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Abstract

In this work the £,-norms of points chosen uniformly at random in a centered regular
simplex in high dimensions are studied. Berry—Esseen bounds in the regime 1 < g < oo
are derived and complemented by a non-central limit theorem together with moderate
and large deviations in the case where ¢ = 0o. An application to the intersection volume
of a regular simplex with an Z’p“-ball is also carried out.
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1. Introduction and main results

One of the central aspects of high-dimensional probability theory is the study of random
geometric quantities and the phenomena that occur as the dimension of the ambient space
tends to infinity. The field is intimately connected to geometric functional analysis as well
as convex and discrete geometry, and has attracted considerable attention in the last decade.
This is in part because of numerous applications that can be found in the statistics and machine
learning literature related to high-dimensional data, e.g. in the form of dimensionality reduction
in information retrieval, clustering, principal component regression, community detection, or
covariance estimation; see [28] as well as the references provided therein. A famous example of
a high-dimensional limit theorem is the Maxwell-Poincaré—Borel lemma (see, e.g., [8]) stating
that, for fixed k € N, the distribution of the first £ coordinates of a point chosen uniformly at
random from the n-dimensional Euclidean ball or sphere of radius one converges weakly to a
k-dimensional Gaussian distribution as the space dimension n tends to infinity.
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Today, there is a vast literature on high-dimensional central limit theorems, which describe
the Gaussian fluctuations for various random geometric quantities in different contexts, for
instance the famous central limit theorem for convex bodies [20], a central limit theorem for
the volume of random projections of the cube [24], or a central limit theorem for the g-norm
(Euclidean norm) of (projections of) points chosen randomly from Ez-balls [2, 15, 17], to
mention just a few. Other limit theorems, such as moderate deviations principles and large
deviations principles, have only been studied in high-dimensional probability related to the
geometry of convex bodies since their introduction in [1, 11, 15, 17]. In fact, those kinds
of limit theorems are more sensitive to the randomness involved and display a non-universal
behavior in their speed and/or rate function. The latter fact makes the subject particularly inter-
esting as, contrary to a central limit theorem which implies the somewhat negative result that
fluctuations do not provide much information because of universality, the moderate and large
deviations limit theorems are distribution dependent and encode subtle geometric information
about the underlying structure. In the past three years a number of interesting results in this
direction have been obtained, and we refer the reader to [10, 16, 18, 19, 21]. A link between the
study of moderate and large deviations and the famous Kannan—-Lov4sz—Simonovits conjecture
has recently been discovered [3].

In this work we study limit theorems for (suitably normalized) £,-norms of points cho-
sen uniformly at random in a centered and regular simplex. When 1 < g < oo, we provide a
Berry-Esseen-type rate of convergence to a standard Gaussian distribution. For the case where
q = 400, we complement this result with a non-central limit theorem, establishing the weak
convergence to a Gumbel distribution, and provide both moderate and large deviations prin-
ciples. Moreover, as an application of our central limit theorem, we present a version of the
Schechtman—Schmuckenschlidger result [25] and compute the volume of the intersection of an
£p-ball with a regular simplex. We note that the method of proof in the Berry—Esseen-type
central limit theorem differs from the previously mentioned ones in the sense that here we
use a connection to the asymptotic theory of sums of random spacings and do not rely on a
Schechtman—Zinn-type probabilistic representation.

In order to be more precise, let n € N and consider the (n — 1)-dimensional simplex
Ap—1={xeR":x; >0, Y1 xj=1} =conv{ey, ..., e}, where conv(A) denotes the con-
vex hull of a set A and ey, .. ., e, represent the unit vectors of the standard orthonormal basis
of R”. Consider a sequence (E;);cn of independent random variables with an exponential dis-
tribution of mean 1 and, foreachn e N, let S, := Z?:1 E; denote the nth partial sum. We study
the sequence of random vectors

E 1 E, 1 1
Zy=(g¢ - o) e —~(ert o te).  nel.

In fact, uniformly distributed points in the standard centered simplex in R", A,_|—
%(el +---+ey,), have the same distribution as Z, (see, e.g., [22]). A different method to
generate uniform random vectors in the simplex is by letting Uy, ..., U,—1 be independent
and identically distributed random variables with a uniform distribution on [0,1] and consid-
ering G, ; ;= U — Ui-1), i=1, ..., n, where Uy, is the ith order statistic of Uy, ..., Up_1,
with the convention that Ug) :=0, U,y := 1. Then the vector G, := (G 1, ..., Gy») is uni-
formly distributed in A,_1 and Z, 4 n — %(61 + - -+ ey). A proof of this fact can be found,
for instance, in [5, Section 6.4].

The first main result of this paper is the following Berry—Esseen-type theorem for the
Lg-norm | - ||4 (1 <g < oo) of uniform random points in A,_1 — %(el + - --+4ey). Define
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g =E[|E1 —119] and 0 := ¢ 21, (n2g — (4> + 29 +2)ug + 2(q + Djzg — 1). For exam-
ple, 11 =2e~!, 0 =2e—5, and Uy =073 =1.

Theorem 1.1 Let 1 < g < 0o. There exists some constant c; > 0 depending only on q such that,

forallneN,
1-1/q)7 71/(1—1
P[ﬁ<n 1Znllg 14 <x|—P[N <x]
Oq

where N ~ N0, 1) is a standard Gaussian random variable.

logn
NI

sup
xeR

ch

In the proof of this result we use a connection to the asymptotic theory of sums of random
spacings. This allows us to use a Berry—Esseen result of Mirakhmedov [23], who improved a
theorem due to Does and Klaassen [9].

As a direct corollary of Theorem 1.1, we obtain the following central limit theorem, which
is the analogue for the regular simplex of the corresponding central limit theorems in [15, 17]
for Eg-balls. It will find an application in Section 4.

Corollary 1.1 Forall 1 < g < oo,
V(0 VY Z g e =1 LN Z~ N, a?).
q Mg q
n— oo

When the parameter ¢ satisfies ¢ = 0o, we cannot expect convergence in distribution of
[1Z,|loo to a Gaussian random variable. However, we establish a non-central limit theorem with
a double exponential (also known as Gumbel) distribution in the limit. The result in this case
reads as follows.

Theorem 1.2 We have
d
nl|lZylleo — (logn —1) —— G,
n— 00
where G has a standard Gumbel distribution, i.e. P[G < x] =exp (—e™) for x e R.

The next result describes the upper and lower deviations on a moderate scale, which lies
between the Gaussian fluctuations of a central limit theorem and the large deviations which
occur on the scale of a law of large numbers. For a formal definition of a large deviations
principle (LDP), see Section 2.2.

Theorem 1.3 Let (s,),eN be a positive sequence with s, — 0o and s,/ logn — 0. Then, the

sequence (k’i L ( 10§n 1Znll oo — 1>)neN satisfies an LDP with speed s, and rate function
I = 17 z=0,
' +o00, z<O.

As alast result, we establish the following large deviations principle for the £,-norm, which
we compare in Section 4 to the LDP for random points in the n-dimensional crosspolytope, i.e.
the £¢1-ball in R”.

Theorem 1.4 The sequence (@ ||Z,,||oo) N satisfies an LDP with speed s, =logn and rate
ne

—1, z>1,
I(z) := {Z L=
400, z<l1.

function
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The rest of the paper is organized as follows. In Section 2 we collect some background
material on large deviations and introduce the notation we use throughout the paper. Section 3
is then devoted to the proofs of Theorems 1.1, 1.2, 1.3, and 1.4. In Section 4 we compare
the LDP for the simplex with the one for £}-balls, in particular the one for the crosspoly-
tope, and present an application of the central limit theorem to high-dimensional intersection
volumes.

2. Preliminaries

2.1. General notation

Let n € N. Given 1 < ¢ < 0o and a vector x = (xq, ..., x,) € R", we write
1/q
(27:1 |Xi|q) . <00,
Iell, =
maxi<j<p X , q=00.

We will assume that all random quantities are defined on a common probability space
(2, X, P) and we write P[-] and E [ - ] for the probability of an event and the expectation
of an (integrable) random variable, respectively. For a sequence of independent and identically
distributed (i.i.d.) random vectors (X;);en we denote by X, = % >, X; the empirical average.
Throughout, E, E1, E,, . . . will be independent exponential random variables having rate 1 and
E,=1%" | E;. Note that P [E, =0] =0 and thus we can ignore this event in our analysis.
By N (i, ) we denote the (multivariate) Gaussian distribution with mean u and covariance
matrix X. If a random variable N is distributed according to AV (i, ), we write N ~ N (i, T).

. d P .. e . . . .- .
With — and — we indicate convergence in distribution and in probability, respectively. We say
that a sequence of real-valued random variables (X,),cN satisfies a central limit theorem (CLT)

if there exists a sequence (a,)qen of real numbers such that \/n(a,X, — 1) 4 N~N(,1)
as n— oo. For further background material on asymptotic probability theory consult, for
example, [4].

2.2. Large and moderate deviations

In the following, we recall facts from the theory of large deviations as developed, for
example, in [6].

A sequence (X;,)nenN of real-valued random variables is said to satisfy an LDP with speed
(Sn)nen C (0, 00) and rate function I: R — [0, oo] if I is lower semi-continuous, has compact
level sets {ze R:1(z) < «}, @ € R, and if, for all Borel sets A C R,

— inf I(z) <liminfs, ' log P[X, € A] <limsups, ' log P[X, € A] < — inf I(z).
z€A° n—oo n— 00 Z€A
Here, A° denotes the interior and A the closure of A. For the empirical average of i.i.d.
(real-valued) random variables an LDP holds according to Cramér’s theorem, which we
State next.

Lemma 2.1 (Cramérs theorem [6, Theorem 2.2.3]) Let X, X1, Xp, ... be i.id. real-valued
random variables. Assume that the origin is an interior point of the domain of the
cumulant-generating function A(u)=IlogE[exp uX)]. Then the sequence of partial sums
X, = % Y Xi, n€N, satisfies an LDP on R with speed n and rate function A*, where
A*(z) = sup,eg (uz — A(w)) for all z € R.
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It is often useful to transfer an LDP for a sequence of random variables to another such
sequence when they do not differ too much from each other. The following lemma provides a
condition (called exponential equivalence) under which such an attempt is possible.

Lemma 2.2 (Exponential equivalence[6, Theorem 4.2.13]) Let (X;)nen and (Yy)nen be two
sequences of real-valued random variables, and assume that (X,)neN Satisfies an LDP with
speed s, and rate function 1. If (X;)nen and (Yp)nen are exponentially equivalent at speed
Sp, i.e. we have, for any § >0, limsup,,_, o, s;l log P[|X,, — Y| > 8] = —o0, then (Y,)neN
satisfies an LDP with the same speed and rate function as (X;,,)neN-.

We shall need the following result for moderate deviations of the empirical average of i.i.d.
random variables.

Lemma 2.3 (Moderate deviations [6, Theorem 3.7.1]) Let X, X, X, ... be i.i.d. real-valued
random variables with E [X] = u and VarX = 02 > 0. Assume that the origin is an interior
point of the domain of the cumulant-generating function A(u) = log E exp (uX). Fix a sequence
(an)nen with a, — 0 and na, — oo. Then, the sequence \/M()_(n — ,u) satisfies an LDP on R
with speed a;; U and rate function 1(z) = 7 /202

3. The proofs

We now present the proofs of Theorems 1.1, 1.2, 1.3, and 1.4, and start with the Berry—
Esseen-type central limit theorem followed by the non-central limit theorem together with the
moderate and large deviations principles when g = oo.

3.1. Proof of the Berry—Esseen CLT

The general philosophy of the proof is similar to that in [14]. However, as already explained,
we shall use a connection to the asymptotic theory of sums of spacings. The following lemma
is a version of [2, Lemma 4.1] (see also [14, Lemma 2.8]).

Lemma 3.1 For any real-valued random variables X, Y and any & > 0,

sup [P[Y < x] — P[N <x]| < sup |P[X <x] — PIN <x]| + B[|X — ¥| > e] + ——
xeR xeR VZJT

where N is a standard Gaussian random variable.

Proof. Letx € R and ¢ > 0. Then,

PlY <x] —PIN <x]<P[Y <x, [X—Y|<e]+P[|X—-Y|>¢e] —P[N <x]
<PX<x+el+P[X—-Y[>e]-P[N <x]
=PX<x+e]l-PIN<x+e]+P[|X—-7Y]|>¢]

+P[N <x+¢]—P[N <x].
Using that P[N <x+¢] —P[N <x] < 8/«/% for all x € R, taking absolute values, and
forming the supremum completes the proof. (]

The next lemma shows that, similar to CLTs, Berry—Esseen-type bounds can also be
transferred by “nice” functions.
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Lemma 3.2 Let (X;,)neN be a sequence of real-valued random variables. Suppose that there
exist constants . € R and o > 0 such that the Berry—Esseen-type bound

P[W(X"U_M>SX} —P[N <]

holds for some sequence (ay)neN and all n € N, where N is a standard Gaussian random
variable. If g : R — R is twice continuously differentiable at |1 with g' () > 0 then, for some
constant C > 0 and alln e N,

p[ﬁ(M)SX]_P[NSX]

g (wo

sup
xeR

<ay

sup logn}
u — .
xeR ﬁ

Proof. Set &, := /n(X, — w)/o and ¢, = /n(g(X,) — g(w))/g'(w)o. We use Lemma 3.1 to
infer, for each n € N and every ¢ > 0, that

< C max {an,

&

. (3.1
m()

sup [P[gy < x] — PN <x]| < sup [P[§, < x] — PN <x]| +P[|§; — &l > €] +
xeR xeR
Fix n € N. We will estimate P[|£, — ¢,| > ¢] and choose ¢ suitably.

Making use of the Taylor expansion of g at u yields that there exists some
8 >0 such that, for all xe (u—26, u+38), gx) — g(w) =g (W)(x — u) + ®(x — u), where
®:R— R is a function such that, for all x€(u—3, u+98), |Px)| < Mglx— wl? for
Mg =sup, ;5 15 |8 (/2. Thus, if [X,—pl<8, [g(Xu)—g(n)— g WX, — )| <
Mg X, — w|?. We get, after division by g’(i)o and multiplication by N

Mg
g (wo

&0 — Cul < VX, — .

Therefore, for every n € N,

Pllg, — ol > 6] <P [W(Xn ~w)|> ,/%ﬂ} + P [V, = w)| > V). 3.2)
8

If My, = 0, the first summand disappears and we can set ¢ = a,. By the assumed Berry—Esseen
bound and the symmetry of a Gaussian random variable, for each n € N and every x € R,

P[ |V, — w)| > 03] =P [VaX, — ) < —ox] + P [Va(X, — 1) > 0x]
< 2(IP’ [N > x] +a,,).

Together with the bound P [N > x] < e’xz/ 2 the second summand in (3.2) is

2
]P’[|ﬁ(X,, —u)‘ >38/n] <2 <exp {_;7'1} +an> < ¢ max {an, 10%}

for some ¢ > 0 independent of n e N. If M, > 0, by setting ¢ = chgg’(,u)_ln_l/2 log n for
each n € N, the first summand is

]
g [Nﬁ(xn — )| > o/log n] <2012 4 a,) < ¢’ max {an, %}
n
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for some constant ¢’ > 0 independent of n. This choice of ¢ yields
lo
Bl1§: — &l > o Mg ()"0~ log n] = (c +¢') max {an, %} :
n

Together with inequality (3.1) we have, for all n € N,

sup |P[¢, <x] —P[N <x]| < a, + (c + ¢/) max

{ logn } oM, logn
An,
xeR

n o V2rgw) v

whereupon choosing C > 0 suitably completes the proof. U

Remark 3.1 There exist results in the literature which are similar to Lemma 3.2. For example,
[4, Theorem 11.6] deals with the case of X, being empirical averages and g a function with
Holder-continuous derivative. In this case we have a,, =n~'/? and the guaranteed bound for
the modified sequence is of order log n//n. We do not know if this rate in Lemma 3.2 can be
improved in general.

Recall the definition of the spacings in the introduction by G, ;= Uy — Ui-1),
i=1,...,n, where Uy; is the ith order statistic of Uy, ..., U,_1, sampled independently and
uniformly from the unit interval, with the convention that Uy =0, U, = 1. Also recall that E
denotes an exponential random variable with rate 1.

We deduce the following theorem from [23] which refined a Berry—Esseen theorem
from [9].

Theorem 3.1 Let G, 1, ..., Gy, be as above. Suppose f:R — R is measurable with
E [f(E)3] <00 and 0% := Varf(E) — Cov (E, f(E))2 > 0. Then there exists a constant C > (
such that, for all n € N,

Ly Y —
b [ iy ( S f0Gi) ]E[f(E)]> Sx} Y <]

o

sup
xeR

=

o

where N is a standard Gaussian random variable.

The following result will be used for the proof of Theorem 1.1 and we skip its elementary
proof. Again, E stands for a standard exponential random variable.

Lemma33 Letr 1<g<oo. Then Cov(E,|[E—1/7)=(g+DE[IE—1[?]—1, where
E[IE—1/7]=¢"! (r(q+ D+ x"exdx>.

Proof of Theorem 1.1. Using the connection to the spacings Gy.1, . . ., G, we have

q n
Zn,i_%‘ gz

i=1

n

1Zalg ="

i=1

14 “
Gni— —‘ =n"1Y " |nGyi— 119,
n
i=1

Thus, writing n? -1 1Z, ||Z 4 % Z?:l f(nGy,;), we are in the situation of Theorem 3.1 with f(x) =
|x — 1|9, which is not of the form x — ax + b for any a, b € R and all x € R. Because of this
and the fact that the exponential distribution has finite moments of all orders, the assumptions
of Theorem 3.1 are satisfied and there exists a constant ¢, > 0 depending only on g such that,

foralln e N,
g1z 19 —
[p|}/ﬁ (M) §x:| —P[N <x]

C
<7

Nk

sup
xeR

dq
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with
2 2
d? = Var|E — 119 = Cov (E, |E — 1|9)" = 2 — g — (g + Dpzg — 1)
and p, = E[|E — 1]9] according to Lemma 3.3. Note that dfl > ( due to the Cauchy—Schwarz
inequality and the fact that E and |E — 1|7 are linearly independent. Applying Lemma 3.2 with

g(x)=x"%and g’ () = g ! M,l/ q_l, and rearranging terms, concludes the proof. g

Remark 3.2 Using the so-called delta method, we can alternatively derive the central limit
theorem stated as Corollary 1.1 from a CLT for sum-functions of spacings [13].

Remark 3.3 We briefly want to put i, in a more accessible form and compare it to the center-
ing constant in the central limit theorem [15, Theorem 1.1], stating for 1 < g < co and random
vectors Y, which are uniformly distributed in the E’l’-ball, that

_ _ d
i (Y, Migy T = 1) = Z~ N0, Ci(g. ),

where M1(q) :=T(¢g+ 1) and

Ci(g.9=q (w 1> — 1.

Tg+12

As can be seen from Corollary 1.1, the same rate of n' ~!/4 appears. With repeated partial
integration we can derive, for g € N,

E[(E—- 1T, q even,
g =E [IE-117] =
2¢e g —E[(E—1)7], gqodd,

where E [(E — 1)7] equals the subfactorial !g = g! ?:0 (— 1)!/i!, which is also the nearest
integer to e~ !¢!. This is smaller than M{(q) = ¢! by roughly a factor of e.

3.2. Proof of the non-central limit theorem

In the following, we give a proof of Theorem 1.2 and analyze the limiting distribution of

E 1

S, n

n||Z,|lco =n max |Z, ;| =n max
1<i<n 1<i<n

Set M, := maxj<i<, E; and let us recall the well-known fact that M,, —logn =: G, L G,
n— oo
where G is standard Gumbel distributed. First, we prove that ||Z, || o, and
<Ei 1> M, 1
Ty=max (———)|=——-
I<i<n \S,, n
are exponentially equivalent in the following sense.

Lemma 3.4 lim,,_. oo n~ ' log P[|1Z, |0 # T1] <O.

Proof. We first prove that everywhere except for {S, =0} we have the implication
1Znlloo 7# T == M, /Sn < 2/n. Note that || Z,||co = Ty, and if || Z, || 0o 7 T, there must be some
index i € {1, ..., n} such that

Eiy

S, n
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This can only occur if E;, /S, — 1/n is negative (otherwise we would have equality), i.e.

1 E _

n S,

M, 1

S, n

E, 1

S, n

Since Ej, /S, = 0, this gives the desired implication. Therefore,
Sy Sy
IED[”Zn”oo?éTn]SIED M, <2— | <PM, <4]+P|—>2].
n n

By means of the inequality 14 x <e*, the first summand evaluates to P[M, <4]=(1 —
e~ < e—e ' and, by Cramér’s theorem, Lemma 2.1, lim,—, n! logP [S,,/n > 2] <O0.
This completes the proof of the lemma.

We return to the proof of Theorem 1.2. The previous lemma implies that n||Z, || cc — #T, E)
0, and to establish Theorem 1.2 it suffices to prove that n7,, — (logn — 1) La.
The connection to the spacings G, = (Gy,1, . . ., Gu,n) gives nT, 4 nmaxi<j<p Gpi— 1. A

. d . .
classical result [7, Lemma 2.4] states that n max;<;<, G,,; — logn —— G, which was orig-
- n—oo

inally derived by Lévy. Rewriting this for nT, gives nT, —logn+ 1 LN G and completes
n— oo

the proof. O

Remark 3.4 We can read off from Theorem 1.2 that the maximum norm of random points in

the shifted simplex converges to zero at the rate log n/n with fluctuations of order (logn)~'.
Uniformly distributed random vectors Y;, in the Z{‘—ball exhibit similar behavior, as can be read

off from [15, Theorem 1.1(c)]. Namely, n||Y,|lcc — logn IR G.
n— oo

3.3. Proof of the moderate deviations principle
We derive the proof of Theorem 1.3 from [7, Lemma 3.2], which we rephrase in our
notation.

Lemma 3.5 Let (a,)qeN be a sequence of positive numbers satisfying a, — 0 and a, logn —
00 as n— 0o. Then

M M,
lim n“"IP’|: A >a,,i| =1, lim exp(n“")P[ A <—ani| =1.
n— 00 logn S, n—00

In order to prove Theorem 1.3, we restate this result in the following form.

Lemma 3.6 Let (s,,),en be a positive sequence with s, — oo and s,/logn— 0 as n— oo.
Then, for any x > 0,

. 1 logn n
lim — logP —NZulloc = 1) >x| =—x,
s logn

n—oo Sn n

. 1 logn n
lim — logP 1Znlloo — 1) < —x

n—o00 §, n \logn

—0Q.
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Proof. Using the continuity of the logarithm and inserting 7, = M, /S, — 1/n, we can deduce
from Lemma 3.5 that

1
lim a,logn+log P [LTn —1>a,— :| =0, 3.3)
n—00 logn logn
1
lim n* +1log P LTH —l<—a,——|=0 (3.4)
n— 00 logn logn

for any such sequence (a;)neN-

In the following, let x > 0 be arbitrary. First, set a, = (s,/logn)x + 1/logn = (syx +
1)/ logn, where (s;)neN 1S any sequence with s, — oo and s,/logn — 0. This choice of
(an)nen meets the assumptions of Lemma 3.5. Then, inserting into (3.3) gives

lim s,x+ 1+ log P [LTn 1> S—”x} 0,
n— 00 logn log

which, by considering the limit of the sequence divided by s,,, implies that

1
x+hm—log]P’|: T,—1> Sn i|=0.
logn logn

n—oo §,

For (3.4) we choose a, = (sp/logn)x — 1/ logn = (s,x — 1)/ log n for all n € N such that
spx — 1 >0 and set a, =1 for all other n € N. Since s,, — 00, we have s,x — 1 > 0 for all
n > ngp, where ng € N may depend on x, and only need to set finitely many terms a, = 1. This
choice of (ay,),en satisfies the assumptions of Lemma 3.5. Therefore,

lim p@*=D/logn 4 100 P I:—Tn B L x:| =0.
logn 1

n—oo

Proceeding as before,

1 1
lim —pl¥=D/logn 4 50 P [LT,Z S PP x:| =0.
logn logn

n—oo §, Sn

Noting that n»*=D/10gn /¢ — exp (s,x — 1) /s, — 00, we have

1
lim — log P |:—T 1<-— on xi| = —00.
n—00 §, og lOgI’l

Since s,,/n — 0 as n — oo, we can apply Lemma 3.4 and rearrange terms to complete the proof
of Lemma 3.6. U

We now deduce Theorem 1.3 using a standard technique in large deviations theory.

Proof of Theorem 1.3. Let (sy)nen be an arbitrary positive sequence with s, — oo and
sn/ log n — 0. Theorem 1.3 follows if we can show for arbitrary open U C R and closed C C R
the bounds
liminfs, ' log P [X, € U] > — inf I(z),
n— 00 zelU
(3.5)
lim sup s,, “llogP[X,eCl<— 1nf I(2),

n—o0
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Sn

where we used the notation X,, := &% (@ 1Zlloo — 1). Recall that

zZ >0,
I(z):=
+o00, z<0.

If ACR, we use the notation A_:=AN(—00,0] and A4 :=ANJ[0,0c0) as well as
a_ = supA_ and a4 =infA; such that inf,e4 I(z) = a.

We first prove the upper bound in (3.5) and choose a closed set CCR. If C is
empty, the upper bound is trivial as the probability of X, being in an empty set is
zero. On the other hand, if 0 € C, the infimum is zero and the upper bound is satisfied
due to P[X, € C]<1. Therefore, assume without loss of generality that at least one
of C_ and C4 is not empty and that O ¢ C. If both are non-empty, then c_ <0 <cy
and C=C_UCy C(—00,c_]U[cq,00), and P[X,€CI<P[X, <c_]|+P[X,>cq4]
for n e N. This also makes sense if C_ is empty, i.e. c— = —o00 or if Cy is empty, i.e.
c4 =00, if we interpret P [X,, < —oo] =P [X,, > oo] =0. Because of the monotonicity of
the logarithm and [6, Lemma 1.2.15], limsup,_, o s, log P[X, € C] < max{M_, M.}
with M_ := limsup,_, , s, ' log P[X, <c_] and M, := limsup,_, o, s, log P [X, > c4].
Now the upper bound follows from Lemma 3.6 since M_ = —oo and max{M_, M} =M, =
—cy = —infec I2).

We now prove the lower bound and choose an open set U C R. If U is empty, the infimum
is co and the lower bound is trivially satisfied. Assume therefore, without loss of generality,
that U is not empty. Take any z € U,.. We will show that

liminfs, ! log P[X, € U] > —I(z). (3.6)
n— o0
This will conclude the proof of the lower bound in (3.5), since then

liminfs, ! log P[X, € U] > — inf I(z) = — inf I(2).
n—o00 zelU

zeUy
The openness of U yields that, for all ¢ > 0 small enough, (z + ¢, z + 2¢] C U. Therefore,
liminfs, ' log P [X, € U] > liminfs, ' log P[X, € (z + ¢, z + 2¢]]
n— o0 n— 00
=liminfs, ' log (P[X,>z+e] —P[X,>z+2¢])
n— oo

> liminfs, ' log P [X, >z + €]
n—oo

3.7)

P[X, > 2
+liminfs; ! log (1 - M)
n—oo

P[Xy =z +el

by the superadditivity of lim inf. We use Lemma 3.6 to conclude the proof. The first sum-
mand in (3.7) satisfies lim inf,,_, o s;l log P[X, >z+¢]=—z7—e=—1(z) —¢. Let 6 > 0 be
small. For the second summand in (3.7) we choose np € N large enough such that both
P[X, > z+ 2¢] <eC@t200+0s and P [X,, > z+ ] > eC@TO=0n for n > ng. This shows that
the fraction in the second summand satisfies, for every n > ny,

- P[X, > z+ 2¢] < e(zg_g)sn’

0
T PX,>z+¢e] T
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which tends to zero for n — oo if § < %8. Thus, the second summand in (3.7) is equal to zero
and, after letting ¢ — 0, the inequality (3.6) is established for any z € U, which proves the
lower bound in (3.5) and thus Theorem 1.3. O

3.4. Proof of the LDP

For the proof of Theorem 1.4 we use a rather general result on large deviations for maxima
and minima [12, Proposition 3.1]. Recall that a function H: R — R is said to be regularly
varying at oo of index « € R if, for all u > 0, lim,_, o [H(ut)/H(t)] = u”.

Lemma 3.7 Let X, X1, X2, ... be i.i.d. real-valued random variables with P [X < x] < 1 for all

x > 0 such that — log P [X > x] is regularly varying at oo of index o > 0 as a function of x € R.

Choose m,, € R such that P [X > m,] = % and set M,, = maxi<j<, Xi. Then (%) X satisfies
n nz

an LDP with speed s, =log n and good rate function

*—1, >1,
. {z =
+o00, z<1.

In order to prove Theorem 1.4 we make use of this result, Lemma 2.2, and the next lemma,
which states the exponential equivalence of the sequences in question.

= . . _n_ My
Lemma 3.8 Set M, = max<;<, E;. The sequences (lognHZnHoo)nEN and <10g")neN are

exponentially equivalent at speed log n.

Proof. This amounts to showing that, for every § > 0,

lim sup : log P[[nllZy)lcc — Ma| > 8 log n] = —o0.

n—oo 10gn

Fix § > 0. Then, for every n € N,
P[|nllZallooc — My| > 8 logn] <P [|nT, — My| > 8 logn] + P Znlloo # Tn].

By Lemma 3.4 the second summand satisfies @ log IP[||Z,,||OO #~ Tn] — —00 as
n— 0o. Recall the notation E, = % For the first summand we compute nT, — M, =
M.E;' =1 =M, =—(M,(E, — 1)E;' +1). Setting A, :=M,(E,— DE,"', it follows
that P [|nTn — Mn| > § log n] =P [|An + 1] > élog n] Whenever n is large enough
logn>25"" holds, and thus ]P’[|A,, + 1] > §log n] < ]P’[|A,, + 1| > 2] < P[lAnl > 1].
Introducing B, :=n"'"4M, and C,:=n"*(E,— DE;!, such that A,=B,C,, gives
P[|nTy — My| > 8 logn] <P[|B4| > 1/2] + P[|Cyl >2]. By the union bound, the first
summand satisfies

P[|B,| > 1/2] =P [Mn > n1/4/2] <nP [E1 > n]/4/2] —ne "2,

and thus

1/4
n—oo
— —00.

log P||B 12l <1-
logn °8 [| nl > /]_ 2logn

The other summand can be estimated by means of P[|C,|>2]<P[E,<1/2]+
P [n]/4|E,, -1 > 1]. Cramér’s theorem (Lemma 2.1) implies that

1 _ N
——logP[E, <1/2] === —cc.
logn
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After splitting the second summand into

P[nl/ﬂEn — 1‘ > 1] =P[nl/4(En — 1) > 1] +P[nl/4(En— 1) < —1] ,

we apply the moderate deviations principle (Lemma 2.3) with a, =n~'/?, n € N, giving
.12 1/4(F 1
lim n log]P’[n (En—1)>1]=——,
n—oo 2
- 1
lim n~!/? logP [n1/4(E,, - 1) < —1] =——.
n—oQ 2
Consequently,
log P [n1/4|En 1> 1] 2% oo,
logn
and thus
1
—— log P[|C,| > 2] =5 —o0,
logn
completing the proof. (]

Remark 3.5 The choice of the sequence n'/*
log n and slower than (@) 172

was arbitrary; any sequence growing faster than
would have done the job.

Proof of Theorem 1.4. We apply Lemma 3.7 to the case of standard exponential random
variables and verify the assumptions. We have P[X <x]=1—-e" <1 for all xeR and
—log P [X > x] =x, which is regularly varying at oo of index o = 1. We choose m,, =logn
and thus obtain an LDP of speed logn and rate function as in Lemma 3.7 with « = 1. By
Lemma 2.2 the just-proven Lemma 3.8 implies Theorem 1.4. U

4. Comparison with and application to £;-balls

4.1. An LDP for £}-balls

In [15] LDPs for the £4-norm of uniformly distributed points in £-balls were proven for
the cases 1 <p <00, 1 <g<oo and p=o00, 1 <g <oc0. In order to compare the LDP for
the simplex with the one for the crosspolytope (i.e. the unit ball in £), we complete the pic-
ture presented in [15] by deriving, without making the argument more complicated, a slightly
more general LDP covering all possible values 1 <p < oo and put ¢ =00. Let | <p < oo and
]B%I’j ={xeR": x|, <1} be the Eg—unit ball. Further, let Z,, be uniformly distributed in ]B%I’j for
allneN.

Theorem 4.1 Let 1 <p < co. The sequence ((n/p log n)l/l’||Z,’1||oo)
speed log n and rate function

ey Satisfies an LDP with
-1, z>1,
I(z) :=
00, z< 1.
In particular, taking p = 1 and comparing the result to Theorem 1.4 we see that the LDPs for

the ¢-norm of uniformly distributed random points in a crosspolytope and a regular simplex
are identical.
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The proof of Theorem 4.1 is based on the Schechtman—Zinn probabilistic representation,
saying that for any n € N the distributional identity

;l d yl/n Y,
17511

holds, where U is uniformly distributed on [0,1] and independent of Y,; =, ..., Y
which has i.i.d. p-generalized Gaussian distributed entries; see [26]. We recall that if a
random variable Y is distributed according to the p-generalized Gaussian distribution its
Lebesgue density f, is given by cpe_‘y /P x e R, with the normalization constant given by
cp = p"Pr(1 + 1/p)~".

Next, we define for each n € N the number m,(p) > 0 by P[|Y| > m,(p)] = %, where Y is a
p-generalized Gaussian random variable. From lemma 3.7 we can deduce the following result
for M, (p) := maxi<j<n |Yil.

Lemma 4.1 Let 1 <p < 0o. The sequence (Mn(p)mn(p)_l)neN satisfies an LDP with speed
log n and rate function 1 as in Theorem 4.1.

Proof. We check the assumptions of Lemma 3.7, and note that by the symmetry of the gener-
alized Gaussian distribution, P[|Y| > x] =2P [Y > x] > 0 for every x > 0. In order to check if
—log P[]Y] > x] is regularly varying at oo, we compute, for every u > 0,
log ]P’[|Y| > ut] . log2+1log P[Y > ut] . (ut)? »
i S =u’.

im = lim = lim
i—oo log P[|Y|>1t] 1~ log2+log P[Y>1] 1—o0

Here, we used that according to the inequality
o0
X < / e /P dy < Le—xp/ﬁ, 4.1)
X +p—1 . x=1

which is valid for all 1 <p <00 and x> 0, log P[|Y| > x] is asymptotically equivalent to
—x”/p as x — oo. Thus, the assumptions of Lemma 3.7 are satisfied with « =« :=p > 0,
and we can complete the proof. O

Lemma 4.2 The two sequences (Mn(p)mn(p)_l)nEN
nentially equivalent at speed log n for 1 < p < oo.

and (n"/P||Z} | comn(p) "), oy are expo-

neN

Proof. Note that
My P)mn(p)”"!
p’
(A )
with the Y] being independent and p-generalized Gaussians. Then, the exponential equivalence

is proved using Cramér’s theorem as in the proof of [15, Theorem 1.3]. It remains to note that,
for 0 < ¢ <4, we have, by Lemma 4.1,

g P [M,,Qv)mn(p)1 > ﬁ] = ((ﬁ)” - 1) ,
n— 00 logn £ &

_1d
nVYPZh looma(p)~t = U™

lim sup

which tends to —oo as € — 0. O

After these preparations, we can now complete the proof of Theorem 4.1.
Proof of Theorem 4.1. By Lemma 4.1 the sequence (Mn(p)m,,(p)’l)n oy satisfies the

required LDP, and so does (nl/”||Z,’1||Oom,,(p)_l)neN by Lemma 4.2. Using (4.1), we
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can see that m,(p)(plogn)~'/? tends to 1 as n— oo. Consequently, the sequences
(2PN Z loomn(P) "), oy and ((n/plog m)'/P|| Z} ]l oo),, o satisfy the same LDP. O

4.2. Intersection with Ez-balls

As an application of our central limit theorem, we sketch here a geometric application in the
spirit of classical results of [26, 27] on the intersection of two different Z;—balls. In our case,
we consider the intersection volume of an £,-ball and a regular simplex. To be precise, we
denote by ]D)" =B 5/ |]B"| » the normalized E; -ball, where | - |, is a shorthand notation for the
n- dlmensmnal Lebesgue measure. Similarly, we define the normalized (n — 1)-dimensional

regular simplex X,_ _A,, 1/|A,, 1ln—1, Where A, _|:=A,_ 1——(el+ -+ e,) is the
centered (n — 1)-dimensional regular simplex (note that |A,_1|p—1 = |Ap—1|n—1)-

Theorem 4.2 Let s > 0, 1 <p < 00, and define A, := 2e—lu,£/1’r(1 + ;;)(pe)l/p. Then
1 sA! >,
nll)rgo |Zn_1 ﬂs]]))mn_l =

-1
0, sAp <1.
Proof. We start by introducing some notation. For each n € N we put

y 1/p|Bn|1/n

p pln

Apn =1y nlA |l/(n D
el

and let s, be such that 5,(Ap »/Ap) = s. Using Stirling’s formula repeatedly, we can verify that
Apn =A,(1+ O~ " logn)). Indeed,

1/
Arw=2er (14 1) " 7|
(V2rn/p(n/(ep)"? (1 +0(n~1)))

«/ﬁ 1/(n—1)
* {”(mw —D/ey1(1+ O(nl))> }
1 —1\\1/n
—Z,ul/”F<1+ >(ep) " (1+0(n)) T =Ap(1+0(n_llogn)),
p ¢ (n/p)l/(z")(l + O(n_l))

where we used that (n/p)!/®" =1 4+ O(n_1 log n) in the last step.
Next, we rewrite |En_1 N sy, |n_ , in probabilistic terms by using the definition of s,:

a1 N SID)Z|

n—1

A
— {zeEn_l 1ZE Sy p’"]D)Z}
Ap

n—1
nl/"

e zesmt a1 p

=114 € &1 S0ty A, B ’1/(11 D “p
n—1

= {Z€|An— | Hn= 1)An 1:Zesnnp l/pA 1|An— | 1/(n— I)Bn}

n—1

n—1
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- 1.1 1
HzeAn,l 17 E synp l,up/pAljllEéZ}
|An_1 |n—l

1
1 _
=P(I1Zallp < san? ™ 1,/PA "),

n—1

where Z, is uniformly distributed in An—1. Now, we observe that
P 5=l pg-1) = p -5 ~1/p _q -1_4
1Zllp < sunt Hp Ap = \/E(n 4 ”Zn”pﬂp ) = \/ﬁ(snAp ) .

This allows us to apply the central limit theorem from Corollary 1.1. Indeed, if sA;1 > 1
or sA;T <1, then /n(s,A, " —1) = +o00 or —oo respectively as n— oo. In the equal-
ity case sA;! =1, since 5, =s(1 4 O(n~ ' logn)) for arbitrary & >0, we have \/n(s,A, " —
1) = ﬁ(sA;l(l + 0~ 'logn)) — 1) = O(n_l/2 log n) — 0 as n— oco. The proof is thus
complete. 0

It is interesting to know the value of s in the critical case, i.e. s = A, for different choices
of p. For example, if p =1, which corresponds to the intersection of the simplex with the
crosspolytope, we have that s =A; =2u1 =4/e~ 1.4715. For p =2, which corresponds to
the intersection of the simplex with the Euclidean ball, we obtain s = A = /27 /e ~ 1.5203.

Remark 4.1 As in the case of £,-balls (see [15, Corollary 2.2]) one can show that for any

r € (0, 1) there exists a sequence (Sy))neN for which |En_1 N s§,r>]]]>g| — rasn— oo.
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