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Neurospectral modeling of rectangular patch
with rectangular aperture in the ground
plane
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In this study, we propose an artificial neural network in conjunction with spectral domain approach (SDA), for fast and
accurate determination of the resonant frequency and half-power bandwidth of rectangular patch over the ground plane
with rectangular aperture. The performances evaluation of the neurospectral method reveals superiority over the conventional
SDA model in terms of errors and time. The results obtained from the neurospectral method are in very good agreement with
the experimental and theoretical results available in the literature. Finally, numerical results for the effect of rectangular aper-
ture dimensions on the resonant characteristics of the rectangular patch are also investigated.
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I . I N T R O D U C T I O N

Microstrip patch antennas are used in the wide range of appli-
cations such as aircraft, satellite, missiles, and land vehicles
and in small portable wireless communication equipment’s
due to their compactness, light weight, low-profile, and rela-
tive ease of fabrication method [1–3]. The main shortcomings
of these antennas are narrow bandwidth and low gain. These
shortcomings can be overcome in by proper design of an
antenna, and especially using proper substrate thickness and
dielectric constant as well as a proper way of feeding [4].
Various techniques have been proposed to improve the band-
width operation of the microstrip elements, and the most
common technique using feeding according element
through an aperture cut in a microstrip line ground plane
[5, 6]. Alternatively, aperture-coupling feeds are gaining
popularity owing to a number of advantages, such as a
greater bandwidth and efficiency, weak parasitic radiation in
the useful direction with respect to conventionally feed anten-
nas and optimal performance for both the feeding network
and antenna element [5]. With the increasing complexity of
geometry and material property, designing these antennas
requires more and more dedicated and sophisticated
computer-aided-design (CAD) tools to predict the character-
istics [7]. Various methods and commercial software are
available for analysis and synthesis of microstrip antennas.
These commercial design packages use computer intensive
numerical methods such as, finite-element method, method

of moment (MoM), finite-difference time-domain method,
etc. These techniques require high computational resources
and also take lots of computation time [8]. In the present-day
scenario, neural network models are used extensively for wire-
less communication engineering, which eliminate the complex
and time-consuming mathematical procedure of designing,
such as the MoMs [9]. The neural networks in conjunction
with spectral domain approach (SDA) was firstly proposed
by Mishra and Patnaik [10], to calculate the complex resonant
frequency and the input impedance [11] of rectangular micro-
strip antenna, this approach is named neurospectral method
[12]. This is the main reason for selecting the neurospectral
to estimate the resonant frequency and half-power bandwidth
of a rectangular microstrip patch over the ground plane with
rectangular aperture. To the best of the author’s knowledge,
the artificial neural network (ANN) models for predicting
the characteristics of microstrip patches over the ground
plane with rectangular aperture have not been thoroughly
reported in the open literature.

The objective of this work is to present an integrated
approach based on ANNs and SDA. We introduce the
ANNs in the analysis of a rectangular microstrip patch over
a ground plane with rectangular aperture to reduce the com-
plexity of the spectral approach and to minimize the central
processing unit (CPU) time necessary to obtain the numerical
results. The neurospectral model is simple, easy to apply, and
very useful for antenna engineers to predict both resonant
frequency and half-power bandwidth.

I I . T H E O R E T I C A L F O R M U L A T I O N

The geometry of the considered structure is shown in Fig. 1.
We have a rectangular microstrip patch of length Lp along
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the x-direction and width Wp along the y-direction over the
ground plane with a rectangular aperture of length La and
width Wa. Both the center of the patch and the center of aper-
ture have the coordinate value (x, y) ¼ (0, 0). Also, the metal-
lic patch and the ground plane are assumed to be perfect
electric conductors of negligible thickness. The dielectric
layer of thickness d is characterized by the free-space perme-
ability m0 and the permittivity 10, 1r (10 is the free-space per-
mittivity and the relative permittivity 1r can be complex to
account for dielectric loss).

The ambient medium is air with constitutive parameters m0

and 10. All fields and currents are time harmonic with the 1ivt

time dependence suppressed. The transverse fields inside the
substrate region can be obtained via the inverse vector
Fourier transforms as [5, 13]

E(rs, z) =
Ex(rs, z)

Ey(rs, z)

[ ]

= 1
4p2

∫+1

−1

∫+1

−1

�F(ks, rs) · e(ks, z)dkxdky ,

(1)

H(rs, z) =
Hy(rs, z)

−Hx(rs, z)

[ ]

= 1
4p2

∫+1

−1

∫+1

−1

�F(ks, rs) · h(ks, z)dkxdky ,

(2)

where �F(ks, rs) is the kernel of the vector Fourier-

transforming domain (VFTD) [5, 13]

�F(ks, rs) =
1
ks
·

kx ky

ky −kx

[ ]
· eiks·rs ,

rs = x̂x + ŷy, ks = x̂kx + ŷky, ks = ks| |.
(3)

The relation which related the current j(ks), j0(ks) on the
conducting patch (ground plane with rectangular aperture)
to the electric field on the corresponding interface e(ks, zp),
and e(ks, za) given by

e(ks, zp) = �G(ks) · j(ks) + �C(ks) · e(ks, za), (4)

j0(ks) = − �F(ks) · j(ks) − �Y(ks) · e(ks, 0). (5)

The four 2 × 2 diagonal matrices �G(ks), �C(ks), �F(ks), and
�Y(ks) stand for a set of dyadic Green’s functions in the vector
Fourier transform domain. It is to be noted that �G(ks) is
related to the patch current and �Y(ks) is related to the aperture
field. �C(ks) and �F(ks) represent the interactions between the
patch current and aperture field. In equations (5) and (6), the
unknowns are j(ks) and e(ks, za). Another possible choice in
the analysis of microstrip patches over the ground planes
with apertures is to consider j0(ks) as unknown instead
of e(ks, za). It is anticipated, however, that a very large
number of terms of basis functions would be needed for the
expansion of the current j0(rs) on the ground plane with aper-
ture because of the wide conductor area. Hence, it is better to
apply the Galerkin procedure to the unknown E(rs, za) field at
the aperture [13].

Fig. 1. Geometrical structure of a tunable rectangular microstrip patch over a ground plane with rectangular aperture.
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The transverse electric field at the plane of the patch and
the surface current density on the ground plane with a rect-
angular aperture can be obtained from equations (4) and
(5), respectively, via the inverse vector Fourier transforms as

E(rs, zp) = 1
4p2

∫+1

−1

∫+1

−1

�F(ks, rs)

· �G(ks) · j(ks) + �C(ks) · e(ks, za)
[ ]

dkxdky ,

(6)

J0(rs) = − 1
4p2

∫+1

−1

∫+1

−1

�F(ks, rs)

· �F(ks) · j(ks) + �Y(ks) · e(ks, za)
[ ]

dkxdky.

(7)

Boundary conditions require that the transverse electric
field of equation (6) vanishes on the perfectly conducting
patch and the current of equation (7) vanishes off the
ground plane, to give the following coupled integral equations
for the patch current and aperture field:

∫+1

−1

∫+1

−1

�F(ks, rs) · (�G(ks) · j(ks)

+ �C(ks) · e(ks, za))dkxdky = 0, rs [ patch,

(8)

∫+1

−1

∫+1

−1

�F(ks, rs) · (�F(ks) · j(ks)

+ �Y(ks) · e(ks, za))dkxdky = 0, rs [ aperture

. (9)

The first step in the moment method solution of equations
(8) and (9) is to expand both the patch current j(ks) and aper-
ture field E(ks, za) as

j(ks) =
∑N

n=1

an
Jxn(rs)

0

[ ]
+

∑M

m=1

bm
0

Jym(rs)

[ ]
, (10)

E(rs, za) =
∑P

p=1

cp
Exp(rs)

0

[ ]
+

∑Q

q=1

dq
0

Eyq(rs)

[ ]
, (11)

where Jxn, Jym, Exp, and Eyq are the known basis functions and
an, bm, cp, and dq are the mode expansion coefficients to be
sought. Using the technique known as the moment method
[13], with weighting modes chosen identical to the expansion
modes, equations (8) and (9) are reduced to a system of linear

equations which can be written compactly in matrix form as

(�U11)N×N (�U12)N×M

(�U21)M×N (�U22)M×M

[ ]
(�V11)N×P (�V12)N×Q

(�V21)M×P (�V22)M×Q

[ ]

( �W11)P×N ( �W12)P×M

( �W21)Q×N ( �W22)Q×M

[ ]
(�Z

11
)P×P (�Z

12
)P×Q

(�Z
21

)Q×P (�Z
22

)Q×Q

[ ]
⎡
⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎦

·

(a)N×1

(b)M×1

(c)P×1

(d)Q×1

⎡
⎢⎢⎢⎣

⎤
⎥⎥⎥⎦ = 0. (12)

The elements of the matrix (�U)(N+M)×(N+M), (�V)(N+M)×(P+Q),
( �W)(P+Q)×(N+M), and (�Z)(P+Q)×(P+Q) are given in [13].

It is easy to show that the entire matrix in equation (12) is a
symmetric matrix. For the existence of a non-trivial solution
of equation (12), we must have

det( �V(f )) = 0, �V =
�U �V
�W �Z

[ ]
. (13)

Equation (13) is the characteristic equation for the complex
resonant frequency f ¼ fr + ifi of the generalized microstrip
structure illustrated in Fig. 1. fr is the resonant frequency
and 2fi/fr is the half-power bandwidth of the structure.

In the following section, a basic ANN is described briefly
and the application of neural network to the prediction the
resonant characteristics of the microstrip antenna are then
explained.

I I I . N E U R A L N E T W O R K M O D E L I N G

ANN learns relationships among sets of input–output data
which are characteristic of the device under consideration. It
is a very powerful approach for building complex and non-
linear relationship between a set of input and output data [14].

ANNs have been used frequently in signal-processing
applications, speech and pattern recognition, remote
sensing, etc. for the past two decades [15]. Ability, adaptive
capability and ease of implementation have made ANN a
popular tool for many design problems in today’s communi-
cation world [9]. More importantly, ANNs can generalize and
respond correctly to slightly deviant input values, not pre-
sented during the training process [16]. These networks dir-
ectly give a good approximation of simulation and measured
value, thereby avoiding the need for possibly a more
complex and time-consuming conventional problem-specific
algorithm [9]. In the present scenario, neural network
models are used extensively for wireless communication
engineering, which eliminates the complex and time-
consuming mathematical and simulation procedures for
designing antennas [10, 17, 18].

Multilayer perceptrons (MLPs) have been applied success-
fully to solve some difficult and diverse problems by training
them in a supervised manner with a highly popular algorithm
known as the error back propagation algorithm [19].

As shown in Fig. 2, the MLP consists of an input layer, one
or more hidden layers, and an output layer. Neurons in the
input layer only act as buffers for distributing the input
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signals xi to neurons in the hidden layer. Each neuron in the
hidden layer sums its input signals xi after weighting them
with the strengths of the respective connections wji from the
input layer and computes its output yj as a function f of the
sum, namely

yj = f
∑

wjixi

( )
, (14)

where f can be a simple threshold function or a sigmoid or
hyperbolic tangent function [20]. The output of neurons in
the output layer is computed similarly.

Training of a network is accomplished through adjustment
of the weights to give the desired response via the learning
algorithms. An appropriate structure may still fail to give a
better model unless the structure is trained by a suitable learn-
ing algorithm. A learning algorithm gives the change Dwji(k)
in the weight of a connection between neurons i and j at
time k. The weights are then updated according to the formula

wji(k + 1) = wji(k) + Dwji(k + 1). (15)

MLP can be trained using many different learning algo-
rithms [21]. In this paper, the following back propagation
learning algorithm described briefly was used to train the
MLP.

The back-propagation algorithm is based on the error cor-
rection learning rule. Basically, error back propagation learn-
ing consists of two passes through the different layers of the
network, a forward pass and a backward pass. In the
forward pass, an activity pattern applies to the sensor nodes
of the network, and its effect propagates through the
network layer by layer [21]. Finally, a set of outputs is pro-
duced as the actual response of the network. During the
forward pass, the synaptic weights of the networks are all
fixed. During the backward pass, on the other hand, all the
synaptic weights are adjusted in accordance with an error cor-
rection rule. The actual response of the network is subtracted
from a desired response to produce an error signal. This error
signal is then propagated backward through the network
against the direction of synaptic connections. The synaptic
weights are adjusted to make the actual response of the
network move closer to the desired response in a statistical

sense [19]. ANN model’s accuracy depends on the amount
of data presented to it during training. A well-distributed,
accurately simulated or measured and sufficient data are the
basic requirement to obtain an efficient model.

The data sets used in this paper were obtained from the
method described in the previous section. A total of 250
data sets used to train the neuronal model. 112 data sets,
which are completely different from training data sets, were
used to test the neural network model. The most suitable
network configuration found was 6, 12, 12, and 2 for the
input layer, the first and second hidden layers, and the
output layer, respectively. The tangent sigmoid and logarith-
mic sigmoid activation functions were used in the first and
second hidden layers, respectively. The linear activation func-
tion was used in the input and output layers. Initial weights
of the neural models were set up randomly, with learning
rate ¼ 0.5, goal ¼ 0.0001, was trained for 5000 epochs. The
CPU time taken by the spectral domain to give the both res-
onant frequency and half-power bandwidth for each input
set is more than 5 min; it depends on three initial values
used in Muller’s algorithm for not seeking of the characteristic
equation. The overall time to get the ANN trained is in the
range of 3–4 h, depending on the required accuracy. All the
numerical results presented in this paper we obtained on a
Pentium IV computer with a 3.20-GHz processor and a
total RAM memory of 2 GB.

The resonant characteristics of the antenna are obtained as
a function of patch dimensions (Lp, Wp), aperture dimensions
(La, Wa), height of the dielectric substrate (d), and dielectric
constants of the material (1r) “see Fig. 3”.

I V . N U M E R I C A L R E S U L T S A N D
D I S C U S S I O N

One purpose of this work is to study the influence of some
geometric parameters of the structure and the behavior of
the final response. From these data an ANN is trained to
predict the response of the structure due to the change of
the considered parameter, within a given region of interest.

To confirm the computation accuracy, our numerical
results are compared with experimental data previously pub-
lished [22]. It can be clearly seen from Table 1 that our

Fig. 2. General form of multilayered perceptrons.
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results calculated using the neural model proposed in this
paper are better than those predicted by other scientists.
The very good agreement between the measured values and
our computed resonant frequency values supports the validity
of the neural model even with the limited data set.

With the aim of confirming the computation accuracy for
the case of rectangular microstrip antenna (without aperture
in the ground plane), we compare our results in Tables 2
and 3 with both experimental and theoretical data previously
published [23–27]. The comparison is done for different
antenna parameters.

From Table 2 it is observed that the bandwidths of a rect-
angular microstrip antenna computed by the present
approach are closer to the experimental [23] and theoretical
[24, 25] values. In Table 3, the resonant frequencies obtained
by the present approach are compared with the previous
results [26, 27]. The comparison shows that the resonant fre-
quencies computed by the present method are in very good
agreement with the measured data for a rectangular patch
printed on a single substrate.

In Fig. 4, we compare our results with theoretical data pre-
viously published [5]. The comparison is done in two different
aperture dimensions. It can be seen that the resonant frequen-
cies of the patches over the ground planes without aperture are
larger than those obtained with aperture. These behaviors
agree very well with those reported in the previous works [5,
13, 28].

Figure 5 predicts the influence of the aperture dimensions
on the half-power bandwidth of the rectangular microstrip
patch antenna for different antenna parameters. It can be
seen that the bandwidth of the patches over the ground
planes without aperture are larger than those obtained with
aperture.

Table 1. Comparison of measured and calculated resonant frequencies of
a rectangular microstrip antenna with a rectangular aperture in the

ground plane; Lp × Wp ¼ 34 mm × 30 mm, 1r ¼ 2.62.

Aperture dimension
La 3 Wa (mm2)

Substrate
thickness d (mm)

Resonant frequencies
fr (GHz)

Measured [22] Our results

7 × 0.7 0.794 2.896 2.901
10 × 1 3.175 2.750 2.770

Fig. 3. Neural model for calculating the resonant frequency and half-power
bandwidth of rectangular microstrip antenna without rectangular aperture in
the ground plane.

Table 2. Comparison of the calculated bandwidth with measured and cal-
culated data, for a rectangular microstrip patch antenna without aperture

in the ground plane, 1r ¼ 2.33.

Input
parameters
(mm)

Bandwidth (%)

Measured Calculated

Wp Lp d [23] [24] [25] Our results
57 38 3.175 3.12 4.98 3.5 4.86
45.5 30.5 3.175 4.08 6.14 4.0 5.94
17 11 1.524 6.60 8.21 4.8 8.03

Table 3. Comparison of calculation and measured resonant frequencies
for rectangular microstrip antenna without aperture in the ground

plane; with Lp ¼ 25.08 mm, Wp ¼ 15.438 mm.

Input
parameters

Resonant frequency fr (GHz)

Measured Calculated

d (mm) 1r [26] [26] [27] Our results
0.84 2.2 6.057 6.092 6.15 6.063
1.64 2.2 5.887 5.883 5.89 5.885

Fig. 4. Resonant frequencies of rectangular patches over the ground planes
with and without rectangular apertures, (a) La × Wa ¼ 0.25Wp × 0.5Wp, (b)
La × Wa ¼ 0.5Wp × 0.25Wp; d ¼ 1 mm, 1r ¼ 2.35, Lp ¼ 1.5Wp.
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Figure 6 presents numerical results for the resonant fre-
quencies of rectangular microstrip patches over the ground
planes with and without rectangular apertures. Note that,
the results obtained for the resonant frequencies without aper-
ture (Wa × La ¼ 0 × 0 mm2) lie around 10.89% above those
obtained when Wa × La ¼ 2 × 4 mm2 and around 31.48%
above those obtained when Wa × La ¼ 4 × 2 mm2.

In Fig. 7, the results are presented for the bandwidths of the
rectangular microstrip patches analyzed in Fig. 1. As seen in
Figs 6 and 7, the presence of the aperture has a stronger
effect on the resonant characteristics. Thus, the differences
between the results obtained for the half-power bandwidths
when Wa × La ¼ 0 × 0 mm2 and those obtained when
Wa × La ¼ 2 × 4 mm2 reach 8.55%, and reach 32.14% for
those obtained when Wa × La ¼ 4 × 2 mm2. We conclude
that the aperture length has a stronger effect on the resonant
characteristics that the aperture width.

Figures 8 and 9, plots the radiation patterns in the E-plane
(f ¼ 0) and H-plane (f ¼ p/2) of a rectangular microstrip
patch over the ground planes with and without rectangular
apertures in both the air half-space above the patch and the

air half-space below the ground planes. The structure
without aperture in the ground plane operates at a frequency
of 5.411 GHz. The resonant frequencies of the structures with
an aperture in the ground planes are 5.348 and 5.124 GHz for
the aperture dimensions of La × Wa ¼ 0.2Wp × 0.2Wp and

Fig. 5. Half-power bandwidths of rectangular patches over the ground planes
with and without rectangular apertures; d ¼ 1mm, 1r ¼ 2.35, and Lp ¼ 1.5Wp.

Fig. 6. Variation of the resonant frequencies of rectangular patches over the
ground planes with and without rectangular apertures with the thickness of
substrate; 1r ¼ 2.35, Lp ¼ 15 mm, and Wp ¼ 10 mm.

Fig. 7. Variation of half-power bandwidths of rectangular patches over the
ground planes with and without rectangular apertures with the thickness of
substrate; 1r ¼ 2.35, Lp ¼ 15 mm, and Wp ¼ 10 mm.

Fig. 8. Upper radiation patterns of rectangular patches over the ground planes
with and without rectangular apertures (a) H-plane, (b) E-plane; with Lp ¼

15 mm, Wp ¼ 10 mm, 1r ¼ 7, and d ¼ 1 mm.
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La × Wa ¼ 0.3Wp × 0.3Wp, respectively. Concerning the
radiation above the patch, it is clear that it decreases with
the increase of the size of the aperture. On the other hand,
increasing the size of the aperture increases the radiation
below the ground plane. Therefore, the radiation back onto
the forward ratio is particularly important as the size of the
aperture is wider. Let us note that for apertures considered
in Fig. 8, the back radiation is very weak in front of that
forward. Obviously, the effects of the back radiation can be
always suppressed by the investment of a supplementary con-
ductive plan below the ground plane containing the apertures.
Then the resonance properties of the microstrip patch are pos-
sible with a suitable choice of the separation between the add-
itional conducting plane and the ground plane. This has been
proven experimentally by Losada [29] for the case of a circular
patch on the ground plane with circular apertures.

The variations of half-power beamwidth of the rectangular
patch antenna with the resonant frequencies are shown in
Fig. 10. The E-plane beamwidth of patch antenna increases by
increasing the resonant frequencies, against the H-plane beam-
width decreases with increasing the resonance frequencies.

In Table 4, we compare our results obtained via the pro-
posed neurospectral model with those obtained using the con-
ventional SDA method. As well, to the resonant frequency and

half-power bandwidth, we have also shown the CPU time in
this table. It is clear that our resonant frequencies and band-
widths coincide with those obtained by the conventional
moment method. Note that, the time required for obtaining
the resonant frequency and half-power bandwidth using the
neurospectral model is much less in comparison to the spec-
tral domain method.

V . C O N C L U S I O N

A neural network-based CAD model can be developed for the
analysis of a rectangular patch antenna, which is robust both
from the angle of time of computation and accuracy. A dis-
tinct advantage of neuro-computing is that, after proper train-
ing, a neural network completely bypasses the repeated use of
complex iterative processes for new cases presented to it. The
single network structure can predict the results for patch
antenna provided that input values are in the domain of train-
ing values. In the first example, a general design procedure for
the microstrip antennas has been suggested using ANNs and
this is demonstrated using the rectangular patch geometry.
The spectral domain technique combined with the
ANN method is several hundred times faster than the direct

Fig. 9. Lower H-plane radiation pattern of rectangular patches over the
ground planes with and without rectangular apertures; with Lp ¼ 15 mm,
Wp ¼ 10 mm, 1r ¼ 7, and d ¼ 1 mm.

Table 4. Comparison of our results obtained via the proposed neurospectral model with those obtained using the conventional spectral domain method,
with Wp × Lp ¼ 4 × 2 mm2.

Input parameters Conventional method (SDA) Neurospectral method

Wa

(mm)
La

(mm)
d (mm) 1r Resonant

frequency (GHz)
Bandwidth
(%)

CPU time
(min)

Resonant
frequency (GHz)

Bandwidth
(%)

CPU
time (s)

2.5 2.5 0.6 2.35 8.956 3.382 5.39 8.972 3.365 0.0912
2.5 5 0.8 2.35 8.038 4.221 5.40 8.012 4.178 0.0914
5 2.5 1 2.35 8.710 5.621 5.43 8.731 5.642 0.0911
2.5 2.5 0.6 3.4 7.531 2.413 5.42 7.562 2.397 0.0915
2.5 5 0.8 3.4 6.784 2.931 5.40 6.778 2.894 0.0914
5 2.5 1 3.4 7.356 4.063 5.38 7.325 4.023 0.0912
2.5 2.5 1.2 10.3 4.365 1.394 5.38 4.352 1.412 0.0913
5 2.5 1.4 10.3 4.295 1.645 5.37 4.278 1.637 0.0912
2.5 5 1.8 10.3 4.057 2.053 5.41 4.036 1.997 0.0911

Fig. 10. Half-power beamwidth of rectangular antenna versus the resonant
frequencies when Lp is varied; with Wp ¼ 57 mm, 1r ¼ 2.33, d ¼ 3.175 mm,
La ¼ 2 mm, and Wa ¼ 2 mm.
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solution. This remarkable time gain makes the designing and
training times negligible. Consequently, the neurospectral
method presented is a useful method that can be integrated
into a CAD tool, for the analysis, design, and optimization
of practical shielded monolithic microwave-integrated
circuit (MMIC) devices.

A P P E N D I X A

In this appendix, we appeared some details to reduce a system
of linear equations which is written in Section II.

The elements of the matrix (�U)(N+M)×(N+M), are given by

(�U11)kn =
∫+1

−1

∫+1

−1

1
k2

s

k2
xGe + k2

yGh
[ ]

J̃xk(−ks)J̃ xn(ks)dkxdky ,

(A.1)

(�U12)km =
∫+1

−1

∫+1

−1

kxky

k2
s

Ge − Gh
[ ]

J̃ xk(−ks)J̃ ym(ks)dkxdky ,

(A.2)

(�U21)ln =
∫+1

−1

∫+1

−1

ksky

k2
s

Ge − Gh
[ ]

J̃ yl(−ks)J̃xn(ks)dkxdky,

(A.3)

(�U22)lm =
∫+1

−1

∫+1

−1

1
k2

s
k2

yGe + k2
xGh

[ ]
J̃ yl(−ks)J̃ ym(ks)dkxdky.

(A.4)

In (A.1)–(A.4), J̃ xn and J̃ ym are the scalar Fourier trans-
forms of Jxn and Jym, respectively. The elements of the
matrix (�V)(N+M)×(P+Q) are given by

(�V11)kp =
∫+1

−1

∫+1

−1

1
k2

s
k2

xc
e + k2

yc
h

[ ]
J̃xk(−ks)Ẽxp(ks)dkxdky,

(A.5)

(�V12)kq =
∫+1

−1

∫+1

−1

kxky

k2
s

ce − ch
[ ]

J̃ xk(−ks)Ẽyq(ks)dkxdky ,

(A.6)

(�V21)lp =
∫+1

−1

∫+1

−1

ksky

k2
s

ce − ch
[ ]

J̃ yl(−ks)Ẽxp(ks)dkxdky ,

(A.7)

(�V22)lq =
∫+1

−1

∫+1

−1

1
k2

s
k2

yc
e + k2

xc
h

[ ]
J̃ yl(−ks)Ẽyq(ks)dkxdky.

(A.8)

In (A.5)–(A.8), Ẽxp and Ẽyp are the scalar Fourier trans-
forms of Exp and Eyp, respectively. The elements of the

matrix ( �W)(P+Q)×(N+M) are given by

( �W11)k′n =
∫+1

−1

∫+1

−1

1
k2

s
k2

xF
e + k2

yF
h

[ ]
Ẽxk′

(−ks)J̃ xn(ks)dkxdky ,

(A.9)

( �W12)k′m =
∫+1

−1

∫+1

−1

kxky

k2
s

Fe −Fh[ ]
Ẽxk′ (−ks)J̃ ym(ks)dkxdky,

(A.10)

( �W21)l′p =
∫+1

−1

∫+1

−1

ksky

k2
s

Fe −Fh[ ]
J̃ yl′ (−ks)J̃ xn(ks)dkxdky ,

(A.11)

( �W22)l′m =
∫+1

−1

∫+1

−1

1
k2

s

k2
yF

e + k2
xF

h
[ ]

Ẽyl′

(−ks)J̃ ym(ks)dkxdky,

(A.12)

Finally, the elements of the matrix (�Z)(P+Q)×(P+Q) are
given by

(�Z
11

)k′p =
∫+1

−1

∫+1

−1

1
k2

s

k2
xYe + k2

yYh
[ ]

Ẽxk′

(−ks)Ẽxp(ks)dkxdky,

(A.13)

(�Z
12

)k′q =
∫+1

−1

∫+1

−1

kxky

k2
s

Ye − Yh
[ ]

Ẽxk′ (−ks)Ẽyq(ks)dkxdky,

(A.14)

(�Z
21

)l′p =
∫+1

−1

∫+1

−1

ksky

k2
s

Ye − Yh
[ ]

Ẽyl′ (−ks)Ẽxp(ks)dkxdky ,

(A.15)

(�Z
22

)l′q =
∫+1

−1

∫+1

−1

1
k2

s

k2
yYe + k2

xYh
[ ]

Ẽyl′ (−ks)Ẽyq(ks)dkxdky.

(A.16)

A P P E N D I X B

To make the theoretical formulation more general and valid
for various antennas structures (not only limited to single
microstrip patch), the metallic patch is assumed to be embed-
ded in a multilayered media consisting of N substrates with
the optical axis normal to the patch (see Fig. 1 in [13]).

Once the complex resonance frequency is known, the
eigenvector corresponding to the minimum eigenvalue of
the matrix gives the coefficients of the current on the conduct-
or patch and those of the electric field at the aperture on the
ground plane. The method of stationary phase makes it
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possible to obtain the following interface radiated in the upper
half-space air of Fig. 1 in terms of the transverse electric field:

Eu′ (r′, u′, w′)
Ew′ (r′, u′, w′)

[ ]
= ik0

e−ik0r′

2pr′
−1 0
0 cosu′

[ ]
· e(ks, zN ), (B.1)

where a local spherical coordinate system defined relative to
the Cartesian {x′ ; x, y′ ; y, z′ ; z} system having an
origin placed at the interface z ¼ zN of Fig. 1 [13].

From equations (12 and 13 in [13]), we can obtain the
transverse electric field e(ks, zN) at the interface z ¼ zN as a
function of the transverse electric field e(ks, zP) to the interface
z ¼ zP as follows [13]:

e(ks, zN ) = �G.
22 − �g0.

�G.
12[ ]−1

· e(ks, zP). (B.2)

Taking into account (4.14) in [13] and (B.2), equation (B.1)
becomes

Eu′ (r′, u′, w′)

Ew′ (r′, u′, w′)

[ ]
= ik0

e−ik0r′

2pr′
�G.

22 − �g0.
�G.

12[ ]−1

·
−1 0

0 cos u′

[ ]

· [�G(ks).j(ks) + �C(ks).e(ks, z1)].

(B.3)

In equations (B.1) and (B.3), (kx, ky) are the points given by
the stationary phase

kx = −k0 sinu′ cosw′, (B.4a)

ky = −k0 sinu′ sinw′. (B.4b)

Unlike the method in which the equivalent limit the
radiated field is calculated via recurrent formulas [29], the
expression (B.3) allows the calculation of the radiated field
in the upper half-space of the air in Fig. 1 using simple
matrix multiplications.

Still based on the technique of the stationary phase, the
radiated in the lower half-space air of Fig. 1 field can be
obtained in terms of the transverse electric field at the inter-
face z ¼ 0 as follows:

Eu′′ (r′′, u′′, w′′)

Ew′′ (r′′, u′′, w′′)

[ ]
= ik0

e−ik0r′′

2pr′′
−1 0

0 cosu′′

[ ]

·
cos 2w′′ sin 2w′′

sin 2w′′ − cos 2w′′

[ ]
· e(ks, 0),

(B.5)

where {r′′, u′′, f′′} a local spherical coordinate system defined
relative to the Cartesian {x′′ ; x, y′′ ; 2y, z′′ ; 2z} system
having an origin placed at the interface of Fig. 1.

From equations ((10) and (16) in [13]), we can obtain the
transverse electric field e(ks, 0) at the interface z ¼ 0 as a func-
tion of the e(ks, z1) transverse electric field to the interface z ¼

z1 as follows:

e(ks, 0) = �T1
11 − �g0.

�T1
12[ ]−1

· e(ks, z1). (B.6)

Substituting (B.5) into (B.6), equation (B.6) becomes

Eu′′ (r′′, u′′, w′′)

Ew′′ (r′′, u′′, w′′)

[ ]
= ik0

e−ik0r′′

2pr′′
�T1

11 − �g0.
�T1

12[ ]−1

·
−1 0

0 cos u′′

[ ]

·
cos 2w′′ sin 2w′′

sin 2w′′− cos 2w′′

[ ]
· e(ks, 0).

(B.7)

In equations (B.6) and (B.7), (kx, ky) are the points given by
the stationary phase

kx = −k0 sin u′′ cosw′′, (B.8a)

ky = −k0 sin u′′ sinw′′. (B.8b)
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