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ABSTRACT

Using Auroux’s description of Fukaya categories of symmetric products of punctured
surfaces, we compute the partially wrapped Fukaya category of the complement of
k + 1 generic hyperplanes in CP", for k > n, with respect to certain stops in terms
of the endomorphism algebra of a generating set of objects. The stops are chosen so
that the resulting algebra is formal. In the case of the complement of n + 2 generic
hyperplanes in CP™ (n-dimensional pair of pants), we show that our partial wrapped
Fukaya category is equivalent to a certain categorical resolution of the derived category
of the singular affine variety z12z2 ... x,+1 = 0. By localizing, we deduce that the (fully)
wrapped Fukaya category of the n-dimensional pair of pants is equivalent to the derived
category of x1xs ... xnyr1 = 0. We also prove similar equivalences for finite abelian covers
of the n-dimensional pair of pants.

1. Introduction

Homological mirror symmetry was originally conceived by Kontsevich as an equivalence of the
Fukaya category of a compact symplectic manifold with the bounded derived category of coherent
sheaves on a mirror dual compact complex variety. Since then it has grown into a vast program
connecting Fukaya categories of several kinds associated with not necessarily compact symplectic
manifolds with derived categories of several kinds attached to possibly singular algebraic varieties.

In [LP18], we proved a version of homological mirror symmetry relating Fukaya categories of
punctured Riemann surfaces to some derived categories attached to stacky nodal curves. More
precisely, for a punctured Riemann surface ¥ and a line field  on 3, we choose a certain set of
stops A, and consider the sequence of pre-triangulated categories

F(E,m) = W(E, A n) - W(E,n),

related by quasi-functors, where F (X, n) is the compact Fukaya category [Sei08], W(X, A, n) is the
partially wrapped Fukaya category [AurlOa, HKK17], and W(X, n) is the (fully) wrapped Fukaya
category [AS10]. The first functor is full and faithful, and the second functor is a localization
functor corresponding to dividing by the full subcategory of Lagrangians supported near A.

On the mirror side, we consider a nodal stacky curve C obtained by attaching copies of
weighted projective lines at their orbifold points (see [LP18] for details), and we again have a
sequence of categories

Perf(C) — D°(A¢) — D’Coh(0),
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MIRROR SYMMETRY FOR HIGHER-DIMENSIONAL PAIRS OF PANTS

FIGURE 1. Pair of pants.

UgU1 = 0= V1V
Lo LQ

FIGURE 2. Endomorphism algebra of a generating set.

where A¢ is a sheaf of algebras, called the Auslander order over C, that was previously studied
in [BD11]. We again have that the first functor is full and faithful, and the second functor is
a localization. The main result of [LP18] is an equivalence of homologically smooth and proper
pre-triangulated categories

W(E, A, n) ~ D°(Ac). (1.1)

It is proved by constructing a generating set of objects on each side and matching their
endomorphism algebras. The main point is that these algebras turn out to be formal (in fact,
concentrated in degree 0), which means that we only need to prove an isomorphism of the usual
associative algebras and do not have to worry about higher products.

One then deduces an equivalence W(X,7) ~ D?Coh(C) by identifying the subcategories on
both sides of the equivalence (1.1) with respect to which to take the quotient. The equivalence
F(2,n) ~ Perf(C) is deduced by characterizing both sides as subcategories of the two sides of
(1.1). Note that considering the same generators in the localized categories leads to differential
graded (dg) algebras which are far from formal. Note also that the embedding Perf(C) < Db(A¢)
is a simple example of categorical resolutions considered in [KL15].

Let us explain this in more detail in a simple case. Let ¥ be the pair of pants, that is, a
three-punctured sphere, and let A be two stops at the outer boundary as drawn in Figure 1. We
also choose a line field  on ¥ which has rotation number 2 around the outer boundary and 0
along the interior boundary components (see [LP20] for a recent detailed study of line fields on
punctured surfaces).

The partially wrapped Fukaya category W(3, A, n) is generated by the Lagrangians Lg, L1, Lo
shown in Figure 1, and their endomorphism algebra is easily computed to be given by the quiver
with relations on Figure 2.

On the B-side, the mirror is given by the Auslander order A over the node algebra

R = K[z1, z2]/(z122),
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where k is a commutative ring. The Auslander order in this case is simply
A= EndR(R/($1) D R/(xz) D R).

One can directly see that A is isomorphic to the quiver algebra given in Figure 2. Note that R is a
Cohen—Macaulay algebra and the modules R, R/(x1), R/(x2) comprise the set of indecomposable
maximal Cohen-Macaulay modules of R, and they generate D’(A) as a triangulated category,
provided k is regular.

Now, the wrapped Fukaya category W(X, n) is the localization of W(X, A, n) given by dividing
out by the subcategory generated by the objects 11, T» supported near the stops. We can express
them in terms of L, L1, Lo as follows:

T1 ~ {LO ﬁl—) L1 ﬁz) LQ},
T2 ~ {LQ 2) L1 2) Lo}

Similarly, D?(R) is the localization of D’(A) obtained by dividing out by the corresponding
subcategory, and this allows one to establish an equivalence

W(E,n) ~ D*(R).

1.1 New results
In this paper we apply the above strategy to prove homological mirror symmetry for the higher-
dimensional pair of pants,

7) = Symn(Pl \ {p07p17 s 7pn+1})7

where Sym"(X) = X"/6&,, (see §2 for a brief review of the symplectic topology of these spaces).
In other words, the n-dimensional pair of pants is the complement of (n 4+ 2) generic hyperplanes
in P™.

On the A-side, we first introduce a stop A = A;UAs, where A; = {g;} x Sym™ (%) for some
base points q1,q2. We pick a grading structure n and consider the partially wrapped Fukaya
category W(Py,, A,n), where we use some commutative ring k as coefficients. There is a natural
generating set of objects {Lg : S C {0,1,...,n+1},|S| =n} in this category and our first result
is an explicit computation of the algebra of morphisms between these objects. In fact, we do this
more generally for the symplectic manifolds

Mn,k = Symn(]}»l \ {p0>p1a B 7pk})7

see Theorem 3.2.5 for the precise description of the resulting algebra.
Next, we specialize to the case k = n+1. In this case, on the B-side we consider the categorical
resolutions of the algebra

R = k[{L‘l, T2y .. ,l‘n+1]/(l‘1$2 .. .l’n+1)
given by
B°:=Endgr(R/(71) ® R/(zp9) © - © R/(xpn) © R)
and
B> = EndR< &b R/(:c])>,
IC[1,n+1],I1#0

where the summation is over all non-empty subintervals of [1,n + 1], and for I C [1,n + 1] we
use the notation x := [[;c; .
By explicit computations we prove the following theorem (see Theorem 5.2.1).
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THEOREM 1.1.1. There exists a grading structure n on P, such that we have an equivalence of
pre-triangulated categories over Kk,

W(Pn, A, n) ~ Perf(B°°).

We next analyze the localization of these categories corresponding to dividing out by objects
supported near the stops to deduce homological mirror symmetry for the (fully) wrapped Fukaya
categories.

COROLLARY 1.1.2. For the same grading structure n we have equivalences of pre-triangulated
categories over k:

W(Pp, A1, ) =~ Perf(B°).
Assume that k is a regular ring. Then we also have an equivalence

W(Pn,n) ~ DbCoh(z1xs ... 2py1 = 0).

Finally, we deduce similar equivalences for finite abelian covers of P,, associated with
homomorphisms 71(P,) ~ Z"*! — T into finite abelian groups I'. On the B-side we take
equivariant versions of the above categories with respect to the natural actions of the dual
finite commutative group scheme G = I'* (see Theorem 5.3.3).

Note that to prove the homological mirror symmetry statement (the second equivalence of
Corollary 1.1.2), it is enough to work with one stop A;. The reason we consider the picture with
two stops is due to the relation with the Auslander order discussed above and to Ozsvath and
Szabd’s bordered algebras (see also Remarks 5.3.5 and 3.2.7).

1.2 Relation to other works

Homological mirror symmetry for pair of pants is a much studied subject. However, a complete
proof of Corollary 1.1.2 has not appeared in writing until this paper. A motivation for studying
these particular examples of mirror symmetry comes from a theorem of Mikhalkin [Mik04] that
a hypersurface in CP"*! admits a decomposition into several P,, much like a Riemann surface
admits a decomposition into several P;.

In [Shell], Sheridan identifies the mirror (immersed) Lagrangian in P,, corresponding to
Oy, the structure sheaf of the origin in the triangulated category of singularities of the normal
crossing divisor xoz173 ... 2,11 = 0 in C"*2. By a theorem of Orlov [Orl04], the latter category
is quasi-equivalent to the matrix factorization category mf(C"*2 zox12s...7,11). Note that by
the result of Isik [Isil3], the latter category (or more precisely, its G,,-equivariant version where
Z1,...,Tns1 have weight 0 and zy has weight 2) is naturally quasi-equivalent to the derived
category of x1za...xp41 = 0 (see also [Shil2]). Under this equivalence, Oy corresponds to a
perfect object supported at the origin.

In [Nadl16], instead of the wrapped Fukaya category of P,, Nadler studies the Zg-graded
category of wrapped microlocal sheaves associated to a skeleton of P, (see also the follow-up
paper by Gammage and Nadler [GN20]). It is then verified that this category agrees with the
Zo-graded category of matrix factorizations mf(C”*Q,:onlxg ... Tpy1). It is expected and in
certain cases proved that the wrapped microlocal sheaves category is equivalent to the wrapped
Fukaya category (see [GPS18b] for the case of cotangent bundles). However, such an equivalence
for arbitrary Weinstein manifolds has not yet been accomplished. Nonetheless, in view of the
works of Ganatra, Pardon and Shende [GPS19, GPS18a, GPS18b], such an equivalence in the case
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of P,, seems to be within reach (see, in particular, the discussion in [GPS18b, § 6.6] which outlines
a proof depending on work in progress). Establishing such an equivalence for P, would give
another confirmation for Corollary 1.1.2 (at least in the Zs-graded case).

The work closest to ours is [Aurl8], in which Auroux sketches a proof of homological mirror
symmetry for P, which depends on certain conjectures about generation by an explicit collection
of Lagrangians and a classification of A, -structures on their cohomology.

We also mention that partially wrapped Fukaya categories of symmetric products appear
predominantly in Heegaard Floer homology [LOT18, AurlOa, AurlOb] (see also [LP11]). In
particular, our computations of W(M,, 1) give an alternative viewpoint for knot Floer homology.
We defer this to a future work.

This paper is organized as follows. After reviewing some background material on partially
wrapped Fukaya categories of symmetric powers of Riemann surfaces in §2, we present the
computation of the algebra of morphisms between generating Lagrangians in M,, ;, in § 3. Then
in §4 we deal with the B-side of the story: we study the derived categories of modules over 5° and
B°°. In particular, we construct semiorthogonal decompositions of these categories and obtain
localization results similar to those corresponding to the removal of a stop on the A-side. Finally,
in § 5 we prove the equivalences of categories on the A-side and on the B-side (see Theorem 5.2.1).

Conventions. We work over a base commutative ring k. When we write complexes of modules in
the form [... — -], we assume that the rightmost term sits in degree 0. The morphism complexes
in dg-categories are denoted by lowercase hom, while their cohomology are denoted by Hom®.
We also abbreviate Hom” simply as Hom. The wrapped Fukaya category we consider is defined
as the split-closed pre-triangulated envelope of the category whose objects are graded exact
Lagrangians.

2. A brief review of Fukaya categories of symmetric products of Riemann surfaces

Let > be a Riemann surface. For each n > 0, there exists a smooth n-dimensional complex
algebraic variety

Sym™(3) 1= /G, (2.1)

where G,, is the permutation group which acts by permuting the components of the product.
Let 7 : ¥ — Sym"™(X) be the branched covering map. Fix an area form w on X. In
[Per08, § 7], Perutz explains how to smoothen the closed current 7, (w*™) on Sym"(X) to a Kahler
form by modifying it in an arbitrarily small analytic neighborhood of the (big) diagonal. In
particular, outside this neighborhood we have Q = 7, (w*™). Throughout, we will view Sym" (X)
as a symplectic manifold equipped with such a Kéhler form Q.
If we write g = g(X) for the genus of X, the first Chern class of such a variety is given by

ci(Sym" (X)) = (n+1—g)n -0,

where 1 and @ are the Poincaré duals of the class {pt} x Sym"1(¥) and the theta divisor,
respectively. These two cohomology classes span the invariant part of H?(Sym™ (%)) under the
action of the mapping class group of . Moreover, we have that [Q] = 7.

In particular, when

% =P\ {po,p1,--- Pk} (2.2)
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Sym" (X)) is an exact symplectic manifold with ¢; = 0. Such symplectic manifolds are sometimes
referred to as symplectically Calabi—Yau manifolds, and their Fukaya categories can be Z-graded
[Sei00]. From the point of view of symplectic topology, the positions of the points do not matter,
so let us introduce the notation

Mn,k = Symn(Pl \ {pOaplv s 7pk‘}) (23)

to denote the exact symplectic manifold with ¢; = 0. The grading structures are given
by homotopy classes of trivializations of the bicanonical bundle, and there is an effective
H'(Sym" (X)) ~ H*(X) worth of choices.

Recall the well-known isomorphism of algebraic varieties

Sym"(P') ~ P" (2.4)

given by sending an effective divisor of degree n on P! to its homogeneous equation defined up
to rescaling.

Therefore, one can think of M, ; as the complement of £+ 1 generic hyperplanes in P". This
provides an alternative way to equip M, with a symplectic structure by viewing it as an affine
variety, but we will not pursue this any further, as we prefer to emphasize the structure of M,, j
as a symmetric product on a punctured surface of genus 0. The two symplectic structures are
equivalent as they both tame the standard complex structure J = Sym"(j) on M, ;, induced from
P" (see [Per08, Proposition 1.1]). This also makes it clear that for 0 < k < n, M, = C"Fx (C*)*,
which is a subcritical Stein manifold, so our main interest will be in k > n.

We will also equip M,, j, with stops Az corresponding to a choice of symplectic hypersurfaces
of the form {p} x Sym™~1(¥) for p € Z, where Z is finite set of points. The set Z will be indicated
by choosing stops in the ideal boundary of ¥. More precisely, by removing cylindrical ends, we
view X as a two-dimensional surface with boundary and the set Z will be chosen as a finite set
of points on 9X.

We write W(M,, 1, Az) for the partially wrapped Fukaya category. Motivated by bordered
Heegaard Floer homology [LOT18], these categories were originally constructed by Auroux in
[Aurl0Oa, AurlOb]. These works provide foundational results on these categories, as well as some
very useful results about generating objects and the existence of certain exact triangles.

All of the Lagrangians that we use will be of the form L; x Ly X --- X Ly, where L; C X
are pairwise disjoint Lagrangian arcs in X, which can be considered as objects in W(X, Z).
Auroux proves in [AurlOb, Theorem 1] that, given a set of Lagrangians Lo, L1, ..., Ly such that
their complement in X is a disjoint union of disks with at most one stop in their boundary,
for 1 < n < k+1, the corresponding partially wrapped Fukaya category of Sym™ (X)) is generated
by (k:l) product Lagrangians L;, x --- X L;_ , where (i1,...,i,) runs through subsets of {0, 1,
..., k} of size n. Notice that this generation result only depends on the configuration of L; on ¥
and is independent of n.

Furthermore, Auroux explains how to compute the dg-endomorphism algebra for such
product Lagrangians (see [AurlOb, Proposition 11]; note that there are no higher products).
As vector spaces, the morphism spaces are defined by

hom(L;, X Ly X -+- X Ly, Lj x Lj, x -+ x Lj,)
= @ hom(Li,, Ly(;,)) @ hom(Liy, Ly(iy)) ® -+ @hom(Li,, Log,)),
g

where o runs through bijections {i1,...,in} = {j1,.--,Jn}-
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144

FIGURE 3. A strand diagram with three boundary components.

FIGURE 4. A strand diagram with two strands crossing more than once.

Following [LOT18], we can represent these generators via strand diagrams as follows. First,
the endpoints of the Lagrangians L;,,...,L;,, L;,,...,Lj, are grouped into equivalence classes
according to which boundary component of ¥ they end on. Note that the set of endpoints lying
on each boundary component has a cyclic order induced by the orientation of the boundary.
Thus, given a morphism (f1,...f,), we can assume that it is of the form (fi, 1,..., fi. 1,
fir,2s .- ,fir?g cos fiv ko firk,k) where fi, s,..., fi,, s are Reeb chords along the sth boundary
component 0%, C 9%, where the Reeb flow is simply the rotation along the orientation of the
boundary. Thus, each f;; s either represents the idempotent of the corresponding Lagrangian L;; s
or goes in the strictly positive direction along 0%. Thus, the set of Reeb chords fi; s,..., fi,, s
can be represented in R x [0,1] as upward veering strands from R x {0} to R x {1}, or as a
straight horizontal line if it corresponds to an idempotent. Here, R is the universal cover of the
component 0¥ and [0, 1] is the time direction (see Figure 3).

In the case where a boundary component contains stops the Reeb chords are not allowed to
pass through the stops. Hence, instead of using the universal cover R, one cuts along the stops
and uses the subintervals to draw the strand diagram. We do not elaborate on the notation to
describe this.

Now, the product in W(M,, ., Az) is induced by the composition in W(X, Z). Namely, we
have

(fi®-@fn)o(g1® - @gn) = (f1951) ® [295(2) @ **+ @ fnbon))

if there exists a o € &, such that all the compositions fig,;) in W(X, Z) are non-zero, and
with the additional important condition that in the strand representation no two strands of
the concatenated diagram cross more than once; otherwise the product is set to be zero (see
Figure 4).

The differential on the space of morphisms is defined as the sum of all the ways of resolving
one crossing of the strand diagram excluding resolutions in which two strands intersect twice
(see Figure 5).

In this way we get an explicit dg-category, quasi-equivalent to W(M,, 1, Az). In what follows,
we use these results without further explanations.

We can choose a line field to give W(X,Z) a Z-grading (see [LP20] for a recent study
of this structure). There are effectively H'(X) worth of choices for the line field. The set
of grading structures for M, is a torsor for an isomorphic group H!(Sym™(¥)) & H!(X).
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F1GURE 5. Resolution of strand diagram.

However, the relation between grading structures on ¥ and on Sym"(X) seems to be quite
subtle: it is easy to see that the grading of a morphism (f1 ® --- ® fy,) in W(M,, 5, Az) cannot
be given by the sum of the gradings of morphisms f; in W(X, Z). For example, we will encounter
objects L1, Ly and morphisms u € hom(L1, Le) and v € hom(Lsg, L1) such that

0(idz, ®uwv) = 0(vu® idr,) = v®@wu € hom(Ly X Lo, L1 x L3).

This makes direct determination of the gradings in W(M,, x, Az) difficult. Instead, we are able
to pin down the grading structures on M, ; using an explicit calculation of the endomorphism
algebra of a generating set of Lagrangians.

Finally, we recall a basic exact triangle from [AurlOa, Lemma 5.2]. Let us consider the
Lagrangians L = Ly X Lo X +++ X Ly, L' = Ly Xx Ly X -+ - X Ly, and L"” = L x Ly x - -- X Ly, where
L7 is the arc obtained by sliding L; along L). Then L, L’ and L” fit into an exact triangle

RS F RN SN 55} (2.5)
coming from an exact triangle
L 5 I — L — L[1]

in W(X, Z).

Similarly, if L = Ly X Ly X -+- x L, and L' = L} x Ly X -+ x Ly, where L} is obtained by
sliding L; along Lo, then L and L’ are isomorphic in the category W(M, 1, Az). Indeed, in this
situation one can show that L and L’ are Hamiltonian isotopic (see [Per08, Aurl0a]).

3. A-side

Throughout, we will work over a commutative ring k. We consider the sphere »; with k£ + 1
holes and two stops Z = g1 U g2 on one of the boundary components. We have a generating set
of Lagrangians Lg, L1,. .., Lg, which connect the ith hole to the (i + 1)th hole for i € Z/(k + 1)
(see Figure 6 for k = 3). As in Figure 6, we view X, as a k-holed disk. We call the punctures that
lie in the interior of the disk the interior punctures of ¥j and label them 1,2,...,k from left
to right. We call the unique puncture that corresponds to the boundary of the disk the exterior
puncture of X and label it 0.

Let M, = Sym"(¥y) and A = Az = A; U Ay be the corresponding stops. Thus, A; =
¢; x Sym™ (%) are symplectic hypersurfaces in My .

The objects Lg,...,L; generate the partially wrapped Fukaya -category W(X, 7).
Furthermore, by Auroux’s theorem [AurlOb, Theorem 1], the category W(M,, 1, A) is generated
by the Lagrangians

LS:Lil ><LZ'2 X XL

in s

where i; € S and S is a subset of [0, k] of size n.
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FIGURE 6. Sphere with four holes, two stops, a generating set of Lagrangians (L;) and certain
other Lagrangians supported near stops (77 and T5).

Below we will describe the algebra

A°° — @HomW(Mn,k,A)(L&LS’)- (3'1)
S,S’

It will turn out that for n < k, A°° is in fact an R-algebra, where

R=K[xy,...,z)/(z1 ... xk). (3.2)

Here x; will correspond to the closed Reeb orbit around the ith interior puncture of Y.
At the ith interior puncture, we write u;, v; for the two primitive Reeb chords

U; € homW(Ek,Z)(Li—la Li), v; € homW(Ek,Z) (Li, Lz’—l),
as in Figure 6.

3.1 The case of two-dimensional pair of pants

As a warmup, let us consider the special case n = 2,k = 3. The symplectic manifold M 3 is also
known as the two-dimensional pair of pants. The category W(Mas 3, A) is generated by (3) =6
Lagrangians, and the following proposition computes all the morphisms between them.

PROPOSITION 3.1.1. We have natural identifications

The morphisms between these objects are encoded by the quiver over R shown in Figure 7, with
relations

UiV = Tj = Vi, UU2 = VU3 = Uguj = v1v2 =0
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L1><L2

L1 ><L3

o
ul u3
v1 v3
LO X L2
.
u2
us3 Ul
v3 U1 v2
°

L2><L3
°

LQXL3

FIGURE 7. Morphisms between a generating set of objects.

and

uUsup = uuz, V3V = V1vV3, UVl = V1U3, U1V3 = V3U].

Proof. When K and L do not have endpoints on the same boundary component of Y, the
generators for end(K x L) are just given by k® id,id ® ! where k € End(K) and | € End(L).
The differential on end(K x L) is zero, and k and [ commute. For example,

End(Lo X L3) = k<id Rx3,1 X id> = R/(.%‘Q)

On the other hand, when both K and L have an end in the ¢th boundary component of ¥, we
have that end(K x L) contains the vector subspace spanned by the elements

(viu))™ @ (u;v)",  wi(viuy)™ @vi(uv;)"  for myn > 0. (3.3)
To understand the algebra structure let us set
a; = vu; Q@ idp, b, =idg @uiv;, ¢ = u; ;.
Then we have the relations
a;bi = bia; =0, ajc; = cibi,  bic; = cia,

where the first relation comes from the product rule explained in Figure 4.
The quadratic algebra with these relations has the Grobner bases

(C?’ a;'nC?a b’zr'ncgl)n>0,m>07
consisting precisely of the elements (3.3). The differential is given by
8(&1) = —8(61') = Gy, 8(01) =0

and extended by the graded Leibniz rule, where we have deg(a;) = deg(b;) =0, deg(c;) = 1. It is
easy to check that the relations are preserved. This also determines the signs. Furthermore, we
have

D) =0, Dlaich) = ~0(bic}) = e, Balel) = ~AMer) = (a4 bl

(2 7

where m > 2.
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If K and L end at the ¢th boundary component of 3, we let
T; = a; + b; = viu; ® idp +idg ® uv;.

One can see by a straightforward calculation from the explicit description of the chain
complex given above, that the contribution to the cohomology End(K x L) from the ith boundary
components comes from x; and its positive powers. This determines the cohomology. For example,

EIld(L1 X Lg) = k<ul1}1 ® id, voue ® id +id ® ugvs,id ®’03U3> = R/(:Ell'gﬂfg).

The morphisms between different Lagrangians are calculated in the same way (see
Theorem 3.2.5 below for a more general calculation). O

Let us record one simple computation used above.
LEMMA 3.1.2. Let us consider the subcomplex of end(K x L) spanned by the elements
((vui)™ @ (uvi)" Jmz0n>0,  (ui(viu)™ @ vi(uiv;i)"™ )m=0,n>0-
Then this subcomplex is exact.
Proof. In terms of the generators a;, b;, ¢;, our subcomplex is spanned by the elements

(@ )m=0m>0, (67" ¢} )m>0.n20-

This complex splits into a direct sum of subcomplexes with fixed total degree (given by m + n).
The subcomplex C*® corresponding to the degree n > 0 has terms

CO= (M), C'=(ate, b ), CF = (al 22 bR, ..

) 177 (2

ol = (aicyfl,bic;%l), C" = (c}).

*

Now we see that for m € [1,n — 1], we have

ker(d: C™ — C™F1) = (@™ + b)) = im(d : O™ — C™),

(2

while ker(d : CY — C') = 0 and im(d : C"~! — C") = C"™. O

3.2 General n,k with k > n

We now describe the computation for arbitrary k,n with k& > n. Let Lg,...,Li_1, L; be the
arcs that generate W(X,Z) as before. The generators of W(M,, s, A) are given by the (kzl)
Lagrangians. Let

LS:Li1 ><Li2 X e XLin7 WlthS:{Zl <i2<---<in}C [O,k’]
In order to understand morphisms between Lg and Lg we need the following combinatorial

statement.

PROPOSITION 3.2.1. Let S,S" C [0,k] be a pair of subsets of size n, and let g : S — S’ be a
bijection such that for every i € S one has g(i) € {i — 1,4,1 + 1}. Then there exists a collection
of disjoint subintervals I, ..., I. C [0, k] such that S\ U;I; = S"\ U;I;; g(i) =i for i € S\ U;1;;
and for each subinterval I; one of the following statements holds:

(1) I =[i,i+1] Cc SNS" and g swaps ¢ with i + 1;

(2) I =[a,b], SNIj=[a,b—1], 5 NI =[a+1,b], and g(i) =i+ 1 fori € SN Ij;

(3) Ij =la,b], S’NIj=a,b—1],SNI; =[a+1,b], and g(i) =i — 1 for i € SN Ij.
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We need some preparation before giving a proof. For a pair of subsets S,.S" C [0, k| of size n,
let us set

T=1(55) = {i| #(SN0,d]) = #(5' N [0,i])}.
We can write T" as the union of disjoint intervals,
T = [s1,t1] U [sa,to] LI -+ - U sy, Lr],
where t, =k, s; <t; and t; +1 < s;j41.

LEMMA 3.2.2. (i) Let g : S — S’ be a bijection such that for every i € S one has ¢(i) € {i — 1,
i,i+ 1}. Then g induces bijections

SN [si+1,t] — S N[si+1,4],2<i<r, SN[ti+1,841] — S N[t;+1,8i01],1 <i<r—1.
In addition, if s; = 0 then

g(SN0,t1]) = SN[0,t:] = 5" N[0, 4],
and if s;1 > 0 then

g(SN0,51]) =95 N[0,51], g(SN[s1+1,t1]) =5 N[s1+1,t1].
Furthermore, we have
SN [s;i+1,t] =8 N[s; + 1,1

(note that these intervals could be empty). On the other hand, each restriction

g:SN[ti+ 1,841 = S N[t +1,841]
(respectively, g : SN0, s1] = S'NJ0, s1] if s1 > 0) is given either by g(j) =j—1or g(j) = j+1.

(ii) Let g : S — S be a permutation such that for every i € S one has g(i) € {i — 1,4, + 1}.

Then there exists a subset Sy C S of the form

So = {i1,01 + 1,i0,00+ 1, ... 0, dp + 1},
where is+1 < 541, such that g swaps is and is4q for s =1,...,r, and g(i) =i for every i € S\ Sp.
Proof. (i) Note that for every i we have g(S N [0,i]) C S’ N [0,i+ 1] and g~1(S’ N [0,i]) € S N
0,7+ 1]. Now, since t; € T and t; + 1 ¢ T, we have either t;, +1 € S\ S ort; +1€ 5"\ S. In
the former case we have

g(SN0,¢]) c S' N[0t +1] =S NJ0,¢],
while in the latter case we have
g NS N[0,t]) € SN0, t; +1] = SN0,
Thus, we get g(SN0,t]) =S N[0,
Next, we have s; — 1 € T and s; € T, so either s; € S\ S’ or s; € S"\ S. In the former case

we have

g(SN[s;+1,k]) c S Nsi, k] =8 N[s; +1,k],
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while in the latter case we have
g NS Nsi +1,k]) C SN [si, k] = SN [s; + 1,k

Since #(S N [s; + 1,k]) = #(S" N [s; + 1, k]), we deduce that g(SN[s; + 1,k]) =S5 N[s; + 1,k].
This implies our first assertion.

Assume that s; +1 < ¢;. Since both s; and s; + 1 are in T', either the element s; + 1 belongs
to S NS’ or it does not belong to both S and S’. Proceeding in the same way, we see that
SN [Si + 1,ti] =5nN [Si + 1,ti].

Next, let us consider the interval [¢; 4+ 1, s;+1]. For every i in this interval, except for the right
end, we have i € T. Assume first that ¢; + 1 € S. Then, since t; € T and t; + 1 & T, we should
have t;+1¢ S, sog(t;+1)=t;+2 € 5. If t; +2 < s;41 we can continue in the same way: since
#(SNI[0,t;+1]) =#(S"N[0,¢; +1]) + 1 and ¢; + 2 € S"\ T, we should have t; + 2 € S, and so
g(t; +2) = t; + 3, and so on. In the case t; + 1 € S, we should have ¢; + 1 € S’, so we can apply
the same argument with S and S’ swapped and g replaced by g~!.

(ii) We use induction on the cardinality of S. Let ig be the minimal element of S. Then we
have either g(ig) = ip or g(ip) = ip + 1. In the former case we have g(S \ {io}) = S\ {0}, so we
can apply the induction assumption to S\ {ip}. Now let us assume that g(ig) = i9 + 1. Then
g~ (i) # io, so we should have g~ '(ig) = ig + 1. Thus, in this case g swaps ig and ig + 1. Now
we can replace S by S\ {io,ip + 1} and apply the induction assumption. O

Proof of Proposition 3.2.1. By Lemma 3.2.2(i), we can partition [0, k] into subintervals of two
kinds: those for which one of the conditions (2) or (3) of Proposition 3.2.1 holds, and subintervals
I such that SNI =5 NI and g(SNI)= S NI. It remains to apply Lemma 3.2.2(ii) to all
subintervals of the second kind. O

DEFINITION 3.2.3. We say that two subsets S,S" C [0, k| of size n are close if there exists a
bijection g : S — S’ such that g(i) € {i — 1,4,7 + 1} for every i.

COROLLARY 3.2.4. If subsets S, S’ C [0, k] of size n are close then there exists a unique collection
of disjoint subintervals of [0, k|, (I1,..., I, Ji,...,Js), such that:

o ([0,k]\ Ugly Ulpdy) NS = ([0,k] \ Ugly ULUpJy) NS;

e foreacha=1,...,r,if I, =[i,j] then [,NS =1[i,7—1], [,NS =[i+1,j];

o foreachb=1,...s,if J, = [i,j] then J,NS = [i,5—1], [N S=[i+1,7].

For every proper subinterval [z, j|] C [0, k], let us set

k[{Ei,...,11j+1]/(937;...l‘j+1) ifi >0, <k,

Apg) = g Kz 24] if i = 0,7 <k,
k[zi, ..., xf] ifi>0,5 =k,
/[i,j] = k[mH_l, e ,33]'}.

Finally, for each interval [i, j] we consider the elements

Ufj,j] = Wit1 RUi+2 X - Quj; € hOm(Li, Li+1) ® hOm(Li_H, LH_Q) X ® hOm(Lj_l, Lj),
U[i,j] "= Vitl RVi4+2@ - QU € hOm(L¢+1, Lz) X hOm(Li+2’ Li+1) XX hom(Lj, Ljfl).
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THEOREM 3.2.5. (i) For every k-tuple of integers (dy, ..., dy) € ZF there exists a unique grading
structure on M, such that for S = [i1, j1] U [i2, j2] U - - - U [ir, jr| with js + 1 < isy1, one has a
natural isomorphism of graded algebras

End(Ls) ~ A(S, S) = A[h,jl] ®A[1'27j2] (SR ®A[imjr]7

where we have deg(zx;) = d;.
(ii) For a pair of subsets S,S’ C [0, k] of size n, one has Hom(Lg, Ls/) = 0 if S and S are
not close. If S and S’ are close then there is a natural identification

Hom(Ls, L) ~ A(S,5) - fs,sr  with A(S,8") := A(So, So) @ R) A7, @ Q) A}, (3.4)
a=1 b=1

where we use the subintervals (1), (Jp) from Corollary 3.2.4, and set
So =5\ (Uala Ulpdy) = 5"\ (Uala U L),

s S
o =QQus, ® R)vs, ® id € Hom(Lsg, Lg).
a=1 b=1

Furthermore, (3.4) is an isomorphism of End(Lg/) — End(Lg)-bimodules, where the structure
of a A(S',S") — A(S, S)-bimodule on A(S,S") is induced by the surjective homomorphisms of
k-algebras

A(S,S) — A(S,5), A(S,S) — A(S,S)

sending each wx; either to x; or to 0 (if z; is absent in A(S, S’)).
(iii) The compositions are uniquely determined by the bimodule structures on Hom(Lg, Lg/)
together with the rule

( H $z> - fs,g7, S and S" are close,
fS’,S”fS,S’ = [i—1,4]CT(S,S’,5")

0 otherwise.

(3.5)

Here (1), (Jp) (respectively, (I!,), (J},)) are the subintervals of Corollary 3.2.4 for the pair S, S’
(respectively, S’,S”), and

7(5,8',8") = (ala) N (LyJ3)) U ((Uar L) N (L)),

which can be empty, in which case we put fsgsnfg,g/ = f5'75<//.

(iv) The dg-algebra Pg ¢ hom(Lsg, Lg/) contains a quasi-isomorphic dg-subalgebra with the
trivial differential; in particular, it is formal.

For any abelian group D, and any given assignment of degrees, deg(x;) =d; € D,i=1,...,k,
there is at most one D-grading on the algebra

A = (PHom(Ls, Lg')
S,5’

coming from some choices of deg(fs s/) = dg,sr € D, up to a transformation of the form dg g —
ds s +dg —dg. For D = 7Z and any d; € Z, such a Z-grading exists.
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Proof. (i) Recall that a grading structure on M, , is given by a fiberwise universal cover of the
Lagrangian Grassmannian of the tangent bundle [Sei00]. Such a cover exists since 2¢; (M, ;) = 0,
and the set of possible grading structures up to homotopy is a torsor over H'! (Mp i, Z) ~ ZF. As all
our Lagrangians Lg are contractible, they can be graded (uniquely up to a shift by Z). Changing
the homotopy class of the grading by some cohomology class ¢ € H (M, ; Z) ~ H (M, 1, L; Z)
changes the degree of a Reeb chord x € end(Lg) by (c,[z]), where [z] € Hi(My x,Ls;Z) (see
[AS10, §9al).

Now we use the fact that away from the big diagonal A C M,, ; the Reeb flow is just the
product of the Reeb flows on the surface. In addition, we observe that the homotopy class of any
Reeb loop of the form (pt. x --- X pt. x v; X pt. x --- x pt.) in M, \ A, coming from the loop
v = u;v; in X, for fixed 4 does not depend on the choice of points in the other components. It
follows that the degree of the generator of end(Lg) corresponding to such a loop is independent
of S (it depends only on 4). Hence, the fact that grading structures on M, ; form a torsor over
H*'(M,, x, Z) implies that, for a given (dy,ds, ..., d;) € ZF, there exists a unique grading structure
such that |z;| = d;.

Let us first calculate End(Lg) in the case S = [i, j]|, where ¢ > 0, j < k. Let us set

E[Z,_]] = end(L[M})
First, we claim that there is a natural quasi-isomorphism of dg-algebras

k[mi,...,xj+1]/(mi...xj+1) —> E[Z,]], (36)
such that
i (uv) ®1d @ - - -
Tsgr> - @1d ® (Vsus) @Id ® -+ -+ ®1d ® (usvs) @ id ® -+ for i < s < 7,
Tjt1 = - ©1d @ (vj41u541).
Here we view the source as a complex with zero differential. It is easy to check that the morphisms
corresponding to x4 are closed, pairwise commute and their product is zero, so the map (3.6) is
well defined.
Next, we want to prove that (3.6) is a quasi-isomorphism. We proceed by induction on j —i.

In the base case j = ¢ this is easy to see. For the induction step we start with a decomposition
into a direct sum of subcomplexes,

Eli, 5] = @ Eli, )(n).

n=0

Here, for n > 0, E[i, j](n) is spanned by elements of the form (w;v;)" ® ---, while Eli, j](0) is
spanned by the remaining basis elements.

It is easy to see that, for n > 0, E[i,j|(n) is isomorphic (by multiplication with z}") to
E[i 4+ 1, j], so we know its cohomology from the induction assumption. More precisely, we know
that the map

xy K[z, . xial] /(@i - xj41) = Eli, ](n)

is a quasi-isomorphism.
It remains to deal with Eli, j](0). Namely, we want to prove that the natural map

k[xi—i-l, ey .’L'j+1] — E[Z,j](())

is a quasi-isomorphism.
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Let us define subcomplexes C(0) C C(1) C EJi, j](0) as follows. We define C'(0) to be the
span of all elements of the form

((Vig1uir1)™ @ (Uir10i41)" @ idp,, ® -+ )mz0,n>0,
(wit1 (Vig1ip1)™ @ Vi1 (Ui10i41)" @ 1L, @ - )mz0m>0-

By Lemma 3.1.2, the complex C(0) is acyclic.
Next, we define C(1) to be spanned by C(0) and by all elements of the form idy, ® ---. We
have an isomorphism

E[i 4 1,4](0) = C(1)/C(0)

induced by the natural embedding of E[i+1, j](0) into C(1). Thus, by the induction assumption,
the natural map

k:[a:i+2, .. ,J}j+1] — C(l)/C(O)

is a quasi-isomorphism.

Finally, the quotient E[i, j](0)/C(1) splits into a direct sum of subcomplexes F(n) numbered
by n > 0, where F(n) is spanned by elements of the form (v;yju;11)" ® -+ (modulo C(1)). Note
that we have

zi 1 = (Vis1Uis1)" ® id ® --- mod C(1),
and it is easy to see that the multiplication by 7!, ; gives an isomorphism of complexes,
Eli+1,5)(0) — E(n).
Therefore, we deduce that the natural map
w1 klTive, . xi4] > E(n)

is a quasi-isomorphism for every n > 0.
Thus, we have a morphism of exact triples of complexes

0 ——=k[zito, ..., Tjp1] —=k[zit1, ..., vj01] —= DB, w0 271 kTite, ..., 2j41] —=0

| | |

C(1)/C(0) Eli, j1(0)/C(0) Eli, j1(0)/C(1)

in which the left and right vertical arrows are quasi-isomorphisms, hence the middle one is also
a quasi-isomorphism.

Next, we can slightly modify the above argument for the cases i = 0 and j < k (respectively,
i >0 and j = k). In these cases we still claim that the natural maps

0 0

k[$1,...,l‘j+1] — E[O,j], k‘[.%l, ,xk} — E[Z,k]

are quasi-isomorphisms. Namely, in the case of E[0, j] we skip the first step and just deal with
this complex exactly as with the complexes E[i, j](0), considering the subcomplexes analogous to
C(0) and C(1). In the case of E[i, k|, we repeat exactly the same steps as for Eli, j|, considering
first the subcomplexes E[i, k](n) and using the induction assumption to see that the maps

i klxig1, ...,z = Eli, k](n)

)

are quasi-isomorphisms.
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Now for S = [i1, j1| U [i2, jo] U - - - U [ir, jr] With js+1 < is41, we have a natural identification
end(Lg) >~ end(Ly;, ;1) ® -+ ® end(Ly, ;1)

and so we have a similar decomposition of End(Lyg).
(ii) Now let us compute Hom(Lg, Lg/) for a pair of subsets S, S" C [0, k| of size n. If S and
S’ are not close then we have hom(Lg, Lg/) = 0. Otherwise, we have a decomposition

T S
hom(Lg, Lgr) =~ end (Lo, x)\ Ly IoLiiy Jy)NS) @ ®hom(Llaﬁ57 Li,ns)® ®h0m(Lmes, Lj,ns)s
a=1 b=1

(3.7)
where we use the subintervals (I,), (J,) from Corollary 3.2.4.
It remains to identify the complexes hom(Ly,g, L1,ns’) and hom(L g, Lj,ns’). First, let
I=1,=1[ij],sothat INS=1[i,j—1] and INS" = [i + 1, ;j]. We have

hom(L[m-,l], L[i+1,j]) = ® hom(Lp, Lp+1),

pE[i,j—1]
with the basis given by
Uit1 (Vip1Uig1)™ @ - @uj(vjuy)™ =t mqp = 0,...,mj_; > 0.
It is easy to check that we have
it (Vi 1ip)™ @ - @ug(vju)™ T = (a2 T g = g (e T,
where we view the monomial in zi,...,z; as an endomorphism of Ly ; 1) or of Ly . In

particular, the differential on hom(Ly; j_1), L{j41,5]) is zero.
Similarly, we see that for J = Jj = [i, j], the space hom(L; 41 j), L; j—17) is spanned by
(zih az;nj_')v[m} = v (T - .:L“;.n]_’),
and has zero differential.

(iii) Formula (3.5) can be checked directly. To compose arbitrary elements in Hom(Lg, Lg/)
and Hom(Lg/, Lgr) we can use (ii) to write them in the form fg ¢p(x) and q(x)fs g, with p(z)
and ¢(x) some polynomials in z1,...,x, and then use (3.5).

(iv) The first assertion is clear from our previous computations: the subalgebra in question
is generated by fs ¢ and by z; € end(Lyg).

By (i), we know that for each choice deg(z;) = d; € Z, there exists a Z-grading on .A°° coming
from a grading structure on M, ;. Thus, it is enough to prove uniqueness of (dg s) up to adding
dg —dg (for given d; € D). The numbers dg g are constrained by equations (3.5), corresponding
to triples (5,5’,5”) of pairwise close subsets. Thus, a difference between two systems (dg s)
is a 1-cocycle for the following simplicial complex X. The set of vertices, X, is the set of all
subsets in [0, k| of size n. The set of edges, X1, is given by pairs (5,5’) of subsets which are
close, and the set of 2-simplexes, X», is the set of triples (.9, S’, S”) of pairwise close subsets. Our
uniqueness statement would follow from the vanishing of H'(X, D). We claim that in fact the
geometric realization | X|;eq) is simply connected. The proof is by induction on k. The case k = 1
is straightforward (for n = 0 we get a point and for n = 1 we get a segment). Another special
case we have to include to make our proof work is n = k + 1, when X reduces to a point.
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Let us write X = X (n, k). We have natural embeddings as simplicial subcomplexes,

ir: X(n,k—1) > X(n,k): SC[0,k—1] — S,
Jp: X(n—1,k—1)— X(n,k): S C[0,k—1] — SU{k},

so that every vertex of X (n, k) is either in the image of i) or in the image of ji.

Let us in addition consider the subcomplex Y C X (n, k) spanned by all vertices of the form
SU{k—1} and SU{k}, with S C [0,k — 2], |S| =n — 1. Note that whenever S and S’ are close
subsets of [0, k — 2], all four subsets

Su{k-1}, Suf{k}, Suf{k-1}, Su{k}

are pairwise close. This implies that |Y|;ea1 can be identified with the 2-skeleton of |X(n — 1,
k —2)|rea1 X I, where I is a segment. In particular, by the induction assumption, |Y |yea1 is simply
connected.

Now assume that we have an edge e between a vertex S in ix (X (n,k—1)), where S C [0, k—1],
and a vertex S" U {k} in jx(X(n — 1,k — 1)). This means that S and S’ U {k} are close, which
can happen only if S =T U {k — 1}, with 7" and S’ close. In this case the triangle

(S=Tu{k—1},Tu{k},S L{k})

gives a homotopy between e and a segment (T'U {k — 1},7 U {k}) in Y, followed by a segment
in jx(X(n -1,k —1)). Since it (X (n,k — 1)), jx(X(n — 1,k — 1)) and Y are simply connected,

this implies that X (n, k) is also simply connected. O
COROLLARY 3.2.6. The algebra A°° has the structure of a K[z1,...,xy]-algebra. In the case
n < k, it has the structure of an algebra over R = k[z1,...,zg]/(z1 ... xF).

Remark 3.2.7. Comparing our description of the algebra A°° in Theorem 3.2.5 with the definition
of Ozsvath and Szabd’s bordered algebras B(m, k) in [OS18, §3.2], we see that there is an
isomorphism

A% ~ B(k,n),

which is analogous to Auroux’s identifications in [AurlOa] in the case of surfaces with one
boundary component. This raises a natural question of interpreting the bimodules defined in
[OS18] in terms of Lagrangian correspondences.

3.3 Localization by stops

By the general stop removal theorem [GPS18a, Theorem 1.16], removing a stop corresponds
to localizing by the subcategory of Lagrangians supported near the image of the stop. In
our case the stops Ay and Ay are neighborhoods of the symplectic submanifolds M,,_; ; and,
using the generators of the partially wrapped Fukaya category of M,,_; 1, we obtain that these
subcategories are given by

D1:<T1XX2X:L,L'1X-"XLiTHl),
D2:<T2XXZX:LZ'1X--'XLZ‘”71>,

where {i1,...,i,—1} runs through subsets of [0, k] of size n — 1. Thus, we have the following
result.
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THEOREM 3.3.1. We have equivalences of pre-triangulated categories
W(Mn,ka Al) = W(Mn,ka A)/DQ,
W(Mn,k) ~ W(Mn,lm A)/(Dl, D2>

Remark 3.3.2. If we only consider one stop, say q1, then the partially wrapped Fukaya category
WI(2, q1) is generated by the Lagrangians L, ..., L (i.e. we do not need Ly), as in this case the

complement of L1, ..., L is a disk which contains at most one stop in its boundary. Furthermore,
by Auroux’s theorem [AurlOb, Theorem 1], the category W(M,_1, A1) is generated by L;, x
- x L;, , with {i1,...,ip,—1} C [1,k]. This allows us to reduce the number of generators in

the definition of D; and Dy above. For the same reason, it is enough to use only products of
Ly,..., L, when generating the fully wrapped Fukaya category of M, j.

We next give an explicit description of the objects in D; and Dy in terms of the generators
Of W(Mn’k, Az)

PROPOSITION 3.3.3. Let X = L;; X ---x L; , and let j; < j2--- < jk—n+2 be the complement
of {i1,...,in—1} in [0,k]. Then in W(M,, , Az) we have the equivalences

Ulj1.42] Uik —nt1-Ik—n+2]
Tix X2 {Ljy x X =5 L, x X — oo — 00 Lo x X,
U[jk—n Ik —n42] U[' 1J2]
Tyx X2 {Ljy oy x X — 2 Lo o X X — o =25 Loox X}

The first equivalence also holds in W(M,, i, A1).

Proof. This is obtained by repeatedly applying the exact triangle given by (2.5). More precisely,
first, as in Figure 8, we slide L along the components of X until one of its legs is next to Lj, .
This gives an isomorphism

Jk+1

L: xX~L:  xX.

Jk+1 Jk+1

Next, let us consider
C := cone(L x X — L xX).
Because of the above isomorphism we also have an exact triangle

L XX —=>LjixX—->C—---

Jk+1

Jk+1
which is shown in Figure 9.

Thus, applying this kind of triangle repeatedly, we can express Tb x X, shown in Figure 10,
as

Ty x X ~ {L x X - L XX = - — Lj x X},

jk7n+2 jk7n+1

where T5 has the property that all the objects Ly, ..., L; to the left of the left leg of T, are in X
and all the objects Lj,..., L to the right of the right leg of T, are in X. Therefore, sliding Th
over these Lagrangians, we exhibit a Hamiltonian isotopy between T> x X and Ty x X, which
completes the proof of the proposition for T5 x X. The case of 77 x X is considered similarly. O

4. B-side

4.1 Two categorical resolutions on the B-side

Recall that we work over a base commutative ring k. Let R = R[; ;) denote the ring k[z, ...,
xg]/(z1 ... z1). Here we define two categorical resolutions of the category Perf(R). Both are given
using modules over certain finite R-algebras.
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FIGURE 8. Hamiltonian isotopy of L, ,, x X — ﬂij x X.

FiGURE 9. Exact triangle.

FIGURE 10. Hamiltonian isotopy Tb x X — Th x X.

For every subset I C [1, k], let us set z7 := [[,c; #;. We consider two R-algebras,
B® =B}, jj := Endg(R/(21) ® R/(2[1,2) ® -+ & R/(2)14-1)) ® R),

B> = By ::EndR< &P R/(:L‘[)>,

IC[1,k], 10

where the summation is over all non-empty subintervals of [1, k]. Note that both B° and B°° are
finitely generated as R-modules (in particular, they are Noetherian when k is Noetherian).
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For each non-empty subinterval I C [1, k] (respectively, for I = [1,m]) we denote by P; the
natural projective B°°-module (respectively, B°-module) corresponding to the summand R/(z7).
When we need to distinguish the B°-module Py, from the B°°-module with the same name,
we will write P (respectively, P ) to denote the B°-module (respectively, B°°-module).

Note that every B°°-module M, viewed as an R-module, has a decomposition

M= & M,

with M; = Hompeo (Pr, M), corresponding to the natural idempotents in 5°°.
It is easy to see that we have natural identifications

Hom(Py, Py) ~ Hompg(R/(z;), R/ (x1)),

compatible with composition. In particular, End(Pr) = R/(xy) and

k
(Bo)op = EndBOO <@ P[L"ﬂ) .

m=1

Thus, if we set P = Py ], then we get natural faithful functors

& : Perf(R) — Perf(B°) : M — P ®pg M,

k
ige : Perf(B°) — Perf(B%) : M (@ P[Lm}> ®pe M,

m=1

which are left adjoint to the restriction functors

8. D(B°) = D(R) : M — Hompge (P, M),
k
8" D(B*°) — D(B°) : M — Hompeo (EB P[Lm],M). (4.1)
m=1
Here we denote by D(A) the bounded derived category of A-modules, while Perf(A) is the full

subcategory of bounded complexes of finitely generated projective modules. We also consider

composed functors &~ = igi" o igo and

rgoo = rgo o TEZO. (4.2)

We will show that the algebras B°° and B° are homologically smooth over k and that the
restriction functors rgf," and rgm are localization functors with respect to explicit subcategories
of D*(B°°) (provided k is regular), whereas i3 and i5"° are fully faithful, so that B° and B°
provide categorical resolutions of R.

For a subinterval I C [1, k], let us denote by Ry, B}° and B} the algebras defined in the same
way as Ry i, Bﬁo’k} and Bﬁ,k], but with the variables x1, ...,z replaced by (x;)ic;s-

We will need to use some other induction functors, in addition to z‘gi° and iﬁo. Let us consider
the natural (exact) restriction functors

BOO
T 00
B[l,k—l] (]

: B%° —mod — B[y _ylx] — mod : M +— Hompee ( @ Py, M>7
JC[Lk—1],J#0

Be° 0o 0o
"B, laa] B°° — mod — By y[21] — mod : M +— Hompee <JC[§]€]§J#QJ Py, M),
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where we use the identifications

Ry w/zp -1 = Rupe—nlzels  Bug/Tiem = B lel-

It is easy to see that in both cases the restricted module has the decomposition into components
(which are R-modules) of the form

rgee (M) = P M.
JCI,J#0

LEMMA 4.1.1. (i) One has natural isomorphisms
ige (PS4) = P35y, i (R)~ P =Py,

where 1 < ¢ < k. The canonical adjunction maps
Id — 7B 0B’ 1d — 7B oy
are isomorphisms on perfect derived categories and on abelian categories.
(ii) The restriction functor rgoo izy] has a left adjoint functor
[2,k]

.[Bo°

ZBOO

el By ) — mod — B —mod

BOO .BOO ~
such that rBf;,k] 2] © ZB[OQO,k] (o] = Id and

[2,k

- M 141
Boo M) = IN[2,k] ;
e M1 =0 1=1.

B

. . . BOO .BOO _
In particular, the functor i} is exact and TBF;M (o] © UBee ] = Id. For I C [2,k], one has

{e]e}
ok l1] Bl

.]3°°
100
B[Q,k

o) (P, [21]) = Plagg.

(iii) The restriction functor rgs

@yl B° —mod — Bfj [xx] — mod has a left adjoint

functor

o

/L'B[Ol,k—l] e Bfl,k—l] [xr] — mod — B° — mod,

which is exact and satisfies rgz

.BO —_ < . < _
oyl o ZBFl,kfl] (4] Id. Furthermore, for 1 < i < k—1, we have

]

B
16?1,1@71] [xk](P[lai] [zk]) = P

Proof. (i) For any B°°-module M, we have

Hom peo (PS%, M) ~ My = rgs (M)(1, =~ Hompge (P 3,75 (M),
which gives an isomorphism 5. (Pﬁ’i]) ~ Pg%- The proof of the isomorphism iB°(R) ~ P is
similar.

This implies that our two adjunction maps are isomorphisms on all projective modules, hence
on the perfect derived subcategories. It is also easy to see that these maps are isomorphisms on
the abelian categories (since the induction functors on the abelian categories can be explicitly
described).

(ii), (iii). The proofs are straightforward and similar to (i). O
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For a pair of disjoint subintervals I,J C [1, k], such that I U J is again an interval, let us
denote by
a{I, J} € Hompgoo (P], P[|_|J) = HOH’lR(R/l‘[uJ, R/l‘[)
the generator corresponding to the natural projection R/xj,; — R/x, and let

ﬁ{[, J} € Homgoo (P]uJ, PJ) = HomR(R/l'J, R/:E]uj)

be the generator corresponding to the map R/z; N R/x1,5. When this makes sense we use
the same notation for the similar morphisms in the category of B°-modules.

PROPOSITION 4.1.2. Foreveryi =2, ...,k let us define a B°-module P; from the exact sequence
0— P[l,’i*l] M} P[lzi} — ?’L — 0,
and let P = Pyyy. Then
— = R/(x;)) m=0
Extjge (Py, P;) ~ ’ 4.3
xtg(Pi, Py) {0 Ty (143)

and one has a semiorthogonal decomposition,
Perf(B°) = ((Py), ..., (P2), (P1)),
where (P;) ~ Perf(R/(x;)).

Proof. The surjectivity of the map R/(x ;) — R/(%[1,;—1)) implies that the map a{[1,7—1], [i]}
is an embedding. Furthermore, it is easy to see that

(Pi)ig) = {0, j<i

In particular, Ext*(P[Lj],?i) =0 for j < i and Ext*(P;, P;) = R/(z;). This immediately implies
the required semiorthogonalities and equality (4.3).
Now let us consider the restriction and induction functors

B° o b 1z0 -3° b(1z0 b (1m0
TBFl b1] [zk] . Perf(B ) — D (B[l,kfl] [I’k]), ZB[ol b1] [zk] : D (B[l,k‘fl} [xk]) — D (B )
We have rgf - (2] © j E’l ool = Id, so the functor ZBﬁ,k_l] foa] is fully faithful. Since for i < k—1
one has
-B°
iy e (Flrigler]) = P, (4.4)

we deduce that this induction functor sends perfect complexes to perfect complexes and
.B° P
UBE 1][:1%]( ilzk]) = Pi,

for ¢ < k — 1. Using the induction on k, we see that all that remains is to prove that there is a
semiorthogonal decomposition

Perf(B°) = ((Py), ZBO oyl Perf (Bl ey lwi]))- (4.5)

Since we already proved the semiorthogonality, by [BLL04, Lemma 1.20], it is enough to check
that the two subcategories on the right generate Perf(B°). In view of (4.4), all that remains is
to see that they generate the module P 3. But this follows from the exact sequence defining
ﬁk. O
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Remark 4.1.3. It is easy to see that for every i one has an isomorphism of B°-modules
P; ~ rﬁi"’(P[‘;f).
We now introduce a certain family of B°°-modules which will play an important role for us.

LEMMA 4.1.4. For a pair of non-empty disjoint subintervals I,J C [1,k], such that I U J is still
an interval, the sequence

I,J 1,J
O—)P] a{ }P]uJ ﬂ{ }PJ

is exact. We define the module M{I,J} as the cokernel of the last arrow, so that we have an
exact sequence

0— Pr— Py — Py — M{I,J} - 0.

Proof. We just need to show that the kernel of the morphism Pr,; — Pj is isomorphic to P;.
But this immediately follows from the exact sequence

0— R/(z)) — R/(xpuy) = R/(zr) — 0. O
For every j € [2, k], we have a natural exact functor of ‘extending by zero’,
i{i}t: Byylza, ... xj—2] — mod — B% — mod.
It is given by

MI IcC bv k]y
0 otherwise.

(i{jIM)r = {

It is easy to see that there is a natural structure of a B°°-module on 4{j} M.
We will also use the notation i/{1} =Id : B°° — mod — B°° — mod.

LEMMA 4.1.5. For every m > j > 2, one has an isomorphism of B°°-modules,
MA[j =11, [, m]} = a{ 5} (P21, - - - 35-2]).

Proof. We need to compute the cokernel C' of the map 8{[j — 1], [j,m]} : Pjj_1,m] = Pyjm- We
have

(Pym))1 = Hom(R/(z(j m)), R/ (1)) = (xn\jm)/(@1),  (Pyi—1m)1 = (xnj—1,m))/ (@1),

and our map is given by multiplication by x;_;.
Assume first that j — 1 € I. Then I'\ [j,m] =1\ [j — 1,m], so we get

Cr = (Pjm)1 ® R/ ().

Note that in this case we have either I C [1,j—1] or I C [4, k], and in the former case, (P )1 =0,
so Cr=0.
On the other hand, if j — 1 € I then, setting I’ =T\ [j — 1, m], we have
(Pym))1 = (@jaxp)/(er),  (Pj—im)1 = o/ (2r),

so in this case the map (Pj_1m])1 i (Pyj,m))1 is surjective, so Cr = 0.
This easily leads to the identification C' >~ i\{j} (P m)[21,- -, zj-2]). O
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THEOREM 4.1.6. For every j =1,...,k, the composed functor
O = Zl{j}ZBo : Perf(Bpj 21, ..., zj-2]) — DP(B°°) (4.6)

is fully faithful, takes values in Perf(B°°), and we have a semiorthogonal decomposition

Perf(B°°) = (P, Perf(Bfk] [®1,...,2k—2]),..., D3 Pelrf(B[3 K] [21]), P2 Pelrf(B[2 k]) 0 Pelrf(B[1 k])>

Proof. Recall that by Lemma 4.1.1(i), the functor i8, : Perf(B°) — Perf(B°°) is fully faithful.
Thus, the functor @1 is fully faithful.

To check that the functor ®;, for j > 2, is fully faithful and takes values in Perf(B°°), w
observe that by Lemma 4.1.5 together with Lemma 4.1.1(i), we have

(B gy [21, - -+ wj—2]) = M{[j — 1], [j, m]}. (4.7)
By definition, the latter module is perfect. Also, for any B[Ojok] [z1,...,2j_2]-module M one has

Hom ( Py ), 1{j} M) = 0 for any m > j — 1. Hence, using (4.7) and the defining exact sequence
for M{[j — 1], [, m]}, we get an identification

Hom(®; (P @1, - @j—2]), it{j} M) = Hom (P ), ir{j } M) = (i{j} M) (jm]
= M[j,m] = Hom(P[jm] [xl, ce ,{Bj_Q], M)

B
Applying this to M = Z'BF (P[‘; ) [%1,...,2j_2]), we derive that ®; is fully faithful.

For j < k, let us denote by P;j C Perf(B°°) the subcategory generated by the projective

modules Py ,) with j" < 7, so that Pl ®; Perf (5’[1 k]) Let us prove by induction on j that we

have a semiorthogonal decomposition
P;j = (im ®;,Pj_1) (4.8)

(for j = k this will give the theorem). Note that (4.7) and the defining exact sequence for
M{[j — 1],[j,m]} together imply that im ®; C P;. The semiorthogonality immediately follows
from the fact that the image of 41{j} (and hence of ®;) is right orthogonal to P;_;. Finally,
the defining exact sequence for M{[j — 1], [j,m]} shows that P;,, belongs to the subcategory
generated by im ®; and P;_;. Hence, our assertion follows from [BLL04, Lemma 1.20]. O

Remark 4.1.7. Non-commutative resolutions similar to B° and B°° were considered in [DFI15]
and in [KL15].

4.2 Homological smoothness

Recall that a k-algebra B, flat over k, is called homologically smooth if the diagonal bimodule
B is perfect as an object of D(B ®y B°P). In the case where k is a field, this implies that B has
finite homological dimension [Lunl0, Lemma 3.6(b)]. A similar argument proves the following
result.

LEMMA 4.2.1. Let B be a homologically smooth k-algebra, flat over k. Assume also that B is left
Noetherian. Then every finitely generated B-module M, which has finite projective dimension
as a k-module, is perfect as a B-module.
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Proof. We use the fact that the diagonal bimodule is perfect, so it is a homotopy direct summand
of a bounded complex of free B ®x B°P-modules of finite rank. Applying the corresponding
functors D(B) — D(B) to M, we get that M is a homotopy direct summand in a bounded
complex of B-modules whose terms are finite direct sums of B ® M. By assumption, these
terms have finite projective dimension over B, so M also has finite projective dimension over B.
Since M is finitely generated, this implies that it is perfect. O

PROPOSITION 4.2.2. Assume that k is Noetherian. Then the algebras 3° and B°° are homologically
smooth over k.

Note that wrapped Fukaya categories are always homologically smooth. This can be seen by
combining [GPS19, Theorem 1.2] and [Ganl2, Theorem 1.2]. Thus, Proposition 4.2.2 will follow
from Theorem 5.2.1 below. However, it is also not hard to give a direct proof. The idea of such a
proof is to use semiorthogonal decompositions (4.5) and (4.8), together with the following fact.
Here we use the notion of gluing of dg-categories along a bimodule, which reflects the situation
of a semiorthogonal decomposition at the dg-level (see [KL15, §4]).

LEMMA 4.2.3 [KL15, Proposition 4.9]. Let D; and Dy be smooth dg-categories, flat over k, and
let D = Dy x, Dy be a dg-category obtained by gluing Dy and Dy along a bimodule ¢ in
Perf(DYY @k D1). Then D is smooth over k.

The more concrete situation in which we will apply this is described in the following lemma.

LEMMA 4.2.4. Let D be a dg-category over k equipped with a semiorthogonal decomposition
Perf(D) = ((My), (Mz)),

where for i = 1,2, Ext?°(M;, M;) = 0, while B; := End(M;) is a homologically smooth k-algebra
B;, flat over k. Assume in addition that By is Noetherian and the complex hom(Mj, Ms) has
bounded cohomology, finitely generated as Bi-modules and of finite projective dimension as
k-modules. Then D is homologically smooth.

Proof. To apply Lemma 4.2.3 we need to check that the By — Bs-bimodule hom(M;, Ms) is
perfect. Since By is smooth, it is enough to check that it is perfect as a Bj-module (see [Toé07,
Lemma 2.8.2]). By Lemma 4.2.1, this follows from our assumptions. O

Proof of Proposition 4.2.2. To prove that B° is smooth we apply Lemma 4.2.4 iteratively to
semiorthogonal decompositions (4.5). Since the algebras R/(z;) are homologically smooth, it
suffices to check that the R-modules Ext*(Py, Pp1,)), for i <k, are finitely generated and are
free as k-modules. Computing these using the projective resolution of P, we realize them as
cohomology of the complex (in degrees [0, 1])

Lli41,k]

R/(Uc[l,i}) — R/m[l,i]-

Thus, we only have non-trivial Ext! isomorphic to R/ (37[171-],36[”17,6]), and the assertion follows.

Similarly, to prove that B°° is smooth we apply Lemma 4.2.4 iteratively to semiorthogonal
decompositions (4.8). It suffices to prove that the R-modules Ext*(M{[j — 1], [j, m]}, Pr), where
I = [j',m/] with j* < j, are finitely generated and are free as k-modules. Using the defining
projective resolution of M{[j — 1], [j, m]}, we get the complex (in degrees [0,2]) that computes
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this Ext*. If m’ < j — 1 then this complex is zero. For m' > j — 1 it has the form

R/(xjmint) — R/ (@jj_1minr) ———> N R (),

Thus, only Ext? is non-trivial and it is isomorphic to R/(z;_1, T[jm)\1), Which is free over k. O

4.3 Localization on the B-side
We say that a collection of objects (X;);cr in an abelian category C generates C if the minimal
abelian subcategory of C closed under extensions and containing all X; is the entire C.

We want to describe the restriction functors r5.° and 78 (see (4.1) and (4.2)) as localizations
with respect to some subcategories.

THEOREM 4.3.1. (i) The functor ngo induces an equivalence of enhanced triangulated categories
Perf(B°°) /ker(rhs’ ) ~ Perf(B°).

For every 1 < i < j < m < k, the module M{[i,j],[j + 1,m|} belongs to the subcategory
ker(rg.") C Perf(B°°). Furthermore, ker(rg:") is generated by the modules (M{[i], [i +1,7]})i<;-
(ii) Assume that k is regular. Then the functor rg induces an equivalence of enhanced

triangulated categories
DP(B%) /ker(r§”) = DY(R),

where D®(-) denotes the bounded derived category of finitely generated modules.
For every pair of disjoint intervals I, J C [1,k], such that I U J is an interval, the modules
M{I, J} belong to the subcategory ker(r8 ). Furthermore, ker(r8"") is generated by the modules

(MA{[3], [i + 1,41}, M{[j], (4, — 1]})i<; as a triangulated category.

Proof. (i) The first assertion follows immediately from the semiorthogonal decomposition of

Theorem 4.1.6 together with the adjunction of the induction and restriction functors (Zgoo , rgfj").

To check that M{[i,j],[j + 1,m]} belongs to ker(r5."), we need to prove the surjectivity of
the map
(Plim)ivr) = (Ply1,m)n)
induced by z[; ;. In other words, we need to check that the map

Lli,g]

(@ m) /(@) — @\ +1,m)/ (@)

is surjective for every m. Indeed, if j > r then the target is zero. Otherwise 7 < r and the
assertion follows from the equality @[y )\ [j+1,m] = T[i,f] T[]\ [i;m]-

By Theorem 4.1.6, the subcategory ker(rgo ) is generated by the images of ®,, ..., ®,. Hence,
it is generated by the images of projective modules under @, ..., ®,. Since these images are given

by formula (4.7), the last assertion follows.
(ii) The restriction functor between abelian categories

B B —mod — R —mod

is exact. Furthermore, by Lemma 4.1.1(i) the induction functor i%oo provides a cosection, so the

category R — mod is a colocalization of B°° — mod, which gives an equivalence
R —mod ~ B —mod /(ker(r5 ") N B° — mod).

The similar equivalence with derived categories follows from the work [Miy91].
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As in (i), the assertion that M{I, J} belongs to ker(r8"") amounts to the surjectivity of the

map
(x[l,k]\(IuJ)) o ($[1,k}\J)a
which follows from the equality T k\J = TIT[1E]\(IUJ)-

Let C C B° — mod denote the kernel of rgo, that is, the full subcategory consisting of B°-
modules M such that Mj; 5 = 0. It is enough to prove that the modules 15, (M{[4], [i,j — 1]})
generate C as an abelian category. We will use induction on k. In the case k = 1, we have C =0
so there is nothing to prove.

Let D cC B° - mod denote the full subcategory of B°-modules M such that M; = 0 Let us
set B Bf;k][ 1, B° = =By [z1]. Note that the restriction functor TEO B° —mod — B° —mod
induces an equivalence

®:D~ B —mod.

Furthermore, as we have seen in Lemma 4.1.1(ii), we have rg;’%gii (M) € D and

<I>(r§§°ng§(M)) = Tgo (M).

Let C’ C EO mod denote the kernel of rg[ o By induction assumption, C’ is generated by the

modules 7‘7 (M{[ i1, [i, j—1]}), where 2 < i < j < k, and M{[j], [i, —1]} are B" -modules defined

similarly to MA[j],[i,7 — 1]}. We have lEooM{[ gl, [4, 7 — 1)} = M{[j],[i,5 — 1]} for2 < i< j <k,

o (B ([, 11,5 — 11})) = rB B (VI{[5), 5 — 11}) = " (M{[3], [, — 11).

Thus, the subcategory ®~!(C’) = C N D belongs to the subcategory generated by the modules
rB (M{[j], i, — 1]}), with 2 < i < j < k.

It remains to check that C is generated by CND and by the modules r5.  (M{[j],[1,j — 1]}).
Note that C N D is precisely the kernel of the functor

r:C— R/(z1,x2...2,) —mod : M — M.
Now for 2 < j < k, let us define the functor
i) : R/ (21,25) > C
sending N to the B°-module M such that

with the maps My 1) = M1 (respectively, My — M[Lm_”) being the identity maps
(respectively, multiplication by x,,) for m < j.

For 2 < j <k, let C; C C denote the full subcategory of M € C such that z;M; = 0. Since
for every M € C one has 3 ...z, M; = 0, it is easy to see that the subcategories C; generate C
as an abelian category. Now for every M € Cj, there is a natural morphism

ix()(My) — M

inducing the identity map i,(j)(My)1 — M. Hence, the kernel and the cokernel of the morphism
ix(7)(M1) = M are in CND. It follows that the images of the functors i.(j) together with CND
generate C.
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It remains to observe that for each j > 2, there is an exact sequence
0= ix(j)(R/(21,27)) — v M{[j], [, = 1]} = re M{[j],[2.5 - 1]} = 0

(where for j = 2 the last term is zero). This implies that the image of i.(j) is contained in the
subcategory generated by rh. M{[j],[1,5 — 1]} and r5.° M{[j],[2,7 — 1]} ]

4.4 Cases k=2 and k=3
Consider first the case k = 2. We have R[j o) = k[z1, 22]/(z172),

iy = Endr(R® R/(01) ® B/ (w2), Bz = Endp(R® R/(r1).
Note that we have an isomorphism
R/(z1) ® R/(x2) ~ I,

where I = (x,y) C R is the ideal corresponding to the node. Thus, BEOQ] is isomorphic to the
Auslander order over the affine nodal curve Spec(R[LQ]) We can also think of BEOQ]
of the quiver with relations given in Figure 2, where the vertex Lg (respectively, Ly) corresponds
to [2] (respectively, [1]).

The semiorthogonal decomposition of Proposition 4.1.2 becomes

Perf(B) o)) = ((P2), (P1)),

where (Py) ~ Perf(k[z1]), (P) ~ Perf(k[x3]). Furthermore, Ext*(Ps, P) ~ k[—1].
The semiorthogonal decomposition of Theorem 4.1.6 becomes

Perf(Bf’y) = ((M{[1][2]}), ig- Perf(Bf o)),

where (M{[1][2]}) ~ Perf(k). Furthermore, it is easy to see that M{[1][2]} corresponds to the
simple module over the quiver in Figure 2 at the vertex Ly.

The localization functor D° (BEOQ]) — Db(R[LQ]) takes Pjj o) to R and Py to R/(z;). The
kernel of the functor is generated by the modules M{[1][2]} and M{[2][1]}, which are precisely
the simple modules at vertices Lo and Lo of the quiver in Figure 2.

Next, let us consider the case k = 3. We have R = Ry, 3) = k[r1, 72, 73]/ (v17273),

Bfi 5 = Endg(R @ R/(2129) ® R/(1)),

as the algebra

while the algebra ﬁog} can be described by the quiver with relations over R given in Figure 7,

where the vertices Ly x L3, Lo x L3 and Ly x L; correspond to [1], [2] and [3], L1 X L3 and
Ly x Lo correspond to [1,2] and [2,3], and L; x Lo corresponds to [1,3]. The algebra Bf

described by the subquiver with vertices [1], [1,2] and [1, 3].
The semiorthogonal decomposition of Proposition 4.1.2 becomes

Perf (B, 5) = (Perf(k[zo, 23]), Perf(k[z1, z3]), Perf(k[z2, 25])).

.3 1!

The semiorthogonal decomposition of Theorem 4.1.6 becomes

Perf (B(f'y) = (M{[2][3]}), (M{[1][2. 3]}, M{[L][2]}), iE%s” Perf(Bfy ),
where (M{[2][3]}) ~ Perf(k[z1]) and (M{[1][2, 3]}, M{[1]]2]}) ~ Perf(lS’E’2 3]) The kernel of the
localization D®(B? i 3]) — Db(R[L;ﬂ) is generated by the modules i.(2)(R/(z1,22)), ix(3)(R/(z1,

z3)) and 78.° M{[3][2]}, where the first module is R/(x1,72) supported at the vertex [1], and
the last is R/(z2,z3) supported at the vertex [1,2]. The module i.(3)(R/(x1,x3)) is supported
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at vertices [1] and [1, 2], with both components given by R/(x1,x3), the identity map from [1, 2]
to [1], and the multiplication by z2 map from [1] to [1,2].

5. Homological mirror symmetry

5.1 Isomorphism of algebras corresponding to two stops
We now specialize to the case n = k — 1 on the A-side and the Z-grading on the Fukaya category
such that deg(x;) = 0 (see Theorem 3.2.5). The main observation is that in this case the algebra
A°° on the A-side is isomorphic to the algebra (13°°)°P.

First, we observe that there is the following bijection between the Lagrangians (Lg) in this
case and the subsegments I C [1, k]:

Lioipgigy < [0+ 1, 7], (5.1)
where 0 <7 < j < k.

LEmMA 5.1.1. For n = k — 1 one has an isomorphism of R-algebras
A% ~ B ~ (B°)°P = @ Hompes (Py, Py),
I,JC[1,k]
compatible with the correspondence (5.1).
Proof. We have
Hompeo (Pr, Py) ~ Homp(R/(xs), R/(x1)) ~ (zpg)/(xr) =2p g R/ (21n7)-

It is easy to see that mapping Hompeo (Pr, Py) to Hompeo (P, Pr) using these identifications gives
an isomorphism of the algebra B°° with its opposite algebra (see below for the computation of
compositions).

On the other hand, for S = [0,k] \ {a,b} and S" = [0,k] \ {a/,b'} we have the following four
possibilities, and we can calculate the subintervals I,, Jo of Corollary 3.2.4 in each of them.

Case 1: a < a', b < V.1If a > bthen S and S’ are not close, so we can assume that o’ < b. In
this case we have J; = [a,d'] and J2 = [b, V'], so, using Theorem 3.2.5(ii), we get

A(S,S") = K[z1,. .., 24 @K[Zay1, .. ., T ] OK[Targr,s - 20] /(T(arg1,4))

@ Klzpi1,. .2y QKlzy g1, xk] - fog = R/ (Tri1,0,) - fs.s0-

Case 2: a < a’, b > V. In this case we have J; = [a,d'] and I} = [/, ] (I; should be omitted if
b=1), so by Theorem 3.2.5(ii) we get

A(S, S,) = k[xl, ceey xa] & k[xa_H, ey xa/] ® k[l‘a/+1, Ces ,$b/]/($[a/+17b/])
& k[ﬂfbl_t,_l, HE axb] X k[$b+1, s 7$/€] : fS,S’ = R/(x[a’—l-l,mb/]) : fS,S"

Case 3: a > d’', b < V. In this case we have I) = [d/,a] and J; = [b,V'] (I3 should be omitted if
a =da'), so by Theorem 3.2.5(ii) we get

A(S, S =k[x1, ..., 20| @K[Ter i1, - ., 0] D K[Tar1, .-, )/ (T(at1,8))
@ k[zpr1, -z @Ky, wk] - fssr = R/ (Tjag1,0,]) - f5,50-
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Case J: a>d,b>b.If a > b then S and S are not close, so we can assume that a < b'. In
this case we have I} = [d/,a] and Iy = [b/,b] (where I; is omitted if a = @’ and I is omitted if
b=1"). By Theorem 3.2.5(ii) we get

A(S,S") = K[z, ..., 2] OK[Tart1, - Ta] @K[Tag 1, - - Ty ]/ (Tjat1,p])
@ K[y g1, ] @K[To415 -, Tk - .50 = R/ (T(ag1,0,)) " f,50-
In all of these cases we deduce that
A(S, ') = R/(z1nJ) - fs,s7,
where I = [a+ 1,b] and J = [a/ + 1,b]. So we get an identification of R-modules
A(S, S") ~ Hom(Py, Py)

sending fs s to xp ;.
To check the compatibility with the composition, we note that for three intervals I, J, K C
[1, k] one has

ITng " TH\K = TN\K * H ;.
ie(I\(IUK)U(INK\J)
Thus, the assertion follows from Theorem 3.2.5(iii) and the equality
{i:|[i-1,qcT(S5,58,8}=(J\NTUK)UINK\.J), (5.2)

where Lg, Lgs and Lgr correspond to I, J and K under (5.1). The proof of (5.2) is a
straightforward but tedious check, so we will consider only one of the cases. Let

S = [07 k‘} \ {a7 b}v S = [07 k] \ {alv b,}v S" = [07 k] \ {a”a b”}v
I=[a+1,b, J=[d+10V], K=][d"+1"].

Assume that a < da/, b <V, d” < d', V" <¥. Then we have J; = [a,d'], Jo = [b,V'], I] = [a",d]
and I, = [b",b'], hence

T(S,S’,S") = [max(a,a"),a’] U [max(b,b"),b'].
On the other hand,
INK\J=[max(a+1,a" +1),d], J\({IUK)=[max(b,t")+1,V],

so equality (5.2) follows in this case. The other cases are considered similarly. a

5.2 Equivalences of categories
THEOREM 5.2.1. There are equivalences of enhanced triangulated categories over k,

W(Pi-1,Az) = Perf(B ), (5.3)
W(Pi—1, A1) = Perf(B] 1), (5.4)

Assume that the base ring k is regular. Then we also have an equivalence
W(Pr—1) = D"(Ryy iy)- (5.5)

The above equivalences are compatible with localization functors on the A-side and the restriction
functors rg;"’ and rgo. Furthermore, the first equivalence sends the Lagrangian Ls = [],cq La
for S = [0,k] \ {i,j}, where i < j, to the projective module Py, j. Here the Fukaya categories
are equipped with the Z-grading coming from a unique grading structure on P_1 = Mj,_1 j, such

that deg(x;) =0 for i = 1,...,k (see Theorem 3.2.5).
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Proof. Note that by Theorem 3.2.5(iv), shifting the graded structures on each Lg if needed,
we can achieve that the algebra A4°° is concentrated in degree 0. Since the Lagrangians (Lg)
generate the wrapped Fukaya category, the first equivalence is an immediate consequence of the
isomorphism of algebras proved in Lemma 5.1.1.

The second and third equivalences are obtained from the first by localization, using Theorem
3.3.1 on the A-side and Theorem 4.3.1 on the B-side. Namely, we observe that under the
equivalence (5.3), the resolutions of objects Th x X (respectively, of T} x X) from Proposition
3.3.3 (in the case n = k — 1) correspond to the complexes defining modules M{[i, j],[j + 1,
m|} (respectively, M{[j + 1,m],[i,j]}). Thus, under (5.3) the subcategory Dy C W(My_1x)
(respectively, (D1, Ds)) corresponds to the subcategory ker(rgzo) C D®(B°°) generated by all
the modules M{[i, j], [j +1,m]} (respectively, ker(r2"") generated by all M{I,.J}). Hence, using
Theorems 3.3.1 and 4.3.1, we derive the equivalences (5.4) and (5.5). O

Remark 5.2.2. It follows from Remark 4.1.3 that under equivalence (5.4) of Theorem 5.2.1, the
object P; defined in Proposition 4.1.2 (involved in a semiorthogonal decomposition of D® (Bfl k]))

corresponds to Lg = [],cq La with S = [0,k] \ {7 — 1,i}.
Remark 5.2.3. The semiorthogonal decomposition
DP(B°°) = (im(®},), ..., im(®y), im(P;))

constructed in Theorem 4.1.6 has a natural geometric meaning on the A-side. Namely, let
Ci C W(My_1,Az) be the subcategory corresponding to im(®;). Then C; is generated by the
Lagrangians Lg with S C [1,k], and for each i = 2,...,k, the subcategory C; is generated
by the Lagrangians of the form T x Ly, _gg with S" C [i,k], |S'| = k — 4. The required
semiorthogonalities can be easily seen on the A-side. Also, the natural functor

Cr > W(My—1x,\1)

is an equivalence, which corresponds to the equivalence of im(®1) with D°(B°). On the other
hand, for each ¢ = 2, ..., k, there is an equivalence

C/-5C:L—TyxL
from the subcategory C; C W(Mg_ox,Az) generated by all Ly, _gus with S C [, k].
Furthermore, since End(L[oﬂ-,g]) ~ k[z1,...,2;_2], one can see that there is an equivalence
CZ{, Rk ]{3[$1, . ,l’i,Q] l) CZ/ L — L[O,i—3] X L,

where C!! C W(Mjy—; 5, Az) is generated by Lg with S’ C [i,k]. Finally, we have a natural
equivalence

~

Cl — W(Mp—ij—it1, A1)
induced by filling in the first ¢ — 1 interior holes and removing one of the stops.

5.3 Homological mirror symmetry for abelian covers
We will deduce from Theorem 5.2.1 a similar equivalence involving wrapped Fukaya categories
of finite abelian covers of My_1 1 = Pp_1.

Namely, as is well known, for k > 2, there is a natural isomorphism 71(Py_1) ~ ZF, where
as generators we can take products of loops v; = w;v;, 1 = 1,...,k, in X with £ — 2 points in X.
We denote these generators by (9;).
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Now let us fix a homomorphism
¢ (Pr—1) =~ ZF > T,
where I' is a finite abelian group. It is determined by the k elements
o =o(F)el, i=1,... k.
Let
T M — Pr_q

be the finite covering associated with ¢, so that I" acts on M as a group of deck transformations.

Then M has the induced symplectic structure, the induced stops m~!(A) and the induced
grading structure, so we can consider the category W(M, 7~ 1(A)).

Note that each of the Lagrangians Lg C Py_1, for S = [0,k] \ {4,7}, can be lifted to a
connected Lagrangian Lg C M (since it is simply connected). Let us fix one such lift ES for each
S (we will have to adjust it later). Note that all other connected lifts of Lg are of the form ’YES
for some v € I, where I acts on M by deck transformations.

As explained in [Seilb, §8b], a choice of liftings (ES) defines a I'-grading on each space
hom(Lg, Lg’). Namely, a Reeb chord z : [0,1] — Pj_; with 2(0) € Lg, 2(1) € Lg lifts to a path
Z:10,1] = M, such that Z(0) € Lg and Z(1) € vLg, for some v € I, and we set degf (z) = ~.

This gives a certain I'-grading on the algebra A°°. Note that I'-degrees of the elements
x; € end(Lg) are just given by

degf (z;) = ;.

Note that endomorphism algebra of the objects (vzg) is obtained from the I'-grading on A°°
by the following formal construction: it is given by

P A, 59
v,y er
with the natural product.
Let
G:=T*

be the finite commutative group scheme dual to I' (so if I' = [[Z/d;Z then G = [] ptg,). Then T’
can be identified with the set of all algebraic characters of G. Suppose A is an associative algebra
with a I'-grading. Then we can form a new associative algebra similarly to (5.6) by setting

AI“ = @ A’y’—’Y'
v,y er
On the other hand, we can use the I'-grading to define an algebraic action of G on A and consider
the category of A-modules with compatible G-action, or equivalently, I'-graded A-modules. For
every v € I' we have a natural such module A ® v, and we have an identification
Ar ~ @ Hom(A®~y, A®+)C.
e

Thus, the category described by the algebra Ar is equivalent to the perfect derived category
of A-modules with G-action (one can also explicitly identify Ap with the crossed product ring

A[G)).

PROPOSITION 5.3.1. The collection of Lagrangians yLg for v € T and S = [0,k] \ {i,5}, i < 7,
generates the wrapped Fukaya category W(M, 7= *(Ay)).
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Proof. The proof follows along the lines of [Aur10b], where Auroux proves generation of W(Py_1,
Az) by the Lagrangians Lg. Namely, one first constructs a simple branched m-fold covering of
the unit disk, a Lefschetz fibration with zero-dimensional fibers, @ : ¥ — D for some m > k and
such that the collection of Lagrangians L; for ¢ = 0,...,k is a subset of a distinguished set of
thimbles {A;}I", for  and Z is a subset of w~!(—1). Note that, by re-indexing if necessary, we
can assume that L; = A; for ¢ =0,..., k. The fact that such a simple branched covering exists
is elementary (see [AurlOb, §3.3.4]). A useful observation here is that the number of stops in
w~1(~1)\Z is the same as m—k. Furthermore, localizing along points in ~!(—1)\ Z corresponds
to removing extra objects in the collection {A;};" to finally reduce it to the collection {Li}fzo.

Next, Auroux associates a Lefschetz fibration w, : Sym"(X) — D whose thimbles are given
by the collection of products Lagrangians Ag where S runs through subsets of [0,m] of size
n, and applies a celebrated result of Seidel [Sei08, Theorem 18.24] to show that this collection
generates the wrapped Fukaya category W(Sym™(X), A-1(_y)). Finally, to deduce generation of
W(Sym"™ (%), Az) by the collection of products of Lagrangian Lg where S runs through subsets
of [0, k] of size n, Auroux applies the localization functors associated to removing the extra stops
in Ag-1_q \ Az. Namely, localizing along the extra stops Ag-1(_1)\z corresponds to removing
extra objects in the collection {Ag} for S C [0,m] to finally reduce it to the collection Lg for
S C [0,k]. This is thanks to the existence of basic exact triangles recalled in equation (2.5)
associated to exact triangles in W(X, Z).

The key observation that allows us to apply the same strategy to generate W(M, 7~ 1(Ay))
is that the composition

wp_1om: M —>D

is again a Lefschetz fibration and the stops m~!(Ay) are a subset of (w_1 07)~(—1). Moreover,
the thimbles of wy_1 o 7 are given by lifts {fyAS}% g of thimbles Ag after fixing connected lifts
Ag of Ag. Thus, again by Seidel’s theorem, the set of these lifted thimbles generates the partially
wrapped Fukaya category W(M, (wwy,_1 o )" 1(—1)).

Finally, removing stops in @, ';(—1) \ Z corresponds to localization of lifts of the extra
thimbles {Ag} that are not in the collection {Lg}. To justify this we apply Lemma 5.3.2, which
completes the proof. O

LEMMA 5.3.2. Suppose that we have Ly, L), LY C ¥ such that LY is the arc obtained by sliding
L, along L, avoiding a set of stops Z, so that we have an exact triangle

Ly — L} — LY — Lq[1]

in W(X,Z). Let Ly, ...,L,_y be disjoint arcs in ¥ and let Lg = L1 X Ly X -+ X Ly_1, L'y =
Ly X Ly x -+ X Ly_y and L'y = LY x Ly x --- x Li_y be Lagrangians in Pj_y so that we have
the corresponding exact triangle

Ls — L'y - L' — Lg[1] (5.7)

in W(X,Ayz). Let m: M — Py_1 be a covering and let is, Efg and I:g be connected lifts of these
Lagrangians to M. Then, in W(M, 7 '(Ag)), the Lagrangian Lg is generated by the collection

Proof. As we explained before, we can describe the subcategory of W (M, 77 1(Az)), generated by
(vLg), by the algebra (5.6), and hence identify it with the perfect derived category of I'-graded

A°°-modules, such that vLg corresponds to Pg ® +, for the natural projective A°°-modules Pg
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Now we observe that all the morphisms in the exact triangle (5.7) are homogeneous with
respect to the I'-grading (i.e. they all have some degree in I'). This implies that this exact triangle
can be viewed as an exact triangle of I'-graded A°°-modules of the form

Ps — Psy®5' — Psn ®7" — Psll].
The corresponding exact triangle in W(M, 7~ (Az)) proves our assertion. O

On the B-side, we can consider the homomorphism
G — Gk,

dual to the homomorphism Z* — T'. The group an acts on the ring R = Ry = k[zy,...,
xg]/(z1 ... zk) by rescaling the coordinates, and on the R-modules R/(x1), so we get the induced
action on the algebras B° = Bfl K] and B°° = Bffk] Via the homomorphism G — Gf’fn we get
algebraic G-actions on R, B° and B°°.

Let Perfg(B) (respectively, D%(R)) denote the perfect derived category of G-equivariant B-
modules (respectively, bounded derived category of finitely generated G-equivariant R-modules).

THEOREM 5.3.3. We have equivalences of enhanced triangulated categories over k,
WM, 7Y (A)) = Perta(Bi ). (5.8)
W(M, (A1) = Perfa(Bf )
Assume that k is a regular ring. Then we have an equivalence
W(M) ~ D¢(Ry1 1), (5.10)

where the Fukaya categories are equipped with the Z-grading induced by the grading structure
on Pj,_1 considered in Theorem 5.2.1.

Proof. The action of G on B°° can also be viewed as a I'-grading on it, deg{? , which satisfies
deg{?(a:i) = ¢;.

By the isomorphism of Lemma 5.1.1, it can be viewed as another I'-grading on 4°°. Applying
Theorem 3.2.5(iv), we deduce the existence of (yg) such that

degf (fs,s7) = degf(fs,5) + 75 — 7s-

This means that by adjusting the choices of lifts Lg (by the action of yg), we can achieve that
the gradings deg{ﬂg and deg? are the same.
Now, as we have observed before, the category Perfg(Bflok]) is equivalent to the perfect
derived category of the algebra
Br® = @ By,

v.'er

Since the isomorphism between .A°° and B°° is compatible with the I'-gradings, the latter algebra
is isomorphic to (5.6), which implies the equivalence (5.8).

To deduce equivalences (5.9) and (5.10) we first observe that an analog of Theorem 4.3.1 holds
for equivariant categories, where the modules M {I J } are equipped with natural G-equivariant
structure, and to generate the kernels of TBOO and 3 R we use appropriate modules twisted by all
possible elements of I'. Thus, we derive these equivalences as in Theorem 5.2.1 using localization
on both sides. O
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As an application we deduce a version of homological mirror symmetry for invertible
polynomials (see the recent paper [LU18] for background on this topic). Let

k k
w=> T[] (5.11)
i=1 j=1

be an invertible polynomial, which is a weighted homogeneous polynomial that has an isolated
critical point at the origin and is described by some integer matrix A = (aij)ﬁ j=1 With non-zero
determinant.

Let

My = {(x1,...,25) € (C)VF | w(xy,...,z) =1}
be the ‘punctured’ Milnor fiber. We have a covering map
T My — Pr_1
: k aij k azj k Ak .
given by (21,z2,...,2x) = ([ 27 [[imaz;7, - Iljo1 ;) where we view Py as a

J J J=1"]
hypersurface in (C*)** via the identification

Pr-1= {(IEl,...,:L'k) € ((C*)Xk 1t T+t ap = 1}'
The group of deck transformations of this covering map is
U= {(t1,t2, ..., tg) € G Vi #9452 0 =1},

which is exactly the group of diagonal symmetries of w.
Let G = Hom(T', G,,) be the dual group. As an immediate corollary to Theorem 5.3.3, we
get the following homological mirror symmetry statement for M.

COROLLARY 5.3.4. Assume k is regular. Then W(My) ~ D%(R}y j).

Remark 5.3.5. There is also an analog of Theorem 5.3.3 for arbitrary finite connected coverings
of the three-punctured sphere 3 = P;. Namely, we have an identification of 71 (3) with the free
group with two generators 1, 2, so such a covering 7 : M — ¥ corresponds to a finite set S
with a pair of permutations 0,09 € Aut(S), generating a transitive action of 7;(X) on S (so
that +; acts as ;). Choosing a lifting of the Lagrangians Lo, L1, Ly to the universal covering
of 3, we get, as above, a m(X)-grading on the endomorphism algebra A of (Lg, L1, L2) in the
partially wrapped Fukaya category W(X, Z,n) where Z = ¢ U g2 (see Figure 1). Now a similar
reasoning to Theorem 5.3.3 shows that W(M,7~1(Z),n) is equivalent to the perfect derived
category of S-graded modules over A (where the S-grading on a module is compatible with the
m1(X)-grading on A). Furthermore, we can choose liftings of the Lagrangians in such a way that
the 1 (X)-grading on A, which is identified with the Auslander order over k[xi,xs]/(x122), is
induced by the grading deg(x;) = 75, ¢ = 1,2. Localizing, we get a similar connection between
the fully wrapped Fukaya category of M and S-graded modules over k[x7, xa]|/(x122).

For example, taking I' = Z/d (for d > 0) and the homomorphism 71 + 1mod(d), y2
—1mod(d), corresponds to the d : 1 covering ¥ — ¥, which can be identified with the (d + 2)-
punctured sphere. Namely, if we realize ¥ with P!\ {0,1, 00} in such a way that the puncture
with stops corresponds to 1, then we can take the covering 7 : P! - P': 2z — 2% ramified at 0
and oo, and identify ¥ with

PL\ 771({0,1,00}) = P\ {0, o0, (exp(2mim/d))m=o,....d—1}-
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The above equivalence relates the partially wrapped Fukaya category of ) (with respect to the
preimages of two stops) to modules over the Auslander order on the corresponding stacky curve,
the quotient of Spec(k|x1, z2]/(z122)) by the action of pg4, the group of dth roots of unity, where
¢ acts on (1, 22) by ({21, '22). This equivalence is a particular case of [LP18, Theorem A].
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