Nagoya Math. J., (2025), 1-19
DOI 10.1017/nmj.2024.35

DYNAMICAL SYSTEMS ON SOME ELLIPTIC MODULAR
SURFACES VIA OPERATORS ON LINE ARRANGEMENTS

LUKAS KUHNE® anp XAVIER ROULLEAU

Abstract. This paper further studies the matroid realization space of a
specific deformation of the regular n-gon with its lines of symmetry. Recently,
we obtained that these particular realization spaces are birational to the elliptic
modular surfaces Z1(n) over the modular curve Xi(n). Here, we focus on the
peculiar cases when n = 7,8 in more detail. We obtain concrete quartic surfaces
in P equipped with a dominant rational self-map stemming from an operator
on line arrangements, which yields K3 surfaces with a dynamical system that
is semi-conjugated to the plane.

81. Introduction

A line arrangement C = {1 + -+ £}, is a finite union of lines ¢; in the projective plane P2.
Line arrangements are ubiquitous objects studied in various fields such as topology, algebra,
algebraic geometry, see, for instance, [12], [16] for two surveys. In [9], the second author
described a number of operators acting on line arrangements: if n,m are sets of integers at
least 2, the operator Ly, , associates to a line arrangement C the line arrangement Ay, (C)
which is the union of the lines that contain n € n points among the m-points of C, for
m € m (recall that an m-point of C is a point where exactly m lines of C meet). For example
A2y ,133(C) is the union of the lines that contain exactly three double points of C (that line
arrangement might be empty).

A labeled line arrangement C = (¢1,...,¢;) is a line arrangement for which one fixes the
order of the lines. The configuration of a labeled line arrangement C is described by its
associated matroid M = M (C). Conversely, given a matroid M (a combinatorial object),
one can look at line arrangements C for which M (C) = M. When such a C exists, one says
that C is a realization of M. Let us denote by R = R(M) the moduli space of realizations of
M: a point of R is the orbit under the action of the projective general linear group PGLg3
of a realization of M. The space of all realizations of M is denoted by i = (M) and there
is a natural quotient map U — R.

In [5], we constructed a realizable matroid M,, for any n > 7 that is based on the regular
n-gon. Interestingly, there exists an operator L among the ones we described above (for
example if n =2k +1 is odd, then A = Aoy (1) which acts non-trivially on U(M,,): if C is
a (generic) realization of M,,, then A(C) is also a realization of M,,. We obtain in that way
a dominant self-rational map [ on the realization space R,, = R(M,,).

The main result of [5] establishes that the realization space R, is an open dense sub-
scheme of the elliptic modular surface Z1(n), a well-studied surface, see, for example,
Shioda’s paper [11]. Recall that this surface =1 (n) parametrizes (up to isomorphisms) triples
(E,t,p) of an elliptic curve and points ¢,p on E such that ¢ has order n. The modular
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2 L. KUHNE AND X. ROULLEAU

curve X1(n) parametrizes (up to isomorphisms) pairs (E,t), where E,t are as above. The
map (E,t,p) — (E,t) defines an elliptic fibration on =;(n), with fiber over the point (E,t)
isomorphic to E. For any integer m, there is a natural multiplication by m rational map
of the elliptic surface Z;(n). We obtain in [5] that, through the identification of R, as an
open subscheme of Z1(n), the rational self map A induced by A is the multiplication by —2
map acting on =;(n), in particular [ has degree 4.

The aim of the present paper is to study the peculiar cases when n = 7,8 in more detail.
In particular, we give another proof that the surface R, is an open dense subscheme of
Z1(n), and the degree of A is 4 in these cases. From now on assume n € {7,8}; in those
cases, we obtain (singular) models of Z;(n) as quartic surfaces in P3. There is a natural
section R,, — U, = U(M,,) of the quotient map i,, — R, so that one may consider R,
as contained in 4, and therefore one may consider a class as a realization of M,,. Using
that fact, we are able to give explicit polynomials for the action A = A(n) of A = A(n) on
R, CP3.

Recall that a dynamical system is a pair (X,\) of a variety X and a dominant rational
map A: X — X. A dynamical system (X, \) is called semi-conjugated to a dynamical system
(Y, ) if there exists a generically finite rational dominant map 7 : X — Y such that mo A =
pom. A principal result of this article is the following.

THEOREM 1.1. For n € {7,8}, the dynamical system (Rn,\) is semi-conjugated to
(P2, F) where F : P2 --» P2 is an explicitly described rational self map; the dominant rational
map 7 : Ry, — P? such that moX = Fom is a double cover of P? branched along a sextic
curve.

The surfaces Z1(7), 21(8) are K3 surfaces; to our knowledge these are the first examples
of a degree > 1 dynamical system on a K3 surfaces that is semi-conjugated to the plane.

Let us describe the structure of this paper and some further results. In §2, we start by
describing the line operators A and general results on matroids. In §2.3, we study under
which conditions a K3 surface which is the double cover of the P? may be semi-conjugated
to P2. Subsequently, we study the case n =7 in §3: we start by recalling the definition of
the matroid M7 and then show that Ayg) (31 induces a rational self map Aoy 433 on the
quartic surface R; C P3. We then compute the degree of A{2},(3} and prove that R7 is an
open subset of the elliptic modular surface =;(7). The automorphism group of the matroid
M7 is the order 42 Frobenius group. There is a natural action of that group on the surface
R7. We show that this action is faithful. The quotient surface R7/aut(M7) is the moduli
space for unlabeled line arrangements coming from realizations of M7: we obtain that this is
a rational surface. In §3.6, we describe explicitly the semi-conjugacy of R7 (or equivalently
Z1(7)) with P2. The branch loci of the double cover Z;(7) — P? is the union of a line and a
singular quintic curve which we describe. §4 follows a similar pattern for the case n =38. In
that case, the branch loci of the double cover Z1(8) — P? is union of a conic and a singular
quartic curve. We moreover describe some 3-periodic line arrangements for A; their classes
are fixed points for the action of A\ on Rg.

We remark that for n =9, one may similarly obtain that R9 (contained as a sextic surface
in P3) is birational to =1(9). That elliptic surface is no longer a K3 surface and we could
not find a semi-conjugacy with the plane.

Computations in this paper are based on Magma [1] and 0SCAR [3]. The arXiv ancillary
file of this paper contains some data related to these computations.
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§2. Notations and definitions.

Throughout this article we assume to be working over the field C.

2.1 Line arrangements and the operator A, ;.

A line arrangement C = {1 +---+/,, is a union of finitely many distinct lines in P2. A
labeled line arrangement C = (¢1,...,¢,) is a line arrangement with a numbering of the lines.
We sometime put a superscript ¢ (resp. “) when we want to emphasize that an arrangement
or related objects has (resp. does not have) a labeling.

For an integer k > 2, a k-point of the line arrangement C is a point where exactly & lines
of C meet. As in [9], for a subset n of integers at least 2, let us denote by P,(C) the set of
k-points of C for all k € n. We denote by tp =t1(C) = | P13 (C)| the number of k-points of C.
For a finite set of point P in P? and n as above, we denote by £,(P) the set of lines which
contain exactly n points in P for some n € n.

For subsets n,m of integers at least 2, let us denote by Ay w(C) = Lm0 Pu(C) the line
arrangement that contains all lines of P? containing exactly m points of P,(C) for m € m.
For example Afoy ¢3.43(C) is the union of the lines that contain three or four double points
of C. The arrangement could be the empty arrangement if no such lines exists.

2.2 Matroids and the period map of the moduli of a matroid.

A matroid is a fundamental and actively studied object in combinatorics. Matroids
generalize linear dependency in vector spaces as well as forests in graphs. See, for example,
[8] for a comprehensive treatment of matroids. We just briefly mention a few concepts about
matroids that are relevant for this article.

A matroid is a pair M = (E,B), where F is a finite ground set of elements called atoms
and B is a nonempty collection of subsets of E, called bases, satisfying an exchange property
reminiscent from linear algebra.

The prime examples of matroids arise by choosing a finite set E of vectors in a vector
space and declaring the maximal linearly independent subsets of E as bases. In our case we
obtain matroids through line arrangements: If C = (¢1,...,4,,) is a labeled line arrangement,
the subsets {i,7,k} C {1,...,m} such that the lines ¢;,¢;,¢; meet in three distinct points
are the bases of a matroid M (C) over the set {1,...,m}. We say that M (C) is the matroid
associated to C.

We denote by aut(M) the automorphism group of the matroid M, that is, the set of
isomorphisms from M to M.

A realization (over some field) of a matroid M = (F,B) is a converse operation to the
association C — M (C): it is a 3 X m-matrix with non-zero columns C1,...,C,,, which are
considered up to a multiplication by a scalar (thus as point in the projective plane) such
that a subset {i1,i2,i3} of E of size 3 is a basis if and only if the 3 x 3 minor |C;,,C;,,Ci,]|
is nonzero. We denote by #; the line with normal vector the point C; € P2.

If C=({1,...,4y,) is a realization of M and v € PGL3, then (yf1,...,7v4y,) is another
realization of M; we denote by [C] the orbit of C under that action of PGLs. The moduli
space R(M) of realizations of M parametrizes the orbits [C] of realizations. A more detailed
introduction to these moduli spaces together with a description of a software package in
0SCAR that can compute these spaces is given in [3].

In this article, we always assume that each subset of three elements of the first four atoms
is a basis (otherwise, we replace M by a matroid isomorphic to it). Then in the moduli
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space R(M), one can always map the first four vectors of C € [C] to a fixed projective basis,
so that each element [C] of R(M) has a canonical representative, which we will identify
with [C].

A useful tool for the computations related to the moduli space R = R(M) of realizations
of a matroid M is what we call the period map: Let us denote by U =$I(M) the scheme of
all realizations of M in P?. By analogy with similar objects, we call the quotient map

q:U(M)—R(M)

the period map; a point ¢ of R = R(M) is the class ¢ = [C] of a realization C. Once a basis
is fixed, each class ¢ has a unique representative Cy and we can (and we will) identify ¢
with that representative.

It often occurs that R is embedded in a space S =S(y1,...,yx) (affine or projective) of
small dimension, like P3. The coordinates of the normal vectors n(/) = (ngj ) néj ) :ngj )) of
Co are then polynomials ngj) = Pl(j)(y), e ,ngj) = Péj)(y) in the coordinates y1,...,yx of R
in S.

One often arrives at the natural question on computing the point y = (y1,...,y%) in R
from the knowledge of the normal vectors n. In other words, we need an explicit form of
the period map q as a map from i to the scheme R embedded in the space S. The answer
to that problem are polynomials (or rational functions) @1,...,Q% in the coordinates of the
normal vectors n(Y, ..., n(™ etc.; here m is the number of lines in an arrangement.

2.3 Degree two K3 surfaces semi-conjugated to the plane.
Let C7: Q1 =0 be a sextic curve with at most ADE singularities, so that the
desingularization X* of the associated double cover

X = {y2 = Q1(21,22,2’3)} — IP(3, 1,1, 1),

is a K3 surface. Let F : P2 — P2 be a rational self-map defined by coprime homogeneous
polynomials (Fy, F», F3) of degree m. Suppose that F*C; = Cy +2D, for an effective divisor
D; in algebraic terms, that means that we assume that

Q1(F1, 2, F3) = Q1+ R?,

for some polynomial R. Then the following relation holds

(yR(2))* = Q1(2) R(2)* = Qu(F1(2), Fa(2), F3(2)),

where z = (21 :29: 23) € IP2. Hence, the rational map

F:(y;2) = (yR(2): F1(2) : Fa(2) : F3(2)),

is a rational self-map acting on the K3 surface X®. Let m: X — P? be the double cover map.
The following diagram

x 5ox
Tl Tl (2.1)
p2 I, p2

is commutative and, by analogy with other dynamical systems, we say that the dynamical
system (X, F) is semi-conjugated to (P%, F).
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Figure 1.
The matroid M7 whose construction is based on the regular heptagon.

ExaMpPLE 2.1. Let C be an irreducible curve of degree 6 with 10 nodes. A Coble
surface Y is the blow-up of P? at the 10 nodal singularities of C. The group of birational
transformations G preserving C is infinite, it is generated by Bertini involutions centered
at the nodal points of C. When C is generic, the group G lifts to Y and the elements of G
become automorphisms of Y. The automorphism group G C aut(Y’) preserves the pull-back
C’ of C, thus taking the double cover of Y branched over C’, one gets a smooth K3 surface
X and the group G is in fact the automorphism group of X (see, e.g., [2]). The surface X
is also the minimal desingularization of the double cover branched over C' and the diagram
(2.1) is commutative.

83. The heptagon.
3.1 A2y (3} is a rational self-map on R~ and 7.
3.1.1. Definition of the matroid Mj.

The matroid M7 has 14 atoms 1,...,7,1,...,7" and the bases are the triples {a,b,c} with
{a,b} C{1,...,7}and c€{1’,...,7"} such that a+b# 2c mod 7. A sketch of M7 is described
in Figure 1, where the atoms i € {1,...,7} and j € {1’,...,7'} correspond to the lines ¢; and
E;-, resp., and three lines form a basis if they do not meet in one point. Note that the central
singularity of arrangement in Figure 1 is not part of the matroid and therefore removed.

Let A; be a generic line arrangement realizing the matroid M. We write A; = CoUCy
where Cy are the first seven lines and C; are the seven last ones. By the combinatorics of
the matroid M7 and the genericity assumption, the property C; = Agg) 433(Co) holds, and
— that will be important for us — the image of Cy by the operator Aoy (33 has a natural
labeling: for any j € {1,...,7}, the six line arrangement

Hj = >, (3.1)

ke{l,...,7}, k#j
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is such that the line arrangement Aoy (31(H;) is a unique line £}, moreover:

Cr=(£y,...05).

Since C1 = A{2},133(Co), to shorten our notations, we will often speak of Cy as a realization
of M~ instead of CoUC;.

The singularities of Cy (resp. C1) are 21 double points. The 21 singularities on Cy become
the triple points on CoUCy, moreover to(CoUCy) = 28.

3.1.2. Equation of the quartic surface Z7 and realization space of My
Consider Z7, the quartic surface in P? given by the equation

YTUs + YTY2Ys — Y1Y3Y3 — Y1Y2Ys — YiYaya — Y1YsYa -+ Y1Yaysya — Y2y3ya + y1yays +y3y; = 0.
(3.2)

The eight singularities of Z7 are of type 44, + Ao + 3 A3, at the points respectively

s1=(0:0:0:1),50=(1:0:0:1),53=(0:0:1:0),s4=(1:0:1:0),
s5=(0:1:0:0),86=(0:1:0:1),s7=(1:-1:1:0),s8=(1:0:0:0).

The minimal desingularization of Z7 is a K3 surface which we denote by Z7. Let x1, 22,23
be the coordinates on the affine chart y4 # 0. For a generic point x = (z1,x2,23) on the
surface Z7 in the chart y, # 0, let us define the labeled arrangement of seven lines Cy = Cy(z)
with normal vectors the points p1,...,p7 respectively defined by

(1:0:0),(0:1:0),(0:0:1),(—=1:1:1)

2 . .
(—$1$2 — X1T2X3 +T1X2 — XLoX3+ T3 : T1Xo+T1T3 —T1 : T — 1)
(2123 — 212205+ L1200 — XoT3 + T3 1 T1Ly +T1L3 — Ty + 25

(3.3)
+xow3 — 2Ty —x3+1 1 T3+ ToT3 — T9 — T3)
(—xl:r% — X1T2T3 +T 12 —i—:):% DXL+ XT3 —T1 — T2Xs3
—23+ w3 1 T3+ x0w3 — 10 — T3).
Let us also define the lines arrangement C; = C;(z) with normal vectors
o 2 2. 2,9 _ 2
( T125 — 10223 +X1X2 + X3 @ L1205+ 2012223 — 1T + 123
—T1T3 — :E%l‘g — 2x2m§ + XTox3 — :L'% +:L"§ : {E% +ZTox3 — T — 1'3),
(—$1$2 —X1T3+T1 : T1X2+2X1X3 — X1 : T — 1), (—33‘2 i1 0),
3 2 2 2 2 2
(—$1x2 — 2$1x2.%'3 + X125 — X1X2X3 + T1T2T3 — X5X3 — T2X3 + T2T3 (3 4)

—i—.I'% T X1T2+ X123 — T —i—:c% +xox3 —2x0 —x3+1: x% + Tox3 — X9 —T3),
(—212% — 112273 + X100 — o3+ 23 1 0 1 13+ 2273 — T2 — T3),
(—x% — XoX3+Xo+ X3 : T1X2 +2T1X3 — L1 — L3 —x§+x3 : a:% +Zox3
—x9—x3),(0:1:1).

A computation in 0SCAR yields the following concrete description of the moduli space
R7=TR(M7).

ProrosiTION 3.1. The moduli space Ry is an open sub-scheme of Zz: for x € Ry, the
line arrangement A = Co(x)UCy(z) is a realization of Mz, and conversely any realization
of M7 is projectively equivalent to a unique such line arrangement.

The complement of R7 in Z7 is the union of 20 irreducible curves described in §3.2.
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From the definition of the matroid My, if A =CoUC; is a realization of M7, one has
A{2},431(Co) = C1, but the following result on Ca = Aoy 133(C1) is unexpected

THEOREM 3.2. Let Ay = CoUCy be a generic realization of M7 and define Co =
A{Q}’{g}(01). The labeled line arrangement A; = C1UCs is again a realization of My. The
operator Agay 13y induces a rational self-map on the schemes Uz of all realizations of My
and its moduli space R.

We denote by Afoy ¢3) : Z7 --+ Z7 the rational self-map on Z7 induced by Aoy ¢33

Proof. Up to projective automorphism, one can suppose that the line arrangement 4g
is of the form Ay = Co(x) UCy(x) for x generic in Z7: concretely, we use x = (x1,z2,23),
where 1,292,235 € C(Z;) are considered as rational functions. A direct computation (with
Magma) then shows that Ca = Ag9y (33(C1) is a line arrangement of seven lines. It has a
canonical labeling as described in the previous Subsection and we then check that the
matroid associated to C; UCs is equal to M7, so that C; UCs is a realization of M. Using
the period map, one computes Afo} (3} and obtain that it is a dominant rational map. The
reader can find the polynomials defining A2y (33 in an ancillary file of this paper on arXiv;
it can be also retrieved from the polynomials given in §3.6. That describes action of Aoy ¢33
on the space of realization 7 and on the moduli space R7.

3.2 The open surface R~ inside Z~.
The scheme Z7\ R7 is the union of the following curves:

e The 12 lines

Li:ys=y3=0, Ly :y1=y3 =0, L3 :ys =ys =0,

Ly:yr—ys=ys=0, Ls:y1 =ys =0, Le:y2—ys=ys=0,
Lriyi—ys—ya=y2+ys=0, Lg:y1—ys=y2+ys=0, Lo:y2+ys=ys=0,
Lio:y1—ya=y3=0, Lii:y1—y3=y2—y1=0, Lio:y1=y2—ys=0.

These lines are also the lines contained in the quartic surface Z7 that contain at least two
double points of Z7.

e The conic C, defined by y1y3 —y3 — 194 = y2 +y3 — ya = 0.

e Seven curves Fi,...,FE; of geometric genus one. For example, one of these curves is
given by

Y —201Y3 + Y3 — Y1y4 = Y3 +yoys + y1ya — ysya — y3 = 0.

The j-invariant of the normalizations of the curves E; is equal to —5°/28. The elliptic curve
with this j-invariant is known as the modular curve X;(14) parameterizing pairs (E,t)
where F is an elliptic curve and t is an order 14 torsion element of E. For a generic point
p on the curves FEi,...,Er, the line arrangement Cy(p) with normal vectors as in (3.3) is
well-defined. The line arrangement C; = A2y 133(Co) has seven lines, but its singularities
are ty = 6,t3 = 5, and one has Aoy 133(C1) = (). Moreover, the singularities of CoUC; are
ty = 13,5 = 26.

The image of the curves C,, E1, ..., E7 under the map A(g) (3 are lines Ly; when defined,
the image of the lines Ly are lines Ly or points.
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3.3 The degree of A3 (33.
Recall that A(2y (31 : Z --» Z denotes the action of the operator Ay 133 on the K3 surface
Z7. One has:

THEOREM 3.3. The operator A\(2y (3} acts on Z7 as a degree 4 rational self-map.

In order to prove Theorem 3.3, let us describe the period map: Let £1,...,¢7 be the lines
of Cp with normal vectors as in Equation (3.3). Let us denote by p; ; the intersection point
of the lines ¢; and ¢;. The point ps 7 is (1: x2: x3), so that one may recover s, x3 from the
knowledge of that point. Also the point p; 7 is

2 2 2
(0: —x129° — X1T2x3 + T1X2 + T2” — Xo : XoT3 +13° — T3), (3.5)

this is linear in z1, so that from the knowledge of ps 7 and p; 7, one may recover the point
(z1,72,23) € Z7.

Proof of Theorem 3.3. Let A € PGL3(C) be the projective transformation that sends
the first four lines of C; to the four lines having the same normal vectors as the one of Cy.
Let C{ = (¢4,...,¢;) be the image of C; by A. Using the period map, one can determine
the points ps ; and p} ; and we obtain a point 2’ = (z7,25,23) (in the function field of Z7).
The line arrangements Co(x},25,23) and Cj are equal, and the action of Aoy 133 on Z7 is
through the map

A2y,q3) 1 (w1, 22, @3) — (@], 25, 25).

The rational self-map Aoy (3} : Z7 --+ Z7 is studied in §3.6.

Let us compute the degree of A(2y (33; we apply the method from [15]. Let f(x1,22,73)
be the equation of the quartic Z7 in the chart Uy : y4 # 0. The space of global non-vanishing
differential 2-forms is generated by a form @, which one can choose so that on an open set
of U, one has:

o dxz A da?g

The rational self-map A(g} (3} preserves Uy, and by a direct computation one obtains that

?2}’{3}(,&) = —2w.
The above expression shows that when applying A;2; (31, the volume form wi is multiplied

by 4, which gives the degree of A(2} (33 U

3.4 Action of aut(My;) on the K3 surface Z3.
The automorphism group of M7 is generated by the order 7 and 6 permutations

o1 =(1,7,4,3,6,5,2)(8,14,11,10,13,12,9) and o5 = (1,3,5,6,7,2)(8,10,12,13,14,9).

with 1/ =8,...,7 = 14. This group is isomorphic to the the Frobenius group F7; = Z/67Z x
Z]7Z. These automorphisms act on the K3 surface Z.

PROPOSITION 3.4. The action of aut(My) on Z7 is faithful.

Proof. As in the proof of Theorem 3.3, let Cy = Co(z1,22,23) be the generic line
arrangement in Ry, where x1,z9,x3 € C(Z7) are considered as rational functions.

For o € aut(M7), let CJ be the image of Cy under the action of ¢ (that is just the
permutation of the lines under o). We apply the period map to the line arrangement C§,
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where Cy = Cy(x). Using the period map, we obtain the point o(x) = (2,25, 2%) which is a
zero of the equation of Z7 and such that Co(o(z)) is projectively equivalent to CJ.

When o = o1, the automorphism o acts on Z; through the map in P? given by the ring
homomorphism which to (y1,y2,ys3,y4) associates

(Y1Y3Ys + Y1213 — Y3Y3 — Y23 — Y1Y2y3ys — Y3Ysya + Y2ysyi + Y3Y3,
Y15 + Y1Y3Ys + Y3Y3 + Yous — 20193y — Y1Y2Ysya — 292y3Ya — Y3Ya + Y1y + Y3y,
Y1Y3Y3 + Y1Y2Y3 — Y3Y3 — Y2U5 — Y1Y2ysYa + Y23y,
Yays + 2y3y3 + y2yi — 2y3ysys — 3Y2y3ya — Y3y4 + Yoysyi + y3Y3).

For oy, we obtain that it acts on the surface Z; through the map which to (y1,y2,y3,v4)
associates

(—Y3Y3 — Vo3 + Y2y3ya, —Y1Y2Y3 + Y2u3 + YoysYs — Y3y 3,
Y1Y2 + Y1Y2Y3 — Y3Y3 — Yoy — Y1Y2Ya + YoY3Ya, Y2Y3Ya — Y3Y3);

this map is a birational transformation of P3. In order to check that the action of aut(My)
is faithful on Z7, it is then enough to check that the orbit of one point (for example the
point (—6:—25/8:5:1) in Z7) has 42 elements, which is a direct computation.

The fixed points under the order seven element o7 are the singularities ss, s7,ss; (there
is a unique conjugacy class of elements of order 7 in F7).

The fixed points locus of o5 and the order 3 automorphism o3 acting on Z; are:

1. The Az singularity (0:1:0:1),

2. The four points p = (r2+1:72 —r+2:7:1) where r is any complex root of
X4~ X34+3X2— X +1. These points are in Z7\ R7; they are periodic of period 2 for
the rational self-map A(9} (33, moreover the (unlabeled) line arrangements Co(p),C1 =
A(21,133(Co),C2 = A2y 133(C1) have 7,10, and 37 lines, respectively. It seems likely that
the number of lines of the sequence C,, 1 = Ag9} (33(Cpn) goes to infinity.

3. The points (w+1:—w :w: 1) where w? +w+ 1 = 0, which are fixed by the rational
self-map A2y, (3y; these two points are in Z7 \ Rr.

The fixed-point locus of the involution o3 acting on Z7 is the union of the line L; and a
curve I}, which is in Z7 \ R7 (see §3.2). There is a unique conjugacy class of involutions in
F7, so that similarly, any involution from aut(M7) fixes a curve and a line. 0

There is an open set in the quotient surface Z;7/aut(M7) which parametrizes unlabeled
line arrangements Cg associated to Cp in R7. One has:

COROLLARY 3.5. The surface Z7/aut(My) is rational.

Proof. Since an involution of aut(M7) fixes a one dimensional curve, it is non-symplectic
(see [4]), thus Z7/aut(My) is rational. 0

For a labeled line arrangement Co = (¢1,...,4;) € t7 and j € {1,...,7}, let us
denote by H;(Co) the line arrangement H; = >, 2;Uk- The labeled line arrangement

Cl = A{Q}}{g} (Co) is

Cl — (A{2}7{3} (Hl), e ’A{2}7{3} (H7))
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An element o € aut(M;) permutes the lines of Cy: it can also be seen as a permutation of
{1, .. ,7} The J(j)th line of U.Cl is A{2}7{3}(HU(]‘) (Co)) Since

Hy(5)(Co) =Y Loy = H;(0.Co),
k#j

the o(j)*" line of 0.Cy is Agay ¢33(H;(0.Co)). Thus

o.M 23,131 (Co) = (A2} 33 (Ho(1))s -, M2y (3} (Ho (7)) = A2y 31 (0.Co)
and we obtain that:

PROPOSITION 3.6. The action of aut(My) commutes with the action of Agay (31, that is
for all o € aut(My) it holds that

Agoy 3y 00 =00 M2y 133

REMARK 3.7. The group aut(M-) acts faithfully on the surface Z7 C P3, but does not
extend canonically to a well-defined action on the ambient space P2. For example, the action
of o5 we computed is the restriction of an order 6 birational map &, of P3; in particular

72> is a birational involution of P? defined by degree 5 coprime polynomials. If instead one

starts with o3 = (1,6)(2,5)(3,7)(8,13)(9,12)(10,14) and computes the action of o3 on Z; as
we did above for o1 and o2, one obtains that, surprisingly, the defining coprime polynomials
of the rational map o3 : P> -—» P? have degree 4, although the maps o3 and ¢>” have the
same effect on Z7. Moreover although (gg)z is the identity on the surface Z7, it is not the
identity on P3 (it is deﬁEgd by degree 6 coprime polynomials). Moreover, one can compute

that the rational map (03)? is defined by degree 21 coprime polynomials.

3.5 Fibration preserved by A(23 ¢33 and the elliptic modular surface Z;(7).

The line Lg : y3 —ys = y3 = 0 is contained in the surface Z;. Let v: Z; — P! be the
elliptic fibration induced by the projection from that line. One obtains a smooth cubic
affine model A in Aé(t) = ;21«21)(15) (x,y) of that elliptic fibration by substituting (z,1+ty,y,1)
in the equation of Z7. A computation shows that Z$ — P! is (isomorphic to) the elliptic
surface Y associated to the elliptic curve E,q) with Weierstrass model

o2 o3 (=23 43t246t+1) 2 | 8t3(t*—t—-1) +6
E:y =2+ ) + g e+ 16

The map between A and Y sends (0,0) to the zero section. The elliptic fibration ¥ — P!
has singular fibers 317 + 31; at the points

00,0,—1,t3 —5t2—8t—1=0,

respectively.

We recall that the curve X;(7) parametrizes (up to isomorphisms) the pairs (£, p) where
E is an elliptic curve and p is a torsion point of order 7 on E. A Weierstrass model E’
of the elliptic modular surface Z;(7) over the curve X;(7) ~ P! is computed in [13]. The
j-invariant maps jg(t),je (t) € Q of E and E’ are related by the equality jg (t) = jg(—1),
which shows that E is isomorphic to E’ and Z$ is isomorphic to the elliptic modular surface
X1(7).
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The Mordell-Weil group of E is isomorphic to Z/7Z; it is generated by the point
pi=(0:4t%: (t+1)*) € E.
We thus obtained the first part of the following theorem

THEOREM 3.8. 1. The K3 surface Z7 1is isomorphic to the modular elliptic surface
=1(7).

2. The rational self-map {2y (3y preserves the elliptic fibration v : Z7 — P! and acts on the
base curve P! through the order 3 map t — —1/(t+1). There exists an automorphism
oo coming from aut(My) such that ooA(oy 3y preserves the fibration v and acts on E as
the multiplication by 2 map.

The last property implies that the operator Ayg) 3} preserves the moduli interpretation
of X1 (7) .

Proof. Using the period map and the function field of A, one computes that the action
of A2} g3} on the base P! of the fibration A — P! is through the map t — —1/(t+1).

An automorphism o € aut(M7) acts on the surface Z7N{ys # 0} and on the affine model
A. Using the period map and again the generic point of A, one computes the action of the
rational self-maps oA(9) 33 (0 € aut(My)) on A. For 14 of these maps, the action on the
base curve P! is trivial. This is the case for example for

oo = (1,2,4)(3,6,7)(8,9,11)(10,13,14).

The map p = 0oz}, 3} also acts on E, one can thus compute its action on the generic
point of E. Knowing that action, we are now able to compute the pull-back of a non-zero
holomorphic one-form w by g, which is: p*w = 2w. Using the seven torsion points, one
computes that p fixes the origin, thus p = [2]. 0

Among the 12 lines contained in Z7, in the complement of R, eight are contained in the
singular fibers of the fibration v, and 4 are sections.

Using the pull-back to ZZ of the lines contained in Z7; and the (—2)-curves of the
desingularization, one may compute the Néron—Severi lattice of Z7, and obtain that it has
discriminant —7 and rank 20. The modular elliptic surface Z1(7) is well-known and studied;
it is known as the unique K3 surface with Néron—Severi lattice of rank 20 and discriminant
—7: we obtain that way another proof that Z* is isomorphic to Z1(7). The inequivalent
fibrations of Z1(7) have been classified (see [6]). Another remarkable fact is that = (7) is
a ball-quotient surface: there exists a co-compact lattice I' in the automorphism group of
the unit ball By such that Z;(7) ~ By/T" [7]. The automorphism group of Z;(7) is studied
in [14].

3.6 The K3 surface Z7 is semi-conjugated to the plane.
The rational self-map A(g) r3} acting on the quartic Z7 — P3(y1,...,y4) is defined by

)\{2}7{3} = (Pl Ll P4),

where Py, ..., Py are four homogeneous degree 11 polynomials computed via the period map.
These polynomials are given in the ancillary file in the arXiv version of this paper; they also
may be obtained from the polynomials 1,Q2,Q3 and R below. A remarkable fact about
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the polynomials Py, ..., P, is that
deg,, (P1) =1,deg, (P2)=deg,, (P;) =deg,, (P1) =0, (3.6)

where deg,, denote the degree relative to the variable y;.

Let us define the polynomials P, = Py 1(0,21,22,23) for k€ {1,2,3} (where 21,2, 23 are
the three coordinates on the plane P? : y; = 0). The polynomials Pk, k€ {1,2,3} define a
rational self-map F : P2 --» P2; the base locus of the linear system generated by Py, Py, Ps
is the quintic curve B defined by

3,2 2.3 4 3 2.2 3 3,2
Q= 2725 +22725 + 2125 —|—2zlz223+42122z3+2zleZ3+zlz3

— 4222923 — 9212525 — 42823 — 22725 + 221 2025 + 42525 + 2123

That curve is irreducible, has geometric genus 1 and its normalization has j-invariant
—5%/28. By removing the base locus B, one obtains that the rational self-map F is defined
by the following degree 6 polynomials

Ql 221Q7
3

Qo=—2020— 32822 32323 — 2225 + 2l anza + 22322 25+ 2223 25
+ 23 2p23 + 227 22z3 + zlzg’zg - szng + 2328 — 2223,
Q3 =221 2023 + 4232223+ 22223 23+ zl z3 4232022 — 8232222 — 3212522
— 22323 4 2222025 4 A2y 2525 + 2525 + 2325,
and the indeterminacy locus of F' = (@1 : Q2 : Q3) are the 8 points

1=(0:0:1),g2=(1:0:1),g3=(0:1:0),g4=(—1:1:0),
=(1:0:0),q, = (—r*42r:r:1)

where 7 is any root of X® —4X2+3X +1 (the field Q(r) is the degree 3 real subfield of
Q(¢7))-

Let us define the projection map m; : Zy — P? (21,22,23) from the point sg:ys = y3 =
ys = 0 contained in surface Z7. This point is an Ag singularity on Z7, in particular it has
multiplicity 2, thus the map m; from the quartic to the plane has degree 2. One has:

LEMMA 3.9. The branch loci of w1 is the union of the quintic curve B ={Q =0} and
the line L : z; = 0.

Proof. The ramification locus of 7 is the discriminant of the equation of Z7 (given in

(3.2)) with respect to the variable y;. The image of the ramification curve by 7; is the curve
B+L. 0

The curve B has singularities of type A4, A4, Ao at the points q2,q4,qs5, respectively.
The union L+ B has singularities of type Aj, As, A4, Az, As, Ay at the points go = (0:1:

1),41,92,93, 94,45, respectively.
A direct computation shows that

Ql(Q17Q27Q3) == Ql R2

for R = £23(21 — 23)? R4 Ry, where

2.2 2 3
Ry=21 422320+ 2322 — 2222 — 212022 — 2023,

https://doi.org/10.1017/nmj.2024.35 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2024.35

DYNAMICS AND OPERATORS ON LINE ARRANGEMENTS 13

Ry =2020+42222 + 62525 + 423 25 + 2220 + 2825 — T2 2223 — 112325 23 — 62225 25 — 2125 23

2 2.2 2,32 2,2 4 2.4 4
— 2025 43232525 + 22725 22 + 327 25 25 + By 2 25 + 22525 — 2212525 — 22525 — 212225,

The images of the curves zo =0, 21 — 23 = 0 and R4 = 0 by the rational self-map F = (Q1 :
Q2 : Q3) of P? are the indeterminacy points ¢g,q4,qo, respectively. The image of the curve
R7; =0 under the map F' is the quintic curve B. The image of the quintic curve B under
the map F is the line L: z; = 0. The rational map F preserves L and the action of F' on L
is through the map (22 : 23) — (22 — 23 : 23).

From the above description and §2.3, the surface Z7 is the minimal desingularization of
the double cover

X {y?=Qi(21,22,23} = P(3,1,1,1)

branched over L+ B. The birational map between X and Z; is given by the equalities
Yit1 = z; for i € {1,2,3} and

Y1 = %(y + 2523 + 2023 + 2524 — 22324 — 2223 )/ (25 + 2223 — 2224).
We continue to denote by A(2y (33 the rational self-map
(y;2) = (yR(2); F(2)).
Applying the results of §2.3, we obtain that:
THEOREM 3.10. The dynamical system (Z§, {2} (33) is semi-conjugated to (P?,F).

REMARK 3.11. a) The degrees of the coprime polynomials defining the rational maps
F,F? F? are 6,21,82, respectively.

b) It would be interesting to construct rational self-maps on some other degree two K3
surfaces.

84. The Octagon and the operator Afzy (3 43.

4.1 The matroid Mg constructed from the regular octagon.

Consider the 16 lines in Figure 2: the black lines ¢1,...,¢g are the 8 lines of the regular
octagon C; and the blue lines ¢,...,¢; are the 8 lines symmetries of Cy. The image of
Co = {1 +---+ /g by the operator Aoy (34} is the line arrangement C; = £} +--- +/g.

The 8 lines ¢;,¢; of Cy = (¢1,...43) meet in 28 double points denoted by p; ; (some points
are at infinity). The lines ¢},...,¢; are the lines containing the points in sets S1,...,Ss which
are respectively

{P1,8,02,7,03,6,P4,5}{P1,7:02,6:03,5 }» 1P1,6: 2,5, 03,4, 07,8}, {P1,5: 02,4, P68} » (4.1)
{P1,4,02,3,05,8,06,7}{P1,3: 4,8, 05,7}, {P1,2, 3,8, 04,7, P5,6 }, {D2,8: 03,7, Pa6 } -

These sets Si, kK =1,...,8 form a partition of the 28 double points of Cy; these 28 points
are the triple points of CoUC;. One has the relation Aoy 13.43(Co) = C1 (as unlabeled line

arrangements).
Let Mg be the matroid associated to the incidences between the 16 labeled lines
Oy s, 0, ... 05 and the 28 triple points: it is obtained from the matroid associated to

the labeled line arrangement CyUCy, but we discard all non-bases coming from the central
point, so that Mg has 16 atoms and only 28 non-bases. We denote by Rg the moduli space
of realizations of Mg (over C).
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(4

P25 , ’
P1,5
/  Us g / V4
2 Wf 4 o |e)

Figure 2.
Matroid Mg (¢; and £;14 meet at infinity at point p; ;y4).

REMARK 4.1. A priori, there is no canonical choice for the labelings of the lines ¢/, ..., 5
in the unlabeled line arrangement A (2} r3.43(Co). The choice we made in Equation (4.1) will
be justified later, see Remark 4.6.

4.2 The moduli space Rg of Mg,
A direct computation in 0SCAR shows that the moduli space Ry is two-dimensional, and
an open sub-set of the quartic surface Zg in P? with the equation

Y1Y3Y3 — YiYoys + Y1Yaya + Y1YsYa — 2Y1Y2Y3Ya — Y1Y3Ya + Y1Ysy3 — Y2ysys +yay; = 0.

The surface Zg has singularities As, As, A3, A4, A3, A1 at the respective points
(1:0:0:0):(0:1:0:0):(0:0:1:0):(0:0:0:1):(1:1:1:1):(1:0:1:0).

Its minimal desingularization Z§ is a K3 surface. The realization A(x) corresponding to a
generic point z = (r1,22,73) of Zg in the affine chart A3 = {y4 # 0} is the union A(z) =
Co(z)UCq(z), where Co(x) is the line arrangement with eight lines with normal vectors the
four vectors of the canonical basis and the following four vectors

($1—$2i$%—$1$2—$1$3+$1—$2+$3i$1—$2$3—$2+$3),
(x129 — x123 — T2 + X3 - 33'133% — 1% — T1T3+T1 — Lo+ T3 T1TaT3 — 20103+ 21 — o+ X3)
(a;l —1: L1 — T2 1 X1 —.CCQ),(l I ng).

Moreover, C;(z) is the line arrangement with normal vectors

(x122 — X123 — T2+ X3 : $1$% —Z1%2 —T1X3+T1 — X2+ T3 T1T2 — T1X3 —:c% +zox3),
(x%xz — m%xg — xlxg + 212223 —XT1T2 + T1T3 —l—iL‘% —X2X3: .’L‘:%.CUQ — xi”xg - :U%:B% —i—:):%x%
+2x1 1903 — X122 — 23:138% +x123+ x% —2x913 —i—:c% : x%xga:g — x%xz — :U%

T3+ 22 + 1173 — 21119 — 2122 + 23123 + 23 — 2m0m3 + 23),

(.731 — T2 X1 — T2 X1 —T2Tx3 — X2 +.733)7(x3 L X1x2 JI3),(O 01 1),
(x1—1:0:21—23),(1:21:0),(1:22:x3).
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From the definition of the matroid Msg, if Ag = CoUC; is a realization of Mg and Cgy
(resp. C1) denotes its first (resp. last) eight lines then, A2y t343(Co) = C1 as unlabeled line
arrangements. The following operator Afé} (3,4} 8ives a labeling to A} ¢3,41(Co):

DEFINITION 4.2. The operator A?Q} (3.4} associates to a labeled line arrangement Lg of
8 lines /1,..., /s, the labeled line arrangement ¢}, ..., {5 where ’; is the set of lines containing
all the points in S, defined in (4.1) (¢} is a line or the empty set).

For a generic arrangement Lg of eight lines, one has A?Q} e 4}(L8) = (). The operator
A?2} (3.4} is constructed so that if A is any realization of Mg and Cy (resp. C1) denotes

its first (resp. last) eight lines then A@}’ (3,4)(Co) =Cy as labeled line arrangements (and of
course A} 13.43(Co) = C1 if one forgets the labels).

4.3 The operator Af&z} (3,4} (C1) acts as a rational self-map on Rg,

A priori the line arrangement Afz} I 4}(C1) could be empty, however:

THEOREM 4.3. Suppose that Ag =CyUCy is generic among the realizations of Mg. Then
the labeled line arrangement Co = Aé} I 4}(61) has 8 lines and Ay =C1UCy is a realization

Of Rg.

Proof. Using the function field of Rg, we realize the generic element of Rg using the
formulas for A(z). Then we compute Cy = A?z} T 4}(61) and obtain eight lines. Finally we
check that C; UCs defines the same matroid as Ag. U

The operator A?z} (3.4 acts on realizations of Mg, sending Ay =CoUC; to A3 =C1 UCs,,
where Cy = Af2} (3,4)(C1). It therefore acts on the moduli space Zs: we denote by

)\{2}’{374} . ZS -—> Zg

that action. In order to obtain the explicit polynomials defining A(2y (3,4}, we remark that
one may recover the coordinates xy,xs,z3 of the line arrangement Agp(x) from the two
last normal vectors (1: 7 :0),(1:x2:x3) of Ci(x). Then one computes the unique line
arrangement C, UCy projectively equivalent to A;(z) = C1(z) UCq(x) such that the first
four normal vectors are the canonical basis. The image of © by A{2y 3,4y is the point
x' = (2, xh,x%5) such that the two last normal vectors of Cy are (1: 2% :0),(1: x5 :z5) (and
CiUCy = Ao (2')). Taking the homogenization to P*, one obtains that the map Aoy (3,4} is
defined by the four degree 10 coprime polynomials Pi,...,P; given in the ancillary file of
the arXiv version of this paper. The base points of A(a} (34} are

(—vV2—1:v/2+2:2v2+3:1),(vV2—-1: —v24+2: —2v2+3:1),
(¢:0:1:1),(—=4:0:1:1),(1:1:0:1),(0:1:1:0),(0:1:0:1).

The line arrangements Cy UC; associated to the first two points are the regular octagon and

its lines of symmetries. The line arrangements Cy associated to the third and fourth points

are such that Aoy 13.4)(Co) is the Ceva line arrangement with 12 lines; it contains Co.
Using the explicit polynomials Pi,..., Py, we obtain that:

PROPOSITION 4.4. The degree of the rational self-map A{2y (3,4} on Z3 is 4.

Proof. We again apply the method from [15]. Let f(x1,z2,23) be the equation of the
quartic Zg in the chart Uy : y4 # 0. The space of global non-vanishing differential 2-forms
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is generated by a form w, which one can choose so that on an open set of Uy one has:

w = dawa//\adff- The rational self-map A(g) (34} preserves Uy. A direct computation gives that

)\f2}7{3’4}w = —2w. The pull-back by Af2y (3,43 of the volume form ww is therefore 4ww, thus

the degree of Afay (3.4} is 4. U

4.4 The dynamical system (Zg,A{2},{3,4}) is semi-conjugated to the plane.

The four polynomials Py,..., Py such that Aoy 134y = (Py: -1 Py) verify deg, (P1) =1
and deg,, (P1) =0 for k> 2. Let m: Zg --» P? be the double cover obtained by projecting
from the double point (1:0:0:0) of Zs.

LEMMA 4.5. The branch curve B of 7 is the union of the conic C = {2? — 2923 =0} and
the quartic curve

2.2 2 2 3 2.2 2 2.2 3
Q = {2725 + 2272023 — 4212523 — 2523 + 2125 — 4212025 + 62525 — 2225 }.

Proof. The ramification locus of 71 is the discriminant of the equation of Zg with respect
to the variable y;. The image of the ramification curve by 7 is the curve B. U

The quartic @ has geometric genus 0 and is singular at the points (1:0:0),(1:1:1)
with singularities A3 and A;. The curve B =C + Q is singular at the points

(1:0:0),(0:1:0),(0:0:1),(1:1:1)

with singularities As, As, As, Dy, respectively.

Let us define the polynomials Q = Px+1(0,21,22,23) (k= 1,2,3) and the rational self-
map p: P2 --» P2,y = (Q1:Q2: Q3). One has p*(B) = B+2D for a degree 27 curve D.
Using §2.3, the double cover of P? branched over B = C 4+ @ is birational to the surface Zg
and (Zs, M2} {3,4}) is semi-conjugated to (P?, ).

The indetermination points of y are the 9 points

(1:0:0),(0:1:0),(0:0:1),(1:1:1),(1:0:1),(1:1:0),
(0:1:1),(—vV2+2:-2v2+3:1),(vV2+2:2v2+3:1).

The image by p of @ is the conic C; the rational map p restricts to the identity on C.

REMARK 4.6. The choice for the labelings of the lines in the unlabeled line arrangement
A2 3,4} (Co) was made so that the defining polynomials of the rational self-map A2y (3,4}
are of low degree. Moreover, for the other choices we tried, the degrees of the polynomials
defining the analog of A;9) (3 4) Wwith respect to any variables y; were never 1,0,0,0, so that
it was not possible to understand that rational self-map A2} (34} as a semi-conjugacy with
the plane.

4.5 The K3 surface Zg and the modular surface =;(8).
One has:

PROPOSITION 4.7. The K3 surface Zg is the unique K3 surface with discriminant —8
and Picard number 20.

Proof. The eight lines with equations

(1=y3=0), (31 =y4=0),(y2=y3=0),(y2 =912 =0),(y3 =4 = 0),
W—va=12—11=0),(y1—y3=y2—v2=0),(y2—ya =y3s —ya2 =0)
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are contained in the surface Zg. Using Magma, one can compute that their strict transforms
on Z§ together with the 15(—2)-curves coming from the resolutions of the singularities of
Zs, generate a rank 20 lattice with discriminant —8. There is no K3 surface with Picard
number 20 and discriminant —2 and there is a unique K3 surface with Picard number 20
and discriminant —8 (see, e.g., [10]) which yields the conclusion. 0

PROPOSITION 4.8. The surface Zg is (isomorphic to) the elliptic modular surface Z1(8)
above the modular curve X1(8).

Proof. The projection map from the line y» — 34 = y3 —y4 = 0 induces a fibration Zg — P!.
By evaluating the Equation of Zg at (X,1+¢(Y —1),Y,1), one gets the cubic affine model

t—1DX?—*XY?+ XY +(t—1)°X +(t—-1)Y =0,

of the generic fiber, where ¢ is the parameter of P'. One computes that the Weierstrass
model of it is the elliptic curve

E:y? =234 (41 =83 +4t2 + 1) /t*2? + 8(t — 1)? /t°z + 16(t — 1)*/¢5.

The associated elliptic surface is a smooth model of the K3 surface Zg: it is isomorphic to
Z§. One computes that the singular fibers of the fibration are 2[g 4 14+ Io 4215, at the
points 1,0,00,1/2,t2 —t —1/4 = 0, respectively.

By [13, §2.3.3], the equation of a Weierstrass model of the elliptic surface Z;(8) above
the modular curve X (8) is

E':pf =842 +¢,
where s = 2t2/(t? — 1). To check that Z(8) is isomorphic to Z§, one just has to compare

the two j-invariants j(FE)(t) € Q(t) and j(E')(t) € Q(t). We compute that j(E)(5(1—1)) =
J(E")(t), therefore E is isomorphic to E’, and =Z;(8) ~ Z§.

4.6 Action of aut(Ms).
The automorphism group of My is generated by the involutions

s1=(2,4)(3,7)(6,8)(9,11)(10,14)(13,15), 52 = (2,6)(4,8)(9, 13)(11,15),
ss = (1,2)(3,8)(4,7)(5,6)(9,13)(10,12)(14, 16).

The group aut(Ms) is the semi-direct product Z/8Z x (Z/27Z)?. One computes that it acts
faithfully on the K3 surface Zg. The map s (acting on Zg) is given in the ancillary file of
the arXiv version of this paper. It is a birational involution of P3.

The group of elements o commuting with the action of A{2y (3 4} is isomorphic to (Z/ 27,)2.
The involution s = (1,5)(2,6)(3,7)(4,8) is the unique automorphism of aut(Ms) such that

A{2},{3.4} ©S = A{2},{3,4}-

4.7 Periodic line arrangements.
Let us prove:

PRrOPOSITION 4.9. The surface Zg contains a curve Cs of geometric genus 5 such that
each point of Cs is fized by A(2y (3,4} and for a generic point x of Cs, the associated line
arrangement Co(x) in P? is periodic of period 3 for the action of Af2} (3.4}

REMARK 4.10. We recall that Aoy 134y is an operator acting on line arrangements,
whereas Afgy (3 4y is the rational self-map induced by Afa) (343 it acts on line arrangements
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modulo projective transformations. In particular, Proposition 4.9 implies that for a line
arrangement C corresponding to a point on the curve C3, one has (A{2}7{3’4})°3(C) =C
with Agey (3,43 (C) # C, but Aggy ¢3.41(C) is projectively equivalent to C. The union of the
line arrangements (A{2}7{3,4})°k(6), k=0,1,2 has 24 lines with 84 triple points, 24 double
points, and no other singularities.

Proof. We searched by random an example of a A-fixed point z over a finite field
and we found the point x = (794 : 582 : 116 : 1) € P3(F1013) in the surface (Rs)/ms-
The corresponding line arrangement CoUC; is 3-periodic for the operator Af2}7 (3,4} the
line arrangements CoUCy, C; UCy and CoUC, are realizations of Mg (over Fip13), and
Ck11mods = A€2}7{3?4} (Cr). One computes that the matroid Na4 associated to CoUCy UCq
has an irreducible one dimensional moduli space R(N24) over C and that the geometric
genus of the compactification of R(N24) is 5. Let C,UC] UCh be a realization (over C) of
Ny4. From the combinatorics of Mg and Na4, the line arrangements C,UC, C; UC) and
CaUCy are realizations of Mg, and C;; 043 = A€2}7{3’4} (C;.) if the realization is generic.
The natural map R(Na4) — Rs, which to a realization C{,UC; UC) of N4 associates C{,UCy
is one-to-one onto its image (a curve denoted C3) in Rs, since one may recover C5 (and
therefore CiUC{UC)) as Cy = A%2}, (3,43(C1). A computer computation gives that C3 has
genus 5 and Agoy 13.43(n) is projectively equivalent to 7, where 7 is the generic point of Cs,
thus any specialization 1’ is such that Aoy (3.43(n') =7, and the curve C3 is point-wise
fixed by )\{2}7{3’4}. D
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