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Abstract

When faced with the task of solving hyperbolic partial differential equations (PDEs),
high order, strong stability-preserving (SSP) time integration methods are often needed
to ensure preservation of the nonlinear strong stability properties of spatial discretiza-
tions. Among such methods, SSP second derivative time-stepping schemes have been
recently introduced and used for evolving hyperbolic PDEs. In previous works, coupling
of forward Euler and a second derivative formulation led to sufficient conditions for a
second derivative general linear method (SGLM), which preserve the strong stability
properties of spatial discretizations. However, for such methods, the types of spatial
discretizations that can be used are limited. In this paper, we use a formulation based
on forward Euler and Taylor series conditions to extend the SSP SGLM framework.
We investigate the construction of SSP second derivative diagonally implicit multistage
integration methods (SDIMSIMs) as a subclass of SGLMs with order p = r = s and
stage order ¢ = p,p — 1 up to order eight, where r is the number of external stages and s
is the number of internal stages of the method. Proposed methods are examined on
some one-dimensional linear and nonlinear systems to verify their theoretical order, and
show potential of these schemes in preserving some nonlinear stability properties such
as positivity and total variation.
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1. Introduction
Construction of high order accurate methods for hyperbolic conservation laws
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has attracted the interest of many researchers. One of the main challenges of such
research is the development of high order schemes that avoid spurious oscillations
and maintain numerical stability, especially in the presence of shocks. Consequently,
much effort has been spent to construct spatial discretizations that can preserve
certain nonlinear stability properties, such as total variation stability and positivity
[8, 14, 39, 42]. The most commonly used approach in developing these methods is
the methods of lines (MOL). One of the main appealing aspects of this approach
is decoupling the spatial and time discretizations that reduce the partial differential
equation (PDE) (1.1) to the semidiscrete form

u; = F(u),

where u is a vector of approximations to U. When the explicit forward Euler method
[10] is applied to this problem, a sequence of approximations u,; is computed from

Upy1 = Uy + AtF(uy,). (1.2)

This method is chosen to ensure that various properties of the PDE are preserved, and
the fully discrete method under a suitable restricted time step is strongly stable, that is,

llun + AtF(up)ll < llunll, 0 < At < At (1.3)

where ||| is any desired norm, semi-norm or convex functional. The order of accuracy
of this method in time is only one, even though a higher order spatial discretization is
used. Hence, during the last three decades, much effort has been spent on increasing
the possible order of accuracy of time discretizations for (1.1) which still aim to
preserve the property (1.3) under a modified restricted time step

At < CAtpg.

Such methods are known as strong stability preserving (SSP) methods, and the
maximal constant C is referred to as the SSP coefficient. The research on SSP schemes
has been aimed to maximize the SSP coefficient C of the method. The literature collect
an extensive amount of research on different classes of SSP methods, such as SSP
linear multistep methods (LMMs) and Runge—Kutta (RK) methods [18, 19-21, 24,
26, 31]. SSP general linear methods (GLMs) were investigated by Spijker [41] and
studied more in [12, 15, 27-29]. For multiderivative integration methods, preserving
the forward Euler condition (1.3) is not enough, and we need to consider another
condition including the second derivative. To do this, there are two approaches. One
of these is to consider a second derivative condition in the form

it + APGu)|| < llunll - for At < KAtgg, (1.4)

where K is a positive constant that relates to the stability condition of the second
derivative term and forward Euler term. Using this type of condition, Christlieb et al.
[13] derived SSP two-derivative RK methods up to order six, which preserve the strong
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stability properties of the forward Euler condition (1.3) when coupled with the second
derivative condition (1.4). Moradi et al. [36], using the general order conditions for
second derivative general linear methods (SGLMs) derived in [37], extended this SSP
approach to characterize and design SSP SGLMs as a class of multistage second
derivative time discretization and investigated more in [34, 35, 38]. The main flaw
of this approach is that the types of spatial discretizations that can be used are limited.
Due to this limitation, Grant et al. [22] considered an alternative condition to the
SSP concept, which allows more flexibility in the choice of spatial discretizations. In
place of the second derivative condition (1.4), the second approach discussed in [22]
preserves the SSP properties of the forward Euler method (1.2) and the Taylor series
condition

Nl + AtF () + SAPG(up)|| < lluyll - for At < KAtpg,

where K is a positive constant. Ditkowski et al. [16] have extended this alternative
approach to a special class of SGLMs, and defined sufficient conditions controlling
the growth of error, so that the scheme has one order higher than expected from
truncation error analysis. Indeed, the methods derived in [16] are a subset of those
in [36]. The proposed SSP methods in [16] have been constructed for K = 1, and
compared with those in [36] for K = 1/ V2. Such methods have an advantage to those
methods in [36] in the sense that they are more flexible in the choice of spatial
discretization. In this paper, we will develop this approach to a more general class
of SGLMs, and determine sufficient conditions for such methods to preserve the
strong stability properties of spatial discretizations in a more natural Taylor series
formulation. This leads to methods with higher order and larger SSP coefficients than
those in [16, 22, 34-36]. Indeed, we focus on construction of SSP second derivative
diagonally implicit multistage integration methods (SDIMSIMs) as a subclass of
SGLMs with p = r = s < 8, and stage ordersg =pand g =p — 1.

In the following sections, after a short review of the SSP SGLMs in Section 2,
we formulate the SSP optimization problem for finding SSP SGLMs as a convex
combination of forward Euler and Taylor series (TS) steps with the biggest acceptable
time-step in Section 3. Such methods will be referred to as SSP-TS methods. In
Section 4, we use this optimization problem to find optimal SSP methods and present
the coefficients of such methods of order p = r = s and stage order¢g = pandg =p — 1
up to order eight. Moreover, in Section 4, the effective SSP coefficient Ceyr = C/s of
the derived methods are also listed and compared with those studied in the literature
[16, 22, 34]. In Section 5, we provide some numerical experiments demonstrating the
efficiency of the derived methods as well as the verification of the theoretical order
of the methods and potential of these methods in preserving some nonlinear stability
properties. Finally, the paper is summarized by giving some concluding remarks in
Section 6. In the Appendix, we list all the coefficient matrices of the constructed
SSP-TS SDIMSIMs with p=g=r=s<7 and p=qg+ 1 =r=s =8 that are used
in our numerical experiments in Section 5.
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2. A short review on the SSP SGLMs

In this section, we first review the structure of SGLMs for the numerical solution of
a system of ordinary differential equations (ODEs)

Y@ =f0@), )=y eR", 1€, Tl 2.1)

SGLMs were first introduced by Butcher and Hojjati [11], and were studied more by
Abdi et al. [1-7,9, 17, 40]. Such methods are characterized by four integers: the order
of the method p, the stage order ¢, the number of external stages » and the number
of internal stages s, together with six matrices indicated by A, A € R, U € R,
B, B eR™ and V € R™ and the abscissa vector ¢ = [c1 ¢2 ... ¢]T. Denoting the
components of A, A, U, B, Band V respectively by a;, ajj, u;j, by, Eij and vy, on
the uniform grid ¢, =ty +nh, n=0,1,...,N, Nh =T —ty, an SGLM used for the
numerical solution of (2.1) is defined by

S

S r
Y= n Y af (M 0 aerM + Y wpt T, i= 12,0,
j=1 J=1

j=1
s s r (22)
= hZ byf (V") + 1 Z byg(Y!") + Z vt i= 12,
J=1 J=1 J=1
forn=1,2,...,N. Here, Yl.["] and yl["], i=12,...,s, are respectively approximations

of stage order ¢ to y(t,—1 + c¢;h), and of order p to the linear combinations of the solution
y and its derivatives at the point 7, that is,

Y =yt + cil) + O™, i=1,2,. s,

and
P
= Z ay® ) + oY, i=1,2,...,r,
k=0
for some real parameters ay, i = 1,2, ..., r. Also, the vectors f(Y"!) = [f(Y[["])]‘l?':1 and

gyt = [g(Yl.["J)]*l?:1 denote the first and second derivative stage-values, respectively,
where g(-) = f"(-)f ().

By using the results from [13, 27, 41], sufficient conditions for an SGLM to preserve
the strong stability properties of spatial discretizations, when coupled with forward
Euler and a second derivative formulation, were determined by Moradi et al. [36].
To describe a numerical search for SSP SGLMs, the authors [36] considered the
constrained minimization problem with an objective function

min (—y), (2.3)
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subject to the following nonlinear inequality constraints:

Y2 7!
R=(I+yT+~—T) S>0,
KZ

y2 —\!
P:y(1+yT+ .,—T) T>0,
K2
2 2 1
= Z—(I+7T+ Z—T) T >0,
K? K2

where 7y is some constant, K can take any positive value and

A 0\ = (A 0 U
=5 o) T=(5 o) s=(v)
These conditions are equivalent to

¥2 o\l
(I+yA+~—A) Uso,
KZ

y2 7!
7(I+7A+~—A) A>0
K2

Y2 — Y2y
V—(yB+ ~—B)(I+yA+ ~—A) U >0,
K? K?

> > (2.4)
vB — y(yB + Z—B)(I +yA + Z—A) A >0,
K? K?

2 N2 2 2 _\-1_
Z—B - Z—(yB + Z—B)(I +vA + Z—A) A>0.
K2 K2 K2 K2

For an SGLM with the coefficient matrices (A, A,U,B,B, V) and the abscissa vector c,
the SSP coefficient C was given by Moradi et al. [36] as

C =C(c,A,A,U,B,B,V) = sup {y € R | y satisfies (2.4)}.

Considering these conditions leads to a wide variety of SSP SGLMs [34-36, 38],
where the main drawback of these conditions is that the types of spatial discretizations
that can be used are limited. Due to this reason, in this paper, we will consider a
different approach to the SSP concept, so that there will be more flexibility in the
choice of spatial discretizations. The main goal of this paper is to reformulate the
SSP conditions for SGLMs as a convex combination of forward Euler and Taylor
series steps. Using these conditions as nonlinear inequality constraints to the opti-
mization problem (2.3), we derive new SSP schemes with abscissa vector ¢ such that
—1<c¢;<landi=1,2,...,s. Here, we consider SDIMSIMSs as a subclass of SGLMs
which were introduced by Abdi et al. [3]. These methods have the feature thatp = r = s
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and g = p or ¢ = p— 1 with U = I; and V as a rank one matrix of the form V = eV,

e=[11 ... 11TeRv=[v; vo ... v]" €eR* withvle =1.

3. Monotonicity theory for SGL.Ms based on Taylor series conditions

Reformulating the explicit SGLMs (2.2) as

l m
Yi[n] = Z Sl:/‘yj[.n_l] +h Z tijF(tn—l + Cih, Yj[n])
J=1 J=1

LU ) (3.1
+12 ) 5G e + h, Y, i=1,2, . m,
j=1
W=y =12,
n=12,...,N, 1 <[ <m, sufficient conditions for SGLMs to preserve the strong

stability properties of spatial discretizations are derived, provided that the forward
Euler condition

YU 4 At < IV, 0 < Ar < At (3.2)
for any At < Atpg, and the second derivative condition

to approximate the second derivative in time u,, are satisfied. Here, K is a scaling
factor comparing the stability condition of the second derivative term to that of the
forward Euler term. The main drawback of using this pair of base conditions is that
many common spatial discretization do not satisfy the condition (3.3), so that the
schemes in [34-36], satisfying this pair of conditions, are not effective. Due to this
reason, following the ideas of Ditkowski et al. [16] and Grant et al. [22], we extend the
alternative approach described in [22] for SGLMs that allows the development of such
methods which are SSP in the sense that they preserve the forward Euler condition
(3.2) and Taylor series condition

IV + AP (Y™ + IARGYM < 1Y, At < KAt (3.4)

Note that, as in [22], any spatial discretization that satisfies the forward Euler and
second derivative conditions (3.2) and (3.3) will also satisfy the Taylor series condition
(3.4). Our goal in this paper is to develop explicit SGLMs of the form (3.1) that
preserve the strong stability properties of forward Euler and Taylor series terms,
perhaps under a different time-step condition Af < CrsAtpg. To do this, we need
different SSP conditions from those proposed by Moradi et al. [36]. Such conditions
for a given time-step are determined in the following theorem.

THEOREM 1. Given spatial discretizations F and G that satisfy (3.2) and (3.4),
an SGLM of the form (3.1) preserves the SSP property ||Y"1|| < ||Y")|| under the
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time-step condition At < yAtgg if the following conditions hold:

2 -l
(I+yT+2%(1—K)T) $>0, 3.5)
,y2 -1 V=
[+4T 2—1—KT) (T—2—T)20, 3.6
Hrerr+250-50 2 (3.6)
72 52 -1
2ﬁ(1+yT+2ﬁ(l—K)T) T >0, 3.7)

for some y > 0. In the above conditions, the inequalities are understood component-
wise.

PROOF. Adding the term (y7 + 27(y — )T)Y" to both sides of method (3.1) leads to
o = — At
(I +9T + 277 - DY = " 4 (T - Zy‘T)(Y["J + _F)
Y

— At Af
+ 2’772T(Y["J + —F+ —G).
Yy 27

Assuming that the matrix (I + yT + 2y(7 — y)T) is invertible, we obtain

At At . AP
YU = Ry p(y + LR} 4 (Y + 2 + £56) (3.8)
4 Y 2y
with

R=(U+yT+29(y-»D)'S, P=yU+yT+20(y-yT)" (T -2yT),

Q=% +yT +2%(y - y)T)"'T.

The relation (3.8) determines a convex combination of terms which are SSP, if
R+P+ Q =1 and the elements of R, P and Q are all nonnegative. Therefore, the
resulting value is SSP as well, that is,

At At AP
Y™ < Riy™ M| + PHY["J + —F|| + Q‘ Y+ —F + —GH,
Y Yy Ly

under the time-step restrictions At < yArrg and Ar < KyAtpg. To obtain the optimal
time-step, these two time-step restrictions must be set equal, and so we require
v = K. Therefore, for y = y/K, conditions (3.5)—(3.7) ensure that R > 0, P > 0 and
Q > 0 component-wise, and the method (3.1) preserves the strong stability condition
|V < ||Y™|| under the time-step restriction At < yAtpz. This completes the proof
of the theorem. O

This theorem allows us to formulate the search for optimal SSP SGLMs as an
optimization problem which maximize the value of the SSP coefficient Czs subject
to the SSP conditions (3.5)—(3.7).
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In a similar way to [36], the SSP conditions (3.5)—(3.7) can be reformulated in terms
of the coefficient matrices A, A, U, B, B and V of SGLMs (2.2). Using the same process
discussed in [36], these conditions are equivalent to

¥ -l

(I+yA+2ﬁ(l—K)A) U0,

y(l vyAs2 - K)Z)_I(A - 212) >0
K2 k)=

¥ _ . -1
V- (yB #2200 - K)B)(I +ya+2La- K)A) Uzo0,

2 2 -1
Y= y — y — Y=
y(B - 2?3) - y(yB #2501~ K)B)(I FyA+25(1 - K)A) (A - Z}A) >0,

¥ )2 1
2ﬁ(1 +yA+2201 - K)A) A0,

,)/2_ ,)/2 ,y2 _ ,}/2 e

(3.9

where K can be any positive constant, and the SSP coefficient Czg for SGLMs (2.2)
can be obtained by

Crs = Crs(c,A,A,U,B,B,V) = sup{y € R | y satisfies (3.9)}.

The results obtained in the following section indicate that considering these new
SSP conditions leads to the methods that not only increase our flexibility in the
choice of spatial discretizations but also have larger SSP coefficients than those of
the methods studied in [16, 22, 34-36]. In this paper, we refer to SSP-TS SGLMs as
the SGLMs preserving strong stability properties of (3.2) and (3.4), and to SSP-SD
SGLMs as the SGLMs preserving strong stability properties of (3.2) and (3.3).

4. Derivation of SSP SDIMSIMs based on Taylor series conditions

In this section, we search for SSP SDIMSIMs that preserve the SSP properties (3.9).
The SSP coefficient of the obtained methods of order p = r = s and stage order g = p
and ¢ = p — 1 up to order eight are presented. The structure of order conditions for
such methods were discussed by Abdi et al. [2, 3]. Define Z = [1z --- z]" € C’*! and
the matrix

W=laga; - al

with the vectors ay, k = 0,1,...,p, defined by oy = [a1; aa - axl”.
In the case of methods with p = g, Abdi et al. [3] determined that the stage order
and order conditions are given by
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€7 = zAe” + 22AeC + UWZ + 02", 4.1

¢WZ = zBe” + "B + VWZ + O(Z*). (4.2)
Moreover, an SGLM has order p and stage order g = p — 1 if and only if [2]
€ = zAe” + 7P Ae + UWZ

(G -act A 7+ 0@ (4.3)
+|—= - - -Ua )Z +0@E@"), .
p! (p—D! (p—2)! g

EWZ = zBe + 72 Be” + VWZ + O(Z*)). (4.4)

Here, the exponential function is applied componentwise to a vector. If we choose
U = I, the stage order conditions (4.1) and (4.3) are given by

W =C-ACK -ACK?, W =C-ACK - ACKK, (4.5)
respectively, where C = (Cjj) € R™(P*1 is the Vandermonde matrix [25] with elements

j-1
Ci=——, 1<i<s,
TS
K € RP+DX(P+D) g the shifting matrix defined by K = [0 e; --- e,] with ¢; as the jth
unit vector in R”*! and the matrix X refers to the matrix obtained by the p first columns
of a given matrix X.
For such method_s, ihe order conditions lead to a formula for the coefficient matrix
Binterms of ¢, A, A, B and V as

C

1<j<p+1,

B =By —AB, —AB, — VB3 — (B — VA)B, + VA,
for the case withp = g = r = 5 [3], and

B =By—AB, —AB, — VB3 — (B — VA)B4 + VA

p p-1 _ P2
— (C_ —A ¢ —A ¢ - ap)eTBs
pt (p-DI (p-2!
cP CP—l _ Cp—2 -
+V(p_!_A(p—1)! _A(p—2)! —ap)e Bg, (4.6)

for methods with p = g + 1 = r = s [38], where the (i, ) elements of By, By, By, B3, By,
Bs and Bg are respectively given by

Pg@de ey HA+e) [ gdx
¢i(cp) ¢i(c)) ¢i(c) ¢i(cp)

) (p-1!  (p-1)!

o) dile) T Bilep
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and ¢;(x) is defined by

¢i(x) = 1—[ (x—¢p), i=12,....s

Jj=lj#i

After an extensive search to obtain SSP SDIMSIMs, we observed that for such
methods, the matrices A and A are identically equal to the zero matrix. Although
these methods have SSP properties, their SSP coefficients are too small and are
not optimal. So, as in [34], to obtain methods with large SSP coefficients Crg, we
will consider a more general class of transformed SDIMSIMs. Introducing 7 as a
nonsingular transformed matrix and multiplying the relation for y! by T ® I,,,, where
® is the Kronecker product of two matrices, lead to the class of transformed methods
defined by

YU = h(A ® L)f (Y™ + (A ® 1,)g(Y"™) + (UT ™" @ L, )(T & L)y,
(T ® L)y™ = WTB® I,)f (Y™ + B> (TB ® I,,)g(Y") 4.7)
+(TVT ' @ LT & I,)y"™ 1.
Now, introducing
Y =T ey, Y =T ey,
results in the following form of (4.7):
Y = h(A @ L,)f (Y + B2(A ® 1,)g(Y™) + (U ® L)y "1,

_ —~ _ (4.8)
YU = 1B L)f (V) + B @ L)g(r™) + (V@ 1)y,

where the transformed coefficient matrices U, B, B and V are given by

!

U=UT"', B=TB, B=TB, V=TVl

oo

With respect to the transformed starting procedure

P
T = @@ DY ) + 0,
k=0

where a; = Tay, k=0, 1,...,p, the transformed SDIMSIMs (4.8) preserves the order
p, the stage order ¢ = p and ¢ = p — 1 of the original methods (2.2). Now to obtain SSP
SDIMSIMs based on Taylor series conditions, we search for such methods by solving
the minimization problem (2.3) subject to the nonlinear components inequality
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v -l
(1+7A +22a —K)A) U0,

' -\ s
I+yA+2 1 -KA) (A-2Xa)>o0,
y(+Y+K2( ))( K)_
—_ —_ ')/2 o ')/2 __l~
V- (yB 20501 - K)B)(I+yA +22501 —K)A) U >0,

—_ 2 —~ 2 -1
— YR\ =Y = y - Y-
y(B - 2EB) - y(yB #2200 - K)B)(I +yA+2201 - K)A) (A - 2§A) >0,

52 . 1
ZF(I sya+22 - K)A) A0,
2 — 2 2 — 2 -1
YE V(= Y = y o\l
22 B~ ZF()/B +220- K)B)(I +yA+2201 - K)A) A0,

4.9)

where 7y is some constant and K can take any positive value. For these methods, the
SSP coefficient Crs is given by

Crs = Crs(c,A,A,U,B,B,V) = sup{y € R | vy satisfies (4.9)}. (4.10)

In the rest of this section, we will consider the base conditions (3.2) and (3.4),
and use the characterization (4.10) of the SSP coefficient C7g to search for new
SSP schemes with larger SSP coefficient than those for other existing SSP methods.
Furthermore, to compare the overall efficiency of methods for a given order and
different number of stages s, we also report the effective SSP coefficient defined by
Cy = C/s. In what follows, we refer to SSP-TS SDIMSIMs,,, as the SSP SDIMSIMs
based on Taylor series conditions and to SSP-SD SDIMSIMs,,, as the SSP SDIMSIMs
based on second derivative conditions, where p is the order of the method and ¢ is the
stage order. The aim of this paper is to obtain high order SSP schemes based on
Taylor series conditions up to order eight. Solving the stage order and order conditions
(4.5)—(4.6) leads to the SDIMSIMs of order p and stage order ¢ = p or ¢ = p — 1 with
entries of A, Z, B and V, together with ¢;, i = 1,2,...,s, as free parameters. Now, to
obtain SSP-TS SDIMSIMs, we consider all of these free parameters, in addition to
the unknown parameters of nonsingular transformation matrix 7, to the minimization
problem (2.3) subject to the nonlinear inequality constraints (4.9), and solve this
optimization problem using the fmincon command with the sequential quadratic
programming (SQP) algorithm from MATLAB and with many random starting
points.

As a simple example that provides optimal formulations with simple formulae, we
consider the strong stability properties of second order methods with p =g =r =3
and abscissa vector ¢ = [1/2 1]7. The coefficient matrices of the original SDIMSIMs
are in the form
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TABLE 1. SSP-TS coefficients of SDIMSIMs withp = r =s =3 and g = 3, 2.

K 0.1 0.2 0.3 0.5 1.0 1.5 1.6 1.8 2.0

TS-SDIMSIM3; 051 076 118 142 232 266 269 272 273
TS-SDIMSIM3, 0.89 122 149 1.62 238 273 277 279 279

TABLE 2. SSP-TS coefficients of SDIMSIMs with p =r =5 =4 and g = 4,3 together with those for
SSP-TS TDRK methods with p = s =4 and g = 2.

K 0.1 0.2 0.3 0.5 1.0 1.5 1.6 1.8 2.0

TS-SDIMSIMy, 0.62 091 112 1.67 264 311 317 323 3.03
TS-SDIMSIM,; 1.08 150 152 1.72 274 321 326 329 333
TS-TDRK4; 035 066 096 156 266 347 353 358 3.63

0O O 0 0 1 0
AlAJU]| |au 0 |an O 0 1
[B B|V ]_ bu bn En §12 l-v v
by by | by bn|l-v v

Solving the order and stage order conditions and a straightforward SSP analysis with
the nonzero entries of A, Z, the entries of B and v, together with four unknown
parameters of nonsingular transformation matrix 7, [tij]£ j=10 S free parameters enable
us to formulate the optimal methods without the use of optimization code. The
coefficients of the method are given by
2
ay = %, ag = ZK_)/z’ by =bia=by =bp= %,
_ 2K(y + 1)+3y2+)/
"TRKG+)+y2y+3)

ty = tp =0,

8
3y’
m(37 + K =6y +2y(K> +2K=2) (K -2)

t = 9 9’
2 Y2 + 3y + 4) K +4)

with y = 2K.

The SSP coefficients of the proposed methods depending on the value of K are
listed in Tables 1-5, using the notation TS-SDIMSIM,,,. In these tables, to compare
our methods with the SSP two-derivative RK (TDRK) methods studied in [22], the
SSP coefficients of these methods, using the notation TS-TDRK,,,, are also listed with
the same number of internal stages s. It is obvious that the SSP coefficient of SSP
SGLMs is dependent on the value of K which comes from the SSP conditions. Indeed,
increasing the value of K results in the increase of the SSP coefficients. However, there
is a trade-off between the SSP coefficient and stage order of the methods. In other
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TABLE 3. SSP-TS coefficients of SDIMSIMs with p =r =5 =15 and g = 5,4 together with those for
SSP-TS TDRK methods with p =5 =5 and ¢ = 2.

K 0.1 0.2 0.3 0.5 1.0 1.5 1.6 1.8 2.0

TS-SDIMSIMss 046 0.83 119 188 281 329 332 334 335
TS-SDIMSIMs, 051 092  1.23 194 287 336 341 346 347
TS-TDRKjs; 038 074 1.09 169 293 381 38 3.8 390

TABLE 4. SSP-TS coefficients of SDIMSIMs with p =r =5 =6 and ¢ = 6,5 together with those for
SSP-TS TDRK methods with p = s =6 and g = 2.

K 0.1 0.2 0.3 0.5 1.0 1.5 1.6 1.8 2.0

TS-SDIMSIMg  0.64  0.81  1.21 143 287 321 328 335 3.36
TS-SDIMSIMes 087  1.07 134 158 292 332 338 340 342
TS-TDRKG¢, 0.294 0.516 0.673 0904 152 200 - - 219

TABLE 5. SSP-TS coefficients of SDIMSIMs withp = r=s=7,8 and ¢ = 7,6.

K 0.1 0.2 0.3 0.5 1.0 1.5 1.6 1.8 2.0

TS-SDIMSIM7;  0.69 098 128 163 290 315 3.17 319 322
TS-SDIMSIM7  0.74  1.02 131 176 3.10 334 345 348 348
TS-SDIMSIMg; 042 079 1.07 125 159 174 182 183 185

words, for a given order p, the SSP coefficient of the method decreases as the stage
order increases. In the case of order four, from Table 2, one can see that for K < 1, the
SSP coefficients are greater than those of the SSP-TS TDRK methods with stage order
q =2, for K =1, the SSP coefficient of SSP-TS SDIMSIMs with g = p is close to
that of the SSP-TS TDRK method but those for SSP-TS SDIMSIMs with g = p — 1 are
greater; but for K > 1, SSP-TS SDIMSIMs have smaller SSP coefficients than those for
the SSP-TS TDRK method. In the case of order five, the SSP coefficients of the optimal
SSP-TS SDIMSIMs for K > 1 are smaller than those of the SSP-TS TDRK with the
same order and stage order ¢ = 2. For p = 6, the optimal SSP-TS SDIMSIMs for g = p
and g = p — 1, we found that the all SSP-TS SDIMSIMs have larger SSP coefficients
than those of the corresponding SSP-TS TDRK methods for each K. As a matter of
fact, for a given order p, SSP coefficients for low stage order methods have larger SSP
coefficients than those of the corresponding high stage order methods. Along with this
fact, we expect that SSP-TS SDIMSIMs with low stage order, g < p — 2, provide even
larger SSP coefficients than those reported here. Although it is possible to find such
methods, these require different order and stage order conditions stated in this paper,
and so we only focus on constructing SSP-TS SDIMSIMs with stage order ¢ = p and
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TABLE 6. Effective SSP coefficients of the SSP-TS SDIMSIMs up to p =8 and g =p and g =p — 1,
compared with the SD-SDIMSIMs in [34] and TS-SGLMs in [16]. The used value for K is \/5/2 for the
methods from [34] and K = 1 for the proposed methods in this work and the methods from [16].

TS-SDIMSIM,,,  SD-SDIMSIM,,, Improvement TS-SGLM,, Improvement

0.773 0.637 21% - -
0.793 - - 0.75 6%
0.66 0.421 57% - -
0.685 - - 0.603 0.14%
0.562 - - - -
0.574 - - 0.546 5%
0.478 - - - -
0.485 - - 0.182 167%
0.415 - - - -
0.443 - - - -
0.197 - - - -

[ RN BN e Nle N, B, I NI N OS IOS E S
N AU RN W RN W R

q = p — 1. In the case of the methods with p = g = r = s, after an extensive search,
we were not able to find SSP-TS SDIMSIMs with p = 8. For a single value of K,
chosen by K = 1, the effective SSP coefficient C for the proposed methods are listed
in Table 6, using the notation TS-SDIMSIM,,,. For the sake of comparison, we have
also listed the effective SSP coefficient Ceg for SSP methods investigated in [34], and
[16] using the notation SD-SDIMSIM,,, (SSP SDIMSIM based on second derivative
conditions) and TS-SGLM,,,, respectively. By Table 6, we see that the improvement in
the SSP-TS SDIMSIMs compared with the SSP-SD SDIMSIMs studied in [34] ranges
from 21% to 57%. Moreover, this table shows improvement in the range of 5% to 167%
compared with the SSP-TS SGLMs investigated in [16]. Note that in this table, dashes
indicate that such methods are not provided in [16, 34], so that there is no percentage
improvement available in the SSP coefficients.

The coefficient matrices of the constructed SSP-TS SDIMSIMs with
p=gq=r=s<7 and p=g+1=r=5=8 for K=1, used in our numerical
experiments in Section 5, have been reported in the Appendix.

5. Numerical experiments

To illustrate the verification of the convergence order and the stability properties of
the proposed methods in this work, we test our methods on several one-dimensional
numerical experiments. In what follows, we first preview our results and then present
them in more detail throughout the following subsections.

First, in Section 5.1, we are going to test our methods to verify the order of
convergence. To accomplish this study, usually an appropriate starting procedure is
required to obtain the expected order of convergence. In this paper, similar to the work
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in [34-36], to approximate the temporal derivatives, we adopt a Lax—Wendroff type
approach which uses the PDEs (1.1) to replace the temporal derivatives by the spatial
derivatives, and discretize them in space. The purpose of the tests in Section 5.2 is to
focus on the verification of the SSP properties of the proposed methods in the presence
of the shock. We consider two nonlinear scaler PDEs, inviscid Burgers equation [32]
and the Buckley-Leverett equation [33], using fifth-order finite difference WENO
method (WENOS) [30], which is not provably total variation diminishing (TVD),
for the spatial discretization. Our tests indicate that the proposed methods in this
work perform significantly better than other existing methods in the presence of the
shock, and preserve the SSP property with larger allowable time-step. In the rest of
this subsection, we turn our attention to how the SSP properties of these methods are
practically preserved, by considering the total variation of the numerical solutions.
To accomplish this, we consider two scaler PDEs: the linear advection equation and
Burger’s equation, using simple first-order spatial discretizations, which are provably
TVD over time for the first derivative. Numerical results indicate that our methods
preserve these properties as expected by the theory.

5.1. Convergence studies To show the verification of the order of convergence,
we consider a linear advection problem u, + u, = 0 with periodic boundary conditions
and initial condition uy(x) = 0.5 + 0.5 sin(x) on the spatial domain x € [0, 27]. Using
the Fourier pseudospectral differential matrix D [23] to discretize the spatial grids,
we can approximate the first derivative F ~ —u, ~ —Du and the second derivative
F, = uy = —-DF = —D*u = G without raising discretization errors. For one single value
of K = 1, in Figure 1, we have plotted the norm of global error at the final time 7 = 2.0
in double logarithmic scale. These numerical results verify that the errors decrease
with the expected theoretical orders. This illustrates that using the Lax—Wendroff type
approach to approximate the temporal derivative does not influence the accuracy of
the methods.

5.2. Monotonicity studies In this subsection, we are going to verify the SSP
properties of the constructed methods in the presence of the shock. To do this, we
present some numerical experiments in conjunction with the WENOS to discretize
the spatial grids, along with the results obtained using the fourth-order SSP-SD
SDIMSIM investigated by Moradi et al. [34] and the SSP-TS TDRK method of order
p =s =4 and stage order g = 2 studied by Grant et al. [22]. Here, after computing
the approximation of u], that is, u} = —f(u"), by a WENOS finite difference, to
approximate u, at the point (x;, #,), we use the following fourth-order central difference
formula

1
Uj = _E(g;_z - 88}1_1 + 88}11 - 87+2),
so that the calculation of second derivative functions does not lead to additional cost.

Here gj’} = f/(u]f’)u]’.f ,»and u; and u}’ , are the approximation of u at the points (x;, £,).
We consider the following problems.
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FIGURE 1. Order verification for SSP-TS SDIMSIM,,, of order p = r = s and stage order ¢ = p and
g=p— 1 with K = 1 and grid refinement in time.

PROBLEM 1 (One-dimensional inviscid Burgers equation [32]). We consider the
following one-dimensional inviscid Burgers equation
Ou(x, t 0
oux. 9

1 2
| — = < < X <t< If

(1) Smooth initial data.
We consider the initial condition u(x,0) = 1/2 — (1/4)sin(rx), and periodic
boundary conditions u(0,7) = u(X,t) with X =2.0 and 0 <t < Ty. Taking a
variable time-step At = CFL(Ax/ max;|u(x;)|) with CFL=1.75 (N, = 26), we run
the simulation up to 7y = 2.0.

(2) Discontinuous initial data.
In this problem, we set the initial condition as

1 if0.18<x<044
0 otherwise,

u(x,0) = {
and periodic boundary conditions u(0, 1) = u(X, 1), with X = 1.0 and 0 < ¢ < T}.

Using a variable time-step At = CFL(Ax/ max;|u(x;)|) with CFL=2.2 (N, = 10),
and a resolution of N = 100 points, we run the simulation up to 7y = 0.23.
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FIGURE 2. Numerical results of different SSP methods for Problem 1 with smooth solution at 7y = 2.0

and N = 80.
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FIGURE 3. Numerical results of different SSP methods for Problem 1 with discontinuous solution at
T; = 0.23.

PROBLEM 2 (Buckley—Leverett equation [33]). The flux for the Buckley—Leverett
equation
% + aa—x(d)(u(x,t))) =0, -1<x<1, 0<£t<Ty,

is given by

4u?
4u? + (1 —u)?’
with discontinuous initial condition u(x,0) = 1 in [—0.5, 0] and u(x, 0) = 0 elsewhere,
and periodic boundary conditions u(=1, 1) = u(1,1), 0 <t < Tr. We run this simulation
using a constant time-step At = CFL(Ax/ max;|u(x;)|) with CFL=0.9 (N, = 18) and a
resolution of N = 80 points.

In Figures 2, 3 and 4, we have plotted the obtained results by the SSP-TS SDIMSIM
of order p = 4. Moreover, to show the efficiency of the proposed methods, we have
also plotted the numerical results of the SSP-TS SDIMSIM,,, with p = g =4, and
the SSP-TS TDRK,,, method with order p = 4 and stage order g = 2, using the same
temporal stepsize At for all the methods. From the numerical results presented in

du) =
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FIGURE 4. Numerical results of different SSP methods for Problem 2 with discontinuous solution at

Figures 2, 3 and 4, we observe that the SSP-TS SDIMSIM,4 in the presence of shock,
performs better and does not generate the spurious oscillations.

PROBLEM 3 (Euler systems). In this test, we assess the performance of SSP-TS
SDIMSIMy4 used in conjunction with the approximate Riemann problem. We consider
four Riemann initial conditions for the one-dimensional Euler equations for ideal gases
with y = 1.4. These cases are considered to show some typical wave behaviours from
the solution of the Riemann problem [43]. The one-dimensional Euler equations [39]
are a nonlinear system of hyperbolic conservation laws defined by

U +FU),=0,
with
U" = (p.pv.E),
F(U) = (pv,pv* +p,W(E +p))".

Here p, E, v and p stand for the density, the total energy, the velocity and the pressure,
respectively, related to the total energy

P [P
E= + = .
o 2p(V)

Table 7 gives the data for all four tests. In all cases, data consist of two constant states
Up = [pr.ve,pr]” and Uk = [ pr. v, Pr]”, separated by a discontinuity. We run this
simulation using a variable time-step At = CFL(Ax/ max;|u(x;)|) and a resolution of
N = 100 points.

In Figures 5, 6, 7 and 8, we have plotted the numerical results for the density
obtained by the SSP-TS SDIMSIM of order p = 4, together with that for SSP-SD
SDIMSIM,,, with p = g = 4, and the SSP-TS TDRK,, method with order p = 4 and
stage order g = 2, using the same temporal stepsize At for all the methods. These
figures show that there are no shocks, and capture the profile of the wave interaction
without spurious oscillations.
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TABLE 7. Data for four Riemann problem tests.

Test PL 173 PL PR VR Pr CFL 7}?
1 1.0 0.0 1.0 0.125 0.0 0.1 .5 025
2 0.445 0.698 3.528 0.5 0.0 0.571 23 015
3 1.0 0.0 1000.0 1.0 0.0 0.01 1.75 0.012
4 599924 19.5975 460.894 5.99242 -6.19633 46.0950 1.5 0.035
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0 01 02 03 04 05 06 07 08 09 1 0.1 02 03 04 05 06 07 08 09 1
X X

FIGURE 5. Numerical results for Problem 3, test 1 (Sod’s problem), obtained by SSP-TS SDIMSIMu4,
SSP-SD SDIMSIMy4 and SSP-TS TDRKy,.
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FIGURE 6. Numerical results for Problem 3, test 2 (Lax’s problem), obtained by SSP-TS SDIMSIMu4,
SSP-SD SDIMSIMy4 and SSP-TS TDRKy,.

PROBLEM 4 (The interacting blast waves problem). The considered problem is the
Euler equation with the initial conditions

(1,0,1000) if0<x<0.1
(o,v,p) =1(1,0,0.01) if0.1 <x<1,
(1,0,100)  otherwise.
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FIGURE 7. Numerical results for Problem 3, test 3, obtained by SSP-TS SDIMSIM44, SSP-SD
SDIMSIMy4 and SSP-TS TDRKjy,.
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FIGURE 8. Numerical results for Problem 3, test 4, obtained by SSP-TS SDIMSIMy4, SSP-SD
SDIMSIMy4 and SSP-TS TDRKy,.

As in the previous problems, we run this simulation using a variable time-step
At = CFL(Ax/ max; |u(x;)|) with CFL=0.6 and a resolution of N =400 points until
t = 0.038. In Figure 9, the numerical results for the density obtained by the SSP-TS
SDIMSIM of order p = 4 together with that for SSP-SD SDIMSIM,,, with p = g = 4,
and the SSP-TS TDRK,,, method with order p = 4 and stage order ¢ = 2 have been
plotted, using the same temporal stepsize At for all the methods. From this figure, we
observe that the proposed method in this work outperforms the two other methods. O

To verify the SSP properties of the proposed schemes in the presence of the shock,
we consider the maximal observed rise in total variation over each step defined by

max (||u(t,, )|y — [lu(t.—1, ll7v). (5.1
1<n<N,

We are looking for the time-step Afps, or the SSP coefficient C°% = Atyps/Atpg, at
which this rise becomes evident and exceeds 10710,

https://doi.org/10.1017/51446181122000128 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181122000128

284 A. Moradi, A. Abdi and G. Hojjati [21]

7 T 7
6 6
— Exact Solution —— Exact Solution
51 —o— SSP-TS SDIMSIM, 5/ —«— SSP-TS SDIMSIM,,
5 4| — SSP-SDSDIMSIM,, 54| — SSP-TSTDRK,,
= k7]
5 ]
o3 o 3F
2 ol
1 1r
0 T n n n n w L L ) L O T n n n n L L L L
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
X X

FIGURE 9. Numerical results for Problem 4 obtained by SSP-TS SDIMSIM,4, SSP-SD SDIMSIMy4 and
SSP-TS TDRK4;.

To show the sharpness of the SSP time-step, we monitor the maximal rise in the
total variation. For this, we consider a linear advection problem

u; —u, =0,
and the nonlinear Burgers equation
1,2
ur + (iu )x =0,

with x € [0, 1], periodic boundary conditions and the initial condition

1 ifl<x<d
uo(x) = ¢ ? (5.2)

0 otherwise.
As in [22], using a first-order spatial discretization results in approximations for the

first and second derivatives of the solution which, in the case of the linear advection
equation, are given by

n _ . n
Ui 1
Ax

u s =2ul  +u
N Jt2 j+1 i
G(u )j - A)C2 ~ uxx(xj)’

F(u"); = Uy (X)),

and for Burgers equation, are given by

n n

n ‘]; ‘];_1
F@"); = A = f(u)(x)),

J W)F ") = f i JF(u")j- ’
A)C ~ (f (u)f(u)x)x(xj)-

To compare the efficiency of the derived time-stepping methods, we use a time-step
At = AAx where A varies from A = 0.05 until beyond breaching the TVD property (that
is, 0.05 < A < 3.5). For a grid size Ax = 1/600, the maximal rise in total variation

Gu"); =
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FIGURE 10. Maximal rise in total variation (5.1) as a function of the CFL number for linear advection on
the left and for Burgers equation on the right.

TABLE 8. Comparison of the observed and theoretical value of SSP coefficients for linear advection and

Burgers equation.

Method Predicted C Observed C
Linear advection Burgers equation

SSP-TS SDIMSIM3; 2.32 2.32 2.41
SSP-TS SDIMSIM3, 2.38 2.51 2.61
SSP-TS SDIMSIMu4 2.64 2.64 2.95
SSP-TS SDIMSIMu3 2.74 2.98 3.06
SSP-TS SDIMSIMss 2.81 2.81 2.92
SSP-TS SDIMSIMs4 2.87 3.12 3.38
SSP-TS SDIMSIMgg 2.87 2.87 3.05
SSP-TS SDIMSIMgs 2.92 3.24 3.37
SSP-TS SDIMSIM7, 2.90 2.90 3.21
SSP-TS SDIMSIM7 3.10 3.34 3.44
SSP-TS SDIMSIMg; 1.59 1.84 1.93

(5.1) is plotted in Figure 10 for a selection of time-stepping methods. The point where
the maximal rise in total variation exceeds 107 is defined as the observed SSP
coefficient C°*. The expected and observed values of the SSP coefficients are listed
in Table 8. The results from the linear advection problem show how well the observed

SSP coefficient C3* matches the predicted SSP coefficient Cl}?d for the methods with

p=q=r=suptoorderp =7.

6. Conclusions

In this paper, we introduced a formulation based on the forward Euler and Taylor
series conditions to extend the SSP framework to SSP SGLMs, which not only
increases our flexibility in the choice of spatial discretizations, but also leads to larger
SSP coefficients than those of the methods studied by Moradi et al. [34] and Ditkowski
et al. [16]. Within this new pair of base conditions, SSP methods in the class of
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SDIMSIMs, called “SSP-TS transformed SDIMSIMs,” were studied, and examples of
such methods with the abscissa vector —1 < ¢ < 1 up to order p = 8 were determined.
Finally, the proposed methods were examined on some one-dimensional linear and
nonlinear problems conforming the capability of derived methods, the verification of

theoretical order and potential of such schemes in solving PDEs and sharpness of the
SSP time-steps.

Appendix
The coefficient matrices of the constructed SSP-TS SDIMSIMs
1. SSP-TS SDIMSIM3;
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0 0.0091736086 0 0.1104479186 0 0 0 0

0 0.0004744032 0 0.0000490801 0 0 0.1056970619  0.03318154915

0 0.1147325272  0.1122074193  0.0375795204 0 0 0.0400064074  0.0125592382

0 0.0017139035  0.0000011427 ~ 0.0000003827 0 0 0.0000004074  0.1015048077
0.1948458836  0.3369733217  0.0359645382  0.0464338113 0 0 0.0409186450  0.0169747572

0.0064808646  0.3640663649  0.0138221499  0.0563355874  0.2254137439  0.1779184837  0.0403530063  0.0139338929
0.0003782503  1.4015034834  0.0000699939  0.0310284031  0.3529749718  0.8403921765  0.0601405205  0.0240022856
0.1926952813  1.0272027602  0.0129027016  0.0455412252  0.1462798032  0.5818706839  0.0395704272  0.0201233415

0.0184787995  0.2705727866  0.0048881883  0.0135954459  0.0665923957  0.1254523185  0.0154113814  0.0060133760
0 0 0 0 0 0 0 0
0.1462446947  2.1413639183  0.0386860417  0.1075969157  0.5270247436  0.9928532416  0.1219685706  0.0475909886
0.5279437278  7.7303293068  0.1396567108  0.3884251450  1.9025606930  3.5842027811  0.4403068566  0.1718035924
0.0147255149  0.2156159331  0.0038953337  0.0108340339  0.0530666137  0.0999713203  0.0122811293  0.0047919811  |”
0.0007238676  0.0105991129  0.0001914844  0.0005325726  0.0026086153  0.0049143275  0.0006037081  0.0002355612
0.3710900310  5.4336248191  0.0981642748  0.2730228461  1.3373040903  2.5193251691  0.3094903424  0.1207602195
0.5744532388  8.4113371806  0.1519598503  0.4226436849  2.0701678881  3.8999552178  0.4790959463  0.1869387302

0.3169046293  —-0.0624631453  0.0073573488  —0.0058606830  0.0047136483  —-0.0019803415  0.0004655098  —0.0000319171  0.1045502478
0 0 0 0 0 0 0 0 0

2.5080428352  0.0731731474 0.1983823136  —0.0482405607  0.0012735643  0.0004839542  0.0000812276  0.0000075604  0.8275668281
9.0540411491  2.0929410020  0.2419031439  0.0186395224 0.0010771826  0.0000498005  0.0000019187  0.0000000634  2.9876705936
0.2525371757  -0.0810176178  0.0505730911 ~ —0.0135538343  0.0017501218 0.0001143595  —0.0000216526  —0.0000581930  0.0833743771
0.0124140642  —0.0082852813  0.0030464367  —0.0002292075  -0.0005315179  0.0004135018 ~ —0.0001903133  0.0000662444  0.0040774981
6.3640578232  1.2333933570  —1.0120420107  0.3090839217  —0.0664770940  0.0112931616 ~ —0.0015970467  0.0001934641  2.1000264167
9.8516621905  —8.3542032894  3.5419854417  —1.0012137725  0.2122442526  —0.0359969521  0.0050873037  —0.0006162890  3.2509682925
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