Adv. Appl. Prob. 49, 850-876 (2017)
doi:10.1017/apr.2017.24
© Applied Probability Trust 2017

ON A RANDOM SEARCH TREE: ASYMPTOTIC
ENUMERATION OF VERTICES BY
DISTANCE FROM LEAVES

MIKLOS BONA,* University of Florida
BORIS PITTEL,** The Ohio State University

Abstract

A random binary search tree grown from the uniformly random permutation of [n] is
studied. We analyze the exact and asymptotic counts of vertices by rank, the distance
from the set of leaves. The asymptotic fraction cj of vertices of a fixed rank £k > 0 is
shown to decay exponentially with k. We prove that the ranks of the uniformly random,
fixed size sample of vertices are asymptotically independent, each having the distribution
{ck}. Notoriously hard to compute, the exact fractions ¢ have been determined for k < 3
only. We present a shortcut enabling us to compute c4 and c5 as well; both are ratios of
enormous integers, the denominator of cs being 274 digits long. Prompted by the data,
we prove that, in sharp contrast, the largest prime divisor of the denominator of ¢ is at
most 2K+ 4 1. We conjecture that, in fact, the prime divisors of every denominator for
k > 1 form a single interval, from 2 to the largest prime not exceeding 28! 4 1.
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1. Introduction

1.1. Background and definitions

Various parameters of the many models of random rooted trees are fairly well understood if
they relate to a near-root part of the tree or to a global tree structure. The first group includes,
for instance, the numbers of vertices at given distances from the root, the immediate progeny
sizes for vertices near the top, and so on. See [8] for a comprehensive treatment of these results.
The tree height and width are parameters of a global nature; see, for example, [3], [11]-[13],
[17], and [18]. Profiles of random trees have been studied in [6] and [16]. In recent years
there has been a growing interest in analysis of the random tree fringe, i.e. the tree part close
to the leaves; see, [1], [2], [5], [9], [10], [14], and [15]. Diversity of models and techniques
notwithstanding, a salient feature of these studies is usage of the inherently recursive nature of
the random trees in question. Deletion of the root of a tree produces a forest of rooted subtrees
that are conditionally independent, each being distributed as the random tree for the properly
chosen tree size.
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On a random search tree 851

Not surprisingly, the technical details of fringe analysis become quite complex as soon as the
focus shifts to layers of vertices further away from the leaves. So while there are explicit results
on the (limiting) fraction of vertices at a fixed, small distance from the leaves, an asymptotic
behavior of this fraction, as a function of the distance, remains an open problem. In this paper
we will solve this problem for the random decreasing binary trees, known also as binary search
trees. We hope to study other random trees in a subsequent paper.

A decreasing binary tree on vertex set [n] = {1, 2, ..., n} is a binary plane tree in which
every vertex has a smaller label than its parent. Note that this means that the root must have
label n. Also note that every vertex has at most two children, and that every child v is either a
left child or a right child of its parent, even if v is the only child of its parent.

Decreasing binary trees on vertex set [n] are in bijection with permutations of [n]. In order
to see this, let p = p1ps--- p, be a permutation. The decreasing binary tree of p, which we
denote by T (p), is defined as follows. The root of T (p) is a vertex labelled n, the largest entry
of p. If a is the largest entry of p on the left of n, and b is the largest entry of p on the right of n,
then the root will have two children, the left one will be labelled a, and the right one labelled b.
If n is the first (respectively, last) entry of p then the root will have only one child, and that
is a left (respectively, right) child, and it will necessarily be labelled n — 1, as n — 1 must be
the largest of all remaining elements. Define the rest of T'(p) recursively, by taking T'(p") and
T(p"), where p’ and p” are the substrings of p on the two sides of n, and affixing them to a
and b.

1.2. Recent results

For the rest of this paper, whenever we say tree, we will mean a decreasing binary tree.

If v is a vertex of a tree T then let the rank of v be the number of edges in the shortest
path from v to a leaf of T that is a descendant of v. So leaves are of rank 0, neighbors of
leaves are of rank 1, and so on. Motivated by a series of recent papers [7], [14] concerning
the neighbors of leaves, Béna [2] proved that, for any k& > 0, the probability that a randomly
selected vertex of a randomly selected tree is of rank k converges to a rational number cj as n
goes to co. He also computed that ¢y = %, c] = %, = %, and ¢3 ~ 0.105. It is worth
mentioning that following this, Devroye and Janson [5] computed the same four values of cx
with a completely different method based on the ideas and techniques of branching processes.
While the existence of ¢ for all k£ was established in both [2] and [5] for all £ > 0, the exact
values of ¢ for k = 4, 5, say, appeared to be out of reach.

The existing studies left wide open a series of very basic questions. Obviously, Y ", ¢x < 1,
but is {c} a probability distribution, i.e. ), cx = 1, and if yes, is {cx} the limiting distribution
of the rank of a uniformly random vertex of the tree? What about the limiting joint distribution
of the ranks of the random, fixed size, sample of the tree vertices? At exactly what speed does c
approach 0?7 Is there a chance that a better understanding of the random tree structure can be
used to compute, exactly, the constants cx for some k > 3?

1.3. Main results

In this paper we are able to answer these questions. As in [2], our proofs continue to use the
nonlinear, quadratic recurrences for the generating functions of counts of vertices with a given
rank. To extract the required estimates from these recurrences, we use auxiliary enumerative
schemes that lead to the linear recurrences being eminently amenable to asymptotic analysis.
We feel confident that, properly modified, this approach can be applied to other models of
random trees.
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Theorem 1.1. (i) The equality Zkzo cx = 1 holds, and so {cy} is the probability distribution
of a random variable R.

(i) Let R, be the rank of the uniformly random vertex of the tree. Then for every 0 < p < %
we have limy,_, IE[,OR"] = ]E[,OR] < 0o. Consequently, R, — R in distribution, and with all
its moments, and ¢, = O(g*) for every 0 < q < %

(iii) Let R,gl), e R,(,t) be the ranks of the uniformly random t-tuple of vertices of the tree. Then
(R,(,l), R R,(f)) converges in distribution to (RW, ..., RD) with the components R'Y) being

independent copies of R.
(iv) Consequently, for each k, the fraction of vertices of rank k converges in probability to c.

Part (ii) is consistent, broadly, with the conjecture in [2] stating that the sequence {cy} is
log-concave. Focusing exclusively on this sequence we show that the decay of ¢ is exactly
exponentially fast.

To state the result concisely, introduce the function g(«) = o +o log(2/a) — 1. The equation
g(a) = 0 has two positive roots. Let oy denote the smaller root; ap =~ 0.373.

Theorem 1.2. There exists y > 0 such that, for all k > 1,

k—1

6k+7/1 k
—k /o <1-— < — =) .
ye < ;:O:CJ =73 (3)

Note that if lim k! log(1/ck) exists, and we conjecture it does, then this limit is in [log 3,
1/ap].

In the course of proving these theorems, we stumbled on a shortcut in the computation of ci
described in [2]. It enabled us to obtain the precise values of ¢4 and cs, thus going beyond
co, - - . , c3 already found in [2] and [5].

Our numerical results and Theorem 1.1(iv) taken together show that, in a random binary
search tree, with high probability, about 99.875 percent of all vertices are of rank 5 or less.
When written in their simplest form, the numerators and denominators of the rational numbers ci
grow very fast. For instance, the denominator of ¢s, which we denote by denom(cs), has 274
digits. Despite its enormity, the largest prime divisor of denom(cs) is 61. We conjectured and
proved that this remarkable pattern holds for all k: the largest prime divisor of denom(cy) is
at most 2K+ 4+ 1. So the 274-digit denominator of cs has no prime divisor larger than 65, i.e.
larger than 61, which is indeed its prime divisor!

On the basis of our data, we conjecture that, for k > 2, the set of prime divisors of denom(cy)
is an uninterrupted interval of primes from 2 to the largest prime divisor, thus (by the prime
number theorem) having length ~ 2K+1 /(k log 2) for large k. If true, this probably means that
denom(cy) is a product of certain factorials, hinting at some auxiliary enumerative scheme
taking over at n = oo.

That same data makes us believe that the numerator and the denominator of ¢, are comparable
in order of magnitude, but the numerator has very few prime factors, with the smallest one
rapidly growing as k increases.
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2. Convergence of the random rank R,

We start by introducing E,, ¢, the expected number of vertices of rank k. Our focus is on the
existence and the values of the limits

. Eux
¢, = lim il , k>0.
n—-oo n

Equivalently, ¢ is the limiting probability that R,,, the rank of a uniformly random vertex of
the (uniformly) random tree is k.

The data on ¢, that we mentioned in Section 1.2 makes plausible a conjecture that {cy} is
actually a probability distribution, so that there exists a random variable R such that P(R =
k) = cx and R, — R in distribution. Our first theorem confirms this conjecture with room to
spare, demonstrating that the moment generating function of R, converges to that of R for any
argument below %

Theorem 2.1. For every p < % we have limsupE[p®"] < oo. Consequently, {ci} is a
probability distribution of a random variable R and lim E[pR] = E[pX].

Proof. Let p, ; be the probability that the root is of rank k. Setting Eg x = 0, we have

1 n—1
Enk=pnk+ ) Bjx+Eijn),  nzl @.1)

j=0
For n = 1, this equation holds trivially, since E; x = p1x = 1{x=1). Forn > 1, the equation
holds because (2.1) just adds the expected value of the indicator of the event ‘root is of rank k’
to the expected total count of the nonroot vertices of rank k, the latter being first computed
for trees in which the left subtree of the root is of size j. The existence of ¢y := limE, x/n,

rational or not, will follow immediately from the next lemma.

Lemma 2.1. Let {x,},>0, {Yn}n>1, and € € (0, 1) be such that xo =0, y, = O(nl’g), and
n—1
xn=yn+;Z(x]‘+xn47j), n>1
j=0
Then there exists a finite lim,_, 5 X, /1.

Proof. First of all, (2.1) is equivalent to
) n—1
= — iy > 1.
Xp = Yo + " ;}xj nz=

Standard manipulation shows that
nxy — (m+ Dxp—1 =ny, — (n — Dyp—1, n>1,
or
Xn  Xn—1 _ In _ynfln_1
n+1 n n+1 n n+1
_nyn— (= Dyn—i
nn+1)
Yn _ Yn—1

_ 0=, > 1. 2.2
o . +0(n ) nz= (2.2)
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Telescoping, we obtain, for | <m < n,
Xn _ Xm  Yn Ym
n+1 m+1 n-+ 1 m +1

Thus, {x,/(n + 1)} is a fundamental Cauchy sequence, whence there exists a finite
lim,,— 0 X, /(n + 1), likewise lim,,—, 50 X, /7. O

+0@m™) = O(m™®).

Note that dropping the middle expression in (2.2) and adding the resulting equations, we
obtain

Jyi— (G = Dyj-1
.=+ 1 , 2.3
= ); J(] ) )

which will come in handy later.

Let us proceed with the proof of Theorem 2.1. Since p,x = O(1), the conditions of
Lemma 2.1 obviously hold for x, = [E, x and y, = p,x with ¢ € (0, 1]. Consequently, for
each k > 0, there exists a finite limit ¢4 := lim [, 4 /n. Further, we have

Z]EZ’kzl - chfl.
k

k

Next, given p > 1, introduce
Hn() =Y P En,
k<n—1
which is the expected value of R @), where R(v) denotes the rank of a generic vertex v.

Then, analogously to (2.1),

ve[n

-~ n—F
Hon(0) = hn(p) + % 3 (Hp(0) + Hu—g—j(0). > E, 24)
=Q

where &, (p) = E[pRT°0] How large are &, (p) and #,,(p)?
Let X, ; denote the random number of leaves at (edge) distance j from the root; L, =
> j Xn,j is the total number of leaves. Then

J .
pR(root) < Zj’o Xn,j

Zj ijn,j
< L —:| (2.5

Ly

We will show that L,, is of order n so it is likely that &, (p) is at most of order n! Z ,of E[X,,;].
So let us bound Z o E[X,, 1. To this end, attach to the random tree external’ vertices, so
that every vertex of the tree itself has exactly two descendants; thus, every leaf £ gets two
external descendants, and every nonleaf vertex of the tree with one (left/right) descendant gets
an additional external (right/left) descendant. Let X, ; denote the total number of external
nodes at distance j from the root. It was shown in [13] that

G/ £\ ,
Mj(x) = > E[Xy ;12" = 7(1og ) , i> Q.

p FE —x
n>£

= ha(p) < E[

Introduce M (x) = ano X"E[Xy,;]; so Mo(x) = x. Arguing as in [13], it can be shown that,
for j > 2,
dM;(x) 2

ra
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Note that [x"]Mp(x) < [x"]log(1/(1 —x)) for every n > 0. By induction on j, it follows that,
for j > 0,

2J 1\’
E[X,, 1= [x"IM;(x) < 7[X"]<10g 1 ) =E[Xn, ;] (2.6)

Therefore, for every r > 0,

D HEX, 1 =1x"1) ] r Mj(x)

Jj=0 j=>0

<"1 r M)

Jjz0
; @r)/ 1y
=[x]j§) i (l"gl_x>
eo]arie
= [x"]exp| 2r log
1 —x
=" =207
n—+2r—1
()
'(n+2r)

T T+ DL2r)
— O(n2r71)7

the last equality following from the Stirling formula for the gamma function. Thus, for r > 0,
> rE[X, 1= 0m¥ . 2.7)
J

Consequently, for the numerator in the bound (2.5) of &, (p), we have
E[Z pfxn,j} = 0>
J

It remains to show that the denominator L, in (2.5) is quite likely to be of order n, so that
ha(p) = OM?*~1/n) = On*~2%). To be more specific, it was shown in [4] that E[L,] =
(n 4+ 1)/3, so we should expect that P(L, < an) is very small if a < %

Lemma 2.2. Ifx € (0, 1] and y € (0, y(x)), where

. — 1 14++/1—x
Y = QYT=0 g — .
then, setting Lo = 0, we obtain
ZynE[xL”] = ml +62ym((1 —vl-0/d+vl-v)
= 1=V (1= VT=x)/(1+/T—x))

2.8)
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Proof. Since, forn > 1,

1”71
ElxLr] = — ElxLE Ln—l—k’
L) = — 3 Bl Rt

k=0
we obtain
—Zy”IE[x "]—x+Zy” IZ]E[ka E[xtr-1-k] = (Zy”E Ln]) —(1—x). (2.9)
n>0 n>2 k=0 n>0

Integrating and using ano Yy E[xLn]] y=0 = 1, we obtain (2.8), provided that the denominator
in (2.8) is positive, a condition equivalent to y < y(x). (|

Corollary 2.1. Leta < % Fors € (0,1), b € (a, %), and large enough n, we have
P(L, < an) <exp(—(b — a)nl_a).
Proof. We start with a Chernoff-type bound

P(L, <an) <x "y™" Zy”E[xL”] forallx <1, y < y(x). (2.10)

v>0

Choose x = exp(—n_3); then

yx) =1+ — + 0m),

1
3n
SO we may choose y = exp(cn™ 8, ¢ € (b, 3) From the right-hand side of (2.8), it follows that
> . Y'Elx Ln]l = O(n®). So, using also (2.8) and (2.10), we have

P(L, < an) = o[n® exp(anl*‘S — cnlf‘s)] = Olexp(—(b — a)nlf’s)],
completing the proof of the corollary. ]

Armed with (2.10), we return to (2.5). Let D(£) denote the edge distance between the root
and a generic leaf £. By the Cauchy—Schwartz inequality,

X0y = o0 2 1 (S0 (5 )
J

J

172

Therefore, applying the Cauchy—Schwartz inequality again and using (2.7),

. 172
E[I{Lnfan}zp'lxn,j} <nl/? Eyr,<amy]) 12 ( [szfx,”])
J

‘ 1/2
J

= O[n2n@P*=VR2P12(L < an)]

= 0l P(L, < an)].
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Using the bound (2.7), with ,02 instead of p, and Corollary 2.1, we obtain

_ 1-6
E[I{Lnsfm} ijXn,,} = o(nﬂ2 exp(—%)) = o(1).
j

Therefore, by (2.5) and (2.7),

. 1 . _
ha(p) < E[l{wn} Zp/xn,f} + 3 P Bl = o)+ 0@* 7). (@11)
J J

Lemma 2.3. For every fixed p < % the limit lim,_, oo n~ ' H,, (p) exists and is finite. Conse-
quently, Zkzo =1, Zkzo pXer < 00, and so ¢k = o(p).

Proof. By (2.4)and (2.11), x,, := H#,,(p) and y, := h, (p) satisfy the condition of Lemma 2.1
with € € (0,3 — 2p]. Hence, there exists a finite

n

P o -z Re) | _ 1 -z r3
li)rréon an(,o)—nll)moon E[ Z 0 i|_ lim = Z P Ey p.

n—oo
vE[n] k<n—F

Since n~! Zk<n_1 E, «x = 1, and there exists ¢; = lim,— n’l]En,k, (k = 0), we conclude
that ), cx = 1, and

lim n~! FE, « = ker < o0 O
lim_ > PEa=) ra
O<k<n—1 k>0

From Lemma 2.3, it follows that R,, the rank R(v) of the uniformly random vertex v,
converges in distribution to R, (P(R = k) = cx, k > 0) fast enough for E[p®] to converge to
E[pR]if p < % The proof of Theorem 2.1 is complete. ]

Next we will show that the ranks of a finite ordered tuple of the random vertices are mutually
independent in the limit n — oo.

Theorem 2.2. Let t > 1 be fixed. For an ordered, fixed, t-tuple k = (ky, ..., k;), let p,(k)

denote the probability that the uniformly random t-tuple of verticesv = (vy, . .., vy) have ranks
R(v1) =ki,..., R(v,) = k;. Then lim,_ o pn(k) = H§=1 Ck;-

Proof. Let E, x denote the expected number of ¢-tuples of vertices vy, ..., v; with ranks
ki1, ..., ks, respectively; so E, x = (n); p, (k). So the claim is equivalent to

t
E.x = n'! H ck; + o(nt_l).
j=1

For t = 1, the claim is obviously true. For ¢t > 2, suppose that for T < ¢ and the tuples
(k1, ..., k;), we have
T
En,(kh.‘.,kf) =n' 1_[ Ck; + O(HT_l).
j=1
Now we prove the claim for ¢-tuples in general.

First note that
/ "o
]E"’k = ]En,k + n,k>
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here E/ nk is the contribution of the tuples v such that no v; is a descendant of v;, while E”
comes from the remaining tuples v. Let us introduce the notation (a), = a(a—1)--- (a—b+ 1)
Obviously, and rather crudely,

nk < (D200 —2) 28,
where &, is the expected number of pairs v = (v1, v2) such that v, is a descendant of v;. Now

n—1

2
& =n—-1+-)» §;.
n n +n§/

Indeed, n — 1 is the total number of the pairs (v, vy) with vy = n, i.e. vy being at the root of
the tree. As §, = O(nlogn), we see that

"= 0m'"ogn). (2.12)

We emphasize that this simple bound holds independently of the claim we are proving. Now
we turn to £/ . Here none of the vertices from the tuple v can be at the root of the whole tree.
So there are two distinct possibilities for the tuples v = (v, ..., vy):

e all v; are contained in exactly one of two subtrees rooted at the two children of the root;

e there is a nonempty, proper subset A C [¢] such that the vertices v; are in the left subtree
if and only if j € [A].

Thus, denoting ko = {k;, j € A}, andkac = {kj, j € [t]\ A},

k= ZE +- Z > BBk (2.13)

"D @A

Indeed, conditioned on the size of left subtree, the two subtrees are uniformly random decreasing
trees of sizes j and n — 1 — j, respectively, and the number of tuples with ranks k 4 in this
tree and the number of tuples with ranks k 4 in the right subtree are independent. Hence, the
product of the expectations in the second sum. The first sum accounts for tuples v that lie
entirely in just one of the two subtrees.

By (2.12) and the inductive assumption,

Bk = Eiy = 0G" og j) = j4 T ey, + 001,
icA
, =E ; —0((n—j lACl-1, s
n—1—j ke = Tn—1—jkye (n—j og(n — j))

== 1= N T ek + o = H.

i€A°

It follows easily that, for each A in question,

1 1A A€
_ZE]kA n—j—1,k ¢ zznckiz.ll l(n_l_])‘ |+0(nl)

=n Hck/ XA = ) dx + o(nh).
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So, adding these expressions for all subsets A in question, the second sum on the right-hand
side of (2.13) is equal to

lt 1 r—1
Hckl/ < >x“(1 —x)7%dx + o(n") = ——

Therefore, for every € > 0, there exists B = Bj(¢) > 0 such that

t
n' l_[ cx, + o(n').
i=l

t—1
—§ > BB k. <bF :=t+ln’Hcki+8n'+Bl. (2.14)
j=1 @#AC[t] i=1

This implies that IE:1 =S Srf » Where
2 .
g,jk:b;Jr;Zgjfk, &h=0 j<t

So, using (2.3),
- - l)b
= 1
S =t )Z jG+n

=2

here, by (2.14),
Jby =G =Dbi, (@ =D/t + DT e, +&)G* = G = D) + By
JjG+D jG+D

t—1
< | — . t+ 124+ B2
< (t—i—l Uck,+3)( +1)j 7"+ Bij

Therefore, summing over j € [2, n],

/ <8+ < +nhH Hck +8 r+l —i—(n+1)B1ﬂ—2
.

-1

Similarly, for every ¢ > 0, there exists By = B>(g) > 0 such that

nk>(n +nt 1)<1_[C o i—i)_o(nBZ)

Thus,

t
B, =n' Hckl. +o(n').
i=1
Combining this estimate with (2.12), we complete the proof of the induction step. |

Let V,, x be the total number of vertices of rank k in all binary search trees on n vertices. So
Vn,0 = Ly is the total number of leaves.

Corollary 2.2. We have V, /n — ci in probability. That is, for every ¢ > 0, we have
P(|Vax/n —ck| > &) =o0(l)asn — oo.

Proof. We know that E[V,, r]/n = E, x/n — ck, and we also know that E[V,, x(V,, x —
/nn—-1)] — ck It remains to apply Chebyshev’s inequality. ]
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Note that the result P(|V,, x/n—ck| > €) = o(1) in Corollary 2.2 would not be enough for us.
Recall though that, for L, := V), 9, we were able to show (Corollary 2.1) that V,, o < (co —&)n
with probability at most exp(—en'~?%), and that is smaller than n~X for all K > 0. We
conjecture that the analogous property holds for all V;, x. A weaker claim, analogously proved,
will suffice for our needs in Section 3.

Lemma 2.4. There exists an absolute constant B > 0, such that, for 6 < 1 and n > n($),

1-8
P(Vn,k < /33—”> < exp(—ﬂn2 >

Proof. We split the proof into two parts. (i) Clearly, V,, x > V,, 4, which is the total number
of vertex-to-leaf paths of length k such that every nonleaf vertex of the path has only one child.
Introduce

F(x.y) =Y y'Elx"t], Vg :=Q.

n>0

Obviously, V,, 4 < m; so for y < 1 the series converges if xy < 1. In particular, F(x, 2) is
analytic for |x| < 2. As F(1, ) = 2, we have, forx — 1,

F(x.3) =24aGx—D+0((x -1,  a=F(1.1)=> 2"E[V,4] > @ (215

n>1
Now V, p = @ forn < k, Vgizg s = &£ (respectively, 0) with probability 2k /(k + 1!
(respectively, 1 — 2k/(k + D!, and, forn > k + 1,

né] ZE M]E ~E-jk],

It follows, after simple algebra, that, for x < 1 and y > 0 such that the series for F(x, y)

converges,
k

0 2
—F(x,y) = F2(x,y) — (1 —x)y*—,
ay k!

blending with (2.9) for k = 0. Consequently, for y > %,

0
8—F(x,y)§F2(x,y)—a(1—x), a= -
y

Introduce G(x, y), y > % the solution of
%G(x,y) =G2(x,y)—a(1 —X), G(x,%) = F(x, %)
Integrating the last equation and using
G*(x, %) —a(l —x) = F*(x, 1) —a(l —x) > 0,

it follows that G (x, y) existsforx < 1,y € [7, y1(x)),

b F1/2)+al=x)
yi(x) = 3 + 2ya(l —x))” " log Fa12) — Jai=x (2.16)
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and it is given by

G(x,y) = a(l —x)
Rk e@=D@1=N"2 (F(x 1/2) — Ja(d —0)/(F(x, 1/2) + Jad — 1))
1 — e@=D@=D2((F(x,1/2) — a(l — x))/(F(x, 1/2) + +/a(l — x)))

1
= 0(—), y 1 yi(x), (2.17)
yi(x) —y

uniformly for x < 1. Consequently, F(x, y) exists for y < yj(x), and F(x,y) < G(x,y) for
y €[4, y1(x)). Using (2.15) and (2.16), we obtain, for x — 1,

a
24"
(i) Armed with (2.17), (2.18), and F(x, ) < G(x, y), we choose x = e and y = e%#" /7,
which is strictly below y;(x) for large n, and apply the Chernoff-type bound, i.e.

@) =141 =08+ 01 —x)?), ,3:%+ (2.18)

P(vn,k < %") <x Py TE(x,y)

S x—ﬂl’l/3y—nG(x’ y)

= O(n‘S ex <’3n15 - 6/3”]8))
B P3 7
1-6
gexp<—'3n2 ) ]

3. A closer look at the distribution {c}

In Theorem 2.1, we proved the existence of the finite lim;,_, n_lzk pk]En,k for p < %,
which implied that 1 — Zl;;(l) cx = 0(qh) for every ¢ > % Focusing exclusively on the
sequence {c}, we prove a considerably stronger bound.

Theorem 3.1. The following inequality holds:

Proof. We split the proof into four parts. (i) Forn > 1, k > 0, let a, ; be the total
number of vertices of rank k in all n! permutations of [n], and let b, x be the total number of
permutations for which the root of the tree is of rank k. So a,, x/n! = E, t, the expected number
of rank-k vertices in the random tree, and b, x/n! is the probability that its root is of rank k.
Introduce Ax(x) = >°,_ox"anx/n! and Br(x) = Y, _x" by x/n!; in particular, Bo(x) = x.
From [2, Lemmas 3.1 and 3.2],

(X)) =

Ar(x) + By (x), k>0,

1 k=2 3.1
B (x) = ZBk_l(x)<m - Z Bj(x)> — Br_1(x)?, k> 0.
j=0

1—x
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Introduce A<¢(x) = ZOsjfk Aj(x) and B<i(x) = ZOSjsk Bj(x). In particular, A< (x) is
the generating function of {)_ <k Ky, j}n>0. It follows from (3.1) that

AL (x) =

() = (2 )
—| —— — B<«(x) —— — B 1(x)) —1, k> 0. (3.3)
dx - X 1—x =

2
A+ BLM). k20, (3.2)

Equation (3.3) can also be obtained directly via the conditional independence argument as
follows. Let p, <i be the probability that the root rank is k at most, so p, ~x := 1 — pu.<k
is the probability that the root rank strictly exceeds k. Clearly, p, < = Y j<k bn,j/n!, and,
therefore, B< (x) is the generating function of {p, <¢}»>1. Then, forn > 1 and k > 0,

n—1

1
Pn,>k = <;> Z Pj,>k—1Pn—j—1,>k—1,
j=0
where po k-1 := 1, since conditioned on the left subtree having size k, the left subtree and

the right subtree are independent. Consequently, as p1 ~x = O forall k > 0,

d 2 2
a an,>kxn = <Z pn,>k—1xn> — P0,>k—1DP0,>k—1 = <Z pn,>k—1xn> -1

n>1 n>0 n>0
Here
1
D pnsix" =) (1= py<)x” = —— — B (x) = —— — 1 = B (),
1—x
n>1 n>1
and
1
Y pnskax" =14 puogo1x” —1+——B<k 100 = 7 = Bei1(x)
n>0 n>1 1- -

with B<_(x) := 0.

So
1 < <k(x)) (1 <k—l(x)) .

(i) From (3.2), it follows that, for k > 0,
1 X
A<k(x) = m/o (1- y)zB/Sk(y) dy
1 X
=T [(1 —x)?B<i(x) +2 /O (1 = »)B=k() dy].

So for x 1 1, we have

2 1
A2 ~ = = 9Bxay.
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Since A<x(x) is the generating function of {stk E,, j}n>0 and n—1 stk E,; — ZI;':O cj,
it follows by the Tauberian theorem that

k 1
e =z/0 (1= »)B<(») dy. (3.4)
=0

Obviously,
X
B (x) = T~ B (x),

where B (x) is the generating function of {,, .k /n!}, b, -k being the number of permutations
such that the root rank (strictly) exceeds k. Consequently,

k 1
1= ¢ =2 [ =By (3.5)
j=0 0

Thus, to bound 1 — Zl;zo ¢; from above we need to bound B, (x) from above. Clearly, by, -
is bounded above by the number of permutations for which there exists a root-to-leaf path of
(edge) length exceeding k. The success of this approach depends on how efficient our search
would be for finding a path that has a good chance to be comparable in length to the shortest
path.

(iii) We introduce a randomized greedy algorithm with a plausibly good chance to find such a
competitive path. If there are two nonempty subtrees at the root of the tree, we delete a subtree
with probability proportional to the number of vertices in it. We repeat the same procedure
at the root of the remaining subtree and continue until the remaining subtree is a leaf of the
whole tree. The resulting sequence of roots of the nested subtrees forms a root-to-leaf path in
the whole tree.

Forn > 1,k > —1, let m, ~x denote the probability that the length of this path exceeds k;
obviously, p, -k < m, k. Further, m, ~_; = 1, and, forn > 1,k > 0,

n—2 . .
2 1 n—1—j j
T, >k = ~Tn—1,>k—1+ — Z ——Tj>k—1t = Tn-1—j>k-1|;
n n 1 n—
=

n—1 1
or
n—2
(M)2Tn ok =200 — Dp k1 +2Y (0= 1= j)mj g1 (3.6)
j=1

Introduce Py (x) = >, s, ~kx"; in particular,

Pooi(@) =) x" =

n>0 1—x
Obviously, B-x(x) < P.x(x), and so (3.5) yields
k 1
=Y =2 a-yEama. k=0 37
0

J=0
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Since 7, ~x = 0 for n < k, we have IP’(QC(O) = 0 for t < k. It follows from (3.6) that

2
M = Z(H)Znn kX"

n>2
=2> (n— Dmyg s x™ 742 x" sz — 1= )k
n>2 n>2
d i o on—2—i
=24 Znu,>k_1x" +2 an,>k_1xf Z (n—1—jx"271
v>1 Jj=1 n=j+2
dP. - j _
-5 e e )(2)
Jj=1 v>1
dP-j—1 2
=2 Poy_ .
T + T k—1(x)
Thus,
PPog(x)  dPgy 2
=2 + Poy— 3.8
with ]P’(r,){(O) Oforr < k. In light of (3.7) it seems necessary, as before, to integrate
successively the differential equations (3.8) for P/ (x), k' = 1,2, ..., k, and then to evaluate

the right-hand side of the bound (3.7). In fact, that is how we computed the bounds (3.7) for k
up to 10; linearity of (3.8) was critical for success of this computation. The data showed, rather
compellingly, that the bound decays faster than (%)k. In the absence of any tractable expression
for P-4 (x) when k is large, the issue was to find a way to bound the integral in (3.7) without
such an expression.

(iv) Linearity of (3.8) to the rescue again! Introduce

1
It =/ (1= )Py,  k=—1,1>0;
0
SO
k—1
1=Y a<2hy. k>0 (3.9)
j=0
First note that, for ¢t > 0,

1
-1, = 1—y)'P dy = 11—y + 1 -y 1d . (3.10
1,/( y)>1(y>yf[< W=y = s (310)
Let us show that, for k > 0,7 > 0,
Iy = (L=t + (@ +2) -1 141]- (3.11)

t+2)
Indeed, using ]P’(r,)((O) =0forr =0, 1 and (3.8),

ls = f (1= »)'Poi(y) dy

d >k(y)
[ (1 )t+2 d L

(t+2)
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o) 1 dP-j—1(y)  Pog—1(y)
(t+2)2/0( Y o a7 )Y

=L[<z+2)/1<1— P 1 (y)d +/1<1— )P ()d}
t +2), 0 y >k—11y)dy 0 y >k—1(y)ay

= L1+ @+2)I— .
(t+2)2[kl,t ( Mi—1,1+1]

In particular,
It = $Ik—11 +3k-12] = Y L1,

so that I 1 > constantx (%)k. Next We show that, in fact, /; 1 < constantx (%)k, ie. Iy 1 is of
order (_%)k exactly.

To this end, fix T > 0 and consider /i ; for k > —1 and ¢t > 7. Let us show that

1 2 k+1
I, < N R 3.12
k”‘(t+1)z<r+2> (312)

By (3.10), the bound holds for k = —1. Inductively, if it holds for some k > 0 then by (3.11),

ML= Tl tr i\t 12 (t+22\7+2
5 5 K
N <z+2>3<r+2>

1 2 k+2
<o)
t+1)a\7+2

So the bound (3.12) is proven. In particular, for ¢ > 4,

1 1 k+1 1 k+1
I < - Iy 4 <0.05( = .
“O= 0 1)2<3) = kA= (3)

Using (3.11) for t = 3, we have

k
I3 = %Ik-l} + 3Ik-14 < 01513 + 0025(%) :

Iterating this recurrence inequality and using (3.10) for /_; 3, we obtain

1 1 k+1 1 k 3 j
Lia<—|— 0.025( = =
k3 = 3-4(10) + <3> Z(lo)

j=z0
— (2 e +0.025 30
\3 12 7
<-|= . 3.13
1) a1y
Analogously, using (3.11) for t = 2 in conjunction with (3.13), we iterate the resulting

recurrence inequality
1 2 (1)K
Ik,2 = glk—l,z + ﬁ(g) .
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Recalling (3.10) for I_; >, we obtain
k+1
o< (3 (3.14)
Finally, combining (3.11) for = 1 and (3.14), we have

I < %Ik—l,l + (%)k

Using this recurrence, and (3.10) for 7_ 1, we arrive at
6k +7 (1\*

Li<—\(=). 3.15

k1= —¢ <3> (3.15)

The bounds (3.9) and (3.15) taken together imply that
k k
6k+7 /(1
11— i<—JN=). |
2= (3)
j=0
Next we prove a qualitatively matching lower bound for 1 — Zl;:o ¢;. Introduce the function
g(a) =a+alog(2/a) — 1. The equation g(a) = 0 has two positive roots. Let «g denote the

smaller root; g &~ 0.373. It was proved in [13] that the likely length of the shortest path from
the root of the random tree to a leaf is at least («p — €) logn for every ¢ > 0.

Theorem 3.2. There exists a positive constant y such that, for all k > 0,

k
1- ch > ye k@0,
Jj=0
Proof. We split the proof into two parts. (i) Given an integer m, consider the random tree

on [m]. Let S,, denote the edge length of the shortest path from the root to a leaf. Then, for
every s € [0, m — 1],

P(Sp <8) =Y P(Su=p) <Y ElXpul,
H=s H<s

where X, , is the total number of leaves at distance p from the root. By (4.1), proved
independently in the next section,

2% (logm + 1)»~!

E[Xpul =

“ (pn—D1! m
So, given y > 0, we have, for u < y logm,
j Iz Y M
E[Xyn o] < U 2H(logm + 1) < yeV (2logm ‘
’ m(logm + 1) u! m uje
As a function of u, the right-hand side increases for 4 < 2logm. Assuming that y < 2, we

obtain

2671 2e\ ¥ logm
B(S, <y logm) < w(:) — 327 (log e loen.
m Y

Now g(w) is strictly increasing on [0, «g], from g(0) = —1to g(eg) = 0. So picking y = a/2
say, we obtain

2
IP’<Sm < (%) 10gm> < (%) e%0/2m8@/2 Jog m = o(1). (3.16)
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For o := u/logm € (ag/2, p), we have (see [13])
E[ Xyl = (1+ O(em))K () (logm)~'2e8 @™ K (@) := (V2mal (@) ',
where lim,,_, o &, = 0. By the convexity of g(«) on [0, ag],
g(@) = g(ao) + (@ — ap)g' (@) = (& — ) g’ (o),

where g’ := g'(ap) > 0. Therefore, Y JE[Xn, ] is of order

ae(ag/2,a0

aog
(logm)_3/2/ e " dx = O((logm) /%),
a8’ /2

Recalling (3.16), we conclude that
P(S,, < aglogm) = O((logm)~>/?). (3.17)
(i1) Given £ > 0, let ¥, » denote the total number of subtrees of size m > £. Then, forn > ¢,

n—1

1
ElYud=1+- Z(:)(E[Yj,tz] +E[Yu—1—j.])
=

with E[Y; ¢] = O for j < £. The standard computation shows that

E[Yy.¢] 2 1 E[Yy ] 1 2 1
L _ N 1+ = - —— ). 3.18
n+1 £+1 n+1 n <+n><ﬁ+l n—l—l) (3.18)

Consider a generic subtree on m > £ vertices. Conditioned on its vertex set {p(i1), ..., p(in)},
i1 <--+ < ip, this subtree has the same distribution as the tree on [m] grown from a uniformly
random permutation of [m]. So, denoting S(p(i1), ..., p(in)) the length of the shortest root-
to-leaf path in this subtree by (3.17), we have, uniformly for m > ¢,

P(S(p(i1), - -, plim)) > aglog | p(i1), ..., plim)) = 1 — O((log £)~/?).

Let Z, ¢ denote the total number of the subtrees of size m > £ such that the shortest root-to-leaf
path has length exceeding o log ¢; clearly,

> By =ElZul.

Jj>oplogt
From this equation, it follows that
E[Zn¢ | Yool = [1 = O((og )]V, 4.

Combining this with (3.18), we obtain

E[Zn E] 2 —3/2 1
2 14+ 0(Uoge) ¥ .
, E+1[+ ((log &) +n )]
Therefore,
E[Z 2
§  ¢j= lim n™! § " E,j > liminf [Zn.0] = ——[1+ O((log£)~3/?)].
n— 00 ’ n— 00 n ¢+ 1
Jj=agloge Jj=agloge
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Pick k > 0 and set £ = [e*/07. Then the above estimate implies that

2 _ 2 _ -
26 2ty gL+ ORI 2 et + 0GR O
j>k

Remark 3.1. By Theorems 3.1 and 3.2, the radius of convergence of > k ckxk is in the interval
[3,e!/0-373--]. What is the exact value of the radius?

4. Variations

Besides E, , the expected counts of rank-k vertices, it is also natural to consider F, ; and
Gk, the expected number of all pairs (v, u), where v is a vertex of rank k and u is a descendant
leaf of v and the expected number of all pairs (v, ), where v is a vertex of rank k and u is a
closest descendant leaf of v.

Let us show that, for each k, there exist finite limits fy = lim,— oo Fyk/n, and gx =
lim, o0 Gy k/n. Consider F, i, for example. Introducing f, x, the expected product of the
number of leaves of the random tree and the indicator of the event {root rank = k}, we have

1 n—1
Fok = fok+ (—) Z(Fj,k + Fu1-j0), n> 1.
n =
Forn > 0, f,,0 = 0; for k > 0, using (2.6),

fuk < (n — DP(root rank = k)
< nE[Xp k]

k
< nZk[x"]l log !
- k! 1 —x

=2 o+ G D)

n.(n—l)! 1
(% )

oo i g
<N<<lk-1<n

2k \*!
S(k—l)!( 2 7)

1<i<n—1

k
<
= (k=1
O ((logn)k=1. 4.1

(logn + !

Sox, := F, xand y, := f, r meet the conditions of Lemma 2.1 with ¢ € (0, 1). Consequently,
for each k, there exists a finite f; := lim,— o0 Fy k/n.
To compute f; and gi, we need the recurrences similar to (3.2) and (3.3). Introduce

Josk = 2 jog Jnjs and Ap(x) = 3, X" Fup, Bp(x) = 3,01 %" fuk, and By (x) =
anl X" f >k Then By (x) = Bop_g(x) — Bop (%).
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Lemma 4.1. For all nonnegative integers k, the following equalities hold:

d d
— A = A —3B , 4.2
P £ (%) z £(x) + ix £ (%) (4.2)
d E
— Bk () =G| ——— — Bz (¥) | Bop—g (). (4.3)
dx E —x
Here {B<;(x)} is the sequence determined by the recurrence (3.3), B<_1(x) = 0, and
B-_z(x) = B>q(x) is the generating function of the expected numbers of leaves, i.e.
- £ E

Bo_p(x) = =

g + 9(F —x)¢’
Consequently,

1
Je = 2/ (1 —=x)Bp(x)dx. 4.4
0

Proof. Let ‘root’ denote the root of the random tree 7,, on [r]. Let L, denote the total
number of leaves of T,,. Forn > 2, L, = L' + L”, where L’ and L”, denote the total number
of leaves in the left subtree 7' and the right subtree T”, respectively. Let root’ (respectively,
root”) denote the root of T’ (respectively, T”) if this subtree is nonempty. If both subtrees are
nonempty then

LR (ro00>1)} = L{R(root')>k—1} {R(root")>k—1} k>0.

Let 0 < j < n — 1. Now, conditioned on the event ‘the vertex set of T’ is a given set J of j
elements from [n] \ root’, the subtrees T’ and T” are independent, and marginally distributed
as T;j and T,,_1_, respectively. So
E[1{roon=k} Ln | J1=E{R(root)>k—1} L{R ooy >k—1y (L + L") | J]
= E[1{Rroot)>k—1} L{Rroot")>k—1}(Lj + Ln—1-j)]
= E[1{g(oot)>k—1} L j1P(R(root”) > k — 1)
+ E[1{R(root")>k—1} Ln—1—j1 P(R(root’) > k — 1)
= fjsk=1Pn—1—j>k—1 + fa—1—j k=1 Pj.>k—1,

where p, k-1 := P(R(rootof T,,) > k — 1). Setting fo,~k—1 = 0, po,>k—1 = 1, we see that
the last equality also holds for j = 0, n — 1. Since |J| is uniform on {0, ..., n — 1}, we obtain

) n—1
S,k = E[L{root)>k) Ln] = - Z fisk—1Pn—1—j,>k—1-
=0

It follows immediately that
d
d_ Z fn,>kxn = 2(2 pn,>k—1xn> (Z fn,>k—1xn)a
X n>1 n>0 n>1
which is equivalent to (4.3), since
X

1

E Pnk—1x" =1+ E (I —pp<k—Dx" =14+ —— — B<j_1(x) = —— — B—1(%).
1—x 1—x

n>0 n>1
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Equation (4.2) is implied by a simple recurrence

n—1

2
F,r = — Fip, >2,k>0.
nk =Skt zo ik n=
Finally, from (4.2), we obtain

E E
fio = lm(1 — x)> Ay (x) = / (F — x)Giﬁk(x) dx = G/ (F — %) By (x) dx.
xt1 Q@ dx Q

The proof of Lemma 4.1 is complete. |

Next, introduce

Ap(x) = anGn,k and Bi(x) = Zx"gn,k,

n>1 n>1

where g, « := E[1{Rr(root)=k} &L= ] and L, is the number of leaves closest to the root of the tree.

Lemma 4.2. The following equalities hold:

d ~ -~ d ~
—Ar(x) = Ar(x) + —Bik(x), k=0, 4.5)
dx 1—x dx
d ~ —~
aBk(X) =2[1 + B>g—1(x)]1Br—1(x), k>0, (4.6)
with §0(x) = x. Consequently,
1
gk = 2/ (1 — x)By(x)dx. .7
0

Proof. Let us prove (4.6). Recall that .£,, denotes the total number of leaves closest to the
root of T,,. Forn > 2, let £’ and .£” denote the total number of leaves in the left subtree 7’ and
the right subtree T"” closest to the respective root. Let k > 0. If both subtrees are nonempty,
1e.0 < j <n —1then

LR (root=k)} L2 = L{R(root’)=k—1} L{R(root")=k—1} Ln

+ L{R(root)=k—1} L{R(root")>k—1}) Ln + L{Rro0t')> b~ £} L{R(oot")=k—E} Ln

= 1{R(root)=k—1} L{R(root")=k—1} (L + L")

+ LR root)=k—1} L{R ooty >k=1} L+ LR ro0t) > k—F} LR (root")=k—£} L

The contribution of the first product on the last right-hand side to E[1{root)=k} L2 | F]1is
8jk—1Pn—1—jk—1+ &n—1—j k—1Pj k—1-
The total contribution of the second product and the third product is
8jk—1Pn—1—j,>k—1+ 8n—1—j k—1Pj,>k—1>

so that

El{raooty=k} Lo | F1 = ¢j b-sPn——j>b—% + 9n-F—jb—EPRj>b-%-
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The last equation continues to hold for j =0 and j =n — 1, if we set pg >¢ = 1 forall £ > 0.
Consequently,

e n—&
8n.k = E[l{R(roon=k} Ln] = o Z Gjh—EPn—-F—j2h-E
=Q

and (4.6) follows immediately. And, as before, (4.5) is the direct consequence of

n—1
Gui = - i .
n.k gn,k+nZG/,k7 n>2 k>0
Jj=0
Equation (4.7) is proved in the same way as (4.4). (]

Introduce £,, » and Zn &, the total number of descendant leaves of rank-k vertices and the
total number of descendant leaves closest to rank-k vertices. Recalling the notation V,, x for the
total number of rank-k vertices, we see that £, 4/Vy, 4 and Z,,, &/ Vu.k are the average numbers
of descendant leaves and the closest descendant leaves per vertex of rank k.

Theorem 4.1. For all nonnegative integers k, the following equalities hold:

o~

£ L
lim E[—"’k} Sk i IE[ ”"‘} = &

n—00 Vi k Ck n—>oo | V¢ Ck

Proof. Consider «£,, 4/Vy 4, forinstance. Observe first that £,, 4 < 7. Now, fora = 1/k!
and ¢ > 0, write

Lok Lok Lk
E[ “ ]=E[ “ 1{v,,4k<0403an}] +E[ = 1y, 5 20.03an) 11V, /n—ci|>e)
Vn,k Vn,k Vn,k

Dcn,k
1y, x=0.03an} 11V, 4 /n—cr|<e}
Vn,k

+ IE[
=E; +E; +Es.
Here, by Lemma 2.4 and Corollary 2.2, respectively,

- \%
E,| < ne—00tan'=" _, 0, E, = O(IP)(‘ mE _ Ck
n

>£>>—>O asn — 090,

and
E; = ;E[cﬁn e L, p>a.a@gan) 1V, n/n—cyl<e}]
nle+ 0y e el
= %[1 + 0<P(Vn,k < 0.03an) —HP’( Vink — C| > 8))]
Therefore,
limlimsupE3 = limliminf E3 = E
el0 nooo el0 n—>00 Ck
Solimy,— oo E[Ly £/ Vn 6] = f4/cs. The proof for E[Zn,k/ Vi.k] is similar. (|

Note that a slight modification of the proof of Corollary 2.2 shows that, in probability,
Ly s/m — fpand Ly, /n — gi. Therefore, L, 4/ Vs — f&/ct,and Ly i/ Vo = 8gk/ck
in probability as well.
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Using MAPLE® to integrate the differential equations (4.3) and (4.6), we compute { f i}j<2
and {g;} ;<> via (4.4) and (4.7), respectively, as

1 _ 17 _ 152389 1 1 _ 49
fo_ga fl_%a 2 = 170100° g0_§7 g1—§7 g2—m
Therefore,
ﬁ—l ﬁ_g 2_152389 @_1 &_B &_2205
co ’ c1 9’ [6) 36141° co ’ cq 9’ ) 1721°

Remark 4.1. (i) The fact that gg, g1 are both % follows from the observation that, for n > 2,
the number of pairs (v, u), where v is a rank-k vertex and u is its closest descendant leaf, is the
same as the number of all leaves when k =0 or k = 1.

(ii) The data suggest that both f} /cx and gx /ck increase with k, albeit at a slower rate for g /c.

5. Numerics and gap-free factorization conjecture

In conclusion we present some intriguing experimental data on number-theoretic properties
of {c}. Recall that, by (3.4),

k 1
>ej=2 [ a-nBama. 5.1)
j=0 0
Then, using (3.3),

1 1 1
f (1= »Ba()dy =5 / (1 B () dy
0 0

1 1
_ 5/0 22y 437 — (1 = (1= y) B ()] dy,

SO

k 1
chzfo 22y +3? —[1 = (1 — ) B 1 ()P1dy. 5.2)
=0

Equation (5.2) enables us to compute ¢ directly through B<;_1 (x), without knowing By (x).
Using this simplification, we have obtained the exact values of ¢4 and c¢5. That is, we have
computed that c4 is equal to

122058464 141653 662 196290 113 232 646 304412 999 902283 512425 580 156 787 323
3353377025 022449 199 852900 725 670 960 067 418 280 803 797 231 788 288 000 000 000 *

afraction whose denominator has 67 digits, and whose approximate value is 0.0364. Combining
this with the values of ¢; for i < 4, we see that about 99.14 percent of all vertices in all trees
of size n are of rank 4 or less, and the same holds with high probability for the random tree as
well.

The prime factorization of the denominator denom(cs), when ¢4 is written in simplest terms,
obtained by MAPLE, is even more interesting, since it is

denom(cs) = 2'7 x 318 x 57 x 78 x 113 x 137 x 17% x 19° x 23* x 29% x 31.

So the largest prime divisor of denom(c4) is 31, which is a tiny number compared to denom(c4).
Even more striking is the fact that denom(cy) is divisible by every prime up to 31. In stark
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contrast, the numerator of c4, while comparable in size to the denominator, is the product of
just rwo primes, the smaller of which is 232 196 467.

This surprising fact warrants a second look at the numbers ¢ for £ < 3, already com-
puted in [2]. The factorized representation of the denominators, including denom(c4) are as
follows:

e denom(cp) = 3,
e denom(c;) =2 x 5,

denom(cy) = 22 x 3* x 52,

e denom(c3) =28 x 37 x 59 x 73 x 113 x 13% x 17, and

denom(cy) =217 x 318 x 5% x 78 x 118 x 137 x 17° x 19° x 23* x 292 x 31.

So all denom(c) for k < 4 have very small prime divisors. With the exception of k = 0 and
k = 1, it seems that the prime divisors of denom(cy) are precisely the first ¢ prime numbers
for some ¢. Those two exceptions may be a reflection of how relatively simple the counting of
leaves and their fathers is.

Even though the computation of ¢4 was already exceptionally time consuming, we decided
to compute the next value c¢s. This task turned out to be so problematic that time and again
we were tempted to give up. Mobilizing all the insight into the algebraic form of the functions
Bj(x), we eventually obtained the answer. The approximate value of ¢5 is 0.0074. So, with high
probability, about 99.875 percent of all vertices are of rank 5 or less. The number denom(cs)
has 274 digits, and its prime factorization is

248 5 3%2 5 528 5 718 S 1110 % 1310 % 1717 x 1916 x 2315 x 2912 » 3112 x 3710 x 41°

x 43% x 477 x 53° x 59° x 612.

If not for this strikingly simple factorization, we would not dare to type in the 274-digit long
monster. So yet again, denom(cy) has only very small prime factors, and it is divisible by every
prime up to its largest prime factor, 61. (As for the numerator, its smallest prime divisor must
be extremely large as MAPLE’s factorization algorithm failed the task.)

Based on these data points, we guessed at and proved the following theorem.

Theorem 5.1. Let denom(cy) be the denominator of ¢y when cy, is written in its smallest terms.
Then the largest prime divisor of the denominator is at most 2¥t' + 1; this bound is attained
fork =3,4,5.

Conjecture 5.1. Letk > 2, and let py be largest prime divisor of denom(cy). Then denom(cy)
is divisible by every prime less than p.

Perhaps it is also true that the smallest prime divisor of the numerator of c; grows super-
exponentially with k, but we hesitate to make any specific guess. The reason the second
conjecture is out of reach for now is simple: the numerator of ¢ is a sum of a very large set of
summands, and we are unable to prove that the sum will not be divisible by at least as high a
power of a given prime p as the denominator of cy.

Proof of Theorem 5.1. Before embarking on the proof, we will need a few simple technical
lemmas.
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Recall that By (x) denotes the exponential generating function for the numbers of trees on
vertex set [n] whose root is of rank k. The first two examples are Bo(x) = x, and Bi(x) =
2log(1/(1 — x)) — 2x — x3/3.

Lemma 5.1. Forall natural numbers k, we have By (x) € PL, meaning that By (x) is a bivariate
polynomial Pr(u,v) atu = (1 —x), v=1og1/(1 — x).

Proof. See Lemma 4.1 of [2]. O

It was also proved in [2] that the class PL is closed under integration. In fact, the following,
stronger statement is true.

Lemma 5.2. Let b and ¢ be nonnegative integers, and let us write

Y - _ 1 \¢
/(1 —x)b10g<m> dx = ;ai(l —x)bi log<:>

with the rational numbers a; written in their simplest form. Then, for all i, the denominator
of a; has no prime divisor larger than b + 1.

Proof. This follows by induction on c, the initial case of ¢ = 0 being obvious. Indeed,
integration by parts yields

b 1 ‘
/(l—x) log : dx

1\ —x)bt! (1 —x)? 1 \¢!
= _1 1 dx, 5.3
Og(l—x) b+1 +/ b+1 COg<l—x> * (53)

and the proof is complete. Note that this argument also shows that in the statement of Lemma 5.2,
the inequalities b; < b + 1 and ¢; < ¢ hold. O

Note that equation (5.3) implies that

1 c
1 1i—o) c
I = 1_ bl d = I -
b /o( o Og(l—x> FEor1 e

so iterating the same operation, we obtain

C'

Ib,c

Lemma 5.3. When written in simplest form, no term of Bx(x) has a denominator with a prime
divisor larger than 2X*' — 1. Furthermore, both the exponent b; of (1 — x) and the exponent c;
of log(1/(1 — x)) in the PL form of Bx(x) are at most as large as 2K+ _ .

Proof. We prove the lemma by strong induction on k. It is straightforward to check that
By(x) and Bj(x) satisfy both requirements. Now let us assume that the claims of the lemma
are true for all B;(x) with j < k, and prove them for B;. Equation (3.1) shows that B,/{(x)
is a quadratic form of B;(x) with i < k and (1 — x)~!. Consequently, B;{ (x) is of the form
Yoai(l— x)bi log(1/(1 — x))“, where b; > —1 is an integer, while ¢; is rational and ¢; is
a nonnegative integer. Moreover, it follows from (3.1) and the induction hypothesis that, in the
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sum representing B,’( (x), both the exponent b; of (1 — x) and the exponent ¢; of log(1/(1 — x))
are at most as large as 2(2]‘ — 1) =2kl _2,
Now the contribution of Zi:h;:—l a; (1 — x)bi log(1/(1 — x))“ to By(x) itself is

a: 1 ci+1
Z ! log< )
’ ci+1 1—x

i:b[=—

with ¢; + 1 < 2Kt1 — 1. As for the contribution to By (x) of the remaining summands with
b; > 0, using Lemma 5.2 and by (5.3), we see that in all the summands neither the exponent
of (1 — x) nor the exponent of log(1/(1 — x)) can exceed 2kt — 1, since integration of the
terms with b; > 0 and ¢; > 0 will increase these exponents by at most 1. As addition and
multiplication of terms will not result in the appearance of a larger prime divisor, the claim for
By (x) is proved. O

Armed with these lemmas, we complete the proof of Theorem 5.1 as follows. By (5.1),

1
Cr =1i%111(1 —x)?Ar(x) = 2[ (1 — x) By (x) dx.
x 0

Here

Ci
Bk(x)zzai(l—x)bi<logl_x> , Ofbi,ci§2k+l—1,
i

and no a; has a denominator with a prime divisor larger than 2k+1 _ 1. From (5.4), it follows
that ¢y, is the sum of rational numbers, whose denominators do not have prime divisors exceeding
2k+1 1 1, which is a common upper bound for the largest denominator of @; and for the largest
b; + 2. This completes the proof of the theorem. ([l
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