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We study a free boundary problem for the Fisher-KPP equation: u; = ux + f(u) (g(t) < x <
h(t)) with free boundary conditions h'(t) = —ux(t, h(t)) — « and g'(t) = —ux(t,g(t)) + B for
0 < f# < a. This problem can model the spreading of a biological or chemical species, where
free boundaries represent the spreading fronts of the species. We investigate the asymptotic
behaviour of bounded solutions. There are two parameters oo and o* with 0 < o9 < o™ which
play key roles in the dynamics. More precisely, (i) in case 0 < ff < o9 and 0 < o < oF,
we obtain a trichotomy result: (i-1) spreading, i.e., h(t) — g(t) — 4oo and u(t,- 4 ct) — 1
with ¢ € (cL,cr), where ¢ and cr are the asymptotic spreading speed of g(t) and h(t),
respectively, (ck > 0 > ¢ when 0 < f < o < ap; ¢k = 0 > ¢ when 0 < § < o = wp;
0> cr>cpwhenoy <o <o and 0 < f < ag); (i-2) vanishing, i.e., lim,—r h(t) = lim,_7 g(t)
and lim;— 7 u(t,x) = 0, where T is some positive constant; (i-3) transition, i.e., g(t) — —oo,
h(t) — —o0, 0 < lim;—o0[h(t) — g(t)] < 400 and u(t,x) — V*(x — ¢*t) with ¢* < 0, where
V*(x — c¢*t) is a travelling wave with compact support and which satisfies the free boundary
conditions. (ii) in case § = o or o = o, vanishing happens for any solution.

Key words: Fisher-KPP equation, free boundary problem, zero number principle, compactly
supported travelling wave

1 Introduction

In this paper, we consider the following problem:

U = Uy, + f(u), g(t) < x < h(t), t >0,

u(t, g(t)) = u(t, h(t)) =0, t>0,

g'(t) = —ux(t,g(t)) + B, t>0, (1.1)
W (t) = —u(t, h(t)) — o, t>0,

—8(0) = h(0) = ho, u(0,x) = uo(x), —ho < x < ho,

where x = g(t) and x = h(t) are moving boundaries to be determined together with u(t, x),
« and B are given positive constants with 0 < f < a, f : [0,00) — R is a C' function
satisfying

{f(O)zf(l)zO, (1 —u)f(u) >0 for u>0and u # 1, (12)
f'(0) >0, f'(1) <0 and f(u) < f'(0)u for u = 0. ’
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One example is f(u) = u(1 — u). The initial function uy belongs to 2 (hg) for some hy > 0,
where

Z (ho) == { € C*([=ho. hol) : p(—ho) = p(ho) =0, p(x) = (£)0 in (~ho,ho)}. ~ (1.3)

The problem (1.1) may be used to model the spreading of a new or invasive species
whose density is represented by u(t, x), with the free boundaries x = h(t) and x = g(t)
representing the expanding fronts of the species. When o = f = 0, the problem (1.1)
was studied by [7,8], etc., they obtained a spreading-vanishing dichotomy result, namely
the species either spreads to the whole environment and stabilizes at the positive state
1 (ie., u(t,-) — 1 and —g(t), h(t) — +0o0), or it vanishes (i.e., u(t,-) — 0, g(t) — go, and
h(t) — hoo for some —goo, hoy € (0,400). Such a result shows that free boundary problem
has advantages in explaining the spreading of species compared with Cauchy problems.
(The Cauchy problems have a hair-trigger effect: any positive solution converges to a
positive constant no matter how small the positive initial data is, cf. [1,2].) In [7,8], an
estimate of asymptotic spreading speed was obtained:

k* = lim@= lim@>0.

t—oo t—oo

Recently, [11] improved this result with sharper estimates. [6,10,12] also studied the
corresponding problem of (1.1) in higher-dimensional spaces with « = § = 0.

In this paper, we will study the problem (1.1) with 0 < # < o. We use these parameters
to denote the decay rates at the boundary since there is a force resistant to spreading
at the front for some species. Intuitively, the presence of o > 0 makes the solution more
difficult to spread than the case o = 0. Indeed, /'(t) > 0 only if u.(t, h(t)) < —oa.

The boundary condition we used can be derived from the following problems (cf.

[15,16]):
u[=Au+f(u)f%—kl(l%W)u, xeQ, t>0,
v[=Av+g(v)—¥—k2:w, xeQ, t>0,
wtzm—ﬂ, xeQ, t>0, (14)
€ €
%zgzo, X €00, 10,

u(x,0) = up(x), v(x,0) =vo(x), w(x,0) =wy(x), x € £,

where k; = Asj(i = 1,2) for some A > 0, v denotes the outward unit normal vector to
0Q, f and g are the growth terms, s;/¢ and s/¢ are the interspecific competition rates
between u and v. Denote the solution of (1.4) by (v, v%, w®). From singular limit analysis,
the authors proved that, as ¢ — 0%,
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W —u, v° —vin LX(Q x T),

€

w® —w  weakly in L}(Q x T),

and
_ 1 inQ,1), t€[0,T],
QONLRO =0, w0 = {0 in Q,(¢), t € [0, T],
where Q,(t) = {x € Qlu(x,t) > 0} and Q,(t) := {x € Qlv(x,t) > 0}, Write I' :=
Uo<icr T' (1), with I'(2) == @\ [Q,(t) U ,(1)]. Then, (I',u,v) is the unique solution of the
following free boundary problem:

u, = Au+ f(u), (x,t) € Q,(t) x (0, T],

vy = Av + g(v), (x,1) € Q,(t) x (0, T1],

u(x,t) =v(x,t) =0, (x,t) € I'(t) x (0, T], (1.5)
- 1 Ou 1 ov (1) € I'(1),

Asion sy om’

where n is the unit normal vector on I'(¢). [17] also studied a more general competition-
diffusion system and obtained a similar result. When one of them (without loss of
generality, we assume it is v) spreads and reaches a balanced state, then the profile of u
has a shape like the travelling semi-wave (cf. [8]), so g—';l ~ constant. Therefore, the last
equation in (1.5) is our free boundary condition in the problem (1.1).

Moreover, such a free boundary condition is widely used in many biological models.
For example, in [5,13,19-21], the authors studied some protocell models which mimic the
biological process of growth and dissolution of an organism under external nutrient supply.
When the nutrient is metabolized, it is transformed into building material of liquid phase
which diffuses within the protocell. The liquid building material is polymerized into solid
phase (or, more precisely, plastic phase) which builds the protocell. Besides polymerization,
the liquid building material also undergoes disintegration due to factors such as aging,
which causes the cell to shrink. On the other hand, the flux of building material at the
boundary causes the cell to grow. The total result of these two effects is

oC

Vnz_i_ s
on :

where C is the concentration of building materials of the cell, y > 0 is the disintegration
rate at the boundary, n is the exterior normal, V), is the velocity of the boundary points
in the direction n.

In the special case « = f > 0, the problem (1.1) was considered recently in [3,4].
They studied the asymptotic behaviour of solutions when o > 0 is not large (i.e.,

o <o i=1/2 fol f(s)ds), and obtained a trichotomy result:

(i) spreading: (goo,hss) = R! and

lim u(t,-) = 1 locally uniformly in R!;

t—o0
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(i1) vanishing: lim,_, 7 g(t) = lim,—, 1 h(t) € [—2hy,2ho] with 0 < T < 400 and

lim max u(t,x)=0;
t—T g(t)<x<h(t)

(iif) transition: (g0, heo) is @ bounded interval and

lim u(t,-) = v(-) locally uniformly in (gec, o),

t—o0

where v is the solution of

{UN +f() =0, X € (gooshoo)s
U(g8s0) = V(hoo) = 0, 1'(gs0) = —0'(hoo) = .

In contrast with spreading-vanishing dichotomy result in [7, 8], the authors in [3,4]
obtained the third possibility, namely transition case (both lim;_. ., g(t) and lim,_, . h(t)
are finite numbers, and the solution u(t, x) tends to a stationary solution of the equation
(1.1)1). Also, vanishing is a different case, since the free boundaries converge to the same
point within a finite time.

Our main purpose in this paper is to study the influence of «, f on the asymptotic
behaviour of solutions. As we will see below, the phenomena are much more complicated
and more interesting than the case o = f. To sketch the influence of «, /, we need to
introduce two important travelling waves. We consider the following problem:

{q// +c¢q' +f(g)=0, ze(0,4c0), (1.6)

q(0) =0, g(+o0) =1, ¢'(0) = —c+ B, q'(z) > 0 for z € [0, +0o0).

Problem (1.6) has a unique solution (cp,qy) (see details in Lemma 3.4). Thus, u(t,x) =
qrL(x — cpt) is a solution of u; = uy + f(u) with u(t,cpt) = 0 and ¢ = —u(t,cpt) + 6. It
is called a travelling semi-wave since it is only defined for x > ¢ t.

Similarly, one can obtain that the following problem,

{q” +cq +f(g)=0, zée(—0,0), (17)

q(0)=0, g(—0) =1, —¢’(0) =c+a, q'(z) < 0 for z € (—0,0],

also has a unique solution (cg,qgr) (cf. Lemma 3.4). Moreover, the travelling semi-wave
u(t, x) = qr(x —crt) also satisfies u; = uy, + f(u) with u(t, cpt) = 0 and cg = —u,(t, crt) —a.

As we will see below, the asymptotic spreading speeds of the free boundaries g(t) and
h(t) are ¢, and cg, respectively, when spreading happens, so we need consider to the
relationship between ¢, and cg, which can determine the asymptotic locations of two free
boundaries. We also write ¢, as c.(f) and cg as cr(x) to emphasize the dependence of
cr,cr on o, B, respectively. From phase plane analysis (see details in Proposition 3.5), we
can derive that the following equation:

cL(p) = cr(@) (1.8)

has a unique root o = o*. Obviously, o* is dependent on f3, so we also write o* as o*(f3).
In other words, there is o* > o such that the travelling semi-waves g (x — c.t) and
qr(x — cgt) have the same travelling speed.
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The precise relationship between ¢y, and cg can be seen in Corollary 3.6 below. According
to their relations, we have the following situations. Case 1. When 0 < f < o < o, the
solution u with large initial data can grow up and converges to 1. Its right front (the
part of the solution near h(t)) has a shape like the travelling semi-wave gg(-) and moves
rightwards at a speed ~ cg. Its left front (the part of the solution near g(t)) has a shape
like g(-) and moves leftwards at a speed =~ c;. Moreover, in this case, we can derive
from the phase plane analysis that ¢;, < 0 < cg (see details in Corollary 3.6), so the free
boundary h(t) moves to +oo and g(t) moves to —oco as t — oo. Case 2. Assume that
0 < f <oy <a< o If the initial data is sufficiently large, the solution u(t, x) can also
grow up between the left front and the right front, and the speeds of its left front and
right front are determined by (1.6) and (1.7), respectively. In this case, ¢, < cg < 0 (cf.
Corollary 3.6), so the free boundary g(t) travels leftwards faster than h(¢). Hence, both g(t)
and h(t) tend to —oo, but the distance between g(t) and h(t) becomes larger and larger and
tends to co as time increases. Case 3. When 0 < f§ < op < o* < o, we have cg < ¢, < 0 (cf.
Corollary 3.6), which means that both the left front and the right front move leftwards,
and the right front moves faster than the left front. So the solution does not have enough
space to grow up, and then only vanishing happens. Case 4. When oy < f < a, it follows
from Corollary 3.6 that cg < 0 < ¢, so two free boundaries move relative to one another
and they move to the same point within a finite time. Hence, vanishing happens for any
solution. This paper is organized as follows. In Section 2, we present the main results. In
Section 3, we give some basic results including the comparison principles, several types
of travelling waves, zero number results and converges results. These are fundamental for
this research. In Section 4, we give some sufficient conditions for vanishing and spreading.
In Section 5, we prove the main theorems.

2 Main results

In this section, we give the main results. By a similar argument as in [4,7,8], one can
show that (1.1) has a unique solution (u, g, h) defined on the maximal interval [0, T') (for
some T € (0,+0c]) with (u,g,h) € C'*/227 (D) xC+/2([0, T]) x C'*/2([0, T]) for any
7 € (0,1), where D7 = {(t,x) € R? : x € [g(¢t),h(t)],t € (0, T]}. Moreover, as in the proof
of [4, Lemma 2.9], one can show that

hr = tlm% h(t) € [—o0,+00] and g = r11rr} g(t) € [—o0, +o¢]

exist. In particular, when T = +o0, we also write hy and g7 as hs, and g, respectively.
The following main theorems (Theorem 2.1, Theorem 2.5) give a fairly complete
description for the asymptotic behaviour of the solution (u, g, h) of the problem (1.1).
We first consider the case where § and o are not large: 0 < f§ < 09 and 0 < a < o¥,
where o* = o*(f) is the unique root of (1.8).

Theorem 2.1 Assume 0 < ff < 0, 0 < o < o™ and ug = o for some ¢ € Z (hy). Let
(u,g,h) be a solution of the problem (1.1) defined on some maximal interval [0, T). Then,
there exists ¢* = a*(hy, ¢) € (0,400] such that
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(i) spreading happens when ¢ > ¢*, i.e., T = 400, and
(i-a) when 0 < o < ap, (200, Noo) = R and

lim u(t,-) =1 locally uniformly in IR; (2.1)

—o0
(i-b) when oy < a < a*,
oo = goo = —00,  lim (1) — g(1)] = +o00
and

lim u(t,- +ct) =1 locally uniformly in R, for any c € (cL,cRr), (2.2)

t—o0

where ¢, and cg are the speeds of travelling semi-waves in (1.6) and (1.7), respectively,
with ¢, < cg <0,

(i-c) when o = 0, goo = —00, —00 < hyo < +00, and
Tlim u(t,x) = qo(- — hoo) locally uniformly in (—oo,hs], (2.3)

where qo(x) is the unique solution of (1.7) with ¢ =0,

(i1) vanishing happens when o < ¢*, i.e., T < 400,

li =1 - li -
Py g0 Py (i) € (=00, +o0) - and P g(tgf‘é‘hm u(t, x) =0,

(iii) in the transition case when ¢ = o, i.e., T = 400, oo = oo = —00,
g(t) =c"t+x1+o1(t), ht) =c"t+x1 + 02(1), Jlim [h(t) — g ()] = L,

for some x; € R, 91(t) — 0 and 95(t) — 0 as t — oo, and

tlirgonu(t,.) =V =t = X))l poe gy = 0 (2.4)
where J(t) = [max{g(t),fL* + ¢*t + x1}, min{h(t), c*t + xl}], and (L,c,q) =

(L*,c*, V*) is the unique solution of

q"+cq' +f(g)=0, ze(-L0),
qg(—L) =¢q(0) =0, g(z) >0for z € (—L,0), (2.5)
q(—L)=—c+p, —¢'(0)=c+ua

with ¢* € (cp,cr), L* > 0.
Remark 2.2 For some biological and chemical species (such as the protocell), the process of
growth is usually accompanied and counteracted by a process of dissolution or disintegration

in a balanced manner so that the species finally forms a stationary configuration. When the
disintegration rate at the boundary is not large (ie., 0 < f < oy, 0 < a < o*), there
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are three cases for the growth of the species. In the spreading case, the species expands
to a stationary configuration (1, or qo) when its initial density is sufficiently large. In the
vanishing case, the species disappears in a finite time when the initial density is small. In the
last case, the species converges to the stationary configuration with a certain radius.

Remark 2.3 Compared with the results in [3,4,7,8, 14], results (i-b) and (i-c) in the
above theorem are new. The previous results showed that when spreading happens, two
free boundaries move to +o0o and —oo, respectively, and the solution converges to 1 locally
uniformly in R. However, in our spreading case, for medium-sized o (0g < o < o), the right
free boundary h(t) cannot spread to +o0o no matter how large the initial data is, since we can
find an upper solution that blocks the rightward expanding of the free boundary h(t). More
precisely, when oy < o < o*, both free boundaries move to —oo, and the solution converges
to 1 in some moving frame. When o = oy, the free boundary g(t) — —oo while h(t) tends
to a fixed point and the solution converges to a decreasing stationary solution defined on
the half-line. This is also different from the phenomenon “virtual spreading” (the solution
converges to 0 locally uniformly in (gec,+00) With —00 < goo < 0, but converges to 1 in
some moving frame) in [14].

Remark 2.4 The transition case in the above theorem is also a new one. The authors in [3,4]
showed that the solution converges to a stationary solution with compact support in their
transition case. In our transition case, the solution u(t, x) converges to V*(x—c*t—xy), where
V* is a unique solution of (2.5) with positive compact support, and it travels leftwards at
a speed ¢* € (cL,cr). We call such a solution the compactly supported travelling wave (see
also [14]). In particular, if o = f + € for sufficiently small € > 0, then the asymptotic speed
¢* of the transition solution depends on € continuously, and satisfies ¢* — 0 as € — 0. When
€ — 0, the limit of V*(x —c*t —x1) is a stationary solution of (1.1). Thus, the limiting case
of Theorem 2.1 (iii) is the transition phenomenon of [3,4].

We now show that only vanishing happens when f is large, or when o is large.

Theorem 2.5 Assume that f < oy and o = o, or f§ = ag. Let (u,g,h) be a solution of (1.1)
with initial data uy € Z (hy). Then, vanishing happens.

In this case, o and f are too large for the free boundaries to expand outwards and their
separation becomes smaller and smaller. In fact, we can construct two upper solutions
on two sides of the solution moving relative to one another. So the solution is forced by
these two upper solutions to tend to 0 and the two free boundaries come to one point at
a finite time.

Finally, we show that when spreading happens, as in Theorem 2.1, the spreading speed
and the asymptotic profile of the fronts are characterized by (1.6) and (1.7).

Theorem 2.6 Assume spreading happens for a solution u(t,x) of the problem (1.1) as in
Theorem 2.1. Let (cL,qr) and (cg,qr) be the solutions of (1.6) and (1.7), respectively. Then,
there exist H, G € IR such that
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lim [h(t) — cxt — H] =0, lim K'(t) = cx,

t—o00 t—o00

lim [g(t) — et — G] =0, [lim g'(t) =cy,

—00

and
lim  sup |u(t,x) — qr(x — h(t))| =0, (2.6)

[=00 xe[c*,h(t)]

lim  sup |u(t,x) — qr(x — g(t))| = 0. (2.7

=00 xe[g(t),c* 1]

3 Some basic results

In this section, we first give the comparison principle and the definitions of upper solutions
and lower solutions, then present the existence of two types of travelling waves, and the
zero number arguments which will play key roles in our proofs. We finally prove the
convergence results.

3.1 The comparison principle

We first give the following comparison theorems which can be proved similarly to [4,
Lemma 2.3 and 2.4] and [7, Lemma 5.7].

Lemma 3.1 Suppose that T € (0,00), g,h € C([0,T]), u € C(D7) N C“*(D7) with Dy =
{t,x) eR?:0<t< T, g(t) <x <h(t)}, and

i, = Ty + f(1), 0<t<T, g(t) <x<h(t),
=0, g( )< —ux+p, 0<t<T, x=g(),
U=0, H(t)>-T -0 O0<t<T, x=Hh).

If [—ho, ho] C [g(0), h(0)], uo(x) < w(0,x) in [—ho, hol, and if (u,g,h) is a solution of (1.1)
with initial data uy(x), then

g(t) = g(1), h(t) < h(t), u(x,t) <u(x,t) fort € (0, T] and x € (g(t), h(t)).

Lemma 3.2 Suppose that T € (0,00), g, h € C1([0, T]), u € C(Dy) N C"*(D7) with D =
{(t,x) eR?:0<t< T, g(t) < x < h(t)}, and

U > Ui + (1), 0<t<T, g(t)<x<h),
T 0<t<T, x=3g(),
=0, W)=t —o 0<t<T, x=nh@),

with h(t) > 8(t) = g(t) in [0, T], ho < h(0), uo(x) < (0, x) in [g(0), ho], where (u, g, h) is a
solution of (1.1). Then

h(t) < h(t), u(x,t) <u(x,t) fort € (0,T] and g(t) < x < h(t).
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—-c+f b
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FIGURE 1. The c¢-b plane about travelling waves. Point A corresponds to a strictly decreasing
travelling semi-wave, and point B corresponds to a strictly increasing travelling semi-wave, both of
which satisfy the equation and free boundary condition. Point C (resp. point D) corresponds to a
compactly supported travelling wave, which satisfies the equation and the free boundary condition
on its left (resp. right) endpoint. (a) The case f € (0,00) and o € (0,2™); (b) the case f € (0,00) and
o=oa".

Remark 3.3 The function 1, or the triple (1, g, h) in Lemmas 3.1 and 3.2, is usually called an
upper solution of (1.1) and one can define a lower solution by reversing all the inequalities.
There is a symmetric version of Lemma 3.2, where the conditions on the left and right bound-
aries are interchanged. We also have corresponding comparison results for lower solutions
in each case.

3.2 Travelling semi-wave and compactly supported travelling wave

If u(t, x) = q(x — ct) is a travelling wave of u; = uy, + f(u), then (¢, q) solves

q"(2) + ¢q'(z) + f(q) = 0. (3.1)

It is well known that (3.1) has a unique positive decreasing solution ¢(z) in IR with
q(—o0) = 1, g(+00) = 0 and ¢(0) = 1/2 if and only if ¢ = ¢o := 2,/F(0).

Using phase plane analysis, section 3.2 in [14] have given a rather complete description
of all the types of solutions for (3.1). We only concentrate on strictly monotonous solutions
on the half-line and the compactly supported solutions, namely, types (ii), (iii) and (iv)
in [14, section 3.2].

In this paper, we will use the following two types of travelling waves.

(I) Travelling semi-waves ¢, (x — c.t) and ggr(x — crt), where ¢, = c.(f), cr = cr(®), qL
and gr are given in the following lemma.

Lemma 3.4 Assume o > f§ > 0. Then

(1) there exists ¢ = cp(f) € (—co, f) such that, only for ¢ = cr, the equation (3.1) and
q(0) =0, g(+00) =1, ¢'(0) = —c + B, ¢'(z) > 0 for z € [0,0) (32)

has a solution (cf. point B in Figure 1). The solution is unique and denoted by q; ;
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(ii) there exists cg = cr(a) € (—a,co) such that, only for ¢ = cg, the equation (3.1) and
4(0) = 0, g(—o0) = 1, —¢'(0) = ¢+, ¢'(z) < 0 for z € (=00, 0] (33)

has a solution (cf. point A in Figure 1). The solution is unique and denoted by qg.

Proof By phase plane analysis as in [14, section 3.2], one can show that

(1) for each ¢ > —co, the equation (3.1) has a unique solution Uy (-;c) € C?([0,00)),
with Up(0;¢) =0, UL(co;¢) =1 and Uj(-;¢) > 0 in [0, 00);

(2) for each ¢ < cg, the equation (3.1) has a unique solution Ug(-;c) € C*((—00,0]),
with Ugr(0;¢) =0, Ur(—o0;¢) =1 and Ug(-;¢) < 0 in (—o0,0].

Define
Pr(c) = Up(0;¢) >0 (¢ > —¢cp) and Pg(c) := —Ug(0;¢) > 0 (¢ < cp).
One can easily obtain that
Pr(—c) = Pr(c) for all ¢ > c.

Using standard ODE theory for (3.1) as in the proof of [§, Lemma 6.1], we see that Py (c)
(resp. Pgr(c)) is continuous and strictly increasing (resp. decreasing) in (—cg,o0) (resp.
(—00,¢0)), Pr(—co +0) =0 (resp. Pr(co — 0) = 0) (see Figure 1). Because

[PL(c) = (—c+ B)]

<0 and [Pr(c)—(—c+p)] _

>0,
B

c=—co+

the equation Pr(c) = —c + f has a unique root ¢ = ¢ € (—co, ). Writing qr(-) =
UL(-;cr), the conclusion (i) holds. By similar arguments, one can prove that the equation
Pr(c) = ¢ + o has a unique root ¢ = cg € (—a, ¢p), which means that (3.1) and (3.3) have
a unique solution Ug(-;cg) denoted by gg(-). O

Proposition 3.5 Assume oo > f§ > 0. Then

(1) cL(P) is continuous and strictly increasing in f, and cg(a) is continuous and strictly
decreasing in o;

(ii) o = \/2f01 f(s)ds is the unique zero point of cL(f) and cr(2);

(iii) for any p € (0,09), the equation cr(o) = cp(f) has a unique root o = a*(f) > .

Proof

(i) By the proof of Lemma 3.4, we know ¢ = ¢ () (resp. ¢ = cgr(«)) is the unique root of
Pr(c) = —c+p (resp. Pr(c) = c+a). Combining with the continuity and monotonicity
of Pr(c) (resp. Pr(c)), one can get the conclusion (i) (cf. Figure 1).

(i) Suppose ¢ = 0, then Up(-;0) satisfies U/ (-;0) + f(UL(-;0)) = 0. Multiplying this

equation by Uj(-;0) and integrate in (0, 00), we have U} (0;0) \/2j0 f(s)ds =: ag,
i.e., PL(0) = ap. It follows from the definition of ¢, (f) that ¢ (op) = 0. By (i), one can
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then get o is the unique zero point of ¢z (f). Using similar arguments, o is also the
unique zero point of cg(x).

(iii) By the monotonicity of c¢.(ff) and cp(p) = 0, we have ¢, () < 0 when f € (0, a).
Hence

cr(og) = 0> cp(f), for any fixed f € (0, ). (3.4)
On the other hand, because

Pr(—co) = —co+a  when o = Pgr(—co) + co, (3.5)
combining (3.5) with the definition of cg, we have

cr(Pr(—co) + co) = —co < cL(P). (3.6)

The last inequality follows from Lemma 3.4 (i). Combining (3.4) and (3.6) with the
continuity and monotonicity of cgr(a), one can derive that there exists a unique value
o € (a0, Pr(—c0) + ¢o) (Pr(—co) > Pr(0) = PL(0) = o) such that cr(a*) = cL(B). O

A direct consequence of Proposition 3.5 is as follows.

Corollary 3.6 Assume oo > f > 0. Then

(1) when B = g, we have c(f) = 0 > cg(a);
(ii) when 0 < f < o, we have

cL(B) <0 < cr(@), o € (B, o0),
cL(B) <0 = cr(@), o = a,
cL(P) < cr(@) <0, o € (a0, 2 (B)), (3.7)
cL(Pf) = cr(@) <0, a = o*(p),
cr(a) < cL(B) <0, a € (o"(f), 00).

*

(II) Compactly supported travelling wave V*(x — ¢
below.

t), where ¢* and V* are given as

Lemma 3.7 Assume 0 < f < o9 and f < o < o*. Then, there exits c¢* €
(max{cr, —a}, min{cg,0}) such that, only for ¢ = c*, the equation (3.1) and

qg(—L)=¢q(0) =0, ¢'(-L) = —c+ B, —¢'(0)=c+a, q(z) >0 for z € (—L,0), (3.8)

has a solution, where L = L(c) is some positive constant. The solution is unique and denoted
by V*. We denote the width of the support of V* by L*.

Proof By the phase plane analysis [14, section 3.2], we have

(1) for each ¢ € (—cp,cp) and bg € (0, Pgr(c)), the equation (3.1) has a unique solution
VRr(-;¢,br) € C*([—La, L1]), with Vr(—La;¢,br) = Vr(L1;¢,br) = 0, Vi(Ly;c¢,br) =
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—bg, Vi(-;¢,bg) > 0 in (—EZ,O) and Vg(-;¢,br) < 0 in (0,L;) (from the last two
inequalities we can deduce that V;(0; ¢, bg) = 0);

(2) for each ¢ € (—cg,c9) and by € (0,Pr(c)), the equation (3.1) has a unique
solution Vi(-;¢,br) € C3([—La,Li]), with Vi(—Ly;e,br) = Vr(Li;e,br) = 0,
Vl/‘(sz;C,bL) = bL, V£(~;C,bL) > 0 in (7L2,0) and V£(~;C,bL) < 0 in (O,Z1)
(from the last two inequalities we can deduce that V/(0;c,b.) = 0), where
Ly = L(c), Zl = Zl(c), L, = Ly(c) and Zz = f,z(c) are some positive constants.
For any c € (max{cL, —a},min{cR,B}) (this interval is well defined by Lemma 3.4
and Corollary 3.6), we have ¢ 4+ o € (0, Pr(c)) and —c + 8 € (0, Pr(c)) (see Figure
1). Then, define

Vr(z:c) == [Vr(z;e,c + o) for ¢ € (—a,cRr)

z€[0,L4]
and
Vi(z;c) = [Vi(z;e,—c +ﬁ)]‘ for ¢ € (cL, p).
z€[—L,,0]
Vr(z;c,c+a)and Vi(z;c,—c+f) correspond to the points D and C in Figure 1, respectively.
It follows from standard ODE theory that I7R(0; c) (resp. ﬁL(O; ¢)) is continuous and strictly
increasing (resp. decreasing) in ¢. Moreover, if —o > ¢y, then

I7R(0;c) — 0 as ¢— —a (point D moves to point (—a,0) in Figure 1)

and
I7L(0;c) —mp € (0,1] as ¢— —o.
If —a < cr, then
Vr(0;¢) — mg € (0,1) as ¢ — ¢y,
and
I7L(O;c) —1 as ¢—cy (point C moves to Point B in Figure 1).

In summary,

lim  Vr(0;e)<  lim  V.(0:c). (3.9)
c—max{cp,—o} c—max{cp,—o}
Similarly,
lim  Vg(0;¢)>  lim  V(0:c). 3.10
c—min{cg,f} R( ) c—min{cgr,f} L( ) ( )

Combining (3.9), (3.10) with the continuity and monotonicity of ﬁR(O; ¢) and ﬁL(O; ¢), one
can derive that there exists a unique value ¢* € (max{cL, —oc},min{cR,ﬁ}) such that

VR(0;¢%) = Vi(05¢") =:m™ € (0,1),
which means that Vg(z 4+ Li(c*);c*, ¢* + o) and Vi(z + Li(c*);c*, —c* + ) are the same
solution of (3.1) and (3.8) defined on [—Ly(c*) — Li(c*),0] with ¢ = ¢*. We write L* :=

—Ly(c*) — Li(c*) and V*(z) := Vr(z + Li(c*);c*, c* 4+ a).
Next, we prove that ¢* < 0. Suppose ¢* > 0. Multiply the equation (V*)" 4 ¢*(V*) +
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f(V*) =0 by (V*) and integrate in (—L*,0). We have

(o (=B e
> - 3 +c /L*(V (x))"dx =0,

that is,

2" +o—f=—

2c” 0 * 2
5 [L*(V (x))%dx <0,

which contradicts 2¢* + o — f > 0. Hence, ¢* € (max{c., —o}, min{cg,0}).

o

Corollary 3.8 Assume 0 < ff < o and < o < o*. Then

(i) the following problem has a unique solution q =: V{;‘ (cf- point D in Figure 1) for any
01 € (—a—c*,cr — ¢c*):

{q” +(c*+01)q" + f(q) =0, ze(-11,0),
q(—=11) =q(0) =0, —q'(0) = ¢* + 61 + o, q(z) > 0 for z € (—1,0),

where | = 11(d1) is some positive constant. We denote the width of the support of Vl‘gl
by L‘)] :

(i1) the following problem exists a unique solution q =: sz (cf- point C in Figure 1) for
any 9, € (¢* — f,c* —cp):

{q” +(c*=0)q" + flq) =0, ze(—h,0),
qg(—h)=4q(0) =0, ¢'(=h) = —c* + 02+ f, q(z) > 0 for z € (—1»,0),

where I, = 15(d,) is some positive constant. We denote the width of the support of sz
by L.

Here, we omit the proof. Actually, by the proof of Lemma 3.7, we can get
Ly = Li(c* +8) + La(c" +61), Ly = Li(¢" = 62) + La(¢” = 62),

VRI() = VR(-+ Lisc® 4+ 0" + 01 + ), V()= Vil + Lisc* — 62, —c* + 62+ )
(the definitions of Li, Zl, L,, Zz, Vr and Vi, can be seen in the proof of Lemma 3.7).

By continuous dependence of the solution on the parameters, we have the following
proposition.

Proposition 3.9 Assume 0 < ff < oy and f < o < o*. Then
V() — V*(-)  uniformly in [-L*,0] as & — 0,

and
V() — V*(-)  uniformly in [-L*,0] as 6 — 0.
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3.3 Zero number arguments

For the reader’s convenience, we next give two zero number arguments (see also [4,8,14])
which will be used to prove the main theorems and some lemmas. We use Z;(w) to denote
the number of zeros of a continuous function w(x) defined on I C IR.

Lemma 3.10 Let &1(t) < &x(t) be two continuous functions for t € (t1,t2). If u(t,x) satisfies

{M[ = a(t= x)uxx + b(ta x)ux + C(ta X)M fOV X e (él(t)a 62(0)7 te (tla tz),

u(t, E1(1)) # 0, u(t, &(t) # 0 for t € (11, 12), (3.11)

where a,1/a,a, ax, dxy, b, by, by, c € L, then for each t € (tq,t,), the number of zeros of ul(t, -)
in [él(t), éz(t)] (Which is denoted by Z[il(t),éz(l)] [u(t, )]) is ﬁnite. Moreover, Z[él(t),sz(l)] [u(t, )]
is non-increasing in t, and, if for some s € (t1,t,) the function u(s,-) has a degenerate zero

xo € (£1(5), &2(5)), then Zi s e u(st, )] > Zies).an (s, )] for all sy, sy satisfying
<851 <s<s$ <t

In the following proofs, we need to compare the the solution u of (1.1) with the
compactly supported travelling wave V* by studying the number of their intersection
points. We set

I(t) := max{g(t),c*t +zo — L*}, r(t) := min{h(t),c"t + zo},

L(t) := min{g(t),c*t +zo — L*}, R(t) := max{h(t),c*t + zo},

n(t,x) == u(t,x) — V*(x — c*t — zg) for x € J(¢t) := [I(t),r(?)], t € (t1,12)
(here we only consider the case J(t) # 0 for t € (ty,t2), otherwise, u and V* have no
common domain and so there is no need to compare them), where zy is some constant.
One can calculate that n satisfies

e = Nxx + c(t,x)y for x € (I(t),r(t)), t € (t1,12)

with c(t,x) = [f(u(t,x)) — f(V*(x — c*t — z9))]/5n(t, x) when n(t,x) # 0, and c(t,x) = 0
otherwise.

Using similar arguments to the proofs of [9, Lemma 2.3] and [14, Lemma 3.10], one
can get the following result on the number of zeros of #(t,-).

Lemma 3.11 For any given zo € R, let I(t), L(t), r(t), R(t) and n be defined as above. Then

(i) Zyln(t,-)] is finite and non-increasing in t € (t1,t2);
(i) Zyeyn(ti,-)] = Zjeyn(t2,-)] — 1 when any one of the following conditions holds;

(1)
Zienm(ti,)] = Zjwy)n(ta,-)] — 2 when any two of the following conditions hold;
Zyepn(ti,)] = Zjepn(z2, )] — 3 when all of the following conditions hold for some
to € (t1,12):

(1) I(t0) = L(to);
(2) r(to) = R(to);
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(3) n(to,-) has a degenerate zero in the interior of J(ty),

where 11 and T, are any times satisfying t| < 11 <ty < 13 < t3.

3.4 Convergence result

In this subsection, we present a locally uniformly convergence result. Before that, we give
an estimate for g(t) + h(t).

Lemma 3.12 Suppose 0 < f < o. Let (u,g,h) be the solution of (1.1) defined on the
maximal interval [0, T), then

g(t)+ h(t) <2hy forallte[0,T).

The proof of the above lemma is similar to the proof of [§, Lemma 2.8], so we omit it
here. A direct consequence of Lemma 3.12 is g7 + hy < 2hy. So we have

Corollary 3.13 There are only four possible situations for (gr,ht): (i) gr = hy = —00;
(ii) (gr,hr) =1R; (iii) —oc0 = gr < hr < +o0; (iv) —oo < g < hr < 4oo.

The stationary problem for (1.1) is written as
"+ fv)=0, forJCRR. (3.12)

The solutions of (3.12) can be classified into the following categories:

(1) constant solutions: 0, 1;
(2) compactly supported solution v, when y € (0,a), where (L,v) = (L,,v,) is the unique
solution of
"+ f(v) =0, —-L<x<0,
v(0) =v(—L) =0, v(x) >0, x € (—L,0), (3.13)
—~0(0) = v'(~L) =7
(3) the strictly decreasing solution gy with —g((0) = og, where ¢ is the solution of (1.7)
with ¢ = 0;
(4) the strictly increasing solution go with g{(0) = o, where qo is the solution of (1.6)
with ¢ = 0.
Next, we consider the convergence of the time-global solution of (1.1) (i.e., T = +0o0).

Theorem 3.14 Assume (u, g, h) is the time-global solution of (1.1), and —00 = 2o < hoo <

4o00. Then u(t,-) converges to v(- — x1) locally uniformly in (2.0, hso), Where xi is some

constant and v is the solution of (3.12). Moreover,

(1) v=0o0r 1 when 0 < f <o and o # ap;

(i) v =0 o0r 1 or qo when 0 < < o = wag. In particular, v(x) = qo(x) if =00 = goo <
hoo < 400; in this situation x; = hso.

https://doi.org/10.1017/50956792516000371 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792516000371

450 J. Cai and H. Gu

Sketch of the proof. Using a similar argument to that used in proving [8, Theorem 1.1],
one can show that u(t,-) converges, as t — oo, to a stationary solution of (1.1);, that is,
a solution v of v/ + f(v) = 0, locally uniformly in (g, hoo). Moreover, when hy, < oo,
making a change of the variable x to reduce [g(¢), h(t)] to the fixed finite interval [—hy, ho]
and applying the L? estimates (as well as Sobolev embeddings) on the reduced equation
with Dirichlet boundary conditions, we have

H”(t, ) = v(')‘|C‘+"([h(t)7M,h(z)]) —0 ast— oo,

for any M > 0 and v € (0,1). Hence, v(hso) = 0 and W' (t) = —u,(t, h(t)) — o — —vy(hoo) — o
as t — oo. On the other hand, #’(t) — 0 when h,, < +oo since h'(t) is Holder continuous.
Therefore, we have v'(hy) = —a (cf. the proof of [4, Theorem 1.3]). So when a = og, v
must be qp if —00 = goo < hw < +00 since ¢ is the unique stationary solution defined
on the half-line with —g{(0) = 9. When a # o, ho, = 400 since there is no stationary
solution v defined on the half-line satisfying —v’(0) = a.

So it follows by the categories of the solution of (3.12) that when 0 < ff < « and o # o,
the only possible choice for the w-limit of u in the topology of L{°((gocshx)) is 0 or 1;

loc
when 0 < f < o = o, w(u) consists of 0, 1 or go(x — x1). O

4 Vanishing and spreading phenomena

In this section, we give some necessary and sufficient conditions for vanishing and
spreading phenomena.

4.1 Vanishing phenomena

We first give a sufficient condition for vanishing as follows.

Lemma 4.1 Let hy > 0 and ug € 2 (ho), then u vanishes if ||uo||Loo((—nyno)) IS sufficiently
small.

Proof Consider the following problem:

U, = Ty + f(7), g(t) < x < h(t), t >0,

w(t,g(t)) = u(t, h(t)) = 0, t >0,

g'(t) = —(t, g(1)) + B, t>0, (4.1)
7 () = —un(t, h(e)) — B, t>0,

~2(0) = h(0) = ho, (0,x) = uo(x), —ho < x < ho.

By [4, Proposition 5.2] one can show that vanishing happens for u(t,x) if the initial
data |Jug||poo((—non 1S sufficiently small. On the other hand, by Lemma 3.1 we have
u(t, x) < u(t,x) for x € [g(t), h(t)] and t > 0. Hence, vanishing happens for u(t, x) if initial
data ug(x) is sufficiently small. O

We now use (Lg,vg) (which is the unique solution of (3.13) with y = f) to give the
following necessary and sufficient condition for vanishing.
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Lemma 4.2 Assume 0 < f§ < o and f < a < o*. Let (u,g,h) be the solution of (1.1) on
some maximal interval [0, T) with T € (0,4o00]. Then, vanishing happens if and only if there
exists ty > 0 and x; € R such that

u(ty, x) < vp(x —x1)  for x € [g(tr),h(t1)] C [=Lp + x1,x1].

Proof By the strong maximum principle and Lemma 3.1, we have
u(t + t1,x) <vg(x — x1) for x € [g(t +t1),h(t +t1)], t >0, (4.2)

and
—Lp+x1<glt+t)<ht+t)<x; for alt>0. (4.3)
On the other hand, by Corollary 3.8, the following problem

(4.4)

{ q"+cq' +f(q) =0, ze(-L0),
q(iL) = q(o) = 05 q/(iL) =—C + Bs q(Z) > O’ zc (7L50)

has a unique solution (L, V) with § := ¢* — ¢ for ¢ € (cr,p). Since V; depends on ¢
continuously, we can choose a sufficiently small ¢ > 0 such that

—LY +x; < g(l+1) < h(l+1t;) < xy 4.5)

and
u(l4t1,x) < VP (x — x1) for x € [g(1 + 1), h(1 4 t;)]. (4.6)
Write

u(t,x) = Vf(x —ct—xy), h(t) :==ct +xy, g(t) ==ct — Li + x1, t > 0.

To compare %(t,-) and u(t + 1 +t;,-) on [g(t + 1 +t1), h(t + 1+ t1)], we check that (%,g, h)
is an upper solution of (1.1) for ¢t > 0. Clearly,

g'(t) = ¢ = —u(t,g(t)) + p. (4.7)

Moreover, 7i(t, x) satisfies (1.1); and #(t,g(t)) = 0. By (4.3), the definition of h(t) and ¢ > 0,
we have h(t + 1+ t;) < x; < h(t), hence

u(t,h(t+14+1t)>0=u(t+ 141, h(t+ 1+ t1)), (4.8)
and it follows from the definition of g(¢) and (4.5) that
2(0) = —L +x; < g(1 +19). (4.9)

Hence, by (4.6)—(4.9), one can show that (@, g, h) is an upper solution of (1.1) for ¢ > 0.
By Lemma 3.2, for any t > 0, we have

u(t +1411,x) < V(x —ct —x;) for x € [g(t+ 14+ t1),h(t + 1 +11)], (4.10)
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and
gty <g(t+1+1t) and h(t+1+1t;) < h(t) for all t > 0. (4.11)
Thus, by the definition of g(¢), (4.3) and (4.11), we obtain

O<h(t+1+1t)—glt+141)<x; —(ct— LS +xy). (4.12)

We conclude from (4.12) that thereis a 0 < Ty < Ly such that

c

ht+14+1t)—gt+1+1t)—0ast— Ty (4.13)
Hence
lin%[h(t) -2 =0, (4.14)
t—

where T := Ty +t; + 1.
On the other hand, by (1.2), one can show that there is a constant C > 0 such that
u(t,x) < C for t € [0, T) and x € [g(t), h(¢)]. Construct a function

U(t,x) = C[2M(h(t) — x) — M?(h(t) — x)*]

over the region Q := {(t,x) : t > 0,max{h(t) — M~ 1, g(t)} < x < h(t)}. When M > 0 is
large, U(t,x) is an upper solution of (1.1) on Q. Since lim,_ r[h(t) — g(¢)] = 0, there is
to € (0, T) such that g(t) > h(t) — M~'. Hence, u(t,x) < U(t,x) for g(t) < x < h(t) and
to <t < T. According to U(t,x) — 0 (x — h(t)) and (4.14), we have

lim max wu(t,x)<lim max U(tx)=0.
t—T g(t)<x<h(t) t—T g(t)<x<h(t)

O

Next, we give another necessary and sufficient condition for vanishing in the following
lemma.

Lemma 4.3 Assume that 0 < § < oo and 0 < oo < o*. Let (u,g,h) be a solution of (1.1) on
[0, T). Then, vanishing happens if and only if there exist t < T and x, € R such that

u(ts, x) < (F)V"(x = x2) for x € [g(t2), h(t2)]. (4.15)

This lemma can be proved by similar arguments to those for Lemma 4.2. By the strong
maximum principle and (4.15) we have

u(t +t3,x) < V*¥(x — c*t — x5) for x € [g(t + t3), h(t + t3)], t > O.
On the other hand, by Proposition 3.9, there is a small §; < 0 such that
u(l 4, x) < VO(x — ¢* —x3) for x € [g(1 + t2), h(1 + 13)].

Then, replacing vs and V by V* and V,‘fl, respectively, in Lemma 4.2, we can prove the
above lemma holds.
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Remark 44 When 0 < 8 < o and o = o*, or f = oy, only vanishing happens for any
solution of (1.1), this will be proved in Section 5 (i.e., the proof of Theorem 2.5).

To prove vanishing happens in Lemma 4.2 and Lemma 4.3, we first prove that h(t) —
g(t) — 0 (see (4.14)), then use this to prove u — 0. In fact, the following three arguments
are equivalent, as can be proved as in [4, Theorem 1.2].

Lemma 4.5 Let (u,g,h) be the solution of (1.1) in some maximal interval [0, T) with T €
(0, 400]. Then, the following arguments are equivalent.

(i) im max u(t,x)=0;
t—T g(t)<x<h(t)
(i) T < +o0;

(i) rh_)n} h(t) = tler% a(1).
Proof For the reader’s convenience, we give a sketch of the proof. First, the conclusion
of (i) implies (ii) and (iii). Consider the problem (3.13) with y < min{f, 0} and take its

solution v,(x) on some short interval [—X,0]. When (i) holds, there exists a large time Tg
such that

u(t,x) <m = v,(=X), x € [g(t),h(?)], t > Th.

Choose a large by > 0, then the function v,(x — b;) is an upper solution of the problem
(1.1) on [—X + by,by] and it blocks the extension of h(t). Therefore, h(t) < b; for all
t > Ty. Similarly, there is a b, € R such that g(t) > b, for all t > Tj.

Set L :=2(1 + by + |by|) and

2
no(x) == 75(L* — %), x € [-L,L],
12
where K; := maXo<,<i |f'(¢)|, and & > 0 is small such that

8+ vt +4K)e<a, 32e<

Consider the following problem:

ne =+ f(n); g(r) < x < h(r), t >0,

n(t,g(t)) = n(t, h(t)) =0, t>0,

g'(t) = —nx(1,8(1) + B, t>0, (4.16)
W (1) = —nx(t, h(t)) — o, t>0,

_g(()) = E(O) = L: n 07 x) = '/IO(X)S —-L<x< L>

where
o =2Kkm(1-31) (=10 foro<y<e).

Clearly, 5(t,x) < 2¢ for t > 0. By the definition of f and o, we see that

Ut(t, x) == 2e[2M(h(t) — x) — M?(h(t) — x)*]
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is an upper solution of (4.16) over Q := {(t,x) : t > 0,max{g(t),h(t) — M~} < x < h(t)}
with M := max{x + /o + 4K;,4}. Hence,

—n(t,h(1)) < —Ui(t, (1)) < 4Me <

R

Therefore, '(t) < —2. Similarly, g'(t) > £. Thus, h(t) — g(t) = 0 as t — Ty < ;‘fﬂ. On
the other hand, by lim,_.7 maxXg()<x<ny) u(t,x) = O, there is a large time T* > 0 such
that u(t,x) < ¢ for t > T*, then #(t, x) is an upper solution of (1.1) for t > T*. Hence,
h(t+T*) —g(t+ T*) < h(t) —g(t) — 0 as t — Ty, which implies T < +o0 and (iii) holds.

Secondly, (ii) implies (iii). Assume on the contrary that info<,<7[h(t) — g(t)] > 0, then
by standard L? estimates, the Sobolev embedding theorem and the Holder estimates for
parabolic equations, we can extend the solution to some interval (0,T) with T > T
as long as info<;<7[h(t) — g(¢)] > O, this is a contradiction since (0, T') is the maximal
existence interval of the solution u(t, x).

Thirdly, (iii) implies (i). Using the same arguments as in the last proof of Lemma 4.2,

one can show that (iii) implies (i). O

4.2 Spreading phenomena
To give some necessary and sufficient conditions for spreading, we first prove the following

lemma for 0 < o < o*.

Lemma 4.6 Assume 0 < f§ <oy and 0 < o < o*. Let (u, g, h) be a solution of (1.1). Suppose
that there exist t* and x* € R such that

u(t*,x) = (F)V*(x — x*) for x € [-L* + x*,x"]. (4.17)
Then
tlirn u(t,x +c*t) =1 locally uniformly in R (4.18)
and
8o = =00, lim [h(t) — g(t)] = +oc. (4.19)

Proof By Lemma 3.7, we know that V*(x — ¢*t — x*) satisfies (1.1); and free boundary
conditions at x = I(t) := ¢*t + x* — L* and x = r(t) := ¢*t + x*. By the strong maximum
principle, we have

u(t+t*,x) > V*(x — 't — x*) for x € [I(t),r(t)], t >0 (4.20)

and
g(t+t*) <I(t), h(t+t*)>r(t) forallt>0. (4.21)

In particular, (4.20) is true at t = 1. We now find a compactly supported travelling wave
moving leftward slower than V'* to be a lower solution. By Proposition 3.9, there exists a
sufficiently small §; > 0 such that Vj' is also below u(t* + 1,x) and the left endpoints of
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the compact support of Vgl and V* are the same point x = x* 4+ ¢* — L*, that is,

u(t* +1,x) > Vg‘ (x —x"—c*+L* fog) for x € [x* 4+ —L*x*"+c" - L* +L‘;{‘}
(4.22)

and
[x* Ft L X e — L+ L;’g} C (g(t* + 1), h(t* + 1), (4.23)
By (4.21), ¢* < 0 (cf. Lemma 3.7) and ¢* + J; > ¢*, we have, for all t > 0,

g+t + ) <lt+1)=c"(t+1)+x*"—L*"<(c*+0)t+c*+x*—L". (4.24)
Define g(t) := (¢* +01)t + x* +¢* — L*, h(t) := (¢* + 1)t +x* +c¢* — L* + Lz‘ and

u(t,x) == VRl (x — (" 4+ 1)t —x* —c* +L* — LY) for x € [g(t),h(t)], t > 0.

Then, it follows from (4.23) and (4.24) that

h(0) < h(t* +1) and g(t+t*+1) <g(t) forall t>0. (4.25)

Note that V}‘z‘(x —(c*"+ o)t —x"—c"+L"— Lil) satisfies (1.1); and the free boundary
condition at x = h(t). Combining these, (4.22) with (4.24), one can check that (1, g,h) is a
lower solution of the problem (1.1). Hence, by Lemma 3.2, we have

h(t+t* +1)> h(t) forall t >0 (4.26)

and
u(t 4+ 15 +1,x) > Val(x — (¢" + o))t — x* — ¢* + L* — LY) (4.27)
for x € [g(t),h(t)] and t > 0.

We next choose a compactly supported travelling wave moving leftwards faster than
V* to be also a lower solution. A similar discussion shows that there is a sufficiently small
0> > 0 such that (V,‘fz(x —(¢* = d)t — x* — c*),gl(t),hl(t)) is also a lower solution for
x € [g, (1), by (1)] and t > 0, where g, (1) = (c*—éz)t+x*+c*—Liz, hy(t) == (c*—0)t+x"+c*.
Hence,

glt+1+1)<g, (1), t>0. (4.28)
Consequently, combining (4.26) with (4.28), we have

H(t) = ht +t* +1) = 't =0t +¢* +x* —L* + LY — +ooast — oo (4.29)
and
G(t) =gt +t" +1)— 't < =Gt +¢* +x* — L? — —o0 as t — oc. (4.30)

Set
w(t,x) =u(t+t*+ 1,x+c*t) for Gt) <K x < H(t), t = 0.
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It follows from (4.20) that w satisfies
wt,x) > V*(x—c"—x")forx e [¢*+x*—L*,c*+x*],t=0 (4.31)
and

W = Wiy + w4+ f(w), G(t) <x < H(t), t >0,

w(t,G(t)) =0, G'(t) = —wi(t,G(t)) + B —c*, t>0,

w(t, H(t)) = 0,H'(t) = —wy(t, H(t)) — o — c*, >0,

G(0) =g(t* + 1), HO) = h(t* + 1), w(0,x) = u(t* + 1,x), G(0) < x < H(0).

(4.32)

Using similar arguments to those applied in proving [14, Theorem 4.2] and [4, Theorem
1.3], one can show that w(t,-) converges, as t — oo, to a stationary solution of (4.32),
locally uniformly in R. On the other hand, by Lemma 3.4 and Lemma 3.7, we have
c* € (—cp, o). Hence, such a stationary solution must be 1 by (4.31). We conclude from
this that spreading happens for w, this implies that (4.18) holds. Moreover, (4.19) follows
from (4.26) and (4.28). O

Now, we are ready to give a necessary and sufficient condition for spreading.

Lemma 4.7 Assume 0 < ff < oy and 0 < o < o*. Let (u,g,h) be a solution of (1.1). Then,
spreading happens if and only if there exist t* and x* € IR such that (4.17) holds.

Proof The inequality (4.17) follows from the definition of spreading (cf. Theorem 2.1)
immediately. We only need to prove that (4.17) is a sufficient condition for spreading.

(1) The case 0 < o < 9. We show that hy, = 400, goo = —o0 and (2.1) holds. It follows
from (4.19) that g = —oo, we now prove that h,, = +oo. It follows from (3.6) that
cg > 0 when 0 < f§ < « < op. Combining this and Corollary 3.8, there exists a constant
0 € (—a— c*,cg — ¢*) such that ¢* + 6 > 0. By (4.18) and the definition of V3, there exist
large Ty > 0 and x; € R such that

[~ L +x1,x1] C [g(To)—¢* To, h(To)—¢* Tol, w(To,-+¢*To) > V(- —x1) in [~Lg+x1,x1],

(4.33)
that is,
[¢" To +x1 — L. ¢ To + x1] € [8(To). (To)], u(To,")
> V}g( —c*Ty — Xx1) in [C*T() +x1 — L%,C*TO + x1].
By (4.30), goo = —00 and ¢* 4+ 6 > 0, we can choose the above T, large such that
g(t+ To) < (¢* +0)t+c* Ty +x; — Ly forall t> 0. (4.34)
Set
g(t) = (c" + )t +c"To+ x1 — L%, h(t) == (c" + )t + c* Ty + x4
and

u(t,x) = V3(x — (¢* +0)t —c* Ty — x1) for x € [g(t),h(t)], t > O.
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Then, u satisfies the free boundary condition at h(t). Moreover, (4.34) implies that g(t +
Ty) < g(¢) for all ¢ > 0. Using the definition of the lower solution, one can show that
(u,g,h) is a lower solution of (1.1) in the domain [g(t), i(t)] for ¢ > 0. By Lemma 3.2, we
have
u(t + To, x) > u(t, x) for x € [g(t),h(t)], t > 0.
Hence
h(t + Ty) > h(t) for all t> 0. (4.35)

Since ¢* + 6 > 0, (4.35) and the definition of Ah(t) imply that h., = +oo. On the other
hand, (4.18) implies that there are a To > 0 and x, € R such that

(—Ly 4 x2,x2) C [g(To) — ¢*To, (To) — ¢*Tol, u(To,x + ¢*To) > v,(x — x2)
for x € (—Ly, + x2,X2),

where v, is the unique solution of (3.13) with y = o. Then, by # < o and the comparison
principle Lemma 3.1 one can get that, for all t > 0,

(—Ly +x2,x2) C [g(t + To) — *To, h(t + To) — ¢*Tol, u(t+ Ty, + ¢ To) > vy(- — x2)
il’l (—Lz + XZ,X,z), (436)

that is,
u(t+ To,x) > v(x —c*To—x3) forall x € (¢*To— Ly, +x2,¢*To+x2), t >0. (4.37)

On the other hand, by Theorem 3.14 and (g0, hoo) = IR, u converges to the stationary
solution of (1.1); on R, i.e., 0 or 1. Combining this with (4.37), we derive that u converges
to 1, that is,

[lim u(t,-) =1 locally uniformly in IR.
—00

(2) The case oy < o < o* and f € (0,09). By Lemma 4.6, we only need to prove that
hoo = —o0 and (2.2) holds. Set A := 2max{1,||uo||Loo((noi] }- For some ¢ € (0,—f'(1)),
define

g(t) := g(t), h(t) == cgt — Me™® + H, u(t,x) = (1 + Ae°")qr(x — h(t)),

for g(t) < x < h(t), t > 0, where gg is the travelling semi-wave (the solution of (1.7)).
Then, a direct calculation as in the proof of [11, Lemma 3.2] shows that (#,g,h) is an
upper solution of (1.1) provided H, M are large. Therefore, we have

u(t,x) <u(t,x) for x € [g(t),h(t)], t >0

and
h(t) < h(t) for large t > 0. (4.38)

On the other hand, by Lemma 4.6 we see that vanishing cannot happen when (4.17) holds.
Hence (4.38) and cg < 0 imply that hoo = —00 and go, = —o0. Next, we prove that, for
any ¢ € (cp,cr), (2.2) holds. We only consider the case ¢ € (¢*,cg) since the other case
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¢ € (cp,c*) can be considered similarly (when ¢ € (cp,c*), one can use sz and V£2+8 to
replace V3! and V3*, respectively).
By (4.29) and (4.30), we have

h(t) — ¢t — +o0, g(t) — ¢t > —0c0 ast — oo. (4.39)

Combining these and (4.18), for any ¢ € (c¢*, cg), writing J; := ¢ — ¢* > 0, there exist Ty,
X1 and B such that

[~ LY +X1, X1] C [g(T1)—c* Ty, h(Ty)—c* Tyl, w(Th, +c*Th) > Vo' (-—X;) in [~LY +X1, X1]
(4.40)

and

[-L*+By,B1] C [g(T1)—c"T1,(T1)—c*Ti], w(Ty,-+c*Ty) > V*(-—By) in [-L*+ By, B{]
(4.41)

with —L* + B; < —Li‘ + X4, then ¢*t — L* + B; < ct — L%‘ 4+ Xi. By the comparison
principle Lemma 3.1, we have, for all t > 0,

u(t+ Ty, x+c*Ty) > V*(x—c*t—By) for x € [¢*t— L* 4+ By, ¢t + By] (4.42)
and [c¢*t — L* + By,c*t + By] C [g(t + Ty) — ¢* Ty, h(t + Ty) — ¢*Ty]. Hence
gt+T)— Ty <c't—L*+ By <ct— L} +X;, t >0. (4.43)
Define a lower solution of the problem (1.1) for ¢t > 0 as follows:
u(t,x) == Vp'(x —ct — X1), g(t) :=ct + X1 — LY, h(t) :== ct + X;.

Then, (4.43) implies that g(t+ T1)—c*T1 < g(t) for all t > 0. By (4.40) and the comparison
principle Lemma 3.1, we have
h(t4+Ty)—c* Ty > h(t), u(t+Ty, x+c*Ty) > Vg‘(x—ct—Xl) for x € [g(t), h(t)], t > 0. (4.44)

Moreover, by (4.40) and the continuous dependence of the solution on the parameters,
there exists a sufficiently small ¢ > 0 such that ¢ + ¢ € (¢*, cgr) and

u(Ty,x+¢*Th) > VErti(x — X, + LY — LO™)  for x € [X; — LY, X — LY + Ly 1] (4.45)
with [X; — LY, X, — LY 4 L3  [g(Ty) — ¢* Ty, h(Ty) — ¢* Ty]. Define
g, (1) == (c+e)t+ X1 — LY, hy(t) = (c+e)t + Xy — Ly + Ly ™
and
w(t) = Vt(x — (c+ &)t — Xy + LY — L§™) for x € [g,(1).hy(1)], > 0. (4.46)
By g(#) < g,(?) and the comparison principle Lemma 3.2, we have

h(t+ Ty) — ¢* Ty > hy(t) for t > 0. (4.47)
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Now set

w(t,x) =u(t+ T, x+c(t+T1)), H(t) == h(t+T)—c(t+ Ty), G(t) = g(t+ T1)—c(t+ T1).

Then it follows from (4.43), (4.47) and ¢* < ¢ that G(t) — —oco and H(t) — 400 as t — oo.
Combining this with (4.44), and using the similar arguments to those in the last part of
the proof of Lemma 4.6, one can prove that

tlim w(t,-) =1 locally uniformly in IR,
—00

that is, zhm u(t,- +ct) =1 locally uniformly in IR.

(3) The case o = og. By Lemma 4.6, it suffices to prove that —oco < hy, < +00 and (2.3)
holds.
By (4.18) and [18, Proposition A], there exists 6 € (0,—f’(1)), M > 0 and T > 0 such that

ut,x +c't)y=1—Me % x e [-11] C (gt) = c*t,h(t) — c*t), t = T (4.48)
for any fixed [ > 0, and
u(t,x +c*t) < 14+ Me % x € [g(t) — c*t,h(t) — c*t], t = T.

Define
g(t) :==c"t, h(t) = e '+ T,
u(t, x) = (1 = Me™*)go(x — h(1)),

where ¢ is some positive constant to be determined later, and ¢qq is the solution of (1.7)
with ¢ = 0. Using the similar arguments to those in [11, Lemma 3.3], one can derive that

u —uy — fu) <0 for x € (g(t),h(1)), t > T, (4.49)

when T and ¢ > 0 (independent of T') are sufficiently large.
Next, we choose [ > ¢ in (4.48), then for sufficiently large T > 0, we have

ut,x +ct)=1—Me™? forxe[0,6e %] C[-LI], t=>T.
In particular, when t = T,

w(T,x)=1—Me T for x € [g(T),h(T)].

Moreover, by the definition of g(t), we have, for t > T,
g(t) < g(0), u(t,g(1) = (1 — Me™*)qo(g(r) — h(t)) < 1 — Me™*" < ul(t, g(t)). (4.50)
It is obvious that u(t, h(t)) = 0, and a direct calculation shows that

() < —u(t,h(t)) —a fort>T, (4.51)

provided o > MS“O.
0

https://doi.org/10.1017/50956792516000371 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792516000371

460 J. Cai and H. Gu
Consequently, (u, g, h) is a lower solution of (1.1). Therefore, h(t) = h(t) for t > T, and
this implies that
heo > —00 and litm inf u(t, x) = qo(x — c*T). (4.52)

Next, we show that h,, < 4+00. We need to construct an upper solution. Define, for some
o1 >0 and Hy > 0,

3(t) := g(t), h(t) = Ho + oy M(1 — "), u(t, x) := (1 + Me™)qo(x — h(2)).

One can calculate directly as in [11, Lemma 3.2] to prove that, when oy and Hj are large,
(1,8, h) is an upper solution of (1.1) for large t. Therefore, h(t) < h(t) for large t, which
implies that h., < 4+o00. Hence, by Theorem 3.14, we have

llim u(t,x) = qo(x — hoo) locally uniformly in (—oo,hy].

5 Proof of main theorems

In this section, we will study the influence of o, § on the asymptotic behaviour of solutions
and prove the main theorems.

For any given hy > 0 and ¢ € 2 (hy), we write the solution (u,g,h) of (1.1) also as
(u(t,x;0¢),2(t;a¢),h(t;o¢)) to emphasize the dependence on the initial data ug = a¢. Set

0+« = 04(ho, ) == sup{e =0 : vanishing happens for (u,g,h)}

and
" =a"(hy, ) = inf{e > 0 : spreading happens for (u,g,h)}.
By the comparison principle, we have o, < ¢* < +00. Moreover, by Lemma 4.1, the

solution u(t,x;o¢) vanishes provided ¢ > 0 is small. Therefore, o, € (0,400]. We next
prove Theorem 2.1.

5.1 Proof of Theorem 2.1

If 6, = oo, then there is nothing left to prove. So we assume that o, is a finite positive
number below. We divide the proof into four steps.

Step 1. Vanishing happens for ¢ € (0,0,). This can be proved directly by the definition
of g, and the comparison principle.

Step 2. Transition happens when ¢ € [0,,0%]. We first prove that vanishing and
spreading cannot happen for any ¢ € [o.,0*]. In fact, suppose that vanishing happens
for some ¢ € [0,,0*], then there exists ty and xo € IR such that

u(to, x;0¢9) <wg(x —xo) for x € (g(to;0¢), h(to; a¢)),

where vg is the unique solution of (3.13) with y = f. By the continuous dependence of
the solution on the initial data value, we can find ¢ > 0 sufficiently small such that the
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solution (u,, g, h;) of (1.1) with initial data uy = (¢ + ¢)¢ satisfies
ug(to, x) < Uﬁ(x —Xxp) forxe€ (gé:(t0)7 he(to)).

Hence, it follows from Lemma 4.2 that vanishing happens for u(t, x; (o + €)¢), a contra-
diction to the definition of o,.

On the other hand, spreading cannot happen for any ¢ € [o4,0*]. Suppose on the
contrary that spreading happens for u(t, x;a¢), then we can find some ¢t; > 0 large and
x; € R such that

u(ty,x;0¢) > V*(x — xy) for x € [-L* 4+ x1,x1] C [g(t1;09), h(t1;0¢)].  (5.1)

Due to the continuous dependence of the solution on the initial data again, we can find a
small ¢ > 0 such that the solution (v, g%, h%) of (1.1) with initial data uy = (¢ — ¢)¢ satisfies
(5.1). Hence, Lemma 4.7 implies spreading happens for (u°, g%, h?), this is a contradiction
to the definition of ¢*.

Therefore, vanishing and spreading cannot happen when ¢ € [g,,0*]. We next prove
that u(t, x;0¢) is in the transition case: ho, = —00, oo = —00, oo — goo = L* and (2.4)
holds.

Claim 1 The limits lim,_, o, [h(t) — c¢*t] € (—o0, 4+00) and lim,_, o, [g(t) — c¢*t] € (—o0, +00)
exist. Define
H(t) := h(t) — c*t, G(t) :=g(t) —c*t, t >0
and
w(t,x) :=u(t,x + c*t) for G(t) <x < H(t), t > 0.

Then, w(t, x) satisfies

Wy =Wy +cwye + f(w), G(t)<x<H(t), t>0,
w(t,G(t)) =0, G'(t) = —wi(t, G(t)) + B, t>0,
w(t, H(t)) = 0,H'(t) = —wy(t, H(t)) — o1, t>0,
—G(0) = H(0) = hg, w(0,x) = u(0,x), —hy < x < hy,

(5.2)

where 1 := f§ — ¢*, oy := a+ ¢*. Comparing with V*(x), one can prove that H(t), as well
as G(t), does not move across any fixed point for infinitely many times (cf. [4, Lemma
2.9]), that is, Hy, = Zlirgo H(t) € [—00,+00] and Gy = tlg})lo G(t) € [—o0, +00] exist.

Now, we only prove lim,_, o [h(t) — c*t] € (—o0, 4+00) since the other one can be proved
similarly. Suppose on the contrary that

h(t) — ¢*t — +oo as t — oc. (5.3)

The other case (h(t) — c¢*t — —oo as t — oo) can be considered similarly. We will derive a

contradiction by considering the number of the intersection points of u(t, x) (x € [g(t), h(t)])

and V*(x — c¢*t — L* — ho) (x € [l1(¢), r1(¢)], where [1(t) := c*t + hg, r1(t) := c¢*t + L* 4 hy).
By h(0) = hy, we have h(0) = [;(0). Combine this and (5.3), there is T; = 0 such that

hTy)=1;(Ty) and h(t) > i(t) fort> Ti. (5.4)
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Moreover, by (5.3) again, we can choose T > Ty such that
WT)=r(T) and h(t) <r() forallte [Ty, T]. (5.5)
Set J(t) = [max{g(t),!1(¢)}, h(z)], then it is not empty for t € [Ty, T]. Define

n(t,x) :=u(t,x) — V*(x — ¢*t — L* — ho) for x € J(t), t € [Ty, T].

A

Since h(T) = Ii(T1), then Z(r,)[n(T1,-)] = 1. To analyse the zero number of n att = T,

A

we need consider the position of g(7T'). By Lemma 3.11, only two cases may happen as
follows.

Case 1. g(T) < ll(f). In this case, by Lemma 3.11 and (5.5), we have Z,)[n(t,-)] =1
] 1

fort € [Ty, T]. In particular, when t = T, the unique zero point of # moves to x = h( 1 )=

A

r(T), so
u(T,x) = EV (=T = L" —ho). x € [L(T)Lr(T)].
This implies that spreading happens for u by Lemma 4.7, a contradiction.

Case 2. g(f“) > ll(T). Then, there exists tg € (T}, T) such that
g(to) = li(t) and h(to) < ri(to).

By Lemma 3.11, we have Z;)[n(t,-)] = 1 for t € [T1,t]. In particular, when t = t, the
unique zero point of # moves to x = g(ty) = l;(to) (the left endpoint of u and V*), so

u(to, x) < (F)V*(x — c*to — L* — ho) for x € [li(to), h(to)].

This implies that vanishing happens for u by Lemma 4.3, a contradiction.
We conclude from Case 1 and Case 2 that (5.3) is impossible. Similarly, the case
h(t) — ¢*t — —oo as t — oo is also impossible by considering the zero numbers of

{(t,x) :=u(t,x) — V*(x — c*t+ hy) for x € Ji(¢), t > 0,

where
Ji(t) := [max{g(t), —L* + c*t — ho}, min{c*t — ho, h(t)}].
Therefore, claim 1 holds.

Claim 2 h, = —00, goo = —o0 and lim,_, o [h(t) —g(t)] € (0,+00). These can be deduced
from claim 1 directly.

Claim 3 lim,_, . [h(t) — g(t)] = L* and (2.4) holds. Consider the problem (5.2) again. It
follows from claim 1 and the definition of H,, and G, that H,, G € (—00,400). By the
proof of [8, Theorem 1.1], along a sequence t, — +o00, w(t,, -) converges to the stationary
solution v(-) of (5.2); in CILJC”((GOO,HOO)) for some y € (0, 1), where v satisfies

{v” +c '+ f(v) =0, x € (G, Ho),

0(Goo) = v(Hoo) = 0, t >0, (5.6)
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Moreover, by making a change of the variable x to reduce [G(t), H(t)] to the fixed
finite interval [—ho, hg] and applying the L? estimates (as well as Sobolev embeddings)
on the reduced equation with Dirichlet boundary conditions, we have, by passing to a
subsequence,

[[W(tn, ) = U(.)HC”%([G(tn),H(tn)]) —0 asn— oo (5.7)

From this, we have H'(t,) = —wy(t,,H(t,)) — a1 — —v'(Hs) — 1 and G'(t,) =
—wWy(tn, G(ty)) + p1 — =0 (Gs) + f1 as n — oo. On the other hand, H(t) and G(t)
are Holder continuous. Combining this and G, H,, € (—00,+00), we have H'(t) — 0
and G'(t) — 0 (cf. the proof of [4, Theorem 1.3]). Therefore, —v'(Hoo) = o1, v'(Goo) = P1.
Since (3.1) with (3.8) has a unique positive solution (cf. Lemma 3.7), we can derive that

Hy, — G =L" and v(x)=V*(x— Hy) forall x € [Gy, Hool. (5.8)

Moreover, (2.4) follows from (5.7) and (5.8).

Step 3. 0, = ¢*. Otherwise, there exist o1,0, € [04,0*] such that ¢; < g;. Denote the
solution of (1.1) with ¢ = a; by (u1, g1, h1), and let (uz, g2, h2) be the solution of (1.1) with
¢ = ;. By the comparison principle Lemma 3.1, we have

(g1(1), h1(1)) C (g2(1), ha(1)) and ui(1,x) <uzx(1l,x) for x € (gi(1), hi(1)).
Hence, we can find ¢y > 0 small such that for all ¢ € [0, &],
(g1(1) =& hi(1)—e) C (g2(1),h2(1)) and  wuy(1,x+¢) < ua(1,x) for x € (g1(1)—e, hi(1)—e).
Define
uj(t,x) =u(t+ Lx+e), gi(t) =gt +1)—¢ hi@t) =h(t+1)—e

Clearly, (uf,g{,hj) is a solution of (1.1) with ug(x) = u;(1,x + ¢). By the comparison
principle Lemma 3.1, we have, for all t > 0 and ¢ € (0, &),

[g1(0), Wi (0)] C (ga(t 4 1), ha(r + 1)), ui(t, x) S ua(t + 1, x) in [gi(0), Ay (0] (5.9)

By Step 2, we have u;(t,x) — V*(x — ¢*t — by) uniformly for some b; € IR and uy(t, x) —
V*(x — ¢*t — by) uniformly for some b, € R as t — oo. Then it follows from (5.9) that

Vix—ct—by+e) < V*(x—c"t—by), xe€[c"t+b —e—L",c*t+ by —¢],

for any ¢ € (0, ¢p]. This is impossible by the definition of V*. Hence, g, = o*.

Step 4. Spreading happens for ¢ € (6*,00). By step 3 and our assumption, we have
0" = o, € (0,00). It follows by the definition of ¢* and the comparison principle that
spreading happens when ¢ > ¢*. |

*
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5.2 Proof of Theorem 2.5

We prove this theorem by constructing two upper solutions. Define, for some M;, X,
o1 >0 and J; € (A —f/(l)),

g, (1) == g(t), hi(t) := crt — oy Mie 2" + X1, Ty(t,x) := (1 + Mie~")qr(x — hy(1)),
and, for some M,, X, < X1, 6, >0, 6, € (0,—f'(1)),
ha(t) := h(t), g,(t) = cpt + aaMae™ % + Xs, Ta(t,x) := (1 + Mae™)qr(x — G, (1))

One can calculate directly as in [11, Lemma 3.2] to show that, when o¢,0, are large,
(1,8, h1) and (tp, 85, ha) are upper solutions of (1.1) for large t > 0. Therefore,

h(t) <hi(t) and  g(t) > g,(¢) (5.10)

for large t. By Corollary 3.6, cg < ¢; when o > o* and f§ < o, or f = ay. Hence, (5.10)
implies that h(t) — g(t) — 0 as t — T* for some T* < 400, that is, vanishing happens by
Lemma 4.5.

Now, we consider the case o = o*. In this case, ¢, = cg. It follows by (5.10) and Lemma
4.5 that 0 < hyo — goo < +00 or h(t) — g(t) — 0 as t — Ty for some Ty < +oc. The latter
implies vanishing. We next prove that the former case is impossible. Otherwise, define

H(t) ;== h(t) — cgt and G(t) == g(t) — cpt fort>0

and
W(t,x) == u(t,x + cpt) for G(t) < x < H(t), t > 0.

Then, w(t, x) satisfies

« 4 crivy + (W), G(1) <x < H(t), t >0,

) =0, G'(t) = —Wu(t,G1(1) + p —cr, >0,
)= 0,H'(t) = —Wwy(t, H(t)) — (¢ + ), >0,
H(0) = hy, w(0,x) =u(0,x), —ho < x < hy.

Il
=)
=

t
t

~

(5.11)

DD
)

)

)

|
D
=
[

Comparing with gg(x) and ¢, (x), one can prove that ﬁ(t), as well as a(t), does not move
across any fixed point for infinitely many times (cf. [4, Lemma 2.9]), that is, H,, =
llim H(t) € [—o00,40o0] and G, = tlim G(t) € [—o0, 4] exist. Moreover, it follows
—00 —00

by (5.10) that g,(1) < g(t) < h(t) < hy(t) for large t. Therefore, Huoo, Goo € (—00, +00).
Using similar arguments to those for claim 3 in the above proof, one can show that
w(t, x) converges to the stationary solution V of (5.11); uniformly in [G., Hs], where V
satisfies:

~

V"' 4+ gV +f(V) =0, x € (GoorHoo)s
V(Goo) = V(Hos) =0, ¢ > 0. (5.12)
V'(Goo) = B = cr, —V'(Hoo) = o + ck.
This is a contradiction, since (5.12) has no positive solution by Lemma 3.4 and the
uniqueness of the solution for ODE. O
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5.3 Proof of Theorem 2.6

We divide the proof into several steps.

Step 1. Boundedness of h(t) —cgt and g(t)—crt. By Theorem 2.1, using similar arguments
to those for [18, Proposition A], there exist 6 € (0,—f'(1)), T > 0 and M > 0 such that
fort > T, c¢*t C [g(t),h(t)] and

u(t,c*t) =1—Me™°  u(t,x) <1+ Me % for x € [g(t), h(¢)]. (5.13)
Here, we have used (4.18) in the first inequality. Define, for some Ny, Li(T) > 0
g(t) = g(t), h(t) == crt —oN1e™ + Ly(T), (t,x) := (14 Nie”*)gr(x — h(1)),
and for some N, Ly(T) > 0,
g(t) :=c*t, h(t) :==crt + aNre ™ + Lo(T), u(t,x) := (1 — Nre™*")qr(x — h(t)).

By (5.13), one can calculate directly as in [11] to prove that (&, g,h) is an upper solution
and (u, g, h) is a lower solution of (1.1) provided that ¢ > 0 is sufficiently large. Therefore,
h(t) < h(t) < h(t) for large t. This implies the boundedness of h(t) — cgt. The boundedness
of g(t) — cpt is proved similarly.

Step 2. Convergence of h(t) — cgrt, g(t) — crt, W(t), g'(t). Define, for t > 0,
H(t) := h(t) — crt, G(t) :=g(t) — crt, w(t,z) :=u(t,z + crt), z € [G(t), H(?)].

By Step 1 and ¢, < cg when o < o*, we have G(t) — —oo as t — oo. Moreover, w
satisfies (5.11) and H := lim,_. ., H(t) exists and it is finite by the boundedness of H(t).
By the limit of H(t) and the uniform Hdlder estimate for H'(t): [[H'(t)[|cvz(100) < C
for C independent of ¢ (cf. the proof of Theorem 1.6 in [4 ]) it is easy to show that
lim,_, o, H'(t) = 0, that is, lim,_, o, #'(t) = cg. Similarly, the limit G := lim,_, . [g(t) — cLt]
exists and lim,_, .. g'(t) = cL.

Step 3. (2.6) and (2.7) hold. Define, for any small ¢ > 0, and some H;,N,B,K > 0,
T > 07 5 S (09 _f/(l))s

) = g(0),
) = crt + H; + Ne + NeB(1 — e 00~ 1)),

x) = (1 + Kee = D)gr(x — hy (1))

=l ol

it
it
1t
One can calculate directly as in [11, section 3.3] to show that, when N (with N > 1), T

K and B are sufficiently large, (i;,g;, h) is an upper solution. Then, by the monotonicity
of qr, we obtain

u(t,x) < qr(x — crt — Hy — Ne(1 4+ B)) + eKe 20T, (5.14)

Similarly, define a lower solution as follows:
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FIGURE 2. Graphs of cgr(x) and cr(f) when f(u) = u(1 — u).

(t) =c"t,
((t) = crt + Hy — Ne — NeB(1 — 21~ T)),
l(tax) = (1 - KSe_é(t_T))qR(x _ h](t))

1

IS IS o

We may apply the comparison principle to obtain u(t, x) < u(t, x) for x € [g(t), h(t)] and
t > 0. More precisely,

gr(x — crt — Hy + Ne(1 4+ B)) — eKe =T L u(t, x). (5.15)
By (5.14), (5.15), the mean value theorem and the monotonicity of ggr, we have

limsup sup |u(t,x) — gr(x — h(t))| < Ce,
t—oo  x€E[c*t,h(t)]

where C is dependent of ||qg||o but independent of e. Letting ¢ — 0, we deduce

limsup sup |u(t,x) — gr(x — h(t))| = 0.

t—oo  x€[c*t,h(t)]
One can similarly show that

limsup sup |u(t,x) — qr(x — h(t))| = 0.

t—oo  x€[g(t).c*t]

6 Numerical simulation and discussion

In this section, we give the numerical results of the asymptotic speeds of free boundaries
when spreading and transition happen, that is the numerical simulations for cgr(a), cL(f)
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FiGURE 3. Graph of ¢* (o) when f(u) = u(l — u) and f = 0.25.

and c*. For simplicity, we choose f(u) = u(1 — u). In this case,

[,
oy = 2/0 f(s)ds = ? ~ 0.5774.

Our computational results show that cg(0) = —c(0) =~ 0.3640. In Figure 2, we plot the
graph of cg() for « = 0 (which has a decreasing slope), and the graph of ¢ (f) for f =0
(which has an increasing slope). Then fix f = 0.25 < o, it is easy to see from Figure 3
that ¢*(«) is decreasing in « > 0.25 and ¢*(0.25) = 0.

Figure 2 shows that the asymptotic spreading speed of the right (resp. left) free boundary
is decreasing (resp. increasing) in o > 0 (resp. f > 0), and it is positive (resp. negative)
when o (resp. ) is small while it is negative (resp. positive) when « (resp. ) is large. The
biological significance of the numerical and main results can be read as:

(a) when the resistant force at the boundary is small (i.e, 0 < f < a < o), the free
boundaries can expand outwards and tend to +oco and —oo, respectively. The species can
successfully spread into infinity eventually and stabilize as a positive equilibrium state,
and the occupied space (g(t), h(t)) of the species tends to the entire space;

(b) when the resistant force is small at the left boundary and medium at the right
boundary (i.e., 0 < ff < 0p < o < o*, where o = o* is the unique value such that cg(a) =
cr(p)), both the left and the right free boundaries expand leftwards with ¢, < cg < 0.
This means that the environment at the right is more hostile than the left. So the species
moves leftwards and its occupied space become larger and larger;

(c) when the resistant force is small at the left boundary and large at the right boundary
(ie, 0 < f < o9 and o > a*), the right free boundary moves leftwards faster than the left
free boundary. In this case, the species moves leftwards, but its occupied space become
smaller and smaller, and the species will die out eventually;

(d) when the resistant force at the boundaries is large (i.e., « > f§ > o), the right front
moves leftwards while the left front moves rightwards, and the occupied space of the
species tend to a point, the species can not spread into infinity and instead vanishes in a
finite time.
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Additionally, we obtain a transition case: The solution converges to a compactly
supported travelling wave moving leftwards with a certain speed. We also analyse the
influence of o on the speed when f is fixed. Figure 3 shows that the speed of the travelling
wave is decreasing in o, which means that in the transition case, the species moves
leftwards faster when the resistant force at the right boundary is larger.

The spreading case (when 0 < f# < 0p < o < o*) and the transition case in our problem
are new phenomena compared with that when o« = f = 0. The condition o« > f > 0
is such that the species prefers moving leftwards than to moving rightwards, since the
resistant force at the right boundary is larger than that at the left boundary. Hence for
some sufficiently large initial density, the species moves leftwards and its occupied space
becomes larger and larger (see Theorem 2.1 (i-b)), and for a particular initial density, the
species moves leftwards with a certain speed and its occupied space tend to a constant
(see Theorem 2.1 (iii)).
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