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ON EQUIVALENCE RELATIONS INDUCED BY POLISH
GROUPS ADMITTING COMPATIBLE TWO-SIDED
INVARIANT METRICS

LONGYUN DING AND YANG ZHENG

ABSTRACT. Given a Polish group G, let E(G) be the right coset e-
quivalence relation G* /¢(G), where ¢(G) is the group of all convergent
sequences in G. We first established two results:

(1) Let G, H be two Polish groups. If H is TSI but G is not, then
E(G) £ E(H).

(2) Let G be a Polish group. Then the following are equivalent: (a)
G is TSI non-archimedean; (b)E(G) <p Ey; and (c) E(G) <p
R¥/co. In particular, E(G) ~p E§ iff G is TSI uncountable non-
archimedean.

A critical theorem presented in this article is as follows: Let G be a
TSI Polish group, and let H be a closed subgroup of the product of a
sequence of TSI strongly NSS Polish groups. If E(G) <p E(H), then
there exists a continuous homomorphism S : Go — H such that ker(S5) is
non-archimedean, where Gy is the connected component of the identity
of G. The converse holds if G is connected, S(G) is closed in H, and
the interval [0, 1] can be embedded into H.

As its applications, we prove several Rigid theorems for TSI Lie
groups, locally compact Polish groups, separable Banach spaces, and
separable Fréchet spaces, respectively.

1. INTRODUCTION

In recent years, logicians have achieved remarkable research outcomes in
descriptive set theory, specifically in the investigation of the relative com-
plexity among equivalence relations originating from various branches of
mathematics, utilizing Borel reducibility. Polish groups and their actions
play a crucial role in this research direction. Concurrently, researchers also
aim to employ Borel reducibility among equivalence relations to characterize
the properties of Polish groups.

The authors introduced in [5] the notion of equivalence relations induced
by Polish groups: given a Polish group G, the equivalence relation E(G) is
defined on G¥ as:

tE(G)y <= limz(n)y(n)~" converges in G,
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for z,y € G¥. These equivalence relations have shown great potential in
characterizing properties of Polish groups. In fact, based on the results on
Borel reducibility involving the equivalence relation E(G), we can accurately
determine the classes to which certain Polish groups G belong. For instance,
(1) G is countable discrete iff E(G) ~p Ep; (2) G is non-archimedean iff
E(G) <p=T; and (3) if H is CLI but G is not, then E(G) «p E(H)
(see [5]). Additionally, the authors further established results in [6] on Borel
reducibility among equivalence relations induced by locally compact abelian
Polish groups, including a Rigid Theorem:

Theorem 1.1 (Rigid Theorem, [6, Theorem 2.8]). Let G be a compact
connected abelian Polish group and H a locally compact abelian Polish group.
Then E(G) <p E(H) iff there is a continuous homomorphism S : G — H
such that ker(S) is non-archimedean.

In this article, we shift our focus to TSI Polish groups, i.e., those that
admit compatible complete two-sided invariant metrics. Firstly, the Borel
reducibility among equivalence relations induced by Polish groups can ac-
curately distinguish non-TSI and TSI Polish groups. Actually, we have
concluded that:

Theorem 1.2. Let G, H be two Polish groups. If H is TSI but G is not,
then E(G) £ E(H).

To elucidate the research significance of equivalence relations induced by
Polish groups, we compare them with benchmark equivalence relations such
as Eo, By, R /cy, etc. (definitions of these benchmark equivalence relations
can be found in the next section).

Surprisingly, we prove that there is NO Polish group G such that

ESJ <B E(G) <pB RW/CO.

In stark contrast, Farah proved that the partially ordered set P(w)/Fin can
be embedded into Borel equivalence relations between Ef and R“ /c¢q (see [7,
Theorem 5.4]).

The above results stem from the following more precise theorem.

Theorem 1.3. Let G be a Polish group. Then the following are equivalent:

(1) G is TSI non-archimedean;
(2) E(G) <p Ej§; and
(3) E(G) <pR¥/cy.

In particular, E(G) ~p E§ iff G is TSI uncountable non-archimedean.

To generalize the Rigid Theorem for locally compact abelian Polish groups
mentioned above, we shall first generalize [5, Theorem 6.13] to a highly tech-
nical theorem, namely the Pre-rigid Theorem (the statement of this theorem
is too lengthy to include in the introduction). The Pre-rigid Theorem and
all its applications involve a notion named strongly NSS Polish groups. A
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Polish group G is called strongly NSS if there exists an open neighborhood
V of 1¢ in G such that

V(gn) € G¥(gn » lg=3no < -+ <Nk (Gng - Gnp € V))-

We employ the Pre-rigid Theorem to prove the following theorem, where
G is the connected component of 1 in G.

Theorem 1.4. Let G be a TSI Polish group, and let H be a closed subgroup
of the product of a sequence of TSI strongly NSS Polish groups. If E(G) <p
E(H), then there exists a continuous homomorphism S : W — H such that
ker(S) is mon-archimedean, where W 2O Gq is a countable intersection of
clopen subgroups in G.

Moreover, the converse holds if G = W, S(G) is closed in H, and the
interval [0,1] can be embedded into H.

Several applications of the Pre-rigid Theorem and the above theorem are
listed below.

Theorem 1.5. Let G be a TSI Polish group, and let H be a closed subgroup
of the product of a sequence of TSI strongly NSS Polish groups. If H is
totally disconnected but G is not, then E(G) £p E(H).

Recall that a Lie group is a group which is also a smooth manifold such
that the group operations are smooth functions. Let G be a Lie group, then
Gy is an open normal subgroup of G. A completely metrizable topological
group G is called a pro-Lie group if every open neighborhood of 14 contains
a normal subgroup N such that G/N is a Lie group (see [9, Definition 1}).

Theorem 1.6. Let G, H be two TSI Polish groups such that H is a pro-Lie
group. If E(G) <p E(H), then there exists a continuous homomorphism
S : Go — H such that ker(S) is non-archimedean.

Moreover, the converse holds if G is connected and S(G) is closed in H.

The following theorem is a generalization of Theorem 1.1. It should be
emphasized that all locally compact TSI groups are pro-Lie groups.

Theorem 1.7 (Rigid Theorem for locally compact TSI groups). Let G be
a locally compact connected TSI Polish group and H o TSI pro-Lie Polish
group. Then E(G) <p E(H) iff there exists a continuous homomorphism
S : G — H such that ker(S) is non-archimedean.

Note that a topological group G is a Lie group iff it is locally compact
and there exists an open neighborhood V' of 14 in G such that no non-trivial
subgroup of G is contained in V. This leads to a positive answer to Question
7.4 of [5] as follows:

Theorem 1.8 (Rigid Theorem for TSI Lie groups). Let G, H be two sep-
arable TSI Lie groups such that G is connected. Then E(G) <p E(H) iff
there exists a continuous locally injective homomorphism S : G — H.
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All separable Fréchet spaces, i.e., separable completely metrizable topo-
logical vector spaces, can be viewed as abelian Polish groups under the
addition operation.

Theorem 1.9 (Rigid Theorem for Fréchet spaces). Let X,Y be two sep-
arable Fréchet spaces such that Y is a closed subgroup of the product of a
sequence of TSI strongly NSS Polish groups. Then E(X) <p E(Y) iff X is
topologically isomorphic to a closed linear subspace of Y .

All Banach spaces are Fréchet spaces. We point out that a separable
Banach space X is not strongly NSS iff it has a closed linear subspace
topologically isomorphic to cg. This implies that:

Theorem 1.10 (Rigid Theorem for Banach spaces). Let X,Y be two sep-
arable Banach spaces such that'Y contains no closed linear subspaces topo-
logically isomorphic to co. Then E(X) <p E(Y) iff X is topologically iso-
morphic to a closed linear subspace of Y .

In addition, we attempt to study some examples induced by totally dis-
connected TSI Polish groups. For p € [1,+00) and a € ¢, let

I,={ncw:a(n)#0}, Ap.={vel,:Vn(v(n) € a(n)z)}.

If I, is infinite, then A, , is a totally disconnected, strongly NSS abelian
Polish group, but is not non-archimedean. In particular, we let d(n) = 27",
and define
Ay =A,a={vel,:Vn(v(n) € 27"Z)}.

Theorem 1.11. For p,q € [1,+00) and a € ¢y, the following hold:

(1) if 1, is a nonempty finite set, then E(Apq) ~p Eo;

(2) if 1, is infinite, then E(Apq) ~ E(Ap);

(3) E(Ap) < E(lp);

(4) E(Ap) <p E(ly) <= p=g¢; and

(5) E(4p) <B E(Aq) <= p=2q.

This article is organized as follows. In section 2, we recall some notions
in descriptive set theory and also recall some notions and results originated
from [5] that will be repeatedly used in this article. In section 3, we prove
Theorem 1.2. It is worth noting that some notation defined in this section
will continue to be used in Section 5. In section 4, we prove Theorem 1.3. In
section 5, we prove the Pre-rigid Theorem, which will serve as the founda-
tion for the subsequent sections. In section 6, we prove theorems 1.4-1.10.
Finally, in section 7, we prove Theorem 1.11.

2. PRELIMINARIES

In this article, all groups are assumed to contain at least two elements.
Any linear space can be viewed as an abelian group. The addition operation
in it, as well as in all its subgroups, is denoted by +, and its identity element
is denoted by 0. Unless otherwise specified, for any abstract topological
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group GG, we use multiplicative notation to express the group operation, and
1¢ to express the identity element of G.

Given a topological group G, the connected component of 14 is denoted
by Gg, which is clearly a closed normal subgroup of G. Note that G is totally
disconnected iff Gy = {1g}. It is worth noting that any open subgroup H
of G is also closed, since H = G\ {gH : g ¢ H}.

A topological space is Polish if it is separable and completely metrizable.
For further details in descriptive set theory, we refer to [13]. We say a
topological group is Polish if its topology is Polish. Consider a Polish group
G and a Polish space X. A continuous action of G on X, denoted by G ~ X,
is a continuous map a : G x X — X which satisfies that a(lg,z) = = and
a(gh,z) = a(g,a(h,z)) for g,h € G and x € X. For brevity, we write gz in
place of a(g,x). The orbit equivalence relation Eé is defined as

tESy <= 3g€ G (g =1).

A Polish group is non-archimedean if it has a neighborhood basis of the
identity element consisting of open subgroups. A metric d on a group G is
left-invariant if d(gh, gk) = d(h, k) for all g, h,k € G; we also define right-
invariant metric similarly. We say that d is two-sided invariant if it is both
left-invariant and right-invariant. The Birkhoff-Kakutani theorem asserts
that every metrizable topological group admits a compatible left-invariant
metric (see [8, Theorem 2.1.1]). We say a Polish group G is CLI if it admits
a compatible complete left-invariant metric; and say G is TSI if it admits
a compatible two-sided invariant metric. A compatible two-sided invariant
metric on a Polish group is necessarily complete (see [8, Corollary 2.2.2]).
Clearly, every TSI Polish group is also CLI. All compact or abelian Polish
groups are TSI, and all locally compact Polish groups are CLI (see exercises
2.1.8 and 2.2.5 of [§]).

Given two equivalence relations E and F' on two sets X and Y respectively,
we say amap f: X — Y is an (E, F))-homomorphism if

By = f(z)Ff(y)
for any z,y € X. Moreover, f is called a reduction of E to F if
rEy < f(z)F [f(y)

for all z,y € X. In particular, if both X,Y are Polish spaces, we say E is
Borel reducible to F', denoted by E <pg F, if there exists a Borel reduction
of Eto F. We write £ ~g F if both F <p F and F <g F hold; and write
E <p Fif E<p F and F £p E. We refer to (8] for background on Borel
reducibility.

We recall some benchmark equivalence relations in the research of Borel
reducibility. The equivalence relation Ey on 2“ is defined as

zEyy <= ImVn > m(z(n) =y(n)).
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If F is an equivalence relation on a Polish space X, we define an equivalence
relation E% on X“ as
The equivalence relation R“ /¢y on R“ is defined as
zRY Jepy — 1171511:17(71) —y(n)=0.
Now we recall the definition of equivalence relations induced by Polish

groups as below, and list some relevant notions and results that will be
repeatedly used throughout the rest of this article.

Definition 2.1 ([5, Definition 3.1]). Let G be a Polish group. We define an
equivalence relation E(G) on G¥ as: for x,y € G¥,

rE(G)y <= limz(n)y(n)~" converges.
We say E(G) is the equivalence relation induced by G. Moreover, we define
¢(G) = {z € G¥ : lim,, x(n) converges}. Then we have
tE(GQ)y <= zy ' €¢(G) <= c(G)x = c(Q)y.

For TSI Polish groups G, it is more convenient to take the following E,(G)
as research object than E(G).

Definition 2.2 ([5, Definition 6.1]). Let G be a Polish group. We define an
equivalence relation F,(G) on G¥ as: for x,y € G¥,

2E Gy <— liﬁn z(0)z(1)...z(n)y(n)~t.. . y(1)"1y(0)~! converges.

It is trivial that E(G) ~p E«(G) (see [6, Proposition 2.2]). In this article,
we will use these two equivalence relations interchangeably without further
explanation.

For brevity, we define

—1. -1

(@, y)|m = x(m)---2z(n)y(n)~" - y(m)
for z,y € G* and m < n. It is clear that

zE(G)y <= lim(z,y)|y converges.
n

Let G be a TSI Polish group and d a compatible complete two-sided
invariant metric on G. Define for the sake of brevity

d(:B, y)|[m,n+1) = d(.’IJ, y)‘[m,n] = d(m(m) s x(n)a y(m) s y(n))
for z,y € G* and m < n. Clearly, we have d(z,y)|(m.n = d(1a; (2, y)]7,)-

Proposition 2.3 ([5, Proposition 3.4]). Let G, H be two Polish groups. If G
is topologically isomorphic to a closed subgroup of H, then E(G) <p E(H).

Lemma 2.4 ([5, Lemma 6.2]). Let G be a TSI Polish group, d a compatible
complete two-sided invariant metric on G.
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(1) For go, -+ ,gn,ho, -+ ,hn € G, we have
d(go - gnrho- - hy) =d(go- - gnhy ' - hg 'L 1) SZ (9K, hi)-
k=0

(2) For z,y € G, we have

2E Gy — hm sup d(z,Y)|(m,n) = 0

n>m
(3) Forz,y € GY, if tE.(Q)y, then lim, d(z(n),y(n)) = 0.

Now we recall the notion of additive reduction and a powerful lemma
which converts a Borel reduction to an additive reduction.

Definition 2.5 (Farah [7]). (1) Amap ¢ : [[,, Xn — [, X}, is additive
if there exist 0 = lp < I3 < --- < l; < --- and maps Tj : X; —
Hne[lj,le) X, such that, for z € [],, X,

Y(x) = To(z(0))"T1(x(1)" Ta(z(2))”

(2) Let E and F be two equivalence relations on [], X, and [],, X},
respectively, we say that E is additive reducible to F', denote by
E <4 F, if there exists an additive reduction of F to F'.

Let E be an equivalence relation on [], X, and let I C w be infinite.
Fix an element w € HMH Xn. For o € [[,c; Xn, define z ®w € [[,, X, as:
(x ®w)(n) =x(n) for n € I and (x ® w)(n) = w(n) for n ¢ I. We define
E|Y on [[,e; Xn as: for z,y € [[, o7 Xn,

2E|fy <= (x ®w)E(y ® w).
Let (F,) be a sequence of finite sets. A special equivalence relation
Eo(I1, Fr) defined as: for =,y € [[,, Fn,
:L‘Eo(H F,)y < ImVn >m(z(n)=y(n)).

Lemma 2.6 ([5, Lemma 6.9]). Let E be a Borel equivalence relation on
[L, Fn with Eo([L, Frn) € E, where all F, are finite sets. Let H be a TSI
Polish group. If E <p E.(H), then there exist an infinite set I C w and a
w € [[,gr Frn such that E|f <a E.(H). In other words, there are natural
numbers 0 =ng <ni <ng < --- withl ={nj:jew}, 0= <l <l <
-, maps Ty, Fy, — Hi+17l and ¢ : [],,e; Fo = HY with

(@) = Ty (2(n0)) " Ty (2(n1)) " Ty (2(n2)) " - -,
such that v is an additive reduction of E|{ to E.(H).

The following notions and results are not directly presented in [5], but
ideas of them have already appeared in it.
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Definition 2.7. Given two sets X,Y and amap S : X — Y, we define two
maps S¥ : X¥ - Y% and S7 : X¥ - Y* x X% as: for z € X* and n € w,

§%(x)(n) = S(z(n)),
§*(x) = (8°(2), 2).

For any metric space (M, d), recall that E(M;0) is an equivalence relation
on M* (see [3, Definition 3.2]) defined as: for z,y € M“,

xE(M;0)y <— liind(x(n),y(n)) =0.

Note that, for any Polish group G, the equivalence relation E(G;0) is in-
dependent of any choice of left-invariant compatible metric d on G, since
d(z(n),y(n)) — 0 iff z(n) " ty(n) — 1g.

Proposition 2.8. Let G, H be two TSI Polish groups, and let S : G — H.
Then the following are equivalent:

(1) For all z,y € G¥, if lim, x(n)"ty(n) = 1g, then
PE(G)y = 5°(x)B.(H)S*(y).
(2) S7 is a reduction of E(G) to E.(H) x E(G;0).
Proof. This is an easy corollary of Lemma 2.4(3). O

Lemma 2.9. Let G,H be two TSI Polish groups such that E.(G) <p
E.(H)xE(G;0). If the interval [0, 1] can be embedded into H, or E(G;0) <p
E(H;0) holds, then we have E,(G) <p E.(H).

Proof. By [3, Theorem 3.4(ii)], we have E(G;0) <p E(]0,1];0).

Let f : [0,1] — H be an embedding. By the uniformly continuity of f
and £ 2 f([0,1]) > [0,1], we see that E(0,1;0) ~p E(([0,1);0) <p
E(H;0). So E.(G) <p E.(H) x E(H;0).

Finally, by [5, Lemma 6.3], we obtain E,(H) x E(H;0) <p E.(H). O

3. NoN-T'ST vs TSI POLISH GROUPS

In this section, we show that we can use Borel reducibility among equiv-
alence relations induced by Polish groups to characterize the class of TSI
Polish groups.

Let G be a CLI Polish group, H a TSI Polish group. Suppose that d,
is a compatible complete left-invariant metric on G and dg is a compatible
complete two-sided invariant metric on H. Put dg(g,4¢') = dz(97", (¢') 1)
for g,¢' € G. Tt is trivial to check that dg is a compatible complete right-
invariant metric on G.

Assume that E,(G) <p E.(H). Let (F},,) be a sequence of finite subsets
of G such that

(i) 1g € Fn = F; s
(ii) F'; € Fy; and
(iii) U,, Fn is dense in G.

https://doi.org/10.1017/js1.2025.9 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.9

ON EQUIVALENCE RELATIONS INDUCED BY TSI POLISH GROUPS 9

Denote by E the restriction of E,(G) on [], F,,. By Lemma 2.6, there
exist a w € Hn¢] F,, and natural numbers 0 = ng < n; < no < --- with
I={nj:jew},0=1 <l <lp<---, maps Tn; @ Fny — Hli+174  and
Y ],er Fo — H® with

P(x) = Tng(#(n0)) " Tny (2(n1)) Ty (2(n2)) " -+,

such that v is an additive reduction of E|} to E.(H).
Put uy,, = 1¢, and for 7 > 0, let

Up, =w(nj—1+1)---w(n; —1).

J
By (i) and (ii), u;].l € F,, for each j € w.

Define xg € [[,,c; Fn as
zo(n;) = u;jl (Vj € w).

We may assume that ¢ (xg) = 1y, otherwise we can replace ¢ with the
following ¢": for x € [],c; Fn and k € w,

V' (2) (k) = ¥(20)(0) -~ (@) (k — )b (2) (k) (o) (k) ™" - ¥(20)(0) .
Clearly, (4(x), p(y))I§ = (¢'(x),¢'(y))I§, so we have
(@) E(H)p(y) <= ¢ (2)E(H)Y (y)
holds for z,y € [[,,c; Fn- Hence ¢’ is an additive reduction of E|} to E.(H)

with ¢/(zg) = 1gw, as desired.
For s = (hg,...,h_1) and t = (hy,..., k] ;) in H', we define

d5(s,t) = max dg(h;--hp, b hl).

0<i<m<l
For any integer j > 0 and g € F,,_1, it is worth noting that
ugjlg =w(n; — 1) wnj_ +1) g€ F:LL]'LI C Fy,.
Lemma 3.1. For any q € w, there exists a 4 > 0 such that
V¥n € IVg,¢' € Foo1 (da(g,9') < 8 = dif (Tu(uy ' 9), Tu(uy 'g')) < 279).

Proof. If not, then there exist an g9 > 0, a strictly increasing sequence (j),
and g, g;, € Iy, —1 for each k, such that

dG’(gkmg;c) < 2_(k+1)a d?[o(Tn]k (u;jlkgk)v Tnjk (u_l g;c)) > €0-

Since d¢ is right-invariant, we have limy, g;, gk_1 = 1g. We shall inductively
find a strictly increasing sequence of natural numbers kg < k; < --- so that

/ / —1 -1 7 /-1 —1 —
dG(gkO...gkp_lgkp_l gko 7gk‘0‘..gkpgkp gko ) < 2 p
for each integer p > 0. Put ko = 0 first. Assume that ko, ..., k,—1 have been

found. By the continuity of group operations, there is some § > 0 such that,
for g,¢' € G with dg(1g,9'g™!) < 8, we have

1 1 -1 -1 -1 -
A9y Gy 16T Iy s Gho " Gy 99 G Gy ) < 27F
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Then we can find a k, > k,_ large enough so that dg(1g, gfﬁp g,;pl) < 4. This
completes the induction. It follows that, for m > p, we have

m
/ / —1 -1 7 / —1 —1 3 _
dG(gk‘O.”gkpgk‘p gk() ’gkogk‘mgkmgk‘o ) < Z 2 2 < 2 p'
i=p+1
Since d¢g is complete, we get that
: / /o —1 —1
h;n Iko """ Ik, " Ik, COMVErgES.

For each n € I, put

—1 _ -1 _
x(n) :{ Up, g;cpv n_njkp’ y(n) :{ Up, " Gkps n_njkp7

—1 . —1 o
U, ", otherwise, Uy, s otherwise.

For any n > My » let p, be the largest p such that ., < n. Note that
(z®w,y ©w)[§ =gk Ik 9 Ihy
so (z ® w)E«(G)(y ® w). But for each p € w, if k = kj, then
max  dy(¢(z),¥(y))

ljk SiSm<l]‘k+1

[i,;m] = d?{o (Tnjk (UT_LJig;ﬂ)’ Tnjk (UT_"JIIC gk)) 2 €0

So Y(z)E«(H)y(y) fails, contradicting that 1 is a reduction. O

Definition 3.2. For any g € |, Fy, if g € F, for some n < nj, then
u;].lg € Fy;, s0 Ty, (u;jlg) € H%+17l. This allows us to define

Sn;(9) = Ty (un ' 9)(0) - Ty (ur ' 9) (111 — 1 — 1) € H.
Recall that ¢(zp) = 1gw, this implies that

S0y (16) = Ty (0 )(O) - T () (ly1 — 1y — 1) = L

for all j € w. It is clear that, for g,¢" € F, with n < nj,
A11(Sny(9), Sy (9)) < A5 (To, (2 g), Ty (1 19').

Lemma 3.3. Let x,y € [[,c; Fy such that lim; dg(x(nj),y(n;)) = 0 and
x(nj),y(nj) € Fp;—1 for all j > 0. Then

Y@ )E(H)() = lim(b(a'), b(y)|§ " converges,

J

where x'(n) = u, 'x(n),y' (n) = u, y(n) for alln € I.
Proof. If (2')E.(H)y(y'), then lim,(¢(2),(y'))[5 converges. In particu-

lar, lim; (¢ (z), w(y’))\g_lconverges.
Conversely, suppose lim;(1(z'), w(y’))\g_l converges. For any ¢ € w, by
Lemma 3.1, there is a §; € w such that

V®n € IVg,q € F_1(da(g,9') < dg = d%o(Tn(u,_ng),Tn(u,_ng/)) < 279).
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Since lim; dg(z(n;),y(n;)) = 0 and z(n;),y(n;) € F,,—1 for any integer
j > 0, there exists a jy € w such that

Vi > jo (dF (T, (up (1)), Ty (ur, 1y (1)) < 279).
Then for any j,k € w with j > jo and l; < k < [j41, since dy is two-sided

invariant, we have
;-1

di ("), oG @), v IE) = du ("), vy )], u
< dg (T, (2" (n)), Tn; (4 (n)))

<279,

|éj_1, we obtain that

So by the convergency of lim; (v (z"), ¥ (y'))
ln (3 (a), () converges,
and hence (') E.(H)Y(y'). O

The following proposition may be well known. We provide a proof here
for the convenience of readers.

Proposition 3.4 (folklore). Let G be a Polish group. Then G is TSI iff for
all sequences (gp) and (g,) in G, we have

li;ngpg;7 =1lg < lillgng;gp =1g.

Proof. Suppose G is TSI, and let dg be a compatible complete two-sided in-
variant metric on G. Then we have da(1a, gp9,) = da(g, ', 9)) = da(1a, 9h9p),
so limy, gpg, = 1¢ <= lim, g,9, = 1g.

On the other hand, fix an open neighborhood basis (V) of 1. We claim
that

Yn3Im, Vg € G (gVim, g+ C Vp).
If not, there exist an ng and two sequences (g;), (hp) in G such that limy, h, =
1g, but gphpgzj1 ¢ V,, for each p € w. Put gz'g = hpgzjl. It is clear that
lim,, g9, = 1@, but g,g, + lg, which is a contradiction.

Now we put U, = UgeG 9V, 9. Note that U, C V,, for each n € w.
Therefore, (U,) is also an open neighborhood basis of 1¢ with gU,g~! = U,
for all g € G and n € w. By [8, Exercise 2.1.4], G admits a compatible
two-sided invariant metric. Hence G is TSI (see [2, Corollary 1.2.2]). O

Theorem 3.5. Let G, H be two Polish groups. If H is TSI but G is not,
then E(G) £ E(H).

Proof. Assume toward a contradiction that E(G) <p E(H). By Theorem
4.3 of [5], it suffices to consider the case that G is CLI. Let d¢ be a compatible
complete right-invariant metric on G and dpg a compatible complete two-
sided invariant metric on H.

We use the notation defined earlier in this section.

Since G is not TSI, by Proposition 3.4, there are two sequences (g;), (g;,)
of elements of G such that lim, g,g, = 1g, but g,g, + lg. Since dg is
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right-invariant, lim, da (g, 9, 1y = 0. By transferring to a subsequence, we
may assume that, there is a § > 0 such that inf, dg(1¢, gpg;,) > 0.

Since J,, I, is dense, by perturbation, we may assume that {gp, 91,» ip €
w} € UU,, Frn. By Lemma 3.1 and Definition 3.2, we can find two sequence
(p(i)) and (g(7)) of natural numbers so that

(1) 9p(0)s 9p(s) € Frgny—13
(i) du(Sn Tg(i)+1 (g;(i))van(i”l( p(i ))) <27 Z and
(ili) for each i € w, 0 < p(i) < q(7) < q(i )+1 <p(i+1).
For each n € I, define

Uy Gp(5)s 1= M) U Gp(iys = Mg
.fL'(TL) = Uy, gp(i)y = Tg(i)+1s y(n) = Uy gp(i)’ = Ng(i)+1s
urt otherwise, u ! otherwise.

For j € w, by letting b} = Sy, (un;x(n;)) and h;j = Sy, (un,y(n;)), we have
l 1 — _
(@), o))lg™ " =l Wbyt hg
For i € w and m > j > ¢q(i) + 1, it follows from (ii) and Lemma 2.4(1) that
dg (BBl by ) <Y 278 <277,

k>i
Now by Lemma 2.4(2),
l

lim(y(x), ¥ ()| ™" = limhf- - BihT - by converges.
J J

Note that lim; dg(g;(l.),gljé)) = 0. So by Lemma 3.3, we have

b(2)Ec(H)p(y),
and hence (z ® w)E«(G)(y ® w). In particular,

lim(z & w,y ® w)|gq(i)+1
(2

= lign 9p(0) gp(o) Ip(i) gp( ) converges.
Therefore, it follows that

lizm Ip(i) Ip(i) = 11?1(917(0)9;(0) " 'gp(z'fl)g;(z‘—l))71919(0)9;(0) “ o) Ip() = G-
We obtain a contradiction. O

4. A GAP BETWEEN Ef AND R¥/cgy

In this section, we prove that there is NO Polish group G satisfying that
Ef <p E(G) <p R%/cy.

To do so, we need the following notions. The author [4] defined equivalence
relations E(X, (z,)) and R“/cs. Let (z,,) be a sequence in a Banach space
X. We define an equivalence relation E (X (:Un)) on R¥ as: for any a,b € R¥,

(a,b) € E(X, (zp)) < Z ))Tn converges in X.
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The equivalence relation R“ /cs is defined as: for any a,b € R¥,

(a,b) € RY/cs <— Z(a(n) — b(n)) converges in R.

The following lemma is an easy corollary of [4, Lemma 4.2].

Lemma 4.1. Let E be a Borel equivalence relation on [, Fy, with Eo([],, Fn)
E, where all (F,,) are finite sets. If E <p R“/cy, then there exist an infinite
set I Cw and a w € [, 47 Fy such that E|f <a R¥/co.

Proof. Let e, = (0,...,(),711,0,...) for each integer n > 0. Then (e,) is
the canonical Schauder basis of ¢y. Note that E(co,(e,)) = R¥/cy. By
applying [4, Lemma 4.2] to E(cy, (ey)), we conclude the proof. O

Theorem 4.2. Let G be a Polish group. If E(G) <p R“/cy, then G is TSI
non-archimedean.

Proof. Suppose E(G) <p R¥/cy. Note that R¥/cy <p R¥/cs = E.(R)
(see [4, Theorem 5.9(i)]). By Theorem 3.5, G is also TSI. Let dg be a
compatible complete two-sided invariant metric on G. Put Vi = {g € G :
dc(1a,9) <27}

Assume for contradiction that G is not non-archimedean. Then there
is a K € w such that Vi contains no open subgroups of G. It is clear
that V, = Vk_l and | J,, V" is an open subgroup which is not contained
in V. So there exists my > 0 with V;""* ¢ Vi for each k. We can find
k05 -+ Ghymp—1 € Vi such that gro- - grme—1 ¢ Vk. Put hy = g, for
J = D iepmu + i with i < my. Then we have lim; h; = 1g. By Cauchy
Criterion,

lim hq - - - h; diverges.
J

Assume that E,(G) <p R¥/cy. Let (F,) be a sequence of finite subsets

of G such that
(i) 1g,hg € F, = Frfl;
(ii) F' { C F,; and

(iii) for n > 0,hy, € F—1.

Denote by E the restriction of E,(G) on [[,, F;,. By Lemma 4.1, there exist
an infinite set I C w and a w € Hn¢] F,, such that E|Y <4 R¥/co. So

there are natural numbers 0 = ng < n1 < ng < --- with I = {n; : j € w},
0=1lp<li <lp<---,maps Ty, : F, - Ri+17l and ¢ : [],c; Fn — R¥
with

() = Tng (x(10))" Ty (2(n1)) " Ty (x(n2)) " -+,
such that v is an additive reduction of E|} to R¥/co.
Put u,, = 1¢, and for 7 > 0, let

Unj

=w(nj—1+1)---w(n; —1).
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Assume again for contradiction that there are g > 0 and natural numbers
0<j(0)<j(l)<---<j(p) <--- such that

1 o —1
0§k<l§27?i<1_lj(p) Ty (W ) (R) = T (i) ) (R)| 2 <0

By limy, hj() = 1, we can find natural numbers pg < p; <--- <p; <--- s0
that da (1, hjp,)) < 27" for each i € w. Thus (K - - - hjpy)) is dg-Cauchy,

so lim; h “hj(p,) converges. For each n € I, put xo(n) = u, b and

J(po) * " Vi (e

Yo(n) = { U i)y = (),

T otherwise.

For any n > nj,), let i, be the largest ¢ with n;,) <n. Then

Po)>
(%0 © w, 0 B w)[g = Nype) - jp,,);

and thus (y; @ w)E.(G)(xo ® w). Note that for all i € w,

max  [Y(yp) (k) — ¥ (w0) (k)| = eo.

i) Sk<li(p)+1

So Y(yo)RY /eoip(xp) fails, which is a contradiction.
Therefore, for all € > 0, we have

2k € [0, L1 — 1) (1T, () () — Toy () ()] < ).
For each n € I, put yo(n) = u, *hj, where n = n;. Then we have
¥ (yo) R /corp(xo),
and hence (yo ® w)E«(G)(xo @ w). In particular,
li;n(yo D w,zo B W)y’ = li;n ho - - - hj converges.
This leads to a contradiction. O

Building upon previous results, we establish the following theorem.

Theorem 4.3. Let G be a Polish group. Then the following are equivalent:

(1) G is TSI non-archimedean;

(2) E(G) <p EY§; and

(3) E(G) <pR¥/¢y.
In particular, E(G) ~p E§ iff G is TSI uncountable non-archimedean.
Proof. (1) = (2) follows from [5, Theorem 3.5]. (2) = (3) follows from [8,
Lemma 8.5.3]. (3) = (1) follows from Theorem 4.2.

Again by [5, Theorem 3.5], we see that E(G) ~p EY iff G is TSI uncount-
able non-archimedean. ]

The equivalence relation R /c on R¥ is defined as

(a,b) € RY/c <= lima(n) — b(n) exists.
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Note that R¥/cog <p R¥/cs = EL(R) (see [4, Theorem 5.9(i)]) and E(R) =
R /c. The results of this section make the following question very interest-
ing.

Question 4.4. For any Polish group G, does it hold that
E(G) <p E(R) < E(G) <p Ej?

5. THE PRE-RIGID THEOREM ON TSI POLISH GROUPS

In this section, we prove a highly technical theorem, namely the Pre-rigid
Theorem, which will serve as the foundation for the subsequent sections.

We say that a topological group G has no small subgroups, or is NSS, if
there exists an open subset V' 3 15 in G such that no non-trivial subgroup
of G is contained in V.

To generalize Theorem 6.13 of [5], we introduce the following definition.

Definition 5.1. A Polish group G is called strongly NSS if there exists an
open set V 5 1g in G such that

v(gn) €G” (gn—H 1G:>E|n0 < e < (gno"'gnk ¢ V))?

where the set V is called an unenclosed set of G.

Proposition 5.2. Let G be a Polish group. The following hold:

(1) if G is strongly NSS, then G is NSS; and
(2) if G is locally compact, then G is strongly NSS iff G is NSS.

Proof. (1) Let V' be an unenclosed set of G. We have
VgeGg#1a=3Im(g" ¢V)).

Thus V contains no non-trivial subgroups of G, so GG is NSS.

(2) By (1), we only need to prove another direction. Suppose that G is
NSS and locally compact. Let V' 3 15 be an open subset of G such that V'
is compact and contains no non-trivial subgroups of G. Then

VgeV(g#1lg=TIm(g™¢V)).

We claim that V' is an unenclosed set of G. Fix a (g,) € G* with g, » 1g.
By the definition of unenclosed set, it suffices to consider the case that
(gn) € V¥. Since V is compact, there exist a subsequence (gn,) of (gn)
and an element 1g # h € V such that lim;g,, = h. Then we can find
an m € w with ™ ¢ V. By the continuity of group operations, there are
g < i1 < -+ < 1,1 such that InigIniy = Ini,, ¢ V. Therefore G is

strongly NSS. (]

The addition group R¥ with the product topology is not strongly NSS
because it is not NSS. Let (ey) be the canonical basis in ¢y. For any r > 0,
the sequence (fe,) witnesses that the open set {z € ¢o : ||z| < r} is not an
unenclosed set of ¢g. On the other hand, for any = € ¢y with ||z|| # 0, we
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have lim,, ||nz|| = +o00. Thus the Banach space ¢g is NSS, but not strongly
NSS, under the addition operation.

Now, we are ready to prove the Pre-rigid Theorem. Let us recall that the
definitions of the maps (71';?;)‘” and S7 appearing in the following theorem
can be found in Definition 2.7.

Theorem 5.3 (Pre-rigid Theorem). Let G be a TSI Polish group, and let
H be a closed subgroup of the product of a sequence of TSI strongly NSS
Polish groups (Hp,). If E(G) <p E(H), then for each m € w, there exist
an open subgroup W, of G and a continuous map wa : Wiy — Hyp, with
75 (1g) = 1g,, satisfying the following:
(1) The map (75)% : W% — H® is an (E«(Wy,), E«(H,,))-homomorphism.
(ii) Define S =W =, Wi, = H as: forge W,

S(g) = (ng(g)77ri9(g)a cee an(g)a .- ')7
then the map S* : W* — HY x W% is a reduction of E.(W) to
E.(H) x E(W;0).
Moreover, the converse holds if G = W and the interval [0,1] can be
embedded into H .

Proof. Let dg,dp,, < 1 be compatible complete two-sided invariant met-
rics on G and H,, respectively. A compatible complete two-sided invariant
metric dg on H is defined as

[e o]

d(h, 1) =Y 27"dp,, (h(m), b (m))

m=0

for h,h' € H. Assume that E.(G) <p E.(H).

We use the notation defined in the arguments before Lemma 3.1 and
before Lemma 3.3.

For m € w, let my, : [[,, Hn» — Hy,, be the canonical projection map,
so mm(h) = h(m) for each h. It is clear that every m,, is a continuous
homomorphism.

It is worth noting that

Vh,h' € H (dy,, (mm(h), 7m(R')) < 2"dy (h, B)).
For m € w, let X, be the set of all g € |J,, F, such that:
V6 > 03j5 (9 € Fry,—1 AVG' > G > jis (At (L T (Sn; (9)Sn, (971))) < 6)).
Note that Sy, (1g) = 1y for all j € w, so 1g € Xyp.
Claim 1. For any m € w, there is an r,, > 0 such that

Vg,q' € UF” (da(g,9) <rmAg € Xm) =g € Xp).

n

Proof of Claim 1. If not, there are an mg € w and two sequences (g;), (g;) €
\U,, Fr such that
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(i) dg(gi,g}) <27% and
(i) gi € X, and ¢ ¢ Xy, -

Note that Hp,, is strongly NSS. Let open set V' > 1p,, be an unenclosed
set of Hy,,. Put p(—1,2M_; —1) = 0. For any i € w, we will find an M; € w
and natural numbers 0 < p(7,0) < p(4,1) < --- < p(i,2M; — 1) so that

(1) p(i —1,2M; 1 — 1) < p(i,0);
(2) 9i,9; € F
(3) for i € w,

)
)

Tmg (Snp(i,[)) (g;)snp(m) ((g;)_l) T Snp(i,Ql\Ji—Q) (gl{)Snp(i,QJVIi—l) ((gg)—l)) ¢V
)

(4) for i € w,

p(i,0)—1"

M;—1

Z deO (1Hm0 y Tmg (Snp(i,gl) (gi)STLp(i721+1) (9;1))) < 2_i'
=0

Let us begin with ¢ = 0. Since g{, ¢ Xy, there are a 6y > 0 and natural
numbers p(0) < p(1) <--- <p(j) <--- such that gj € I, —1 and for each
JEw,

deO (1Hm0 » Tmyg (Snp(gj) (gé)snp(2j+1) ((96)71))) Z 50'
By the definition of X,,, and gy € X,,,, there exists a strictly increasing
sequence (jx) of natural numbers such that gy € an(].o)_l and for each k € w,
-1 —(k+1
deO(1Hm07Wmo(Snp(gjk)(QO)Snp(gjk+1)(go ))) < 2 ( + )

Let h € Hy;, ) be such that

h(k) = T, (Snp(ij) (gé)Snp(ij+1) ((96)_1))

for each k € w. Then h(k) » 1p,, . Since V' is an unenclosed set of Hp,,
there are finitely many natural numbers ky < ki < --- < k; such that
h(ko)---h(ky) € V, ie.,

Tmo (Snp(zjk()) (gll))Snp(zjk0+1) ((g(l)>_l) e Snp(zjkq) (g[/))Snp(zjkq+1) ((96)_1)) ¢ V.

Now we put My = ¢+ 1, p(0,2l) = p(2jk,), and p(0, 2l + 1) = p(2jy, + 1) for

all | < ¢+ 1. Then we have go, gy € F,; ) ~1 S Fn,q -1, and
1 q
— —(k
Zdeo(leo’WmO (Snp(O,Ql)(gO)Snp(O,Ql+1)(gO 1))) < Z 2 (D) <L
1=0 P

We can see that clauses (1)—(4) hold for ¢ = 0.

Now assume that My, ..., M; and p(0,0) < --- < p(0,2Mp —1) < --- <
p(3,0) < --- < p(i,2M; — 1) have been defined. Using similar arguments as
those presented in the preceding paragraph, pick a p’ > p(i,2M; — 1) with
gi+1,g§+1 € an,_l, then we can find an M;;+; € w and natural numbers
P <p(i+1,0) <---<p(i+1,2M;41 — 1) so that clauses (1)—(4) hold.
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For each n € I, define

uﬁlgé, . N = Nyp(i,2k) 0<k< M;,
z(n) =9 u,'(g), n=nyuoms1),0 < k< M,
Uy otherwise,

uﬁlgial n = np(i,gk),o <k<M;,
y(n) = Uﬁlgz_ , nN= np(i72k+1),0 <k< Mi,

ut otherwise.

Then for ¢ € w, the following equality holds:

929;17 Np(i,2k) <gqg< Np(i,2k4+1)> 0<k< M;,

q_
(z@w,ydw)ly= { 1a, otherwise.

By (i), we have
lim(z ® w,y ® w)|§ = 1a.
q

So (z & w)E(G)(y ® w), and thus ¢ (x)E.(H)y(y) holds. It follows from
Lemma 2.4(2) that

lizrl dH(w('T)7 w(y))‘[lp(i,o)vlp(i,QMi71)+l) = 0'
For each j € w, let b = Sy, (up;x(n;)) and hj = Sy, (un,;y(n;)). Note that
Sn,;(1g) = 1y for all j >0, so

W), vl
= oy P 2ns—1) (o0 i) -+ Ppti,2ar—1) 7
Now we have
lim dr (R 00 i) Ppgiang—1)s Popi,0) epin) =+ Bp(iznr—1)) = 0,
and hence

B A 0) i)+ P ant,—1) (o) pting) Pt 2ng—1)) ™ = Lt

Let Vi > 1p,,, be an open subset of H,,, with V2 C V. Since 7y, is a
continuous homomorphism, there exists an ig € w such that

Tmo (i 0) (it~ P 2, 1)) Tmo (i, 0) i1y == opti 2, 1)) ~F € VA
holds for any ¢ > ig. By (4), we have
1izm deO (1HmO ) 7Tmo(hp(z',o)hp(i,l) T hp(i,QMifl))) < liZmT" =0.
Therefore, for ¢ large enough,

Tmo (Pp(i,0) (i)« * Pp(i2nni—1)) € VA
It follows that
Wmo(h;(i,o)h;(i,l) T h;(i,ZMi—l)) ev,

ie.,

Tmg (Snp(i,o) (gg)Snp(m) ((94)71) e Sﬂp(i,zMrm (gg)Snp(ijMifl) (<92)71)> ev,
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contradicting (3). Claim 1. O

For any m € w, let V;,, = {9 € G : dg(1g,9) < rm} and W, = |, V%
Note that V-1 = V,,. It is clear that W,, is an open, and thus a clopen
subgroup of G. We claim that W,,NJ,, £, € X,,. For i = 0, note that 1¢ €
Xom, so Claim 1 gives that V;,,NJ,, Fr, € X,,. Assume that V&OUH F, C X,,.
Let h € Vit Ny, F, with h = g¢/, where g € Vi, and ¢’ € V,,,. Note that
U,, Fr is a dense subgroup of G. We can find ¢,§' € |, F, such that
da(h,§gd’) < rm with g € Vi and ¢’ € Vy,. Since dg(g,§9') = da(1¢,§') <
rm and § € X,y,, we have §§' € X, and thus h € X,,. So Wp,NU,, Fro € Xim.

Let g € Wy, N, Frn € Xy Pick a j; € w with g € Fy,,—1. For any
0 > 0, by the definition of X,,, there exists a js > j, such that

Vj/ > ] > jé (de(le;ﬂ'm(Snj (g)Snj/(gil)» < 5)

Let j,k € w with js < j < k. Fix a ¥ > k. Since 7, is a homomorphism,
we have

de(leaﬂm(Sn]' (9))7Tm(5nk/ (971))) <9,
de(le’Wm(Snk(g))Wm(Snk/ (g_l))) < 4.
So dg,, (Tm(Sn;(9)), Tm(Sn, (9))) < 28. Thus (m,(Sk,(g))) is a Cauchy se-
quence in H,,. By the completeness of dp,,, we can define
7r7Sn(g) = hjr.nﬂm(snj (g)) € Hp,.
Note that for g, ¢’ € F,, with n < n;,

d11(Sn;(9). Sny (9)) < d55 (T, ('), T () 9)),
and
Vh,h' € H (dy,, (mm(h), 7m(R')) < 2"dy (h, B)).
By Lemma 3.1, 7 is uniformly continuous on W,, N U,, £, which can be

uniquely extended to a uniformly continuous map from W,, to H,,, still
denoted by 7. Put W =, W, for any g € W, we let

S(9) = (75 (9), 7 (9), -, T (9), )
We claim that S(g) € H. Indeed, fix a g € W and an arbitrary neighborhood
O of S(g), then there are ¢ > 0 and natural number L such that

{h € HHm :¥m < L(dg,, (7m(h), 75 (g)) < 6)} CO.

Clearly g € (,,,<z Wm. Since |J,, F;, is dense in G, by the continuity of 73

we can find some ¢ € Nyuer Wi N U, Fy, so that dp,, (75.(g'), 70 (9)) < €

for m < L. Note that 75 (¢') = lim;j 7, (Sn; (9')) € Hi, holds for any m < L.

So there is a j' € w such that S, ,(¢') € HNO. Thus S(g) € H by the fact

that H is closed in [[,, H;,. The map S is a continuous map from W to H.
It is worth noting that S(1g) = 1y and W is a closed subgroup of G.
Now we prove clause (ii) first:
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Claim 2. The map S¥ is a reduction of E,(W) to E.(H) x E(W;0).

Proof of Claim 2. Let x,y € W*. Note that 2E,(G)y <= zE.(W)yas W
is a closed subgroup of G. By Proposition 2.8, we only need to show that

2E(G)y <= S¥“(x)E.(H)S*(y)

holds whenever lim, de(z(p), y(p)) = 0. Since J,, Fy, is dense, by the defini-
tions of dy and S, for each p € w, we can find a sufficiently large j(p) € w
and gy, g, € U, Frn so that

) 0<(0) <j(1) <---j(p) <---;
)gp7gpeFJ(p) lﬂmm<me7

) da(2(p), g,) <277 and da(y(p), gp) < 27F; and
) for all m < p,

(1
(2
(3
(4
i, (T (S(2(D))); T (S, (9))) < 27 @FD,

de (ﬂ'm(S(y(p))), Wm(Snj(p) (Qp))) < 27(p+1) .
Now we define, for each n € I,

-1
iy ) Un 9p7 = MNj(p), S — 3 Un Gy TV = T(p)s
&(n) { uyt otherwise, (n) otherwise.

For any i < k, by (3) and Lemma 2.4(1),

k

da((z,9)f 91 ghoy g7 h) < Y270 <27
q=1

Then by Lemma 2.4(2),

rE.(G)y < limg - -gll,gp_1 . -gal converges.
P

For any k > nj(), let px be the largest p with n;,) < k. Note that

Eow,gow)§ =90 hIp 9

It follow that
B Gy = (2o w)E(G)(§®w) = (2)E.(H)p(7).
By (4), we have
A (S(e00): Sy 61) = D2 (S ) (S 6)

< Zp —(m+p+1) +Z _p+12 m
< 2-(p= )
du(S(y(p)): Sn; (99)) =m0 2’dem(7rm(S(y(p))) T (Snp) (9p)))
< Zp —(m+p+1) "’Z 7p+12 m
< 2= (= )
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Note that Sy, (1g) = 1g for all j € w, by similar arguments as above, we
see that

5°(2) B, ()$*(0) 1 1
<= limy Sn, 00 (90) Sy (9p) Snyi (9p) ™+ Sy (90) ~ converges.

For any i > j(0), let p; be the largest p with j(p) < i. Then we have

A ANy [li+1—1 — —
(¢<$), 1?(3/)) 0-’—1 = Sn]-(o) (96) e Snj(pi) (g;i)snj(pi> (gpi) Lo Snj(o) (.90) g
This implies that

(v (&), $(§))]g ™ converges <= §(2)EL(H)S(y).
Note that lim;, dg(g,, gp) = 0, it follows from Lemma 3.3 that
lim(y(#), 4(9))|g*' ™ converges <= (@) E.(H)(7)-
So S¥(z)E.(H)S*(y) < ¢(2)E.(H)Y(j) <= zE.(G)y. Claim 2. O
Subsequently, we prove clause (i) as follows:

Claim 3. For m € w, if z,y € W, then
rEA(G)y = (m)* (@) Ex(Hpm) () (1)

m

Proof of Claim 3. Let x,y € W2 with xE,(G)y. Then for each p € w, we
can find a j(p) € w and gy, g, € Wy, N, Fr so that
(1) 0<j(0) <j() <---jp) <--;
(2) gpag; E Fnj(p>—1 ﬂ Wm7
(3) d(;(a;(p),g;) < 27P and dg(y(p), gp) < 27P; and
(4) we have
i, (7 (@(P)), T (S (9))) < 277,

du,, (Wfl(yO?)), Trm(Snj(p) (gp))) <27
Now define, for each n € I,
—1, -1
- — Up, gp7 n= nj(p)7 ~ — Up, "Gp, T = nj(p)7
&(n) { ut otherwise, §(n) { u ! otherwise.

n

Following a similar approach to the proof of Claim 2, we obtain
B Gy = (2 ow)E(G)(§®w) = (@)E(H)p(7).

So we have

lim(¢(2), ¢(@))\ﬁf(’”“71 converges,
P

and thus

1

. - -1
hII)n STLJ(()) (gé) o S’I’Lj(p) (g;))s’n](p) (gp) e Sn](o) (go) Converges‘

Since 7, is a continuous homomorphism, we obtain

110 (S 0 (96) Sy (94) S (90) ™+ Sy 90) ™) comverges.
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Following again the similar arguments as in the proof of Claim 2, we get
(1) () Bi (Hin ) (m3,)° (). Claim 3. O

m m

It follows from Claim 2 and Claim 3 that W,,, W,%, W, and S are as desired.
Finally, by Lemma 2.9, we can conclude that the converse is also true if
G =W and if the interval [0, 1] can be embedded into H. O

Remark 5.4. Recall that Gy is the connected component of 14 in G. Since
each Wy, in the preceding theorem is an open subgroup of G, it is also clopen
in G. So Gy C W,, as it is connected, and thus Go C W.

From the proof of the preceding theorem, it follows that W can be chosen
to be clopen when H is TSI strongly NSS. Similarly, by [5, Theorem 6.13],
W can be also clopen when H is locally compact, and W can be chosen to
be W = G when H is compact.

6. RIGID THEOREMS

In this section, we use the Pre-rigid Theorem to prove several Rigid the-
orems for various classes of TSI Polish groups.

Lemma 6.1. Let G, H be two Polish groups and S : G — H a continuous
map with S(1g) = 1g. Suppose H is NSS. Then the following are equivalent:

(1) There exists an open subgroup W of G such that the map S | W :
W — H is a continuous homomorphism.

(2) There exists an open subgroup W' of G such that the map S¥ is an
(E«(W'"), E.(H))-homomorphism.

Proof. (1)=(2). Let W be an open subgroup of G such that S | W : W — H
is a continuous homomorphism. Then

Vr,y € Wovg € W (lim(z, y)|g = g = lim(5*(z), 5*(y))[5 = S(9))-

Since W is also closed, we see that S“ is an (E. (W), E.(H))-homomorphism.
Hence W’/ = W is as required.

(2)=(1). Let W’ be an open subgroup of G such that the map S“
is an (E.(W'), E.(H))-homomorphism, and let dg,dy be compatible left-
invariant metrics on G and H respectively.

Define X = {g€ W’ : S(g71) = S(g)~'}. Then X # 0, since 1g € X.
Claim 1. There exists an rg > 0 such that

V9,9 € W' ((da(9,9') <rong € X)=g €X).
Proof of Claim 1. If not, then we can find two sequences (g,) and (g;) in
W' so that
(i) 94 € X and g, ¢ X;
(i) limg(g)) g9 = 1a-
Let hg = S((g;)~")S(g,), then hy # 1p for ¢ € w. Since H has no small

subgroups, there exists some D > 0 such that, for each ¢ € w, we can find
an m, > 0 with dy (hq, 1g) > D.
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Put M_1 =0 and M; = mg + --- + myg for ¢ € w. For each p € w, define

2(p) = (gé)ila =2(Mg—1+1),0 < i< myg,
PP= g, =2(M,_1+i)+ 1,0 <i < my,
(p) = g;1> = 2(M, 1+2>0<Z<mq,
v\ = 95 2(Mq,1+z)+1 0 <i<my.
For any k € w, let g be the largest g such that M,_; < k. Clearly,
(@)l =1a (@95 = (96,) 90

By (ii), we have zE,(G)y. Since S¥ is an (E«(G), E«(H))-homomorphism,
SY(z)EL(H)S(y) holds, i.e.,

111?1(5“’(@, S (y))|& converges.
Then by Lemma 2.4(2) and g, € X, we have
lim h'* = (S (2), $°(v))lap:, = 1ar
A contradiction! Claim 1. O

Put V = {g € W : dg(lg,g9) < ro}. Note that V = V~l. Define
= Vi, which is an open subgroup of W’. We claim that W; C X.
Note that 1 € X, so by Claim 1, we have V C X. Assume that V’ C X.
For any g = g1g2 € V! with g1 € V% and go € V, we note that g; € X
and dg(g1,9) = dg(91,9192) = da(1g, 92) < ro. Again by Claim 1, we have
g € X. This shows that W; C X.

Claim 2. There exists 0 < r; < rg such that
V9,9 € Wi (dg(1a, g9) < 1= S(gg') = S(9)S(9"))-

Proof of Claim 2. If not, there are two sequences (g,), (gy) in Wy such that
lim, g, = 1g and S(g49,) 7 S(94)S(gy) for ¢ € w.

For each ¢ € w, let hy = S(gq94)S5((g4)~")S(g; ). Tt follows from Wy € X
that

hq = 5(9494)5(95) " S(99) ™" # 1u1.

Since H has no small subgroups, there exists some D > 0 such that, for each
q € w, we can find an m, € w with dy(hq,1y) > D.

Put M_1 =0 and M; = mg + --- + m, for ¢ € w. For each p € w, define

9q9h, P =3(My_1+1),0 <i<myg,

z(p) =14 (g)7" p=3Mg_1+i)+1,0<i<myg,
975 p=3(Mg1+i)+2,0<i<my,
g:p p:3( q1+1)0§i<mqa

y(p) =1 (9)7", p=3(My_1+i)+1,0<i<my,
la, p=3My1+1i)+2,0<i<my.

For any k € w, let g; be the largest ¢ such that M, 1 < k. Clearly,
(@, 93" = (2, 9) 3" = g, (2, )02 = 16
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Note that lim, g; = 1, so E4(G)y holds. Since S¥ is an (E,(G), E«(H))-
homomorphism, S*(z)E.(H)S“(y) holds, i.e.,

lilgn(Sw(fn), S (y))|E converges.
By Lemma 2.4(2) and g; € Wi C X, we have S(g/)S((g,)"") = 1u. So
. m aw w 3M,—1
lim = lim($(2), 5 ()it = 1
A contradiction! Claim 2. O

Finally, let Vi = {g € W’ : dg(1lg,g9) < r1} and W = J; V{. Note that
Vi= V1_1 and V; C V, so W is an open subgroup of Wy. For any ¢g,¢' € W,
we shall check that S(gg’) = S(g)S(¢’). There are go, g1, ,gm € V4 such
that g = gog1 - - - gm- Note that W C Wi, so by Claim 2, we have

S(g99") = S(90)S(g1 -~ gmg") = S(g0) - -+ S(gm)S(9') = S(9)S(g")-
Then W is as required. O

Consider a Polish group G and a sequence (g,) in G. Recall that (gy,) is
t-Cauchy if it is d-cauchy for some compatible left-invariant metric d on G.
This definition is independent of the choice of d (see [1, Proposition 3.B.1]).

Let G, H be two Polish groups and ¢ : G — H a continuous homomor-
phism. We define IPC(¢) as the set of all z € G that satisfies:

(z(0)---z(p)) is -Cauchy <= (¢(x(0))---p(z(p))) is -Cauchy.

Lemma 6.2. Let GG, H be two Polish groups and ¢ : G — H a continuous
homomorphism. If x € IPC(p) for any x € G¥ with lim, z(p) = 1g, then
ker(p) is non-archimedean.

Moreover, if (G) is closed in H, then the converse is also true.

Proof. Let dg,dr be compatible left-invariant metrics on G and H respec-
tively. Define Vi = {g € ker(p) : dg(1g, g) < 27}.

First, suppose « € IPC(yp) for any z € G¥ with lim, z(p) = 1¢.

Assume toward a contradiction that ker(y) is not non-archimedean. Then
there exists a K € w such that Vi contains no open subgroups of ker(y).
Since J,, V™ is an open subgroup of ker(y), we have |J,, V" € Vik. Thus
for each k € w, we can find an my, € w and gro,...,gkm,—1 € Vi such that
Ik09k1 " Gkmy—1 & Vi

Put M_; =0 and My =mo+---+my for k € w. Let x € G¥ be defined
as x(p) = gk, for p= Mj,_1 + i with 0 < i < my. Note that lim, z(p) = 1¢,
so x € IPC(¢p). Since dg is left-invariant, we have

Vk (dg(2(0) -+ w(My—1 — 1),2(0) - - (Mg — 1)) > 27F).

Thus (x(0)---z(p)) is not -Cauchy. But (¢(z(0))---¢(x(p))) is t-Cauchy
since ¢(x(p)) = 1y for all p € w, contradicting that z € IPC(yp).

Now assume that ¢(G) is closed in H and ker(y) is non-archimedean. Let
x € G¥ with lim, z(p) = 1¢. We prove = € IPC(yp) as follows:
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On the one hand, suppose that (z(0)---x(p)) is t-Cauchy. For any € > 0,
since ¢ is continuous, there is a § > 0 such that
Vg€ G(da(lg,9) <6 = du(lm,¢(g)) < e).
Since (x(0) - - - z(p)) is t-Cauchy, we can find an N € w such that
Vm >n > N (dg(1g,z(n)---x(m)) < 9).
Thus we have that, for any m > n > N,

du (L, p(x(n)) - - p(x(m))) = du(ly, p(z(n) ---x(m))) <e.
This shows that (¢(z(0)) - - ¢(z(p))) is -Cauchy.
On the other hand, suppose that (p(z(0))---¢(z(p))) is «-Cauchy. Let
(Wp) be a decreasing neighborhood basis of 1yer(,) such that each W), is an
open subgroup of ker(y). Let ¢ : G/ker(¢) — H be defined as

o(ker(v)g) = ¢(g)-

Note that ¢(G) is closed, so it is also a Polish group under the topology
inherited from H. Thus ¢ is a topological isomorphism of G/ker(y) onto
©(G) (see [8, Corollary 2.3.4]). Note that g = @ ! o ¢ is the canonical
projection map, where u(g) = ker(¢)g for g € G. Since ¢ is a topological
isomorphism, we have (u(x(0))--- u(z(p))) is -Cauchy.

Let d,, (ker(p)g, ker(¢)g') = inf{dg(hg,'q") : h,h/ € ker(p)}, then d,, is a
compatible left-invariant metric on G/ ker(p) (see [8, Lemma 2.2.8]).

For any € > 0, we can find 0 < ¢’ < € and pg € w satisfying

{g € ker(p) : da(1g, g9) < 3"} T W, C {g € ker(y) : da(1g, g) < €}

Note that lim, z(p) = 1 and (u(x(0)) - - - u(x(p))) is t-Cauchy. Thus there
is an N € w such that
de(1g,z(n)) <€,

du(p(@(N) - x(n)), ker(p)1y) <&
for each n > N. By the definition of d,,, there exists some g,, € ker(yp) for
each n > N such that

dg(z(N) -~ x(n), gn) <€
For any n > N, we have
da(z(N)---z(n),z(N)---z(n+1)) =de(lg,x(n+1)) < €.
All these together imply that do(1g, 9, 'gni1) = dg(gn, gnr1) < 3¢’. So

9 gna1 € Wp,. Since Wp, is a subgroup, it follows that g, Yom € Wp, for
any m > n > N. This gives that

dg(x(0)---z(n),z(0) - x(m)) = dg(z(N) - - - z(n),z(N) - - - x(m))
< 2¢' +da(gns gm)
<2 +¢e < 3.

Therefore, (z(0)---z(p)) is t-Cauchy. O
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Proposition 6.3. Let G, H be two TSI Polish groups and ¢ : G — H a
continuous homomorphism. Then the following are equivalent:

(1) for x € G¥, if limy x(p) = 1g, then x € IPC(p); and

(2) the map o is a reduction of E.(G) to E.(H) x E(G;0).

Proof. Since G and H are both TSI, for x € G¥, we have
(x(0)---x(p)) is t-Cauchy <— zF.(G)lgw,
(p(z(0)) - - o(x(p))) is -Cauchy <= h;n 0’ (2)E(H)1gw.

So (2)=(1) follows from Proposition 2.8. We prove (1)=-(2) as follows:

Let dg be a compatible compete two-sided invariant metric on G.

Given z,y € G*. Suppose zFE,(G)y. Since ¢ is a continuous homomor-
phism, we have ¢“(z)E,(H)y*(y) holds and limy, dg(z(p), y(p)) = 0.

On the other hand, suppose ¢*(z) E.(H )¢“ (y) holds and lim, dg(x(p), y(p)) =
0. Define z € G“ as:

2(p) = y(0)---y(p — Dz(p)y(p) 'y(p—1)"" - y(0)~!

for p € w. Since d¢ is two-sided invariant,
limdg (2(p), 1) = lim de (2 (p), y(p)) = 0.
So z € IPC(¢p). Since ¢ is homomorphism, it holds that

e(2(p) = (y(0)) - p(y(p—1))e(z()) e (y(p))  e(y(p—1)) " o(y(0)) ™"

Therefore,
zE(G)y < (2(0)---z(p)) is t-Cauchy,

¢ (@) EL(H)p"(y) <= (p(2(0))---o(2(p))) is 1-Cauchy.
So (1)=(2) follows from Proposition 2.8 again. O

Now we are ready to prove the following theorem, which is crucial for the
rest of this article.

Theorem 6.4. Let G be a TSI Polish group, and let H be a closed subgroup
of the product of a sequence of TSI strongly NSS Polish groups (H,,). If
E(G) <p E(H), then there exists a continuous homomorphism S : W — H
such that ker(S) is non-archimedean, where W 2 Gq is a countable inter-
section of clopen subgroups in G.

Moreover, the converse holds if G = W, S(G) is closed in H, and the
interval [0,1] can be embedded into H.

Proof. Suppose E(G) <p E(H). It follows from Theorem 5.3 that, for each
m € w, there exists an open subgroup W), of G and a continuous map
7o W) — Hy,, with 75 (1¢) = 1g,, such that (1) (735)% : (W/)¥ — H¥ is
an (E,(W},), Ex(Hp,))-homomorphism; and (2) let W/ = (),, W, and define
S:W'— Has S(g) = (75 (g), 77 (g), ), then S# is a reduction of E.(W’)
to Ex(H) x E(W';0).
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Note that H,, is NSS. By Lemma 6.1, there is an open subgroup W, of
W), such that 7[‘7‘?; [ Wy, is a homomorphism. We put W = (), W,,, and
still denote S | W by S for brevity. Then S is a continuous homomorphism.
It is clear that Go C W C W’.

As both G and H are TSI, according to Lemma 6.2 and Proposition 6.3,
ker(,S) is non-archimedean. Thus, W and S fulfill the requirements.

On the other hand, let S be a continuous homomorphism from G to H
such that ker(S) is non-archimedean. Suppose that S(G) is closed in H
and the interval [0, 1] can be embedded into H. Again by Lemma 6.2 and
Proposition 6.3, the map S# is a reduction of E,(G) to E.(H) x E(G;0).
Finally, it follows from Lemma 2.9 that E(G) <p E(H). O

Remark 6.5. Let G be a TSI Polish group and H a TSI strongly NSS Polish
group. Suppose that E(G) <p E(H). Then it follows from the proof of
Theorem 6.4 that there exist an open subgroup W O G of G and a con-
tinuous homomorphism S : W — H such that ker(S) is non-archimedean.
Moreover, the map S# is a reduction of E,(W) to E.(H) x E(W;0).

This observation will be crucial in section 7.

The following is an immediate corollary.

Corollary 6.6. Let G be a TSI Polish group and H a closed subgroup of
the product of a sequence of TSI strongly NSS Polish groups. If H is totally
disconnected but G is not, then E(G) ¢p E(H).

Proof. Assume for contradiction that E(G) <p E(H). By Theorem 6.4,
there is a continuous homomorphism S : Gy — H such that ker(.S) is non-
archimedean. Note that S(Go) is also connected, so S(Go) C Hy. Since H is
totally disconnected, we have S(Go) = {1g}. So Gp = ker(S), which is con-
nected and non-archimedean. This implies that Gy = {1}, contradicting
that G is not totally disconnected. O

Note that the converses of Lemma 6.2 and Theorem 6.4 require S(G) to
be closed in H. Next we present a lemma in which this requirement can be
avoided.

Lemma 6.7. Let G, H be two TSI Polish groups. Suppose S : G — H is
a continuous homomorphism, and U > 1g is an open subset of G such that
STU:U— SU) is a homeomorphism. Then the map S* is a reduction
of E.(G) to Ex(H) x E(G;0).

Proof. Let dg,dg be compatible complete two-sided invariant metrics on G
and H respectively. By Proposition 2.8, we only need to show that

2B (Q)y < 5% (2)E.(H)S“(y)

holds whenever lim, dg(z(p),y(p)) = 0.
Suppose xE,(G)y holds. Since S : G — H is a continuous homomorphis-
m, it follows trivially that S“(x)E.(H)S“(y).
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On the other hand, suppose lim, dg(x(p), y(p)) = 0 and S*(x) E.(H)S“ (y).
We prove zFE,(G)y as follows:

If not, by Lemma 2.4(2), sup,~, da(x,y)ljp,q - 0. So there exist r > 0
and two strictly increasing sequences of natural numbers (pg), (¢x) such that
pr < qr and da(lg, (z,9)|ph) = da(z,y)ljp, g0 > 7 for each k € w. Let
0 < rop < r satisfying that {g € G : da(1g,9) < 1o} C U. There exists a
K € w such that dg(z(p),y(p)) < ro/2 for p > pr. For p > py and k > K,
since d¢ is two-sided invariant, we have

da((z,y)[b,, (@, 9) |5 1) = da(z(p)y(p) ™" 1a) < ro/2,
and hence
da(la, (z,y)b,) < da(la, (z,y)[5") +ro/2.
For each k > K, we can find pj, < p}, < gj such that

ro/2 < da(lg, (z,y)|p) < ro,
o (z,y) g% e U. By S¥(z)E.(H)S“(y), it is clear that
S((,y)lpr) = (5%(2), S*(v))[pk = Lar-

Since S [ U is a homeomorphism from U to S(U), we have (z,y) g% — 1g.
This contradicts that dg(1g, (z,y)[pF) > r0/2. O

6.1. Applications on Lie groups, locally compact groups, and pro-
Lie groups. Recall that a Lie group is a group which is also a smooth
manifold such that the group operations are smooth functions. A topological
group is a Lie group iff it is locally compact NSS (see Page 159 of [11]).
Clearly, a Lie group is Polish iff it is separable iff it has only countably
many connected components. Let G be a Lie group, then Gy is an open
normal subgroup of G. For more details on Lie groups, we refer to [19].

A completely metrizable topological group G is called a pro-Lie group if
every open neighborhood of 14 contains a normal subgroup N such that
G/N is a Lie group (see [9, Definition 1]). For more details on pro-Lie
groups, we refer to [9].

Applying Theorem 6.4, we obtain the following result:

Theorem 6.8. Let G, H be two TSI Polish groups such that H is a pro-Lie
group. If E(G) <p E(H), then there exists a continuous homomorphism
S : Go — H such that ker(S) is non-archimedean.

Moreover, the converse holds if G is connected and S(G) is closed in H.

Proof. Since H is a pro-Lie group, there exist a countable open neighborhood
basis (Uy,) of 1g and a sequence of normal subgroups (Np,,) of H such that
Ny, C Uy, and H/N,, is a Lie group for each m € w. Note that N, is
closed in H, since H/N,, is Hausdorff. Without loss of generality, assume
that Ny, O Npyq1. We define amap f: H — [[,, H/N,, as f(h)(m) = hN;,
for h € H,m € w. By [12, Proposition 2.3], f is a topologically isomorphic
embedding and f(H) is closed in [[,, H/Ny,.
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By [8, Exercise 2.2.8|, all H/N,, are separable TSI Lie groups. As men-
tioned above, all Lie groups are locally compact NSS. By Proposition 5.2(2),
all Lie groups are strongly NSS. So the first part of the theorem follows from
Theorem 6.4.

For proving the second part of the theorem, by Theorem 6.4, we only need
to show that the interval [0,1] can be embedded into H. Since S(G) is a
closed subgroup of H, it is also a pro-Lie Polish group. Since ker(S) is non-
archimedean and G is connected, ker(S) # G. So S(G) is non-singleton and
connected. Note that, for any non-singleton connected pro-Lie Polish group
K, there exists a nontrivial continuous homomorphism v : R — K (see
Proposition 19 and Definition 2.6 of [9]). All of these together allow us to
embed the interval [0, 1] into S(G), and also into H. O

A topological group G is called a SIN-group if G admits arbitrarily small
invariant identity neighborhoods, or equivalently, G has a neighborhood
basis (U;);er of 1g such that gU;g~! = U; for all g € G (see [11, Definition
2.1]). It follows from [8, Exercise 2.1.4] that a Polish group is SIN iff it
is TSI. By [11, Theorem 3.6], every locally compact TSI Polish group is a
pro-Lie group.

We point out that, in [6, Theorem 1.2], groups G and H are required to
be abelian with G being compact. Following is a generalized theorem that
removes these requirements.

Theorem 6.9 (Rigid Theorem for locally compact TSI groups). Let G
be a locally compact connected TSI Polish group, H a TSI pro-Lie Polish
group. Then E(G) <p E(H) iff there exists a continuous homomorphism
S : G — H such that ker(S) is non-archimedean.

Proof. (=). It follows from Theorem 6.8 and G = Gj.

(<). Let ¢ : G — G/ ker(S) be the canonical projection. Note that ¢ is a
continuous surjective homomorphism with ¢(g) = ker(S)g for g € G. Clear-
ly, ker(p) = ker(.S) is non-archimedean. By Lemma 6.2 and Proposition 6.3,
the map ¢ is a continuous reduction of E,(G) to E.(G/ker(S)) x E(G;0).

Let S* : G/ker(S) — H be the map defined as S*(ker(S)g) = S(g) for
g € G. It is clear that S* is a continuous injective homomorphism. Let dg
be a compatible complete two-sided invariant metric on G, and define

d*(ker(S)g,ker(S)g') = inf{dg(kg,k'q’) : k, k' € ker(S)}.

Then d* is a compatible metric on G/ ker(S) (see [8, Lemma 2.2.8]). Since
G is locally compact, we can find some r > 0 such that the closure V' of the
openset V={g € G:dg(lg,g) < r} is compact. Let

U = {ker(S)g : d*(1g/xex(s), ker(S)g) < r}.
Since d¢ is two-sided invariant, from the definition of d*, we see that U C
S(V). Note that U C S(V), so U is also compact. This implies that

S* | U :U — S*(U) is a homeomorphism. By Lemma 6.7, the map (S*)#
is a continuous reduction of E,(G/ker(S)) to E.(H) x E(G/ker(5);0).
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Given z,y € G* with lim, dg(z(p),y(p)) = 0. It follows from Proposi-
tion 2.8 that

2B (G)y <= ¢¥(2)EL(G/ ker(S5))e"(y)-
The continuity of ¢ implies lim, d*(¢(z(p)), ¢(y(p))) = 0, so we also have
0 (2) E«(G/ ker(9))¢" (y) <= (57)%(¢"(2)) E«(H)(5%)“ (" (1))
Note that S = 5* o g, s0 ¥ = (5*)¥ o ¢*. It is clear that
rE(G)y < S¥(x)E.(H)S(y).

Thus the map S7 is a continuous reduction of F,(G) to E.(H) x E(G;0).

Since G is connected, ker(S) # G, and so {1y} # S(G) C Hy. So Hy is
non-singleton. As a closed subgroup of H, Hy is also a TSI pro-Lie Polish
group. Similar to the last paragraph of the proof of Theorem 6.8, we can
embed the interval [0, 1] into Hy, and also in H. Therefore, the (<) part
follows from Lemma 2.9. [l

By restricting our analysis to Lie groups, we provide an affirmative re-
sponse to Question 7.4 of [5] as follows:

Theorem 6.10 (Rigid Theorem for TSI Lie groups). Let G, H be two sep-
arable TSI Lie groups such that G is connected. Then E(G) <p E(H) iff
there exists a continuous locally injective homomorphism S : G — H.

Proof. By Theorem 6.9, we only need to show that ker(S) is discrete. Note
that any non-archimedean subgroup of a Lie group is discrete, as all Lie
groups are NSS. O

6.2. Applications on Banach spaces and Fréchet spaces. Now we
focus on infinite dimensional vector spaces. Let us recall some elementary
notions. All separable Fréchet spaces, i.e., separable, completely metrizable
topological vector spaces (see [20, 5-1]), can be viewed as abelian Polish
groups under the addition operation. In this article, all vector spaces are
assumed to be real, i.e., over the field R. This is because, in accordance with
view of Borel reducibility, the equivalence relation induced by a separable
Fréchet space is independent of the choice of the field of scalars.

Let X be a vector space. A map || - | : X — R is called a total paranorm
(see [20, 2-1]) if
(1) [[oll =0, [| = v[| = [lv[|, and [v]| = 0 <= v =0;

(2) [lv+'[I < floll + [1v']];
(3) for (t,) € R¥ (v,) € X¥, if t,, — t and ||v, — v|| = 0, then ||t v, —
tv|| = 0.
A total paranorm || - || is called a norm if |[tv]| = |t|||v|| for ¢ € R and v € X.
Any Fréchet space admits a compatible complete two-sided invariant metric
d, which is given by a total paranorm || - || as d(v,v") = |Jv — ¢/|.

https://doi.org/10.1017/js1.2025.9 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.9

ON EQUIVALENCE RELATIONS INDUCED BY TSI POLISH GROUPS 31

In particular, all separable Banach spaces are separable Fréchet spaces.
The following are some classical separable Banach spaces:

co, C[0,1], I, Lp[0,1] (Vp € [1,+00)).

The classical Banach-Mazur theorem [21, I1.B] asserts that every separable
Banach space is isometric to a subspace of C[0,1]. Thus for any separable
Banach space X, we have E(X) <p E(C|[0, 1]). For more details on Fréchet
spaces and Banach spaces, we refer to [20, 21].

Theorem 6.11 (Rigid Theorem for Fréchet spaces). Let X,Y be two sep-
arable Fréchet spaces such that Y s a closed subgroup of the product of a
sequence of TSI strongly NSS Polish groups. Then E(X) <p E(Y) iff X is
topologically isomorphic to a closed linear subspace of Y.

Proof. (<). It follows from Proposition 2.3.

(=). Suppose E(X) <p E(Y). Note that X is connected. By Theo-
rem 6.4, Theorem 5.3(ii), and (2) = (1) of Proposition 6.3, there exists a
continuous homomorphism S : X — Y such that ker(.S) is non-archimedean,
and for z € X%, if lim, z(p) = 0, then

Zx(p) converges <= ZS (z(p)) converges.
P P
For any integers m,n with n > 0 and v € X, we have that nS(1v) = S(v),
and thus S(“%) = "2S(v). By its continuity, S is a R-linear map. Note that
ker(S) is a non-archimedean closed linear subspace of X, so ker(S) = {0}.
Therefore S is injective. We will show that S is a topological isomorphism
from X onto S(X).
Let ||+ |lx, || - ||y be total paranorms on X and Y respectively. Assume for
contradiction that there exist a sequence (vq4) in X and a 6 > 0 such that
(1) tim, [1S(v,)lly = 0, and
(2) infy ||vg|lx > 9.
By transfering to a subsequence, we may assume that ||.S(vg)|ly < 279 for
all ¢ € w. For each ¢ € w, we can find an integer m,; > 0 such that
]y < 270,
Put M_y =0 and My = mg +---+m, for ¢ € w. For each p € w, define
x € X¥ with z(p) = % for p = My—1 + i and 0 < i < my. It follows that
lim, z(p) = 0, so
Z:c(p) converges <= Z S(z(p)) converges.

p p
Fix a k € w. By [10, Exercise E7.12(ii)], there is an open set V5 0in Y
such that
vr € [0,1]Vh € V (||rhlly < 27 *+2),
By (1), there is a @ > k such that

Vg(g>Q = S(vy) € V).
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For any p’ > p > Mg, there are ¢’ > ¢ > @ such that M,_; < p < M, and
My_1 <p' < My. It follows that

S(@(p)) + -+ + S((My — 1)) = ]‘Tswq), S(uy) €V,
Sy + o+ 860 = T (), S eV,
q
These imply that
i q'-1
D S@)| < IS@®) 4+ S@Mg =)y + D [1S@)lly
1=p v i=q+1
+1S(@(My—1)) + -+ S(z@)lly
< 2—(k+2) + qzl 2—i_|_2—(k+2) < 2—k'
i=q+1

This shows that (S(z(0))+---+S(z(p))) is a Cauchy sequence. So the series

>, S(x(p)) converges.
For any ¢ € w, we have

[2(Mg—1) + 2(Mg—1 + 1) + -~ + 2(My = 1| x = [Jvgllx >4,

and thus » z(p) diverges. A contradiction!
Now we see that

V(vg) € X¥ (lim S(vg) = 0 = limv, = 0).
q q

This implies that S~! : S(X) — X is continuous. So S is a topological
linear isomorphism from X onto S(X), and hence S(X) is closed. O

The following theorem characterizes strongly NSS separable Banach s-
paces.

Theorem 6.12. A separable Banach space X is not strongly NSS iff it has
a closed linear subspace topologically isomorphic to cg.

Proof. (<). It follows from the fact that any closed subgroup of a strongly
NSS Polish group is strongly NSS, whereas cg is not strongly NSS.

(=). Suppose X is not strongly NSS. Denote the norm of X by || -||. Let
V ={v e X :|v]] <1}. Then V is not an unenclosed set of X, and thus
there exists a sequence (v;) in X such that v; - 0 and

Vi < kVO € {—1, 1} |0 v + - + 0(k)wg|| < 2.

For any integer n > 0 and 29, 2',..., 2™ € R", let

Con({zo,zl, L2 = {Z \iz': ANi=1LVi<m(\ > 0)} .
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Define D(n) = {z € R™ : Vi < n(|]z(i)| < 1)}. It is clear that
D(n) = Con({f# € R" : Vi < n (6(i) = £1)}).

Now let (¢;) € cop. We claim that ), ¢;v; converges. For any € > 0, we can
find an iy € w so that |t;| < e for i > ig. Let r = sup{|t;| : i > ip}. We may
assume r > 0. Then for any ig < j < k, we have (¢;,...,t;)/r € D(k—j+1).

,,,,,

So
kg k
Z SV = Z | A(0) Z 0(i)vi-
i=j 96{—1,1}{‘7 ,,,,, k} 1=)
Then we have
k k
St < >0 rAO)||D 0w
i=j 0e{—1,1}14,k} =7

< Z 2r\(0) = 2r < 2e.
9e{—1,1}{7k}
So by Cauchy Criterion, ), t;v; converges.
Therefore, Y, t;v; converges whenever (¢;) € co. Note that ), v; diverges,

since v; - 0. By Proposition 2.e.4 of [14] and its remark, X has a closed
linear subspace topologically isomorphic to cg. ([l

Applying previous results to separable Banach spaces, we get:

Theorem 6.13 (Rigid Theorem for Banach spaces). Let X, Y be two sep-
arable Banach spaces such that'Y contains no closed linear subspaces topo-
logically isomorphic to cg. Then E(X) <p E(Y) iff X is topologically iso-
morphic to a closed linear subspace of Y.

Proof. 1t follows from theorems 6.11 and 6.12. ([

Remark 6.14. It is well known that [, and L,[0, 1] contain no closed linear
subspaces topologically isomorphic to ¢y, where p € [1,400). Note that [, is
topologically isomorphic to a closed linear subspace of I, iff p = ¢ (see [17,
Theorem 5.1]). Let X be a separable Fréchet space and let Y be the space
l, or Lpy[0,1]. Then E(X) <p E(Y) iff X is topologically isomorphic to a
closed linear subspace of Y. In particular,

E(ly) < E(y) <= p=q¢

Without the assuming of strongly NSS for TSI Polish groups G and H,
we do not know how to compare E(G) and E(H) with respect to Borel
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reducibility so far. For instance, it is not known whether E(CI0,1]) <p
E(cp), or whether E(l,) <p E(cp) for p € (0, +00).
A worthwhile question is:

Question 6.15. Let X,Y be two separable Fréchet spaces. Does it hold
that E(X) <p E(Y) iff X is topologically isomorphic to a closed linear
subspace of Y7

7. UNIFORMLY NSS POLISH GROUPS

Recall that a topological group G is uniformly NSS (see [16, Definition
11]) if there is an open subset V' 5 15 of G such that, for any open subset
U > 1g of G,

InVge G(g¢U=3Im<n(g™¢V)).

Clearly, a locally compact Polish group is uniformly NSS iff it is NSS.

A topological group is a Banach-Lie group if it is a Banach manifold such
that the group operations are smooth functions (see [18, Section 6]). All
Banach spaces and Lie groups are Banach-Lie groups, while all Banach-Lie
groups are uniformly NSS (see [15, Theorem 2.7]).

Under the assumption of uniformly NSS, we show that every Borel reduc-
tion of E(G) to E(H) results in a continuous homomorphism, which is also
a local homeomorphism.

Theorem 7.1. Let G, H be two TSI Polish groups. Assume that G is u-
niformly NSS and H is strongly NSS. If E(G) <p E(H), then there exist
an open subgroup W of G, an open neighborhood U C W of 1, and a
continuous homomorphism S : W — H such that S | U : U — S(U) is a
homeomorphism and S(U) is closed in H.

Moreover, the converse is also true if G = W and the interval [0, 1] can

be embedded into H.

Proof. Let dg,dy be compatible complete two-sided invariant metrics on
G and H respectively. Assume that E(G) <p E(H). It follows from Re-
mark 6.5 that there exist an open subgroup W’ of G and a continuous homo-
morphism S : W’ — H such that, for z,y € (W')*, if lim, z(p)y(p) ! = 1¢,
then we have
zE(G)y < SY(z)E.(H)S“(y).

Let V' 3 1 be an open subset of G witnessing that G is uniformly NSS.
For each k € w, define V;, = {g € W' : dg(1g,g) < 27F}.

We claim that there exists a kg € w such that

() Y(gq) € Vi (li;n S(gq) =1y = liéngq =1¢g).
If not, then for each k € w, there are a j(k) € w and a sequence (g q)

of elements of Vj, such that lim, S(gk,q) = g and gx 4 & Vi for all ¢ € w.
Then by the definition of V, there exists an ny > 0 such that

VgeG(g¢ Vi =Im<ng(g"¢V)).
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Pick a large enough gx € w so that dy(1g,S(gry,)) < 27%/ng. Then we
can find an my, < n; with 9Z,L§k ¢ V.

Put M1 = 0and M = mog+---+my for kK € w. Let x € G¥ be
defined as x(p) = g,q, for p = Mj_1 +i with 0 < 7 < my. It is clear that
lim, z(p) = 1. This implies that

2B (G)lge <= SY(x)E.(H)S“(1gw).
For any k € w, we have
iL'(Mk_l)ZC(Mk_l + 1) < :E(Mk — 1) = g;:gk ¢ V.

By Lemma 2.4(2), we see that xE,(G)lgw fails.
For any p < p/, if Mj_1 < p < M}, and M},_1 < p' < My, then we have

/

p
di(Lae, S (@) |ppy < Y du(ly, S(x(i)))
1=p
Mj—1 k-1 v
=3 du(lm, Slgng)) + > midu(lm, S(gig) + . du(la, S(gwq,))
i—p i=k+1 =My
k'—1
<2 Ry /ny, + Z 27 'mi/nq + 27 mu
i=k+1

<3.27k,

This implies that lim, sup,<,y dy (1, S*(x))jp) = 0. Then it follows from
Lemma 2.4(2) that S*(z)E.(H)S“(1ge). A contradiction! So (*) holds.

Now put U = Viyi2. Then U C Viyq1 = Vk;_l‘_l, soU U C Vi, For
g €U and (g,) € U, since g;lg € Vi, for each p, we have

lim S(gp) = S(g9) = limS(gp_lg) =1lg = limgp_lg =1g=limg, =g.
P p P P

This implies that S | U is a topological embedding.

Then we only need to show that S(U) is closed. Let (g,) € U~ and h € H
with lim, S(g,) = h. Assume for contradiction that (g,) does not converge in
U. Then it is not dg-Cauchy, we can find two strictly increasing sequences of
natural numbers (pg), (¢x) with py < gi such that dg(gp,, 9q.) - 0. By the
fact that limy S(g‘;quk) = limy S(gp,) "1S(gq,) = 1u, we have limy, g]jklqu =
1g, and we get a contradiction as desired. Therefore, lim, g, = g for some
g € U, and hence h = lim, S(g,) = S(g) € S(U). So S(U) is closed.

Finally, if G = W and the interval [0,1] can be embedded into H, by
lemmas 6.7 and 2.9, we see that the converse is also true. O

Corollary 7.2. Let G, H be two TSI Polish groups. Assume that G is
uniformly NSS and H is strongly NSS. If E(G) <p E(H), then G is strongly
NSS too.
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Proof. By Theorem 7.1, we can get an open subset U 3 1g of G and a
homeomorphism S : U — H such that S(gg’) = S(9)S(¢) for g,¢',9¢' € U.
Let V be an unenclosed set of H. It is clear that S~*(V)NU is an unenclosed
set of G, so G is strongly NSS. U

Remark 7.3. The assumption of uniformly NSS in Theorem 7.1 and Corol-
lary 7.2 can not be avoided. For example, for p-adic solenoid T,, we have
E(T,) <p E(T), where T is strongly NSS but T, is not (see [5, Theorem
6.24]).

In the rest of this article, we attempt to study some examples that are
induced by totally disconnected TSI Polish groups.

Ezample 7.4. Let G = {v € ¢p : Vn(v(n) € 27"Z)}. Then G is uniformly
NSS but not strongly NSS with the subspace topology inherited from cg.
By Theorem 6.12, I, is strongly NSS. So E(G) £p E(l,) for p € [1, +0c0).

Recall that a sequence (v;) in a Banach space X is called a Schauder basis
of X if
Yu € XEl'(tj) € R¥ (U = thvj).
J

Two sequences (v;) and (v}) are called equivalent in X if

/
E tjv; converges < E tjv; converges.
J J

For p € [1,+00) and a € ¢y, we define
In={new:a(n) #0}, Ap.={vel,:¥n(v(n) €a(n)Z)}.

If I, is infinite, then A, , equipped the relative topology inherited from
l, is a totally disconnected, strongly NSS abelian Polish group, but is not
non-archimedean. In particular, we put d(n) = 27", and let

Ay =A,a={vel,:Vn(v(n) € 27"Z)}.

J
Let e; = (0,...,0,1,0,...), then (e;) is a Schauder basis of 1,,.

Theorem 7.5. For p,q € [1,+00) and a € ¢y, the following hold:
(1) if 1, is a nonempty finite set, then E(Ap,) ~B Eo;
(2) if 1, is infinite, then E(Apq) ~B E(A4p);

(3) E(Ap) <p E(lp);

(

(

)
) E
) E(Ay) <p E(ly) <= p=y¢q; and
) E(4p) <p E(Aq) < p=gq.

Proof. (1) If 1, is a nonempty finite set, then A, , is a nontrivial countable
discrete group. So E(Apq) ~B Eo (see [5, Theorem 3.5(1)]).

(2) Suppose that I, is infinite. We can find a strictly increasing sequence
of j(n) € w for each n € I, such that 279" < |a(n)|. Clearly, there is an
my, € w with

3
4
5

la(m)| < M2 < 2a(n)|.
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Let ¢ : Apq — Ay be defined as

(P(U)(k‘) = { 27;22;)52)7 k= ](n),n € 1,

0, otherwise.

It is obvious that ¢ is a continuous homomorphism. For any v € A, ,, we
have

ol = (Z |v<n>|p); < (Z

nGIa nela

mpv(n)

p\ ¥
Wa(n) = H‘P(U)Hp < 2”UHP'

Thus ¢ is a topological group isomorphism from A, , onto p(Ay ). It follows
from Proposition 2.3 that E(A,,) <p E(A,). Similarly, E(Ay,) <p E(Ap.).

(3) Since A, is a closed subgroup of [, we get that E(A,) <p E(l,). By
Corollary 6.6, we have that E(Ay,) <p E(lp).

(4) The (<) part is from (3). We prove the (=) part as follows:

Suppose that E(A,) < E(l;). Then by Theorem 7.1, there exist an open
subgroup W of A, and a continuous homomorphism S : W — [, such that
S1U:U - SU) is a homeomorphism and S(U) is closed in [,, where
U C W is an open neighborhood of 0.

For k € w, let Vi = {v € A, : |||, < 27%}. Since S is continuous, we can
find an integer kg > 0 so that

Vie CU, Vo € Vi ([IS()lg < 1).
For any k € w, we define v, € Vj, as

o) = { 257N =k ko,
MU0, otherwise.

Note that for any k # k’, we have
okl = 27571 < flog — vl = 2V/P27 R0t < 27k,
and thus both v and v, — vy are in V. So

sup [[S(vg)llq <1, sup [[S(vg) — S(ve)llq < 1.
k kK

Since S | U is a homeomorphism, there are Dy, Dy > 0 such that
1Sl > Dr, i 15(k) = S0y > Do
Since supy, |[|S(vg)|lq < 1, by the compactness of [—1,1]*, there are a
subsequence (S(vg,)) of (S(vg)) and a w € [—1,1]¥ such that
i (lim S(ug,)(n) = w(n)).
It is clear that [|w||; < 1, and thus w € l;. Put w; = S(vk,,) — S (Vky, 1) € lg
for each ¢ € w. We have

Dy < inf ||lwillq < sup [lwillg <1, Vn(limw;i(n) = 0).
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It follows from [14, Proposition 1.a.12] that there is a subsequence (wj;) of
(w;) which is equivalent to a block basis (see [14, Definition 1.a.10]) (wj}) of
(ej). In other words, we get that, for any (¢;) € R¥,

thwi ; converges <= thw;- converges.
J J
Then it is routine to check that 0 < inf;[Jw}ll; < sup; [lwjllq < co. By
similar arguments in proof of [14, Proposition 2.a.1(i)], we see that (wj) is
equivalent to (e;) in l,. Therefore, (wy;) is equivalent to (e;) in I.

Let z(j) = ki, = Ui, 41 for each j € w. Then z € V2 C U~ C W*. It
is trivial to check that (z(7)) is equivalent to (e;) in I,. Note that 2~*0~1 <
()|, < 27% and Dy < [Jwy,[lq < 1 for j € w. Thus for any (t;) € R¥, we
have

limtjz(j) =0 < limt; =0 < hmth =0.
J J

Put X = {(t;) € R¥ : Vj (t; € 277Z N [0,1])}. Then for any (¢;) € X,j €
w, we have [|t;z(5)|, < [|z(5)]l, < 27o. Sotaz()EVkOCUCW Note

that z(j) € U. Then we have S(t;z(j)) = tjw;, for each (t;) € X (This is
because that w;, = S(ngij) - S(ngi )= S(ngi - UkZij+1) = S(z(j))-

For any t = (tj) € X, let T = (t ix(j)) € W‘*’ By Lemma 6.7, S# is
a reduction of E,(W) to E.(ly) x E(W;0). Let y = 0 € W¥. Again by
Proposition 2.8, we can get the following conclusion that, if lim; Z(j) = 0,
then

Z ) converges <= Z S(@'(j)) — S(y(j)) converges.
j

Because both sides of the above formula imply lim; Z!(j) = 0. So for any
(tj) € X,
th:p(j) converges < thwij converges.
] J
From the fact that (x(j)) is equivalent to (e;) in I/, and (wj;) is equivalent
to (e;) in Iy, we see that

V(t;) € X ((¢) €l <= (t)) €ly),

this gives that p = q.
(5) It follows immediately from (3) and (4). O
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