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Abstract  We study the decompositions of Hilbert schemes induced by the Schubert cell decomposition
of the Grassmannian variety and show that Hilbert schemes admit a stratification into locally closed
subschemes along which the generic initial ideals remain the same. We give two applications. First,
we give completely geometric proofs of the existence of the generic initial ideals and of their Borel fixed
properties. Second, we prove that when a Hilbert scheme of non-constant Hilbert polynomial is embedded
by the Grothendieck—Pliicker embedding of a high enough degree, it must be degenerate.
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1. Introduction and preliminaries

In this paper, we give a geometric study of generic initial ideals. Given an ideal I of a
polynomial ring k[zo, ..., z,] and a monomial order <, the generic initial ideal Gin (T)
of I is roughly defined as the monomial ideal generated by the initial terms of I after
a generic coordinate change. Its existence and basic properties were first worked out by
Galligo [9] in characteristic zero and subsequent works of Bayer and Stillman [3] and of
Pardue [16] established fundamental properties in prime characteristic. Generic initial
ideals found useful applications in the study of Hilbert schemes [12], and in the study of
the Castelnuovo-Mumford regularity and the complexity of Grobner basis computation
[2] to name just a few.

We shall take Green’s geometric viewpoint of initial ideals [11] and prove further prop-
erties about generic initial ideals. Understanding the geometry of initial ideals leads to a
more conceptual and geometric proof of the existence of the generic initial ideals (Propo-
sition 3.2 and Definition 3.4). We also obtain a completely geometric proof of the Borel
fixedness (Proposition 3.5), which is the most important combinatorial property of generic
initial ideals. In essence, it is not a new proof but more of a reformulation since it shares
with the algebraic proof the key component, which is considering the non-vanishing of the
coefficient of the largest Pliicker monomial. Nonetheless, we do believe that our geometric
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reformulation is a better display of the essence of the proof, and it has the obvious
advantage of being terse and to the point once we set up the machinery.

We also prove that the Hilbert schemes admit a stratification into locally closed
subschemes consisting of ideals with the same generic initial ideals.

Theorem 1.1. There is a finite decomposition

Hilb”(P(V)) = [] T«

aeg

into locally closed subschemes I'z = {[I]|Gin <(I) = Iz} where & runs through all indices
such that Iy are Borel fixed. Moreover, for each irreducible component H of Hilb” (P(V')),
there is a unique maximal index dp € G such that 'y, is Zariski open dense in H.

This will be established in §2.3. As a corollary, we shall retrieve the main statement of
[6, Theorem 1.2].

Some authors have worked on the stratification of the Hilbert schemes of ideals accord-
ing to their initial ideals with respect to a monomial order [15,17]. Bertone et al.
considered in [4] what is called the Borel cover (an open cover, as opposed to a stratifica-
tion) of the Hilbert scheme. In §4, we shall briefly sketch these related works and point
out the major differences from our work.

As the most prominent application of the geometric study of the stratification, we
demonstrate a very important and fundamental extrinsic geometry of the Hilbert scheme:
the Grothendieck—Pliicker embedding of high enough degree is degenerate. More precisely,

Theorem 1.2. Let P be a non-constant admissible Hilbert polynomial. For any m > 0
(especially, m > my), ¢ (Hilb” (P(V))) is degenerate.

Here, m, is the Gotzmann number of the Hilbert polynomial P and ¢,, is the
Grothendieck—Pliicker embedding (equation (2)). Admissible Hilbert polynomials are the
Hilbert polynomials of graded ideals. It is well known that for any admissible Hilbert
polynomial P, there exists a lex-initial ideal whose Hilbert polynomial is P, and this com-
pletely classifies the admissible Hilbert polynomials: see, for instance, [13, Appendix C,
p- 299]. This theorem will be proved in §5.

We work over an algebraically closed field &k of characteristic zero.

2. Schubert decomposition of the Hilbert schemes

2.1. Schubert cells in the Grassmannian

To introduce various notations properly, and for the sake of completeness, we recapit-
ulate the Schubert cell decomposition of Grassmannian varieties. Let d < n be positive
integers, and E be a k-vector space with an ordered basis {e,}aec4. Here, A is an index
set and the order is denoted by <. We also let < denote the induced order on A. The
standard Borel subgroup B C GL(E) consists of g € GL(E) such that g - e = Y1 | gages
and go3 = 0 for all 8 > a.
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Let GryE be the Grassmannian variety of d-dimensional subspaces of E and & =
(a(1),...,a(d)) € A? satisfying €a(i) = €a(i+1)- The Schubert cells are defined to be the
B-orbits of the d-dimensional coordinate subspaces i.e. for any & as above,

Cs = B.Eg

where Fg is the subspace spanned by ey (1), - -, €q(a)-
For our purpose, it is useful to have the following description of Schubert cells in terms
of the initial subspace. A monomial of /\d E is an element of the form

€q = €q(1) N N eq(a)

with a(7) > a(i + 1), and we order the monomials lexicographically.

For any v =) aneq € E, the initial vector in - (v) is simply eg such that ag # 0 and
aq =0 for all e, > eg. Let F' C E be a d-dimensional subspace of E. Then the initial
subspace in < (F) is defined to be the subspace spanned by in - (w), Yw € F.

For @ = (a(1),...,a(d)) with a(i) = a(i + 1), The ath Pliicker coordinate pg(F) of F
is the eq (1) A -+ A eqa)-coeflicient of /\d F. Then the ath Schubert cell is precisely

Cg = {F S GTd(E)‘pO-;(F) #+ 0, par (F) = O,VO?/ ~ (52} (]L)

We define the partial order <, on A% as follows: for any two indices @ and @', @ <, a' if
and only if a(é) < /(i) for all i. Then the Schubert cells are partially ordered accordingly,
and the closure Cy, called the Schubert variety, is the union ]| a'<.q Car- We point the
readers to the excellent lecture note by Michel Brion [5]. B

2.2. Decomposition of the Hilbert schemes induced by the Schubert cells of
the Grassmannians

Let V be a k-vector space of dimension n + 1 and g, ...,z, € V* be a basis of the dual
vector space. The symmetric product S”™V™* has a basis consisting of degree m monomials

[e3

=y

n

where a = (g, . .., a,) € N**! has component sum |a| = > a; = m. Let = be a mono-
mial order, and let B C GL(V*) and B’ C GL(S™V™) be the standard Borel subgroups
with respect to >. We abuse the notation and let > also denote the induced monomial
order on ZZ}" i.e. @ = A3 if and only if 2 = 2.

Definition 2.1. p,, : GL(V*) — GL(S™V*) denotes the natural homomorphism
defined

Lemma 2.2. p,,(B) C B'.

https://doi.org/10.1017/5S0013091518000421 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091518000421

50 D. Hyeon and H. Park

Proof. For any g € B, we have

)

K2

= H(gf;ajla +lo.t.s)

= (Hgﬁ)xo‘ + lLo.t.s,
i

where l.0.t.s means lower order terms. [l

Let P € Q[m] be a rational polynomial admissible in the sense of [20, Theorem 1.3]
and Q(m) = dimy, S™V* — P(m) = ("!™) — P(m). There is a number my, called the
Gotzmann number, such that for all m > mg, any homogeneous ideal I C S :=
klxo,...,x,] with Hilbert polynomial P is m-regular [10]. This implies that we have
an exact sequence

0~ Iy — D(B(V), Op(y(m)) — D(X, Ox (m)) — 0 M

where X C P(V) is the closed subscheme of P(V') cut out by /. The point in Grg,)S™V*
defined by the equation (1) is called the mth Hilbert point of I (or, of X ), and is denoted
by [I]m or [X]n,. Gotzmann’s theorem implies that we have an embedding of the Hilbert
scheme

G HID"P(V)  —  Grom)S™V* @)
1] = (]m '
We call ¢,,, the mth Grothendieck-Plicker embedding of Hilb” P(V). Fix m > my, let
d := Q(m) and consider the Schubert cell decomposition of GryS,, where S,, is the degree
m part S™V* of S. For GryS,,, the Schubert cell (1) defined in the previous section takes
the following form.

Definition 2.3. An inder is a sequence @ = (a(1),...,a(d)) such that each «(i) €
N"*1 has component sum m and 2% = 0+ for all 4. Given an index @, the Schubert
cell Cg of GryS,, associated to @ is

Ca={F C Splin<(F) = k(xa(1)7 . 7xa(d)>}-

Definition 2.4. Let @ be an index. We define /5 to be the saturation of the ideal
generated by z®() . . z*(d).

Iz = ((xa(l), e ,xa(d)> H{xoy ey ) ).
And we will denote the saturation of an ideal J of S = k[z1,...,x,] by J%*.

Lemma 2.5. Let J be a saturated homogeneous ideal of k[xo,...,x,] with Hilbert
polynomial P. If J,, € Cg, then (in . J)%' = I5.

Proof. Since the Hilbert polynomial of in oJ is P and m is not smaller than the
Gotzmann number mg of P, (in <xJ)p4 = Si(in <J),, for all [ > 0. Hence (in <J),, =
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(Ig)m for all m >mg and it follows that (inLJ)%®* =I5 since both ideals are
saturated. a

Lemma 2.6. Let J be as in the previous lemma. Suppose .J,,, € Cg. Then there exists
a non-empty open subscheme U C GL(V*) such that for all g € U, (in (g - 1)) = I5
for some &' = a.

Proof. Let U C GL(V*) be the open subscheme that is complementary to the closed
subscheme cut out by the Pliicker equation pz(g - J,) = 0. Since pg(Jy) # 0, U is non-
empty. That U has the desired property is clear from the defining property (f) of the
Schubert cells and Lemma 2.5. (I

Let GL(V*) act on the product GL(V*) x Hilb” (P(V)) on the first factor, and on
GrgS™V* through py, (Definition 2.1). Define ¥,, by

U, : GL(V*) x Hilb"(P(V)) — GryS™V*
(9. 1]) = g 1]

By abusing terminology, we shall call ¥,,, the mth Grothendieck—Pliicker embedding when
there is no danger of confusion. Note that [g - I],, = pm(9).[I]m, which amounts to saying
that ¥, is GL(V*)-equivariant.

Definition 2.7. Cj,, = (GL(V*) x Hilb” (P(V))) X Grysmv+ Cam-

Remark 2.8. When there is no danger of confusion, we suppress the subscript m.

The following two lemmas are immediate from Lemma 2.5.

Lemma 2.9. (g,[I]) € C} if and only if (in <(g - I))*** = I5.

Lemma 2.10. C} is Borel invariant i.e. B - C; = C%.

Proof. For b € B and (g, [I]) € C, we have

U6+ (9, 111)) = pn(8) - Wa((9, [1])) € puu(b) - B' - B = B' - Es. 0

Lemma 2.11. Let T be a set of indices and X C Ugcz Cg be an irreducible subset. Let
a* be a maximal index such that Cg» NX # (). Then C5- NX is open in X . Consequently,
such &* is unique.

Proof. Reset the index set Z such that every Schubert cell corresponding to a maximal
index of Z meets X non-trivially. Let dy,...,d; be maximal indices, and hence whose
Schubert cells meet X. Now, consider the open set U; := {F € GrySm|pa, (F) # 0}. Since
Cga, = U; NUgez Cg, Cg, is open in Uger Cg, then it follows that Cz, NX is open in X.
Since X is irreducible, it follows that ¢t = 1. O

We summarize our findings in the following proposition.
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Proposition 2.12. Let H be an irreducible component of Hilb” (P(V')). Then there
is a finite decomposition of GL(V*) x H into non-empty locally closed subschemes

GL(V*)x H =[] %
aeJ
such that:

(1) if @* is a maximal dimensional cell (such that C5 # (), Ck. is Zariski open dense
in GL(V*) x H;

(2) (g9,[I)) and (¢',[I']) are in the same C5 if and only if (in(g-1))% =
(in<(g/1/))sdt;

(3) each CJ is B-invariant.

Proof. In a union of Schubert cells, any cell of maximal dimension is open. The index
set J consists of & such that

U, (GL(V*) x HYNCg = ¢ (H) N Cg # 0.

Since GL(V*) x H is irreducible, there is a unique &@* such that the corresponding Schu-
bert variety Cz+ contains it. This establishes the first item. The second and the third
items are precisely the Lemmas 2.9 and 2.10. O

We obtain an induced decomposition of the irreducible components of Hilbert schemes,
simply by taking the trivial slice {1} x H of the product GL(V*) x Hilb” (P(V)). See the
following result of Notari and Spreafico [15].

Corollary 2.13 (see [15, Theorem 2.1]). Fix a monomial order < on the set of

monomials of k[xy,...,x,] and a monomial ideal Iy C k[zg,...,xy]. Then there exists a
locally closed subscheme H;, of the Hilbert scheme Hilb" (P(V')) whose closed points are
in bijective correspondence with the saturated ideals of k[xq, ..., x,]| whose initial ideal
equals Ij.

2.3. Gin decomposition of the Hilbert scheme

Theorem 2.14. There is a finite decomposition

Hilb” (P(V)) = [] I'a

aeg

into locally closed subschemes T'y = {[I]| (Gin 4(I))**" = I5} where « runs through all
Borel fixed ideals. Moreover, for each irreducible component H of Hilb” (P(V')), there is
a unique maximal index dy € G such that I'g,, is Zariski open dense in H.

Proof. We give an inductive proof. Let m be an integer larger than the
Gotzmann number of P. Set I'p; =0, j € N. Suppose that we have constructed
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T, oo Tisys o5 Dz, oo, Te1g, 4 such that for each irreducible component H,,; of

Z, :=Hib"@PWV)\ ] Ty, w<t-1

i<u—1

there exists a unique I'y; which is open dense in H,; and an index dj; such that
(Gin L I)sat = Ig: forall I €T'y;.

Let Hp,...,Hys, be the irreducible components of Z, defined as above. Let
denote the projection from GL(V*) x Hy; to the second factor. Since GL(V™*) x Hy;
is irreducible, by Lemma 2.11 there exists a unique maximal index d’;j such that
U, (GL(V*) x Hg;) N Cg;, is non-empty open in U, (GL(V*) x Hy;). Let Us;, be the
fibre product C&Ej X Grqasmy+ (GL(V*) x Hyj). It is an open subscheme of GL(V*) x Hy;,
and its projected image I'y; = ﬂg(U&%) is an open subscheme of Hj; since projections
are flat.

For any [I] € Ty, Ca;, XGrasmy= (GL(V*) x {[I]}) is not empty, and open in
GL(V*) x {[I]} which we identify with GL(V™*). Clearly, @7, is the maximal index whose
Schubert cell meets U, (GL(V*) x {[I]}). Hence for any g in the open non-empty sub-
scheme Cgz; Xgrysmyv+ (GL(V™) x {[I]}) of GL(V™), we have [in(g-I)]m = [Iz; ]
and since m is at least as large as the Gotzmann number, (in (g - I))%* = I5; . That is
(Gin 4 (1))% = I;, for any [I] € T'y;, and we rename I'; to I's; . and obtain the statement
of the theorem. O

Remark 2.15. The definition/construction of the locally closed subschemes TI';;
depends on the choice of the embedding ¢, of the Hilbert scheme but their properties
determine them uniquely.

As a corollary, we retrieve the following. Let < be a monomial order and P be an
admissible Hilbert polynomial. We assume that Hilb® P" is embedded in a suitable Grass-
mannian. Recall that an initial segment in degree d and length ¢ with respect to < is
simply the set of the first £ monomials of degree d.

Corollary 2.16 (see [6, Theorem 1.2]). For any general member I of an irreducible
component H of Hilb” P", we have

(Gin < ()™ = I

where @* is the maximal index such that H meets Cz~. In particular, the generic initial
ideal of general points in the plane equals the ideal which is generated by initial segments
in every degree.

Proof. The first statement is straight from Theorem 2.14 and its proof. The second
statement follows since a Hilbert scheme of points on a smooth surface is smooth and
irreducible, and there exists an ideal with Hilbert polynomial P that is generated by
initial segments in all degrees [6, Lemma 5.5]. Note that the assertion does not depend
on the embedding ¢,, since Iz« remains the same by Lemma 2.5. (]

https://doi.org/10.1017/5S0013091518000421 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091518000421

54 D. Hyeon and H. Park

Remark 2.17. Although we retrieve the main statement of Theorem 1.2 of [6], Conca
and Sidman do more: they explicitly give a set of conditions on the points that guarantee
that the generic initial ideal is the initial segment ideal.

3. Primary and secondary generic initial ideals

We retain the notations from the previous section. As an application of our geometric
study of the Gin decomposition of the Hilbert scheme, we give a geometric proof of
the existence of generic initial ideals and their Borel-fixed properties. One of the key
ingredients is that initial ideals can be thought of as flat limits with respect to a one-
parameter subgroup action: Bayer and Morrison used this in their study of state polytopes
of Hilbert points [2], and more recently Sherman has also used it to prove that the
one-parameter subgroup [18] taking an ideal to its generic initial ideal is also Borel fixed.

Fix a saturated ideal I C k[zo,...,z,] with Hilbert polynomial P, and consider the
orbit map

U1 GL(V*) ~ GL(V*) x [I] = GL(V*) x Hilb” (P(V)) L& GryS™V*.
In short, ¥,, 1(g9) = [g - I];n. We have the induced decomposition

GL(V*) ~ GL(V*) x [I] = [J(GL(V*) x [1]) N C}.

(03

Definition 3.1. We let C% denote (GL(V*) x [I]) N C% regarded as a locally closed
subscheme of GL(V™*).

Following Proposition 2.12 and its proof, we easily obtain the following.

Proposition 3.2. There is a finite decomposition of GL(V*) into locally closed
subschemes

GL(V*) =[] X,
o
such that:
(1) there is a unique maximal stratum X, that is open dense in GL(V™);
(2) g,¢" are in the same stratum if and only if in (g -I) = in < (¢'.1);
(3) each stratum is B-invariant.
Proof. Since GL(V™*) is irreducible, for each m there exists a unique &, such that

W, 1(GL(V?)) C Cag, .

By Proposition 2.12, C%. is open dense in GL(V*) and in <(g- 1), = (Iz+ )m for all
g e /_{ m m
Supp%se that I has a universal Grobner basis which has members in degrees d, ..., d.

Let Xox 1= ﬂle g;? this is open dense in GL(V*) and for any g € Xox, in <(g- 1) =
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(Ias )m for each m =dy,...,d,. Since initial ideals of I (hence those of any GL(V*)-
translate of I) are generated in degrees d, ..., dy, it follows that in (g - I') are the same
for all g € X,». This is the primary generic initial ideal Gin < (1) of I.

We shall repeat this procedure. Let Zi1,...,Z1,, be the irreducible components of
GL(V*)\ X,. Apply the above argument to each Z;; and obtain X,,,

(1) which is open dense in Z7; and

(2) ins(g-I)=in<(g¢'.1) for all g,¢' € X,,,.

Having constructed X, ., 2 =1,...,u5_1, in this manner, we take the irreducible
decomposition
s—1
GL(V*)\ (XU* ul] XU],) =ZaU--UZg.,
j=1

apply the same argument to each Z; and obtain X, , until we exhaust the whole of
GL(V*). O

Remark 3.3. X, meets the unipotent subgroup U = {g € B gaa = 1,Va} since B°U
is Zariski open in GL(V™*). See for instance, [8, Theorem 15.18].

Definition 3.4. The (primary) generic initial ideal of [I] is in 4(g-I) for any g €
., and it equals Iz.. The secondary generic initial ideal with respect to & # @* is

a*»

Iz =in(g-I) for g € CL.
Let B° denote the opposite Borel subgroup:
B°:={geGL(V")|g-a® = an,glﬁ,caﬁ =0,Y0 < a}.

One sees from the definition of B and B° that, for any b € B (resp. b € B°) and [I],, €
Ca C GraS™V*, b.[I];n € Cz with 8 < « (resp. 8 = a). We symbolically write

B[]y = I = B [{]m-

Proposition 3.5 (see [3,9,16]). The primary generic initial ideals are Borel fixed.
That is, B°Gin <(I) = Gin < (I).

Proof. Let [I] € Hilb” P(V) and suppose b.Gin 4 (I),, # Gin <(I),, for some b € B°
and m > 2. Let @* be the maximal index for [I],, i.e. Iz =in <(g- )" = Gin (1)
for any g € CZ.. We fix an arbitrary g € C%, and work with it for the rest of this proof.
Since B - [I]n, = [{]m, b5+ € Cj for some 3> a*.

There is a one-parameter subgroup A:G,, — GL(V*), diagonalized by the basis
{0, ...,z }, such that lim; 0 A(¢).g - [I];m = in <(g - [I];m): due to [19, Proposition 1.11],
there exists w € Z%{' such that in,(g- 1) =in <(g-I), where in, () means the ideal
generated by the initial forms in(f) with respect to the partial weight order defined
by w, Vf € I. Such w is obtained by computing a Grobner basis G and choosing w such
that in,(f) =in<(f) for all f € G. Let A : G, = GL(V*) be the 1-PS associated to
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—w ie. A(t).x; = t™%ixz;. Then [in4(g-I)] = limy_o A(t).[g- I] in the Hilb” (P(V)) [1,
Corollary 3.5].

Since A is diagonalized by {x, ..., 2, }, the Schubert cells are invariant under its action.
By our choice of g € C%., g - [I];, € Cg+ and hence A(t).g - [I],, is contained in Cg«, Vt #
0. Since @ < 3, Caqr C Z := 65, and hence we have A\(G,,).g - [I],, € Z. The Schubert
cells are locally closed, so Cz is open in Z. Since the limit of b.A(t).g - [I],, is in the open
set C' (of Z), it follows that b.A(t).g - [I];m € C for some ¢ # 0. Hence b.A(t).g € Cg #0

which contradicts the maximality of a*. (I

4. Other stratifications and covers

In this section, we shall describe related works and point out the apparent and crucial dif-
ferences that distinguish our work. Let P(V), k[zo, ..., Zn] = ®mS™V*, and Hilb” P(V)
be as before in §2.2.

4.1. Stratification according to the initial ideals

The first work appearing in the literature regarding the stratification
Hilb” P(V) = [[ Hi,

of Hilbert schemes by using initial ideal is [15] which we retrieved in Corollary 2.13. This
stratification is clearly different from ours. In their stratification, there is a unique stratum
for each monomial ideal whereas in ours, there is a unique stratum for each Borel fized
ideal. Hence the stratification Hilb” (P(V')) = [ [ H;, has far more strata. Also, a stratum
Hj, in general is not contained in one of our strata I'y since in oI = in .J does not
imply Gin I = Gin 2 J: let < be the degree reverse lexicographic order. There are ideals
I whose regularity is strictly lower than that of J =in /. Then inJ =in(in/) =in/
but GinI # Gin J since the regularity is preserved under taking the generic initial ideal
with respect to the degree lexicographic order. This was pointed out to the author by
Hwangrae Lee.

Notari and Spreafico studied the properties of the strata and showed that Hjp, is
isomorphic to an affine space if Hj, is non-singular at the Hilbert point of Iy. They
also considered the strata H;, that contains an open subset (of an irreducible compo-
nent H) and showed that I, should be Borel fixed. The distinguished open subschemes
H;, and T'y,, (from Theorem 2.14) are more closely related than others. First off, the
indices I, and apy are both determined by the largest Schubert cell that intersects the
Grothendieck—Pliicker image of H (as in Proposition 2.12), so I, = I,,,. Also, if inI = I,
then Gin I = I, due to Lemma 2.6. Hence we conclude that Hy, = Hy,  CI's,. They are
not equal in general, as can be easily seen in the hypersurface cases.

4.2. Borel open cover

In [4], Bertone et al. considered the open cover Hilb” P(V) = U,.s HJ of the Hilbert
scheme, where:

https://doi.org/10.1017/5S0013091518000421 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091518000421

Pliicker images of Hilbert schemes are degenerate 57

(i) the indices g and J respectively run over PGL(V*) and the set of all Borel fixed
ideals of Hilbert polynomial P; and

(ii) the open subscheme H?Y is the g-translate of the open subscheme ¢, ! (Cz) where @
is the index satisfying J = I5.

Note that Hf_is an open subscheme complement to the hypersurface {J € Hilb” P(V) |
pa(g - Jm) = 0} whereas our stratum I'y is derived from the locally closed subscheme that
misses the hypersurface {.J € Hilb” P(V)|pg(J,n) = 0} and is contained in the closed
subscheme Ngrvg{pa(Jm) = 0}. If g - J has initial ideal I, then J € H}’ , but there are
ideals J € HY whose initial ideal after coordinate change by g differs from Iz. Hence the
Borel open cover does not give information about our stratification in Theorem 2.14.

5. Grothendieck—Pliicker embedding is degenerate

Retain notations from §2. Let P be a non-constant admissible Hilbert polynomial of a
graded ideal of S = k[xg, ..., 2,], and let m, denote its Gotzmann number.

Theorem 5.1. The Grothendieck—Pliicker image (bm(Hile P™) is degenerate for m >
mg unless P is a constant.

We first prove the following key lemma.

Lemma 5.2. Let [,, be a subspace of S™V* generated by an initial reverse
lexicographic segment of monomials.

(1) See [7, Corollary 2.9]. For any 1 > 0, S;1,,, is also generated by an initial reverse lex-
icographic segment if and only if dimy, I,,, > (n+271)7 i.e. if and only if I,,, contains
.

(2) Suppose that I, contains x™ ;. Then dimy S™V* — dimy, I,,, = dimy, S™HV* —
dimg S;I,,. In particular, if an ideal J is generated in degree < m and J,, = I,,,
then its Hilbert polynomial is a constant.

Proof. (1) One direction is straightforward. Assume that S;I,, is generated by an
initial reverse lexicographic segment. Since S;I,,, contains a monomial divisible by x,,,
x,’?fll is also contained in S;/,,. Thus x]" ; must be contained in I,,.

Conversely, assume that I,,, contains )" ;. It is enough to prove that S I, is generated
by an initial reverse lexicographic segment. Let i be a degree m monomial M not divisible
by x,. Then p > 2" ; and it follows that p € I,,, since z]* ; is contained in I,,, and I,
is generated by a revlex initial segment. In turn, we deduce that every monomial not
contained in S71,, is divisible by x,,.

Consider two monomials i1, ig € S11, such that gy = s and py € S1I,. Then py is
divisible by x,, and since ps < 1, p2 is also divisible by x,,. If uo € S11,,, then (ua/x;) €
I, for some x;. The relation (ue/x;) < (p2/xn) < (11 /xy,) implies that (uy /x,) € I, and
thus py € S11,,, which is a contradiction. Hence uo & S11,, and this means that Si1,, is
generated by an initial segment.
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(2) Tt suffices to prove that the number of monomials of degree m not contained in
I, is equal to the number of monomials of degree m + 1 not contained in S11,,. If u is
the least monomial in I,,, then x, u is the least monomial in S;1,,. So a monomial y' of
degree m + 1 is not in Sy1,, iff z,uu = p'. The last equation implies that p’ is divisible by
Zn, 0O there is a bijective map given by u” — x, 4" from the set of monomials of degree
m smaller than p to the set of monomials of degree m + 1 smaller than x,, u. 0

An elementary argument shows that if an ideal I is generated by a lex initial segment
I,,,, then I is a lex initial ideal, i.e. I,,,» is generated by a lex initial segment for all m’ > m.
Moreover, by Macaulay’s theorem, given any admissible Hilbert polynomial P, one can
construct an ideal I whose Hilbert polynomial is P by taking the ideal generated by a
suitable initial lexicographic segment. The corollary below states that the opposite holds
for revlex. An ideal (W) generated by a revlex initial segment W C S, is never a revlex
initial ideal, except in the constant Hilbert polynomial case.

Corollary 5.3. Let J be a graded ideal of S. If J,, is generated by a reverse lexico-
graphic initial segment for some m > 0, then J has a constant Hilbert polynomial unless
J is generated in degrees > m.

Proof. If J is not generated in degrees > m, i.e. J, # 0 for some m’ < m, then
Im D Sm—mrImy D ™™ Jr. Since J,, is generated by a reverse lexicographic initial
segment, J,, > 2 ;. The assertion now follows due to Lemma 5.2(2). O

Proof of Theorem 5.1. We will prove that for all m > mg, ¢,,(H) is degenerate
where H is an irreducible component of Hilb” P, Let H be an irreducible component of
Hilb” P(V). Let > be the degree reverse lexicographic order and m > m, be an integer.
Let N = dimy S,,, and d = N — P(m). We consider S,,, ~ S™V* as an N-dimensional k-
vector space with the basis consisting of degree m monomials ordered by . Then /\d S 18
the exterior product of S, with the partially ordered basis consisting of exterior products
of degree m monomials.

Let @™ = {a(1),...,a(d)} be the maximal index set so that z®M) A ... A z2(d) is
the maximal basis element of /\d Sm, and let pg«m= denote the corresponding Pliicker
coordinate. Then Cgzs.m = {pg+.m # 0} is the big open cell of GryS,,, and its complement
{pg+m = 0} defines an ample divisor, namely, the pull-back zj)j‘nop(/\dsm)(Jrl) of the
hyperplane divisor.

We will show that ¢,,,(H) C {pg+= = 0} using Corollary 5.3. If ¢,,,(H) ¢ {pg+m = 0},
then there exists I € ¢,,'(Cg+.m) N H such that [in Z(I)],, = [Ig+m]m. Since H is closed
and in L (7) is the flat limit of an isotrivial family whose generic object is I, the component
H contains J :=in - (I). Since m > mo and J is generated in degree < mg, we have
Si—moJImo = Jm. Since [J], is generated by an initial reverse lexicographic segment,
we may apply Corollary 5.3 to conclude that the Hilbert polynomial of I is a constant,
contradicting the assumption.

So for each irreducible component H of Hilb” P(V), ¢,,, (H) is contained in {pg«m = 0}
and thus ¢,, (Hilb” P(V)) is contained in {pge.m = 0} for m > my. O

As an example, we consider the Hilbert scheme of degree d hypersurfaces of P". We let
S = k[zo,...,xy] be the homogeneous coordinate ring of P and let V* = S; as before.
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Hypersurfaces have Hilbert polynomial

n-—+m n+m-—d
P(m) = -
m=("") - ()
and the Hilbert scheme Hilb” P" is naturally identified with P(H?(Opn (d))) and ¢4 is an

isomorphism. On the other hand, consider the image under ¢41. For any [I] € Hilb? P,
bar1([I]) € P(AN" 1" S441) is determined by

AN =g f Az f A Aanf

where f is a homogeneous degree d polynomial generating I. Therefore every monomial

appearing in the wedge product A“*1I has each variable xo, . .., x, with a positive expo-
nent. It follows that ¢d+1(Hile P™) is contained in the hyperplane cut out by pz =0
where @ = (@(1),...,d(n + 1)) is chosen such that {1 ... 2%"+1D} are monomials of
degree d + 1 in zg,...,z,_1. Note that such @ exists since the number of degree d + 1
monomials in zq,...,T,_1 is (Zif) which is larger than n + 1 for any n > 2 and d > 1.

Hence we conclude that ¢4 (Hilb” P") is degenerate. Since the Gotzmann number of
the Hilbert polynomial P(m) is d, this is also checked from the Theorem 5.1.
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