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This paper is concerned with the existence and qualitative property of solutions for a
Hénon-like equation

—Au=|z| — 2\"'112*71767 u>0, €N,

u=0, x€Oaf,

where 2 = {z € RN : 1 < |2| < 3} with N > 4, 2* =2N/(N —2), 7> 0and ¢ > 0 is
a small parameter. For any given k € Z1, we construct positive solutions
concentrating simultaneously at 2k different points for € sufficiently small, among
which k points are near the interior boundary {x € RV: |z| = 1} and the other k

points are near the outward boundary {z € R : |z| = 3}. Moreover, the 2k points
tend to the boundary of {2 as € goes to 0.

1. Introduction

We study the Dirichlet problem

—Au = ’(/}7—<J})U2*_1_67 u>0, x € Q,} (11)

u=0, x€af,

where 2 = {z € RV: 1 < |2| < 3} with N > 4, 2* = 2N/(N —2), ¢ > 0 and
¥ (x) = ||z| — 2|7, 7 > 0. This problem can be regarded as a natural extension
to the annular domain of the Hénon equation, which was proposed by Hénon [15]
when he studied rotating stellar structures. The Hénon equation

—Au=lz|Tu? T w0, xe Bl(O),} (12)

u=0, xz¢€0dB1(0),
where B;(0) C RY is a unit ball centred at the origin, has been extensively investi-

gated. The first existence result is due to Ni [17], who obtained at least one radial
solution for 7 > 0 and 2* — 1 —¢ € (1,2* — 1 4 27 /(N — 2)) via the mountain pass
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theorem in the space of radial functions. The presence of numerical solutions in [11]
then shows that for fixed 7 > 0 the ground state solution of (1.2) is not radial if €
is sufficiently small and that, for fixed € € (0,4/(N —2)), if 7 is large enough, the
ground state solution of (1.2) is not radial either. This was proved by Smets et al.
in [25]. The main idea was to compare the energy of ground state solutions and that
of radially symmetric solutions. Later, by minimization under suitable symmetry
constraints, Serra [24] proved the existence of at least one non-radial solution for
every 7 large enough, when ¢ = (0. Meanwhile, for 7 sufficiently small, ¢ = 0 and
a general domain {2 that is not necessarily the unit ball, Hirano [16] obtained at
least one positive solution to (1.2) by a constrained variational argument. Byeon
and Wang [2, 3] considered the asymptotic behaviour for the solution of (1.2) with
7 large. More results about the asymptotic behaviour of ground states of (1.2) can
be found in [4,7,9] and references therein.

In addition, the Neumann problem for the Hénon equation was investigated
in [13], presenting the interesting conclusion for 7 large that the ground state is
radial, which is contrary to the Dirichlet case. In [10], Carriao et al. proved results
on existence and multiplicity of non-radial solutions of quasilinear equations of the
Hénon type. Calanchi and Ruf considered the case of the system in [5], and proved
that the ground state solution of the Hénon-type system is not radially symmetric.
For more results we refer the reader to the references therein.

The concentration behaviour of solutions (see [12,23]) has been studied exten-
sively. It is well known [14] that (1.2) has only radial solutions if 7 = 0. Thus, the
only possible concentrating point is x = 0 if 7 = 0. It is necessary that 7 > 0
to ensure the existence of multiple concentrating solutions. Cao and Peng proved
in [7] that, for ¢ sufficiently close to 0T, the ground state solutions of (1.2) possess a
unique maximum point whose distance from dB;(0) tends to 0 as ¢ — 0. Peng [18]
and Pistoia and Serra [20] improved the result in [7] for (1.2) for 7 > 0 fixed with
€ going to 0, and obtained multi-bump solutions that are invariant under the action
of the suitable finite subgroup of O(N) and concentrate at the boundary points of
B;1(0) ase — 0.

Since the weight function ¢, (z) on {2 reproduces a similar qualitative behaviour
of |z|™ on the unit ball By (0) of RY, Calanchi et al. [6] considered (1.1) on the annu-
lus. They proved the existence of two solutions for 7 large, and of two additional
solutions when ¢ is close to 0. They also proved the appearance of a symmetry-
breaking phenomenon, showing that the least-energy solutions concentrate near
the boundary 9f2, and hence cannot be radial functions. However, they could not
determine near which component of the boundary 9f2 the solutions concentrate
when ¢ — 0. In our paper, we improve the result in [6] for the Hénon-like equa-
tion (1.1), and establish the existence of solutions concentrating simultaneously
at both the components of the boundary of 2. Furthermore, we give the rate of
concentrating points approaching 92 as ¢ — 0.

To state the main result, we consider the functions

B [N(N _ 2)](N—2)/4/\(N—2)/2
Uy,)\(x) - (1 + )\2‘:.5 o y|2)(N72)/2 9

where y € RV, A > 0. Then, U, (x) satisfies the equation —Au = v? ~! in RV,
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We denote by PU,  the projection onto Hg(£2) of the function U, ), namely,

“APU, = —AU, » in 2,
az o e | "

PU, =0 on 0{2.

Let O(N) be the set of all orthogonal transformations in R and let G be a finite
subgroup of O(N) generated by g, that is, G = {g, ¢?%, ..., g* = Id} for some integer
k > 1. The main result in this paper is stated as follows.

THEOREM 1.1. Let 2 = {z € RV: 1 < |z| < 3} with N > 4,¢ > 0 and 7 > 0.
Suppose that G = {g,9?,...,g* =1d} C O(N), k > 1, and G has no fized points on
the boundary of £2. There then exists g > 0 such that, for e € (0,&¢], problem (1.1)
has a positive solution u. of the form

k k
ue(w) =Y PUgiz . () + D PUgio sy 5. (0) + 0e(2),
=1 =1

with A > 0, 5\8 >0,2>a.>1, 2z € (2 satisfying
A\ = O(E—(N—l)/(N—2))’ A = O(E—(N—l)/(N—Q))’

ve(giz) =wvo(x) (i=1,....k—1),
(e — 1) + dist(z., {z € RY: |z| = 3}) = O(e),
O(e), N =45,
vellma2) = O(e|lnel*/3), N =6,
O(eW+2)/2(N=2)y " N > 6.

This result provides much finer information on the asymptotic profile of solutions
as € — 0. The difficulty with the proof is that the local maximum points of the
solution tend to both components of 9f2 when ¢ — 0. Due to the fact that the
boundary 942 has two components and ¢, » := Uy, » — PU, » and its first derivatives
tend to oo as y approaches 0f2, we need more precise analysis estimates. The idea
of the proof is mainly inspired by that of [18,22]. We reduce our problem to a finite-
dimensional problem by Lyapunov—Schmidt reduction, and then we use Lusternik—
Schnirelman theory (see [21,23]) to solve it.

This paper is organized as follows. In §2, we give the notation and a crucial pre-
liminary result preparing for Lyapunov—Schmidt reduction. In § 3, we then obtain
some important estimates and prove theorem 1.1 by Lusternik—Schnirelman theory.
Finally, we collect the detailed estimates in appendix A.

In this paper, we use the following notation.

e (' denotes the generic positive constant.

O(t), o(t) denote |O(t)| < Clt|, |o(t)]/t — 0 as t — 0, respectively.
For u € L"(£2), v € Hg(£2), define |u|. = [, |u|", [[v]|* = [, Vo[>
B, stands for the ball B,(y) centred at y with radius 7.

For simplicity, denote d(y’, 082) = dist(y?, 012).

https://doi.org/10.1017/50308210513000553 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210513000553

178 S. Peng and H. Pi
2. Notation and preliminary results

Let I.(u) be the associated functional to (1.1) defined by
/ Vul* = 5= / $r|ul* "% Vu € Hy(92). (2.1)

It is not difficult to verify that I. € C*(H}(£2),R) and

(I'(u /Vqu—/ Urlu|* 2 fuw Yu,v € HE ().

From critical point theory, the critical point of I. is the solution of (1.1). In the
following we aim to find the critical point of the functional I..

Fory = (y',...,y**) e RN x - x RN, A = (A\1,..., dox) € R%, 1 > 0 small,
define

OPU,; ». OPU,; ».
E2kA _ H’l ): Y7, A yl Ry
YA {U < 0( ) ( 8)\3 v 8ylj v 0

forj=1,...,2k, = 1,...,N}, (2.2)
where (u,v) = [, VuVo,
D2 = {(y,\) € 2 xR |y — 7| > ¢9 >0, i # j, 0 < d(y,002) < p,
d(y?,09) > p=t, Aj < et/ fori,j=1,...,2k}, (2.3)
where ¢g is a constant. Set

2k N . 2k 2k
M2 = {(y A): (. A) € D2, ve B2, o] < ). (2.4)

[

We build solutions for (1.1) that look like a sum of concentrated solutions for (1.3)
centred at several points. More precisely, we seek a solution u. of (1.1) having the
form u.(x) = Zj 1 PUyi »; + v with (y, A\ v) € M2’C for some suitable ;¢ > 0. Define

Jo(y, A v) = I. (ZP Ry —H}) (2.5)

It is well known (see [1,22]) that if 4 > 0 is small enough,

U—ZP yia, tv

is a positive critical point of I.(u) in H}(£2) if and only if (y,A,v) is a critical
point of J. (y,)\ v) in M% On the other hand, by the Lagrange multiplier rule,

(y, \,v) € M2’C is a crltlcal point of J.(y, A, v) if and only if there exist Y; € R,
ZieR (= 1 ,N, j=1,...,2k) such that

0J(y, ;\,v) (82Pij N ) N <82PUW N > .
DDy (2 ) Nz —— ), =1, 2k,
O\ g ON2 ; T\ on o0 /

(2.6)
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dJ:(y, 5\, v) 0%PU, i 82PU
T =Y )+ Z i\ 500 V)
oy OA; 0y 8yl 8yl

K2

2.7)
2k N
z::; i —— 8yl . (2.8)

To prove theorem 1.1, we first give the following proposition to reduce the prob-
lem of finding the critical point of J. in M 5’“ to a finite-dimensional problem.
Throughout this paper, define

@
i‘f
>,
C

HM§

1
(Nidjlyt =y [2)(N=2)/2

d; = d(y?,06) and €ij 1= for i # j.

PROPOSITION 2.1. There exist €9 > 0 and po > 0 such that, for e € (0,e0], p €
(0, uo], there exists a unique Ct-map

(y,A) € Dik v, 5 € E;k/\

such that (y,j\,’ljy’j\) satisfies (2.8) for some Y, Zy (I=1,...,N, j=1,...,2k).
Furthermore, we have

2k 2k
v, 5l = o( Z 5<1/2+9>> + 0<Z(dj + emj)) +Y V(AL (29)
J=1,j#i Jj=1 Jj=1
where
O\ ~Ng2—Ny, N =4,5,
V(A d) = O((M)*1n?3(\d)), N =6,
O((A\d)~(N+2)/2), N > 6.
Proof. Expanding J.(y, A, v), we obtain
Je(y, A v) = Je(y, X, 0) + fo(v) + 5(A(v), ) + Re(v), (2.10)

where

2k 2% —1—¢
Z/ 2;‘;11} /QwT(;Pij’/\J) v, (2.11)
2k 2* —2—¢
_ 2 _ * 1 _ . 2
<AE(U),U>_/U|W| (25 -1 g)/g¢7<§pzfy],kj> 2 (212)

and
DYR_(v) = O(||lv)**?~%), i=0,1,2. (2.13)

Here, ¥ > 0 is a constant.
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It follows from the fact that f. is a continuous form over E%j\. Then there exists
a unique f. € E;kj\ satisfying '

fo(v) = (ferv) Vo e EX. (2.14)

Similarly, we obtain that A. is a continuous linear operator from E;k)\ to E;k“
By lemma 2.2 below, we see that, for 1 and e sufficiently small, A, is invertible and
|AZY| < p~t. Using this notation, we have that

8‘]8 (y7 ;\a U)
87-) EQkﬂ

Y, A

= f. + A.v+ DR.(v).

There is an equivalence between the existence of some constants Y;, Z; (I =
1,...,N, j=1,...,2k) such that (2.8) is satisfied and

fe 4+ Acv+ DR.(v) = 0. (2.15)

As in [22l, by the implicit function theorem we get 9 > 0, g > 0 and a C'-map
v, 51 (Y, A) € D2k — Ejkj\ for e € (0,e0], € (0, o] satisfying (2.15) and

lo, sl < Cll el (2.16)

We now estimate | fz||. It follows from lemma A.1 in Appendix A and [1] that
2k 2k 2% —1—¢
S [z [o(Xrv.)
j=17% 2 j=1
2k 2k
_ 2*—1 2" —1—¢
= [ upste- [ S punii
j=1 =1
2k
0(/ >, PU; XzsPij,,\jv>, 2" —1—¢>2,
o Ai

i=1, i
2k . .
O(/ S Pul Pl ;1‘5)/%>, 2 —1—e<2
) i< Y A Y7 A5
2k 2k 2k
1/246
_ 0(2@- +shmj>)|v|| +0( Sl >)|v|| 3 VO]l

J=1 j=1,j#i j=1

where 6 is a small positive constant.
Consequently, we obtain that, for y > 0 and & > 0 sufficiently small,

v, sl < ClI/
2k 2k 2%
_O( Z gg;/2+9)) +O(Z(dj+aln)\j)> +ZV(>‘J"dJ‘)’
=1, =1 =1
which leads to (2.9). O
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LEMMA 2.2. Let (y,\) € Dik. For pn > 0 and € > 0 sufficiently small, there exists
a p >0 such that

1Azvll = pllvll - Vo € E2K.

Proof. We argue by contradiction. Suppose that there exist ¢, — 0, u, — 0,
(Yny An) = (Yt .y, Moy ooy A2kn) € D2’c and v, € E%F 5 such that

nyN\n

[Azvn]l = on(D)[onl; (2.17)

where 0,(1) — 0 as n — co. Without loss of generality we assume that [|v,| = 1.
For j =1,...,2k, let

- -N _ in
() = A2, (05 Lz 4y,

Set v, (x) = 0 if z € RV \ £2. Then, 9;,(z) is bounded in D»?(RY), and hence we
may assume that there exists v; € DV2(RY) such that, as n — oo,

Ujn(r) = v; weakly in DV2(RY).

Now, arguing as in [19], and by the estimates in [1], we can verify that v; = 0,
and hence

2k 2% —2—¢,
2
[o(Sru.,.)
2 j=1

2k

< Z 2% 2 (2" —2—€,)/2 (2* —2— en)/2 2

<¢ ; 1/ Uera L 0n +O</Q vy PUymAg n PUym/\
JI= 1#£]

2k
<O [ U5 ot el

C’Z/ U272 02 +0,(1) = 0r(1) + 0n(1),

o\
\BR/A (yn Y o

where og(1) — 0 as R — co. Combining this with (2.17), we conclude that ||v,|| — 0

as n — 0o, which contradicts ||v,, || = 1. Therefore, the desired result is proved. [

For the rest of this paper, we take A\; = Ay =X =X € Ry and A\gyg =
Aita = - —)\gk—)\eR+ LetG—{gQ... =1d} € O(N). We use d to
denote d; = = dj, and d to denote diy1 = = dgk. We define

Dik: {(y,;\): (z,gz,...,gk_lz,a|z|,...,gk_l<a|z|),/\,...,)\,;\,...,5\>:

(zaA)\)eB}
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where

Bu:{(z,a,)\,S\)e.QxRxRxR:O<d:d(z,{xeRN::U|:3})<u,

1
M <es 0<d=a—-1<y, /\d>/i )\d>u}

Next, we show that v 5 is invariant under the act of orthogonal transformations
of G. This conclusion Wlll be used in proving theorem 1.1.

LEMMA 2.3. If (y,\) € DQ’C .4 s obtained in proposition 2.1, then vy7;\(gjz) =
v, 5(@) forj=1,... k:—l

Proof. Set o(x) = Uy’;(gjx). Then
K 2k 2k ‘
Jo(y, A, 0) = (ZPUI i —H}) = (ZPUyqz),\i(gjm)—kvy,;\(x))
=1 3
2k
= IE(ZPUW,M (@) + v, 5 (x ) =1 (ZP A(g;)>
i=1

= Ja(ya )\7 Uy’j\)'
It follows from the uniqueness of the C'-map obtained in proposition 2.1 that
0= U, 5 This verifies the conclusion. O

3. Proof of the main result

In this section, we prove that for the Y, Z; € R obtained in proposition 2.1 sat-
isfying (2.8) there exists (ye,A:) € D2¥ such that (2.6) and (2.7) are satisfied by
(Ye, )\5, Uy AL ). First, we give some estimates.

LEMMA 3.1. Let ( 5\) Dzk and v, 5 € EQ’C For p > 0 and € > 0 sufficiently
small, for j =1,...,2k, we obtam

0Je (y, 5\, v)  Ae F

= HGI
+O(edj+521mj el +d; 1 i’“: 1
) N-1iN—2 T 3 V(N+2)/2,N/2
A A dy A i=1, ] )‘z(' / )‘j/

2k
TR > - )
ANalV—! () (N=2)/2)(0+1/2) )

i=1,i#j
2k
1 eln \; 1
+O( + L4 >||v||, (3.1)
2 A i:%:#j (A ) ((N=2)72)(0+1/2) ),

where 0 is a small positive constant, A, F are positive constants depending on N,
and H(y,z) denotes the regular part of Green’s function G(y,x), which is defined
in appendix A.

https://doi.org/10.1017/50308210513000553 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210513000553

Solutions for a Hénon-like equation 183

Proof. A direct computation shows that

6J6(y7 5‘7 U) / 2 8PUZUJ Aj
—e D - PU, il
X, 0 ; vt IV
2k
_/ V| S PU s+
2 i=1

= .[1 - IQ.

OPU,;

2* —2—¢
<ZPU 5y +v) 8)\

By the orthogonality condition (2.2), lemma A.2 and the estimates in [1], we obtain

6 U PN\ ap o\
I /VP v ”+ /VP i RSN I vt AV
' vl . ;# N PRV
—2)G 1
oaey, HO(MN)
j
2 1
s T [
i=1,1%#7] J
k» . .
(N-2)G _, . . 1 . G(y',y)
=——HW,y¥)+0| ————< |+ 0O Z —_—
N-1 ) N+l N N—2)/2\N/2
2)‘j )‘j dj i=1,1#£j )\z(' )/ )‘j /
2k 1
+o( > ) +o( >||v|
= )\EN+2)/2>\§V/2 /\j
2k 2" —1—¢
OPUy; »,
12 :A¢T<ZPUy1’AI> T
2% —2—¢
OPU,; .
+( 15/1/}T<ZPUL)\> T)\jjv
2*—3—¢
OPU,; .
0(/ < PUW> —riy?
17 ; o 2
OPU; | ..
+/ . N IR if2*>3>
ol 0A |
=: Iy + Iz2 + I3 + I24.
Using lemma A.3 and the estimates in [1], we have
2k
. _OPU, .
Iy = | by Yy (PUyiy,)* 1o —
= [ v > (PUy) o
. OPU,; .
(/ Z PUZ 2PU, a;””), 21 —e>2,
i=1,1#l J
/ ZPU PP ”VLPU‘@W L 2 —1-e<2
i<l aAJ
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eA (N —-2)G+2F Gy
=t N—1 H(y’ )+O< Z N_2)/2\N/2
Aj /\j i=1,i#£j )\E )/ )‘j /
O(aln)\j +dj EQIH/\j+€dj 1
N—1,N—2 _ N N—1
A d; A A d;

2k

o+ > ! )
N Qun) (YRR,

It follows from lemma A.4 that

2k 2% —2—¢
OPU,; ».
Iy = 0(/ <ZPin},\i> Wv)

OPU,; .
/ZPU2 T If(PU, Ly, PUys ) ——2iy
l 2 N\g a)\]

" OPU,; .

2" —2—¢ Yl A
O(/QZPU;W,M O\, v>

i=1
eln A, 1 1
= O( z+ 5+ >||v|
)\j >\j(/\jd (N 2)/ . ;7&] ((N 2)/2)(0+1/2) ) ]

Similarly, from lemmas A.5 and A.6, we obtain

Ly =0\ ol?), L= OO o> 7179).

Adding the above estimates, the claim follows. O

Arguing as in the proof of lemma 3.1, from lemmas A.7-A.10 in appendix A and
the estimates from [1], we obtain the following lemma.

LEMMA 3.2. Let (y,\) € D2]C and let v, 5 € E%/\ For n > 0 and € > 0 sufficiently

small, we have, for j =1,...,2k, i = 1 N "that
aJe(yvj\av) _ G aH(ijyj)

. = 2 _ D (y))B
Ay} AT oy o)
€ln)\j+dj 1 1
+O<€1n>\j+)\§v_2d§\,_l +>\7§+7/\;\]—1d§\[

2k 2k

1 A
P I B s )
H’Zl# () (V=272 H’Zl#j O, ) (N=2)/2)(1/2+0)

1
ik: ()\~)\‘)((Nf\§)/2)(1/2+9))HU”v
1=1,1#j )

(3.2)
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where D; stands for the derivative with respect to yf , 0 is a small positive constant,
G, B are positive constants depending on N, H(y,x) is the same as in lemma 3.1.

Let
Ks(y17 . 'ay2k7>\17 . '7)\2k) = Js(y,j\,’l)%j\),

Ls(z,a,)\,S\)Ks<z,gz,...,gk1z,a|z|,...,gk1<a|zl),)\,...,)\,5\,...,5\>
z z

for (z,a, \,\) € B,,.
Define

M. = {(z,a,\,\) € B,: y1e < d = dist(z, {z € RV : |z = 3}) < 708,

= [’YSE_(N 1)/(N— 2)7745—(N—1)/(N—2)]’ vse <d=a—1< e,
= [77€*(N*1)/(N*2)’785*(N* )/(N*2)]}’
where ; € (0,+00), i = 1,...,8, will be chosen later. Next, we have the following

lemma.

LEMMA 3.3. For ~y;, i = 1,...,8, suitably chosen, L.(z,a, A, 5\) has at least one
critical point in M.

Proof. First, we estimate OK./0\; and 8K5/8yf.

0K, 0J. o0J. Ov .

= _—c =1,...,2k 3.3
. mj+<av,mj>, =12k, (33)
0K, _ 9Je <8JE,‘%.> i=1,...,N, j=1...,2k (3.4)
dy, Oy I dy]

Since 0J./0A; and 0J. /ayf have already been estimated in lemma 3.1 and
lemma 3.2, respectively, to estimate 0K, /O\; and 0K./9y], we only have to esti-

mate the products
dJ. dv and oJ. Ov
v " O\ v’ oyl [

Writing
6PU ; &, OPU,
Zb 243N — A (3.5)
=1 1=1 yl
where b;,ci €R (i=1,...,2k, I=1,...,N) and w Gng“)\
We find
dJ. v d.J. aPUq A\ & 8J. OPUy: y,
e TV b —Ygi .
<av’ax> Z’<au >+ 2 T oy (36)
J i=1 =1 =1 l
Moreover,

0J. 8Pin7M _ % aJ. aPinM\i _ 0J.
v’ O\ O\ o’ Oyl Oy
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Furthermore, if we take the scalar product in H{(£2) of (3.5) with OPUy: y,/0X;
and OPU, y, /0y, respectively (i = 1,...,2k, | = 1,...,N), we get a quasi-
diagonal linear system with b; and c{ unknown. Solving this system (for details, we
refer the reader to [22]), we obtain

—o(ll), = o("A”Q'), j=1,....2k I=1,...,N. (3.8)

Taking account of (3.6) and (3.8), we have that

<aJ 8v> . <||v||>
a)\ =1 1l=1 l

2k

(Z+ZAN e 2+ZA2)|U||

Substituting the above estimate and (3.1) into (3.3), we deduce that

OK. Ae F
3)\]- o >‘j A;.V_l

H(y,y7)

2k

1
T o(
7::%:'# Aj(Aid;)(1/2+0)((N=2)/2)
adj+€21n)\j+ 1 +i+aln)\j+dj
Aj AN A AT
2k 2k
1 1 eln \; 1
+O(+ ———— + L4 >||v||
/\? ; )\i\f 1le 2 )\j i:;;éj )\j(}\i)\j)(l/2+6)((N72)/2)
Ae F o - .
=5 7)\N71H(y3,yj) + Vi(e,d,d, N). (3.9)
J

In a similar way, we also have that

oK. G OH(y,y)

;= i _Diwr(yj)B
N—2
Oyt A 0y,
eln); +d; 1 1
—i—O(eln)\j—i— Noovt T vy T e
AT Aj Ay A
2k 2k
1 by
+ > soommE T 2 N§2120>
ey (MA )N =272; 0 e (i) (V=220 /240)
1 2k N
+O(+1—|—6x\-ln)\»—|— J )|v||
dj()\jdj)(N—z)/Z J J l_;# ()\i)\j)((N—Q)/2)(1/2+9)
G OH(y,y . .
N2 E) 7 )—Dﬂ/Jr(yj)B-FVyj(ad, d,\). (3.10)
J Yi
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Set 24 = {z € £2: dist(z,{z € 2: |z] = 3}) > d}, and denote by n(z) the unit
outward normal at z € 9f2;. Applying the fact in [21] that, for d = dist(z,{z €
2: |z| = 3}) sufficiently small,

1 1
H(z,z)= oN—2gN—2 —i—o(dN 2) (3.11)
0H(z, z) N -2 1 .
821- = 2N72dN71ni(Z) + O(dN1>7 1= 1,. .. ,N. (312)

Using the definition of L. (z, a, A, \), for € > 0 sufficiently small and

_ z _ z
(y17y27.”,yk’ykﬂrl’.“’ymc) = (Zagza"'vgk 1ZvOZM7"'7gk 1<a|z|)>v

we conclude that

k N j 2k N j
O0L. OK. 0K oyj OK. oy]
L0 W) aLu T S A
. 1 . .
0z; y; =S aylﬂ 0z; A= 8le 0z;
G 0H(z,z
AM=2 9z Diyp-(2)B
2k N
G OH(y.y') Ay
£ (e — D ()B
=2 1=1 Aj Ay 0z
2k o
+O(Zvyj(svd7d,x)>
j=1
G N-2
= ()\NQQNQle - TB)”i(Z)

G N -2 By
— J l
()\é\rz 2N—2d§\”1 TB) i (y )3zi

2
<. 1
+O(ZVUJ(€,d,d,>\)+d)+O(>\N,_2d]V_1>

j=1
G N -2
_k;()\N N=2 GN=3gN=T ~ TB)ni(z)
1
03w 8 +4) o grmsrr)

where the third equality is the consequence of the properties of orthogonal trans-
formation and

(o) G ot ol )= (S

1=1 =1
~ony(2) Lol _o,
] |2[?

where 0;; = 1ifi =1 and 05 =0if i # .
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On the other hand,

OL. <~ OK.
N ;

ONi |2 g2, g7 1202/ |2], b= (@212 A A, )

OL. <& 9K,
on 2

i=k+1 a)\l (2,920,981 2,02/ | 2], 9P~ (@2 /|2]), A0 s AN, A)

)

(3.13)

We are now able to estimate the derivatives of Lg(z,a7)\,5\) on the boundary
OM.. Using the fact that d = O(¢), d = (o — 1) = O(g), A = O(e~NV-1/(N=2)),
A = O(e~N=D/IN=2)) for each (z,a, X\, \) € M., we have

Vi(e,d,d, \) = V;(e) = O(2N -1/ (N=2)) (3.14)
and
Vyi(e,d,d, \) = V() = O N2, (3.15)
Therefore, we obtain
OL. ~~0K. kAe kF 1 _ 1
o T2y, T A avoavigna T AET O(AN—ldN—2> (3.16)
j=1

0L, G N — 1
on ()\N 39N-2 N—1 sz 1 TB)+O(ZV] (&, d; +d)+0(/\N2dN1>

(3.17)
and
OL. -
L _ (N -2)G ] 1 3
oo 2V ()N a -
% . )
j=k+1
L. N OK. kAe  kF 1 T+ ( 1 )
T == = S (&)t ol =——=— .
o\ Pare O\ 2\ 2N=2 \N-1(q — 1)N-2 A AN—1gN—2
(3.19)
Choosing

o EJ(N—Z)GA
=75 = 5) -BF
B 7J(N—2)GA
V2= =2

1 B <F>(N1)/(N2)

BT TSN —2)G\4 ’
s .p NV
HEET 9N —2)G (A) ’
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where (N —2)/(N —1) < o < 1. Then, for € > 0 sufficiently small, we have, for all
(z,a, A\, A) € M., that

oL C(N— oy % oL _(N— 9y
87;(27047735 (N=D/(N 2)7>‘) <0< 87)\6(27057746 (N=1)/(N 2)3)‘)’
OL. oL
—(z,a, A, e WN=D/(N=2)y g <« Z=5 Z, 0 A, e~ (N=1)/(N=2)
o5 V7 ) o5 s )
and
oL N oL N
8046 (2,147, \,A) > 0> 805 (2,14 v58, A, A).
Combining (3.15) with (3.17) we obtain, for ¢ > 0 sufficiently small,
oL ~
ng (z,0,\,A) <0 Vz € 082,,.,
oL N
ans (z,0, \,A) >0 Vzedf2,..
From the Lusternik-Schnirelman theory (see [21,23]) we deduce that L. (z, a, A, A)
has at least one critical point in M.. O

Proof of theorem 1.1. First, we prove that if (2, ac, Ac, 5\5) € M. is a critical point
of L.(z,a, A, \), then

OK. (y', ..., y%* M, ... A
E(y ) Y ki 1 ) 2]€) - = 0, (320)
aqu (2,9%c 29" T ze,0e 2 [ 2e |yoes ~
gk71(a525/|25|),>\57<--7A5a)\57---a>\5)
OK-(yt, .. y®* Ay A
E(y P Yy Y~ AL ) Qk) . =0 (321)
a)\] (zs,gzs,..-,g 257(1526/‘25‘7“'7 .

gk71(aaza/lzsI)»AEvn-»AEv)\Ev---vS\E)
forany j=1,...,2k,i=1,..., N. For simplicity, we define v. = LS and

_ z B z - -
(yg,)\g):<zg,gz5,...,gk 125,%2—5,...,9’“ 1(045 E),/\E,...,)\5,)\6,...,/\5).

|2¢ | |2e]

By lemma 2.3, we have that, for j = 1,...,k, (y,\) € D2k K_(y, \) satisfies

’U. b)
K.(g7y,\) = K-(y, \).

Using the result in [8], we find that (3.20) holds if (z, a, Ac, Ac) is a critical point
of Lo(z,a, A ).
For the proof of (3.21), according to (3.16) and (3.19), it suffices to prove that,

Y(y,\) = (z,gz,...,gk_lz,ﬁ,...,gk_l<(j),A,...,)\,5\,...,5\> Ef)ik,

OK.(y,\) _ 0K.(y,\)
N N

(3.22)
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fori,j=1,...,k,ord,j =k+1,...,2k. We surely have that (3.22) holds, especially
for
N k—1 Ze k—1 Ze 5 5
(y7>\):<zsag'z€a"'ag ZE7OZEW7"'7Q <a5||)7>\67"'7)\€a)‘87"'7AE)'

Recalling (2.8), we obtain
OK.(y,\)  9J. <8JE avy,;>

N O\ v O\
0. 5/ 0 (OPU,,,
_8)\i_z}/j<8>\i< o )’“M>
j=1
2k N OPU,;
S (M)
;lz; o\, aylﬂ Y

a.J. 92PU,: 8*PU,;
:M_Yi<8>\f’ ?M> ZZ”< Ny ’”M>'

Since (y, \) € [Dik, vy;\(gjx) =v,5(z) (j=1,...,k—1), we have

aJ.  dJ.
N oN

O?*PUy; 5, ?PU,; »,
oxz A/ TN\ T aa el
7 J

<82Pin,.Ai . A><a2Pij,lAj : >
oNdy; v oxdy] U

,j=1,...,kori,j=k+1,...,2k. To obtain (3.22), we need only show that

and

Y,=Y;, Zy=Zy, l=1,...,N. (3.23)

Here, i,j=1,...,kori,j=k+1,...,2k.
Let Y, Y and Zl, Z; be determlned by the following systems:

8J. OPU,
8’0 ’ (9)\1
k 2k
v < OPU,; », 8PUy17A1>+Y < 3 OPU,; », aPUyl,Al>

= 0N O Ty O

Z <Xk: OPUyspy OFUpi, >
l ; )
1 Ay} 2N

j=1

N
N 2k
5 OPUyi\; 0PUy
+ ;21 Zl< E T T o >, (3.24)

i 9u
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dJ. OPU, 5,
v’ Iyl

k 2k
8PUj)\. (‘3PU1/\ ~ aPUJ)\' 8PU1)\
—-Y § Yl A Y A1 Y § Yl Aj YAl
< oN; T Oy, >+ < ’ >

, 1
=1 Pare R Oy
N k
a[J[J J N 6PU 1A
+ZZZ<Z y_’J7 y71>
=1 j=1 oy Y,
2k
~ 8PU J N 8PU 1\
+ZZ;< > vl yl’l>, m=1,...,N, (3.25)
=1 j=kt1 Ay Y
0J. BPUka Nt 1
dv ’ 3)\k+1
k 2k
v <Z OPUy; 5, OPUgesr s, > 7 < 3 OPUy, », aPUyk+1,Ak+1>
= O\ Ot Pt O\ Okl
. ZN:Z <Zk: OPU,; 5, aPUyk+1,Ak+1>
l 3 )
1=1 j=1 Ay M1
N 2k
- OPU,; . OPU k41 y
+ZZZ< > L i A +> (3.26)
=1 j=k+1 Ay} k41
oJ. BPUka’,\kH
an ’ ayﬁ’L+1
k 2k
y <Z OPU,; 5, aPUyk+1,ml>+? < S OPU,; aPUyk+1,ml>
. ’ k+1 . ’ k+1
j=1 6)\_] aym j:k+l (9)\] aym
. ZN:Z <Zk: OPU,; », aPUyk+1,Ak+1>
! > )
=1 j=1 Ay} Aym"
N 2k
. OPU,; 5, OPUyiir ,
+ZZz< > PR ak+1k+l>’ m=1,...,N. (3.27)
=1 j=k+1 Y Ym

It is not difficult to check that Y, f{and Z;, Z; are uniquely determined by (3.24)
(3.27). By the fact that (y,\) EDik, yo= g M = g az/l2]) (5 =

Lo.yk), M =+ =X = Aand A\gy1 = -+ = Ao = A, for such Y, ¥ and
Z;, Z;, we also have, for h =2,...,k, that

<8JE aPUyh,,Ah> B <8J5 aPUyl,A1>

ov’ Ol v’ O\
0J. OPUp,,\  /8J. OPUp,,
o’ oyl S\ v’ Oyl '
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Similarly, for h =k + 2,...,2k,

<8J€ 8PUM>_<8JE M>

ov ’ 8)\h ov ’ 8/\k+1
0J. OPUps,\ /0. OPUper ..,
v’ oyl T\ ov’ oykrt

On the other hand, observe that all the constants Y;, Zj;, j = 1,...,2k, | =
1,..., N, are uniquely determined by the systems obtained by taking the inner
product of (2.8) with OPUy; ,/0A;, OPUy; x,/0y], respectively. Therefore, we have
Y; =Y, Zy=2,,Yy; =Y, Zkyju=2,5=1,...,k,l=1,...,N.

Next, by lemma 3.3, (3.20) and (3.21), we deduce that

(aJE(y7A7vy,5\) + <8J‘S(y’>\’vy;5\) 8vy7;\>) =0
a)\J 31) a>\j (y,j\,vy,;):(ys,xsyvs)
8le ov 8le (A, 53)=(ye,Xe,ve)

forj=1,...,2k,l=1,....,N. R
It follows from (2.8) that (ye, Ac, ve) satisfies (2.6) and (2.7). Therefore, (ye, Ac, ve)
is a critical point of .J., and hence

k

k
Ue (:I:) = Z PUgizE’)‘E (LL') + Z Pqu(agk/\zEl),;\e (1‘) + UE(:E)
=1 =1

is a critical point of I. in Hg(£2). Moreover, u. > 0 in §2. In fact, multiplying
the equation by u_ = max{—uc,0} and integrating on {2 and using the Sobolev
inequality, we have either uz = 0 or |ju_ || = ¢o > 0. However, |ve| = o(1) and
|uz |2« < |vg|o« imply that us = 0; therefore, u. > 0 follows from the maximum
principle for the weak solution.

Finally, the estimates for a., dist(z., {z € RY: |z| = 3}), Ac and ||v.| follow from
the proof of lemma 3.3 and proposition 2.1.

As a result, the proof is complete. O

Appendix A.
From [22] we see that
1
PUy N =Uyx = @yx, Py = WH(‘U’ )+ fyas

where H(y,") =1/|y — |V =2 = G(y,-) in 2 and, for any y € 2, G satisfies

—AG(y,-) = pny in £,
Gy, )=0 on 0f2,
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where &, denotes the Dirac mass at y and py = (N —2) meas(SV1). It also follows
from [22] that

afy)\ -0
Oy; B )\(N+2)/2dN+1

f% ()\(N+2)/2dN>
afy)\
) = O(/\(N+4)/2dN)
[y aler = O<)\ N-2) /2d (N—-2)/ )

B 1 0Py A
o - O<AN/2d(N2)/2>’ ‘ ayl o O<>\(N 2)/2dN/2)
y

H(y,z) = H(y,y) +Z o, 9 (- y ( L T )

A2gN )\QdN
j=1
1 OH( y,
M =o(yly). 2 o 1)

for d := dist(y, 0¢2) small enough.

8901/7)\
oA

LEmMMA A.1. Let (y,A) € D:L. For pn > 0 and € > 0 sufficiently small, we have that

/QUyQ/\_lvf/ u}TPUj;l 0 =0(d+eln N ||| + V(N d)||v],

where
ONNg2—N), N =4,5,
V(A d) = O(A) 41?3 (\d)), N =6,

O((\d)~(N+2)/2), N > 6.

Proof. Let ke = A\=(N=2</2 Then k. =1 — (N — 2)/2)eIln XA + O(2 In? \). Direct
computation yields that

\/(Z(wTPUj*)\_l_E - Uj;;_l)v
- /quT(PUj;’l’s U
+/Q(wT - 1)Uy2;’1’€v+/9(k5 — 1)Uy2f;1v

Ur(PUS T2 = Uy T o)

By

+o</ U;;lsv> +0(d+eln\)]|v||
2\By
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- 0(|soy,x|oo / U;;2|v|)
Bg

ANN+2)/24(N+2)/2

1
+O< )|v||+0(d+5ln>\)||v||

2% (2*=2)/(2* -1 (@ -0/
= O<|90y,)\|oo</3 Uy))\( —eE )> |U|2*)
d

+0 </\(N+2)/21d(N+2)/2) o]l + O(d + e A)Jv]
=V (XA d)||v]| +O(d + eln A)|Jv].
U
LEMMA A.2. Let (y,A) € Di, For p > 0 sufficiently small, we have that
/QVPUy,Nalgf”A = (];TA;?)IGH(y,y) +0(>,
where
G 1
ey (14 |z[2)(N+2)/2
depends on N.
Proof. The proof can be found in [22]. O

LEMMA A.3. Let (y,\) € D). For u>0 and € > 0 sufficiently small, we have that

«_1_.0PU, \
py2—l-e Ys
/_(2¢T Uy’A o\
cA N —2)G +2F
:_7—’_ ( 2)\])\]_1 H(yay)
e2ln\ ed eln A 1 14+elnA d
o A + BN + AN—-1gN—-2 + ANgN-1 + + AN—IgN-2 ]’

where F' is strictly positive,

1
a /RN (L+[z?)N
depends on N.

Proof. The proof follows from

«_1_.0PU,
7_P[]2 1—e Y,
/Qw YA o\

= wr(Uyz;\iliE -2 -1- S)UyQ:\iQiESDy,)\)
By

OPU, »

1 In )\ 2*-3 2
+O(( +eln )/Bde’/\ Yu " Hn
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With elementary computations, we have that

* ou,
2" —1—-e YYy,A
wT(y) /Bd Uy,)\ )
U,

ke [ (rla) = @)U (0 OV = D1+ e — ) Tt

«_1_.0U, «_10U,
_ 2" —1-e VYA o 2% —1 Y,
i) [ Uz T / (0r(2) = 0, () U2 5

1 2* 16Uy,\

:_ksAz/JT(y)€+O<1+€1n)\>+O< 1 +1+Eln)\>.

A A3 AN+1GN AN+1GN

Similarly,

/ (U UQ*A - E&py/\
Ty,

«_1_e 0Py A
_ 2" —1—-e Y ¥Y,A
,lzZ)T(y)/Bd Uy7 a)\

* 9 ,
+O(/Bd('(/}7'($) —%(y))UyQ‘;l(l—i— é(N—Q)Eln(1+)\2|x_y2))g)\,>\>
— 7%H(yay)wr(y)ks +O</Bd |£L’ *y|2U2 _1aggi>\>

1 eln A\
+0 AN+IGN + A\N-1gN—2

= *WH(?J’UW’T(?J) +0 AN+1gN + AMN—-1gN-2 + AN—1gN=2

and
. 5 OPU F 1
" 2% —2— YA — O
(2" =1-¢) 5, Uy e = s H 0 9)Yr (ke + <>\N+1dN)

Here, F' > 0 is a constant.
By the estimates in [22], we get

. oPU,
2—3 2 Y,A
- oU, *_ 890 A
_ U2 3 2 Y, _/ U2 3 2 Y,
/Bd A TN | g, v e oA

https://doi.org/10.1017/50308210513000553 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210513000553

196 S. Peng and H. Pi

_of} 2@ -2)/(2" 1) -
= X|90y,>\|00|50y,k|2* 5, YA
. 0Py A
2 2 Y,
+O(/Bde’* Pu | oA )
d
—— N=4
o( i) /
o] —— N=5
A(Ad)9/2 )7 v

2/3
O<W>, N =6

A(Ad)S
(0] ! N>6
AN )7 '
Combining the above estimates completes the proof. O

LEMMA A4, Let (y,\) € D}L and v, 5 € Ejk/\ For u > 0 and € > 0 sufficiently
small, we have that

oy OPU, el 1 |
P 2 2—e Y, — I e
/wT o ' O( PRSI 2/2)””'

Proof. The proof follows from

* oPU 1 x «_o0
2*—2—¢ YA 2*—1—¢ 2*—2 0Py, A
/QwTPUy’)\ o U= O()\/ V.U, v) + O(/ U, x B\ v)

eln A 1 1
_O( 3 +)\2+)\(/\d)(N—2)/2>”U|' O

LEMMA A.5. Let (y,\) € D}L and v, 5 € Ejkj\, For yn > 0 and € > 0 sufficiently
small, we have that 7

. 8PU7,\ )
/PU2 -3 v = 0o,

Proof. The proof follows from
AUy \

._ 8PU A 2 (2 -3)/(2"-2)
py2 -3 y 02 = / (
/ Yy ( oA
o]
o( |

LEMMA A.6. Let (y,\) € Di and v, 5 € Ejk)\ For p > 0 and ¢ > 0 sufficiently

small, we have that
/ 2°—1—e _ O(U 2*_1_E>.
0 A

I

2% /(2" =2)\(2" —2)/2"
) o

OPU, \
oA

|v
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Proof. The proof follows from

/| |2* 1— saPUyA
8U by 8(,0 A *_1_
:O(‘ Y, _,'_’ Y, )U||2 1—¢
N |y | 0N |,

o 1 AR rN=1(1 — p2)2N/(N=2) (N*2)/2N+ Oy
A (1+r2)N?/(N-2) o\

B ”v 2% —1—e¢
ol

LEMMA A.7. Let (y,\) € D,,. For > 0 sufficiently small, we have that

OPU, » G 0H(y,y) 1
P YA
/Q VPU, AV dy; M2 9y +0 A\NgN+1 )°

)nvn?*“
N

where G 1s the same as in lemma A.2.

LEMMA A.8. Let (y,\) € D}L. For u > 0 and € > 0 sufficiently small, we have that

. ,_.0PU, 2G OH(y,y)
2" —1-¢ YA _ Y.y
elni+d 1 1
O()\N—QdN—l t gy telnAt /\2>’

where B is strictly positive.

Proof. The proof follows from

/1/) PU 2*—1 eaPUyA
0y;

. OPU, »
=, PU2 1-e¥" Yy,A
=4,(0) /B P
o OPU, 1
—i—/Bd(T/JT(x) —¢r(y))PUi,\ ' 5; +O(/\NdN+1>'

Meanwhile,
«_1_.OPU,
,ll)‘r y / PU2 1—e Y,
( ) B, YA ayl

+ 1 . O0PU, *_o_ OPU, »
=, U2 -1-e YA (9% 1 — g)yp, / 2 —2-c Y,
wely) [ v ) [ U

. OPU,
O U2 3 2 Y,
* ( /B A Dy,
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_ Ew‘r / U2 71859y A _ (2* —1— 5 aw‘r / U2*72 aPny)‘
v Ay

V- (y )7 2% —¢ / 2% -3 2 OPUy, »
+2*—€ayi RNU% o Vur " Ay
1 elnA+d
+0 AN gN+1 + AN—2gN-1

2GY-(y) OH (y,y) elni+d 1
T A\N-2 ;i +0 AN—2gN-1 + AN—1gN

Here, we have used the estimates (see [22])
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The direct computation shows that
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where B is a strictly positive constant.
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O

Collecting all the previous estimates, we get the desired result
LEMMA A.9. Let (y,\) € D! and v, 5 € E;k;\. For p > 0 and ¢ > 0 sufficiently

small, we have that
oPU, » 1 )
v = O(EAIH)\ + 1 + )\N/Qd(N_Q)/Q + dN/Q)\(N—Z)/2> ||’U||

- U2*—2 €
/Qw v Ay
1
o0 NN BgN 3 o]l N <3,

In(\d))>/8
cro(BRA S el v,

1
O()\(N+2)/2d(N+4)/2> [vl, N >8.

Proof. By direct calculation, we have
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2" —2—¢
/QwTUy’A 9yi
«_o0U, Ay .
= k. , (y)UZ 2 O<1>\/U22
| wela) = )UE 2T R0 0 e [ 02

= O(AlnN)||v] + O(||v]]),

/¢T 2—2 aaﬁﬁ’yf v
= k. /wr U2, “"“v+o<glm/ Ujﬁagy“ )

Dy NIV
~of| | ([ v ) )asoEmmp
Yi |ox ]

_ [[v]]
- O<AN/2d(N—2)/2 ’

8Uy N

)

* g 8(’0 )\
2% -3 v,
/Q wTUy,/\ “Pya 8y1
<0y A [[v]]

_ 2% 209y, _

-o( [, e) = oS

x_a_ ovU, Xy

7'U2 3—¢ Y,
/_Qw v v 83/1
B0y 2% /(2" —1)\ (2% —1)/2" ol
yi

= O<|g0yA|oo</ U2 (2" -3)/(2*—2)

[[o]]
+ O()\(N+2)/2d(N+4)/2
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1
O(/\N_ng_g>||U|, N <8,
_ o] (In®/%(\d))
= O<)\(N+2)/2d(N+4)/2 +40 TTRds llvll, N =3,
1
0 AN+2)/2J(N+4)/2 foll, N >8.
Thus, summing up the above estimates, the claim is proved. O

LEMMA A.10. Let (y,\) € D, and v, 5 € E;kj\. If2* > 3, foru >0 and e > 0
sufficiently small, we have that

+_s| OPU, OPU, e
[ o PUET A o 4 [ | F 1 = O
Proof. The computation is similar to lemma A.9; see also [22]. O
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