω

ψτ (PU2∗−1−ε
y,λ − U2∗−1−ε

y,λ )v

+
∫

Ω

(ψτ − 1)U2∗−1−ε
y,λ v +

∫
Ω

(kε − 1)U2∗−1
y,λ v

=
∫

Bd

ψτ (PU2∗−1−ε
y,λ − U2∗−1−ε

y,λ )v

+ O

( ∫
Ω\Bd

U2∗−1−ε
y,λ v

)
+ O(d + ε lnλ)‖v‖
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= O

(
|ϕy,λ|∞

∫
Bd

U2∗−2
y,λ |v|

)

+ O

(
1

λ(N+2)/2d(N+2)/2

)
‖v‖ + O(d + ε lnλ)‖v‖

= O

(
|ϕy,λ|∞

( ∫
Bd

U
2∗(2∗−2)/(2∗−1)
y,λ

)(2∗−1)/2∗

|v|2∗

)

+ O

(
1

λ(N+2)/2d(N+2)/2

)
‖v‖ + O(d + ε lnλ)‖v‖

= V (λ, d)‖v‖ + O(d + ε lnλ)‖v‖.

Lemma A.2. Let (y, λ) ∈ D1
μ. For μ > 0 sufficiently small, we have that∫

Ω

∇PUy,λ∇∂PUy,λ

∂λ
=

(N − 2)G
2λN−1 H(y, y) + O

(
1

λN+1dN

)
,

where
G =

∫
RN

1
(1 + |x|2)(N+2)/2

depends on N .

Proof. The proof can be found in [22].

Lemma A.3. Let (y, λ) ∈ D1
μ. For μ > 0 and ε > 0 sufficiently small, we have that∫

Ω

ψτPU2∗−1−ε
y,λ

∂PUy,λ

∂λ

= −εA

λ
+

(N − 2)G + 2F

2λN−1 H(y, y)

+ O

(
ε2 lnλ

λ
+

εd

λ
+

ε lnλ

λN−1dN−2 +
1

λNdN−1 +
1 + ε lnλ

λ3 +
d

λN−1dN−2

)
,

where F is strictly positive,

A =
∫

RN

1
(1 + |x|2)N

depends on N .

Proof. The proof follows from∫
Ω

ψτPU2∗−1−ε
y,λ

∂PUy,λ

∂λ

=
∫

Bd

ψτ (U2∗−1−ε
y,λ − (2∗ − 1 − ε)U2∗−2−ε

y,λ ϕy,λ)
∂PUy,λ

∂λ

+ O

(
(1 + ε lnλ)

∫
Bd

U2∗−3
y,λ ϕ2

y,λ

∣∣∣∣∂PUy,λ

∂λ

∣∣∣∣
)

+ O

(
1

λN+1dN

)
.
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With elementary computations, we have that∫
Bd

ψτU2∗−1−ε
y,λ

∂Uy,λ

∂λ

= ψτ (y)
∫

Bd

U2∗−1−ε
y,λ

∂Uy,λ

∂λ

+ kε

∫
Bd

(ψτ (x) − ψτ (y))U2∗−1
y,λ (1 + 1

2 (N − 2)ε ln(1 + λ2|x − y|2))∂Uy,λ

∂λ

= ψτ (y)
∫

RN

U2∗−1−ε
y,λ

∂Uy,λ

∂λ
+ kε

∫
Bd

(ψτ (x) − ψτ (y))U2∗−1
y,λ

∂Uy,λ

∂λ

+ O

(
1

λN+1dN

)
+ O(ε lnλ + ε2 ln2 λ)

∣∣∣∣
∫

Bd

U2∗−1
y,λ

∂Uy,λ

∂λ

∣∣∣∣
= −kεAψτ (y)ε

λ
+ O

(
1 + ε lnλ

λ3

)
+ O

(
1

λN+1dN
+

1 + ε lnλ

λN+1dN

)
.

Similarly,∫
Bd

ψτU2∗−1−ε
y,λ

∂ϕy,λ

∂λ

= ψτ (y)
∫

Bd

U2∗−1−ε
y,λ

∂ϕy,λ

∂λ

+ O

( ∫
Bd

(ψτ (x) − ψτ (y))U2∗−1
y,λ (1 + 1

2 (N − 2)ε ln(1 + λ2|x − y|2))∂ϕy,λ

∂λ

)

= − (N − 2)G
2λN−1 H(y, y)ψτ (y)kε + O

( ∫
Bd

|x − y|2U2∗−1
y,λ

∂ϕy,λ

∂λ

)

+ O

(
1

λN+1dN
+

ε lnλ

λN−1dN−2

)

= − (N − 2)G
2λN−1 H(y, y)ψτ (y) + O

(
1

λN+1dN
+

ε lnλ

λN−1dN−2 +
d

λN−1dN−2

)

and

(2∗ − 1 − ε)
∫

Bd

ψτU2∗−2−ε
y,λ

∂PUy,λ

∂λ
ϕy,λ = − F

λN−1 H(y, y)ψτ (y)kε + O

(
1

λN+1dN

)
.

Here, F > 0 is a constant.
By the estimates in [22], we get

∫
Bd

U2∗−3
y,λ ϕ2

y,λ

∣∣∣∣∂PUy,λ

∂λ

∣∣∣∣
=

∫
Bd

U2∗−3
y,λ ϕ2

y,λ

∣∣∣∣∂Uy,λ

∂λ

∣∣∣∣ −
∫

Bd

U2∗−3
y,λ ϕ2

y,λ

∣∣∣∣∂ϕy,λ

∂λ

∣∣∣∣
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= O

(
1
λ

|ϕy,λ|∞|ϕy,λ|2∗

( ∫
Bd

U
2∗(2∗−2)/(2∗−1)
y,λ

)(2∗−1)/2∗)

+ O

( ∫
Bd

U2∗−2
y,λ ϕy,λ

∣∣∣∣∂ϕy,λ

∂λ

∣∣∣∣
)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

O

(
d

(λd)4

)
, N = 4,

O

(
1

λ(λd)9/2

)
, N = 5,

O

(
ln2/3(λd)
λ(λd)6

)
, N = 6,

O

(
1

λ(λd)N

)
, N > 6.

Combining the above estimates completes the proof.

Lemma A.4. Let (y, λ) ∈ D1
μ and vy,λ̂ ∈ E2k

y,λ̂
. For μ > 0 and ε > 0 sufficiently

small, we have that∫
Ω

ψτPU2∗−2−ε
y,λ

∂PUy,λ

∂λ
v = O

(
ε lnλ

λ
+

1
λ2 +

1
λ(λd)(N−2)/2

)
‖v‖.

Proof. The proof follows from∫
Ω

ψτPU2∗−2−ε
y,λ

∂PUy,λ

∂λ
v = O

(
1
λ

∫
Ω

ψτU2∗−1−ε
y,λ v

)
+ O

( ∫
Ω

U2∗−2
y,λ

∂ϕy,λ

∂λ
v

)

= O

(
ε lnλ

λ
+

1
λ2 +

1
λ(λd)(N−2)/2

)
‖v‖.

Lemma A.5. Let (y, λ) ∈ D1
μ and vy,λ̂ ∈ E2k

y,λ̂
. For μ > 0 and ε > 0 sufficiently

small, we have that ∫
Ω

PU2∗−3
y,λ

∂PUy,λ

∂λ
v2 = O(λ−1‖v‖2).

Proof. The proof follows from
∫

Ω

PU2∗−3
y,λ

∂PUy,λ

∂λ
v2 = O

( ∫
Ω

U
2∗(2∗−3)/(2∗−2)
y,λ

∣∣∣∣∂Uy,λ

∂λ

∣∣∣∣
2∗/(2∗−2))(2∗−2)/2∗

‖v‖2

= O

(
‖v‖2

λ

)
.

Lemma A.6. Let (y, λ) ∈ D1
μ and vy,λ̂ ∈ E2k

y,λ̂
. For μ > 0 and ε > 0 sufficiently

small, we have that ∫
Ω

∣∣∣∣∂PUy,λ

∂λ

∣∣∣∣|v|2∗−1−ε = O

(
‖v‖2∗−1−ε

λ

)
.
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Proof. The proof follows from∫
Ω

|v|2∗−1−ε

∣∣∣∣∂PUy,λ

∂λ

∣∣∣∣
= O

(∣∣∣∣∂Uy,λ

∂λ

∣∣∣∣
2∗

+
∣∣∣∣∂ϕy,λ

∂λ

∣∣∣∣
2∗

)
‖v‖2∗−1−ε

= O

(
1
λ

( ∫ λR

0

rN−1(1 − r2)2N/(N−2)

(1 + r2)N2/(N−2)

)(N−2)/2N

+
∣∣∣∣∂ϕy,λ

∂λ

∣∣∣∣
2∗

)
‖v‖2∗−1−ε

= O

(
‖v‖2∗−1−ε

λ

)
.

Lemma A.7. Let (y, λ) ∈ D1
μ. For μ > 0 sufficiently small, we have that∫

Ω

∇PUy,λ∇∂PUy,λ

∂yi
= − G

λN−2

∂H(y, y)
∂yi

+ O

(
1

λNdN+1

)
,

where G is the same as in lemma A.2.

Lemma A.8. Let (y, λ) ∈ D1
μ. For μ > 0 and ε > 0 sufficiently small, we have that∫

Ω

ψτPU2∗−1−ε
y,λ

∂PUy,λ

∂yi
= − 2G

λN−2

∂H(y, y)
∂yi

+ Diψτ (y)B

+ O

(
ε lnλ + d

λN−2dN−1 +
1

λN−1dN
+ ε lnλ +

1
λ2

)
,

where B is strictly positive.

Proof. The proof follows from∫
Ω

ψτPU2∗−1−ε
y,λ

∂PUy,λ

∂yi

= ψτ (y)
∫

Bd

PU2∗−1−ε
y,λ

∂PUy,λ

∂yi

+
∫

Bd

(ψτ (x) − ψτ (y))PU2∗−1−ε
y,λ

∂PUy,λ

∂yi
+ O

(
1

λNdN+1

)
.

Meanwhile,

ψτ (y)
∫

Bd

PU2∗−1−ε
y,λ

∂PUy,λ

∂yi

= ψτ (y)
∫

Bd

U2∗−1−ε
y,λ

∂PUy,λ

∂yi
− (2∗ − 1 − ε)ψτ (y)

∫
Bd

U2∗−2−ε
y,λ ϕy,λ

∂PUy,λ

∂yi

+ O

( ∫
Bd

U2∗−3
y,λ ϕ2

y,λ

∂PUy,λ

∂yi

)
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= −kεψτ (y)
∫

Bd

U2∗−1
y,λ

∂ϕy,λ

∂yi
− (2∗ − 1 − ε)kεψτ (y)

∫
Bd

U2∗−2
y,λ ϕy,λ

∂PUy,λ

∂yi

+
ψτ (y)
2∗ − ε

∂

∂yi

∫
RN

U2∗−ε
y,λ + O

( ∫
Bd

U2∗−3
y,λ ϕ2

y,λ

∂PUy,λ

∂yi

)

+ O

(
1

λNdN+1 +
ε lnλ + d

λN−2dN−1

)

= −2Gψτ (y)
λN−2

∂H(y, y)
∂yi

+ O

(
ε lnλ + d

λN−2dN−1 +
1

λN−1dN

)
.

Here, we have used the estimates (see [22])

(2∗ − 1)
∫

Bd

U2∗−2
y,λ ϕy,λ

∂PUy,λ

∂y
=

G

λN−2

∂H(y, y)
∂yi

+ O

(
1

λN−1dN

)

and

∫
Bd

U2∗−3
y,λ ϕ2

y,λ

∂PUy,λ

∂yi
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

O

(
1

λ3d4

)
, N = 4,

O

(
ln(λd)
λ5d6

)
, N = 5,

O

(
(ln2/3(λd))

λ6d7

)
, N = 6,

O

(
1

λNdN+1

)
, N > 6.

The direct computation shows that∫
Bd

(ψτ (x) − ψτ (y))PU2∗−1−ε
y,λ

∂PUy,λ

∂yi

= kε

∫
Bd

(ψτ (x) − ψτ (y))U2∗−1
y,λ

∂Uy,λ

∂yi
− kε

∫
Bd

(ψτ (x) − ψτ (y))U2∗−1
y,λ

∂ϕy,λ

∂yi

− (2∗ − 1 − ε)kε

∫
Bd

(ψτ (x) − ψτ (y))U2∗−2
y,λ ϕy,λ

∂PUy,λ

∂yi

+ O(ε lnλ)
∣∣∣∣
∫

Bd

|x − y|U2∗−1
y,λ

∂Uy,λ

∂yi

∣∣∣∣ + O(ε lnλ)
∣∣∣∣
∫

Bd

|x − y|U2∗−1
y,λ

∂ϕy,λ

∂yi

∣∣∣∣
+ O

( ∫
Bd

U2∗−3
y,λ ϕ2

y,λ

∣∣∣∣∂PUy,λ

∂yi

∣∣∣∣
)

= kε

∫
Bd

Dψτ (y) · (x − y)U2∗−1
y,λ

∂Uy,λ

∂yi
+ O

(∣∣∣∣
∫

Bd

(x − y)3U2∗−1
y,λ

∂Uy,λ

∂yi

∣∣∣∣
)

+ O

( ∫
Bd

U2∗−3
y,λ ϕ2

y,λ

∣∣∣∣∂PUy,λ

∂yi

∣∣∣∣
)

+ O

(
ε lnλ +

1
(λd)N−1

)

= Diψτ (y)B + O

(
ε lnλ +

1
λ2 +

1
λN−1dN

)
,

where B is a strictly positive constant.
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Collecting all the previous estimates, we get the desired result.

Lemma A.9. Let (y, λ) ∈ D1
μ and vy,λ̂ ∈ E2k

y,λ̂
. For μ > 0 and ε > 0 sufficiently

small, we have that∫
Ω

ψτPU2∗−2−ε
y,λ

∂PUy,λ

∂yi
v = O

(
ελ lnλ + 1 +

1
λN/2d(N−2)/2 +

1
dN/2λ(N−2)/2

)
‖v‖

+

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

O

(
1

λN−3dN−2

)
‖v‖, N < 8,

O

(
(ln(λd))5/8

λ5d6

)
‖v‖, N = 8,

O

(
1

λ(N+2)/2d(N+4)/2

)
‖v‖, N > 8.

Proof. By direct calculation, we have∫
Ω

ψτU2∗−2−ε
y,λ

∂Uy,λ

∂yi
v

= kε

∫
Ω

(ψτ (x) − ψτ (y))U2∗−2
y,λ

∂Uy,λ

∂yi
v + O

(
ε lnλ

∫
Ω

U2∗−2
y,λ

∣∣∣∣∂Uy,λ

∂yi

∣∣∣∣|v|
)

= O(ελ lnλ)‖v‖ + O(‖v‖),∫
Ω

ψτU2∗−2−ε
y,λ

∂ϕy,λ

∂yi
v

= kε

∫
Ω

ψτ (x)U2∗−2
y,λ

∂ϕy,λ

∂yi
v + O

(
ε lnλ

∫
Ω

U2∗−2
y,λ

∂ϕy,λ

∂yi
v

)

= O

(∣∣∣∣∂ϕy,λ

∂yi

∣∣∣∣
2∗

( ∫
Ω

U
2∗(2∗−2)/(2∗−2)
y,λ

)(2∗−2)/2∗)
(1 + O(ε lnλ))‖v‖

= O

(
‖v‖

λN/2d(N−2)/2

)
,

∫
Ω

ψτU2∗−3−ε
y,λ ϕy,λ

∂ϕy,λ

∂yi
v

= O

( ∫
Ω

U2∗−2
y,λ

∂ϕy,λ

∂yi
v

)
= O

(
‖v‖

λ(N−2)/2dN/2

)
,

∫
Ω

ψτU2∗−3−ε
y,λ ϕy,λ

∂Uy,λ

∂yi
v

= O

(
|ϕy,λ|∞

( ∫
Bd

U
2∗(2∗−3)/(2∗−2)
y,λ

∣∣∣∣∂ϕy,λ

∂yi

∣∣∣∣
2∗/(2∗−1))(2∗−1)/2∗)

‖v‖

+ O

(
‖v‖

λ(N+2)/2d(N+4)/2

)
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= O

(
‖v‖

λ(N+2)/2d(N+4)/2

)
+

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

O

(
1

λN−3dN−2

)
‖v‖, N < 8,

O

(
(ln5/8(λd))

λ5d6

)
‖v‖, N = 8,

O

(
1

λ(N+2)/2d(N+4)/2

)
‖v‖, N > 8.

Thus, summing up the above estimates, the claim is proved.

Lemma A.10. Let (y, λ) ∈ D1
μ and vy,λ̂ ∈ E2k

y,λ̂
. If 2∗ > 3, for μ > 0 and ε > 0

sufficiently small, we have that∫
Ω

ψτPU2∗−3
y,λ

∣∣∣∣∂PUy,λ

∂yi

∣∣∣∣|v|2 +
∫

Ω

ψτ

∣∣∣∣∂PUy,λ

∂yi

∣∣∣∣|v|2∗−1−ε = O(λ‖v‖2).

Proof. The computation is similar to lemma A.9; see also [22].
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3 J. Byeon and Z.-Q. Wang. On the Hénon equation: asymptotic profile of ground states. I.
Annales Inst. H. Poincaré Analyse Non Linéaire 23 (2006), 803–828.

4 J. Byeon, S. Cho and J. Park. On the location of a peak point of a least energy solution
for Hénon equation. Discrete Contin. Dynam. Syst. 30 (2011), 1055–1081.

5 M. Calanchi and B. Ruf. Radial and non radial solutions for Hardy–Hénon type elliptic
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15 M. Hénon. Numerical experiments on the stability of spherical stellar systems. Astron.
Astrophys. 24 (1973), 229–238.

16 N. Hirano. Existence of positive solutions for the Hénon equation involving critical Sobolev
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