THE JOURNAL OF SymBoLIC LoGIiC
Volume 80. Number 2. June 2015

THE UNDECIDABILITY OF THE DEFINABILITY OF PRINCIPAL
SUBCONGRUENCES

MATTHEW MOORE

Abstract. For each Turing machine 7", we construct an algebra A’(7") such that the variety generated
by A’(7) has definable principal subcongruences if and only if 7 halts. thus proving that the property of
having definable principal subcongruences is undecidable for a finite algebra. A consequence of this is that
there is no algorithm that takes as input a finite algebra and decides whether that algebra is finitely based.

§1. Introduction. Given a variety V, the residual bound of V is the least cardinal 4
that is strictly larger than the cardinality of every subdirectly irreducible (=SI)
member of V. If such a / exists we write (V) = 4, and if no such /4 exists, then we
write K(V) = oo. If V = V(A) is the variety generated by the algebra A, we define
k(A) = k(V(A)). The RS-conjecture (see [4]) is the conjecture that x(A) > w
implies x(A) = oo for finite A. McKenzie [7] disproves this conjecture by exhibiting
an algebra with residual bound precisely w. This algebra is used by McKenzie as a
basis for his groundbreaking paper [6], in which to each Turing machine 7 an algebra
A(T) is associated such that (A(7)) < w if and only if 7 halts, thus proving that
the property of having a finite residual bound is an undecidable property of a finite
algebra.

The problem of algorithmically determining whether x(A) < w is closely related
to a problem due to Alfred Tarski, called Tarski’s finite basis problem. An algebra
A is said to be finitely based if the infinite set of identities which are true in A can
be derived from a finite subset of them. Tarski’s problem is the question: is there an
algorithm that takes as input a finite algebra and determines whether it is finitely
based? McKenzie [8] uses a construction similar to his A(7) construction to provide
a negative answer to this question, and Willard [10] shows that, in fact, the original
A(T) is finitely based if and only if 7 halts. Thus, there is no algorithm that decides
whether an algebra is finitely based for every finite algebra.

An algebra A is finitely based if and only if V(A) (the variety generated by A) is
finitely axiomatizable. One approach to proving that V(A) is finitely axiomatizable
is to first show that x(A) < w, and then to show that V(A) has definable principal
congruences. These two features are sufficient to imply that V(A) is finitely axiom-
atizable. A formula w(w. x, y,z) defined in an algebraic first-order language L is
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said to be a congruence formula if w is existential positive and for every model A
of L and for all a.b.c,d € A, A = w(a.b.c,d) implies that (a, b) belongs to the
congruence generated by the pair (¢, d). A class C of algebras of the same type is
said to have definable principal congruences (DPC) if there is a congruence formula
w such that for every A € C and every a,b € A the formula w(x, y, a, b) defines the
relation “(x, y) € Con®(a, b)”. McKenzie [5] shows that if a variety V has definable
principal congruences and (V) < w, then V is finitely based.

Baker and Wang [2] generalize DPC by saying that a class of algebras C (all of the
same type) has definable principal subcongruences (DPSC) if there are congruence
formulas I and w such that forall A € C and all a.b € A, if a # b then there exist
c.d € Asuchthatc # d. A =T(c.d.a.b).and w(—. —. c.d) defines Cg"(c.d). Itis
convenient to observe that if the type of C is finite, then there is a first-order formula,
IT,(y.z) so that A |= IT,(c.d) (where A is any algebra of this type) if and only
if {(a.b) | A = w(a.b.c,d)} is the congruence generated by (¢, d). In symbols, a
class C of algebras of the same finite type has DPSC if there are congruence formulas
I'(w, x, . z) and w(w. x. y, z) such that for all A € C,

AfEVabla#b—3cd|c#dNT(c.d.ab) 11,(c.d)]].

See Figure 1. Baker and Wang [2] use the fact that congruence distributive vari-
eties have definable principal subcongruences to give a new proof of K. Baker’s
Finite Basis Theorem [1]: if A is a finite algebra of finite type and V(A) is con-
gruence distributive, then A is finitely based. Willard [11] extends Baker’s theorem
by showing that if the variety has finite type, is residually finite, and is congruence
A-semidistributive (V(A(7)) has these features if 7 halts), then the variety is finitely
based. Since V(A(T)) is finitely axiomatizable if and only if 7 halts, and finitely
axiomatizability is so closely related to DPC and DPSC, it is natural to consider
whether the failure of finite axiomatizability when 7 does not halt is related to a
failure of DPC or DPSC in V(A(T)).

The main result of this paper is to construct an algebra A’(7) based on
McKenzie’s A(7) and to show that A’(7") has definable principal subcongruences

Con(B)

conte) V Cela.b)
v Cela. b) ﬁ# T(e.d,a.b)
%': wl(e.d.a.b) 3 Cgle.d)
v Cele.d) &): wlrs.c.d)
v Ce(r.5)

FIGURE 1. A has DPC via y, and B has DPSC via I and w.
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if and only if 7 halts. Since the halting problem is undecidable, this proves that the
property of having DPSC is undecidable (i.e., there is no algorithm that takes as
input a finite algebra and giving as output the correct answer to the question: “does
the variety generated by this algebra have DPSC?”). The proof of this involves
many cases, an exploration of “A’(7)-arithmetic”, and a fine analysis of the poly-
nomials of A’(7). We begin in Section 2 with a description of the algebra A’(7T).
Section 3 details the modifications to McKenzie’s original argument that are nec-
essary to show that k(A’(7)) < w if and only if 7 halts. Section 4 then gives a
detailed description of the subdirectly irreducible algebras of V(A'(7)) that will be
needed throughout. The proof that DPSC is undecidable is broken into two cases,
depending on whether 7 does or does not halt. The case where 7 halts is addressed
in Section 5, and is quite complicated, involving many subcases. The case where
T does not halt is addressed in Section 6, and a short negative answer to Tarski’s
problem using the undecidability of definable principal subcongruences is given in
this section as well.

The results in this paper originated with the examination of properties of A(7).
Finite axiomatizability is closely related to the properties of definable principal con-
gruences and definable principal subcongruences, and there was a natural question
of whether McKenzie’s negative answer to Tarski’s finite basis problem was the
consequence of a more primitive result concerning either DPC or DPSC. Although
it is true that this is the situation for A’(7), it was recently shown by the author
in [9] that the original A(7") does not have DPSC. This is the first known example
of a congruence A-semidistributive variety with finite residual bound that does not
have DPSC. The methods used to prove the undecidability of definable principal
subcongruences do not appear to be amenable to proving the undecidability of
definable principal congruences, but the overall structure of the argument and the
fine analysis of polynomials in V(A/(7)) may provide a foundation for proving the
undecidability of DPC as well.

§2. Defining A'(7). We define a Turing machine T to be a finite list of 5-tuples
(s,r,w.d, t), called the instructions of T, and interpreted as “if in state s and reading
r, then write w, move d, and enter state ¢.” The set of states is finite, r,w € {0, 1},
and d € {L,R}. A Turing machine takes as input an infinite bidirectional tape
7 : Z — {0, 1} that has finite support (i.e.. 7~ !({1}) is finite). If 7 stops computation
on some input, then 7 is said to have halted on that input. For this reason, we say
that the Turing machine halts (without specifying the input) if it halts on the empty
tape 7(x) = 0. We enumerate the states of 7 as {uo. ..., u, }. where y is the initial
(starting) state, and g is the halting state (which might not ever be reached). 7 has
no instruction of the form (uo. r, w, d. t) but for every pair (i, ) with 1 < i < n and
r € {0, 1} does have precisely one instruction of the form (u;.,r, w.d. ).

Given a Turing machine 7 with states {uo. ..., &, }, we associate to 7 an algebra
A'(T). We will now describe the algebra A’(T). Let

U={1.2.H}. W ={C.D.dC.dD}. A={0}UUUW,
Vi ={CS DL M!.OCS.ODS.OM!} for 0<i<nand{rs}C{0.1}.

> > >

Ve=V9UuV,.  Vi=VouVay. V=J{Vil0o<i<n}
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The underlying set of A’(7) is A'(T) = A U V. In the operations defined below,
the “0” is taken to be a permutation of order 2 with domain VU W (e.g. 80C = C),
and is referred to as “bar”. It should be mentioned that 0 is not an operation of
A’(T). We now describe the fundamental operations of A’(7). The algebra A’(T)
is a height 1 A-semilattice (i.e., it is “flat”) with bottom element O:

e X1 X2
x/\y:{x nx=r \‘/
0

0 otherwise.

This semilattice structure induces an order, <, on algebras in V(A'(7)). There is a
binary nonassociative “multiplication”, defined by

2-D=H-C =D, 1-C=¢,
2-0D = H -9C = 8D, 1-8C =0C,
and x - y = 0, otherwise. The next operations play the role of controlling the

production of large SI’s (i.e., those SI’s not contained in HS(A/(7))) in McKenzie’s
original argument. Such SI’s are fully described in Section 4. Define

X ifx =y,
J(x.p.2)=(x Aoy AZ)V(XAy)=(xAz ifx=0pecVUW
0 otherwise,

xANz ifx=y,
J'(x.y.z) =(xAyAz)V(xAOy) =< x ifx=0yeVuw

0 otherwise,

and

K(x.9.2) =OxAp)V(Ox A0y Az) V(X Ay Az)

¥ ifx=0yeVuUmw

z fx=y=0z€VUW

x Ay Az otherwise.

(In expressions like x Ady Az, if y does not lie in the domain of 8, then we take dy to
be 0.) As we will see, the J and J’ operations force a certain easy-to-analyze structure
on the SI's of the variety, and the K operation allows us to simplify certain kinds of
polynomials in the SI's in HS(A/(7)) (i.e., the small SI’s). This simplification of
polynomials will be the key to showing that V(A’(7)) has DPSC when 7 halts.

Define
if
So(u,x.y.z) = (xAp)V(xnz) i ue v,
0 otherwise,
if 1.2},
Sl(u,x,y,z): (x/\y)\/(x/\z) 1146{./ }
0 otherwise,

(xAyY)V(xAz) fu=vec VUMW
0 otherwise.

Sl 0.7, 7) = {
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The operation of left multiplication by y, 4, (x) = y-x. s, in general, not injective.
The next operation will allow us to produce “barred” elements (i.e., produce Ox
from x) in cases when 4, is not injective. Let

w - X ifw-x=y-zand (w.x) = (y.2),
T(w,x.y,z) =< 0(w-x) iffw-x=y-z#0and (w.x) # (y.2).
0 otherwise.

Next, we define operations that emulate the computation of the Turing machine
on some tape. First, we define an operation that when applied to certain elements
of A’(T)% will produce something that represents a “blank tape”:

Cloo if x =1,
MY if x =H,
(ORE S
o fx=2
0 otherwise.

For each instruction of 7~ of the form (u;,r. s, L, yj) and each ¢ € {0, 1} define an

operation
C;'t' if x=y=1andu = C; forsome s’
M; ifx=Hy=1 andu=Cj.
Lin(x.y.u) = Dji ifx=2y=H, andu = M/.

D3, ifx =y =2andu = D} for some s,
Ov ifu € Vand L;;(x.y,0u) = v € V by the above lines,
0 otherwise.

Let £ be the set of all such operations. Similarly, for each instruction of 7 of the
form (u;.7.s.R, u;) and each ¢ € {0, 1} define an operation

’ . ’
C; ifx=y=1landu = Cj forsomes’,

Cy ifx=H.y=1 andu= M.
Rin ) th ifx=2,y=H, andu = D/,
irt\ X, YV, U) = L . .
iy D3 ifx =y =2andu = Dj, forsome s’

Ov ifu €V and R (x.y.0u) = v € V by the above lines,
0 otherwise.

Let R be the set of all such operations.

When applied to certain elements from 4’(7)%, these operations simulate the
computation of the Turing machine 7 on different input tapes. Certain other ele-
ments of {1,2, H }Z serve to track the position of the Turing machine’s head when
operations from £ U R are applied to elements of A’(7)% that encode the con-
tents of the tape. Define a binary relation < on {1,2,H} by x < y if and only
if (x,y) = (2.2), (x,y) = (2.H). or (x.y) = (1,1). For F € £ U R note that
F(x,y.z) = 0 except when x < y. As with the multiplication operation, operations
of the form m(x) = F(u,v.x) with F € £ U R are not injective. The next two
operations are very much like the 7 operation in that they allow us to produce
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barred elements in some situations, where m(x) fails to be injective. For F € LUR
define operations

OF (y.z,u) ifx <z x#y and F(y.z,u) #0,
Ud(x.y.z.u) =S F(y.zou)  ifx <z x =y, and F(y,z.u) #0,
0 otherwise.

OF (x.y.u) ifx <z y#z and F(x,y,u) #0,
Ub(x.y.zu) =S F(x.y.u) ifx <z y=z and F(x,y.u) #0.
0 otherwise.

The operations of A’(7) are
{0.A.(-). LI . K.S0.81.8. T.1} ULURU{UL. U} | F € LUR].

Observe that all operations of A’(7") are monotonic with respect to the order induced
by the semilattice structure. The A(7) algebra from [6] has the same underlying set as
A’(T), and all of the same operations except for K. McKenzie proved the following
theorem.

THEOREM 2.1 (McKenzie [6]). «(A(T)) < w if and only if T halts.

The fact that V(A'(7)) has only finitely many subdirectly irreducible algebras,
all finite, if 7 halts is needed to prove that this variety has definable principal
subcongruences. Since we have modified the algebra that this theorem refers to,

we must show that this theorem as well as other important properties of A(7) still
hold.

83. Modifying McKenzie’s Argument. McKenzie’s argument is quite detailed and
long, and fortunately only needs to be added to, not changed. In this section we will
detail the specific additions to the arguments in papers [7] and [6] that are needed,
in order to prove that the large subdirectly irreducible algebras in V(A/(7)) satisfy
K(x,y.z) = x Ay A z and are otherwise precisely the same as the large subdirectly
irreducible algebras in V(A(T)) as described in [6].

LEMMA 3.1. Suppose that B € V(A'(T)) is flat and B = Sx(u,v,x,y.z) ~ 0.
Then

(1) BEK(x,y.z) ®x Ay Az, and

2) BEJ (x.y.z) ~xAyAcz.

PrOOF. We begin with item (1). B € V(A'(T)), so say B = C/6, where C <
A’(T)E and 0 € Con(C). Suppose that B = K(x,y.z) ~ x A y A z. Then there are
a,b,c € CwithK(a,b,c) f (a AbAc).Inparticular, from the definition of K this
means that at least 2 of a, b, ¢ lie in distinct §-classes, and by flatness, (a Ab Ac) 0 0.
We therefore have that K (a,b,c) 6 0.

Let o = K(a. b, ¢). From the definition of K and since K (a.b,c) # (a Ab A c¢),
for each I € Supp(a) we have a(l) € {a(l),0a(l)}. If a 6 a, then since A'(T) =
Kx,yz) Ax~K(x.y.2) A X Ny Az,

K(a,b,c)=a8anra=K(a.b.c)Na=K(a.b.c)NaNbAc.
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By the flatness of B, this implies K(a.b.c) 6 (a A b A c¢), which contradicts
observations in the first paragraph. It follows that o 8 @, so (o A a) 0 0. From the
definition of K, the hypothesis that B = S>(u, v, x. y, z) =~ 0, and these observations,

a(l) forl € Supp(a).
0 for I ¢ Supp(a).

Let ¢/ = K(a.a.a A a). Then K(a,b,¢) = K(a',b.c) 0 K(0,b,c) = 0, a
contradiction.

We will now prove item (2) from item (1). Assume to the contrary that B
J'(x.y.z) ~ x ANy Az.Then there ared, e. f € BsuchthatJ'(d.e. f) #dANeNf.
Ifd Ae A f # 0, then by the flatness of B it follows that d = e = f. In this case
J'(d.e. f) =d Ne A f by definition, so it must be thatd A e A f = 0. Thus, we are
assuming that J'(d.e, /) # 0.

Since A'(T) = K(x,y.x) ~ J'(x,y.x) > J'(x,y.z). forany d,e, f € B by the
proof of item (1) above we have

dNhNe=K(d ed)=J(ded)>J(def).

Bis flat, and by the previous paragraph J'(d, e, f) # 0. Thismeans that J (d.e. f) =
d N e # 0. Therefore d = e, and

J'(def)=Jddf)=dNdNf=dNeNAf,

a contradiction. .

00 S>(a,a.a,a,a) —K(a,a,O)@K(a,a,a/\a)—{

Many additions to McKenzie’s argument occur where induction on polyno-
mial complexity is used, and the following lemma is the crux of the additional
argumentation in most of these instances.

LEMMA 3.2. Let L be an index set and suppose that B < A'(T)* and C C B are
such that

(1) if c € C thenc(l) # 0 for all | € L (we will say that ¢ is nowhere 0), and

(2) if c € C and a € B are such that c(l) € {a(l),8a(l)} for all | € L, then

c=ua.
If f1(x), f2(x). f3(x) are polynomials of B such that for all i either f;(x) is constant
or f71(C) C C. then the polynomial f (x) = K(f1(x). f2(x). f3(x)) is also either
constant in B or f~1(C) C C.

ProoF. Let f1(x), f2(x). f3(x) be as in the statement of the lemma, and let
f(x) = K(f1(x), f2(x). f3(x)). We will show that f(x) is either constant or
f~YC) C C. Suppose that « € B and f(a) € C. Since

fla) =K (fi(a). f2(a). f3(a))
= (0f1(a) A f2(a))V(Bf1(a) NOfa(a) A f3(a)) vV (fi(a) A f2la) A f3(a)).

and f(a) is nowhere 0 and A’(7) is flat, for each / € L
e 0f1(a)(l) = f2(a)l) = f(a)), or
e df1(a)l) = 3fz( )(1) = f3(a)(l) = f(a)l), or
o f1(a)(l) = f2(a)(l) = f3(a)(l) = f(a)(1).

For b € {fi(a ) 2(a)} it follows from these formulas that b(1) € {f(a)(l),
f (a)(l)} for all l € L. Hypothesis (2) implies that f(x) = fi(a) = f2(a).
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and then f(a) < f3(a). Since f(a) is nowhere 0, we have f(a) = f3(a) as well.
Thus, fi(a) € C fori € {0,1,2}. Thus, finally, if « € C, then each f; is constant
on B, and thensois f. -

DEerINITION 3.3, Let C be a class of algebras of the same type whose reduct to
{0, A} is a meet semilattice. C is said to be 0-absorbing if for every fundamental
operation F(xi,....x,),every A € C.,and every ay,....a, € A,

0e{a.....a,} implies F(ay.....a,)=0.

We now enumerate the needed additions to McKenzie’s proofs in papers [7]
and [6]. To avoid needlessly long definitions and discussions, the additions will be
presented assuming that the reader has the appropriate paper on hand to reference.
Overall, we will proceed through the main argument in [6] and divert to [7] when
the main argument makes reference to it.

(1) In general, we note that K is monotonic, and if A € V(A/(7)) is flat and

AkE Sy (uv x,y.z)~0,thenA | J'(x,y.z) ~ K(x,y.z) ~ x Ay Az. This
is Lemma 3.1.
(2) In [6] in the proof of Lemma 4.1, elements o, and f, of A’(7)% are defined

as
1 ifk<n,
: C ifk<n
ank) =L H ifk=n and B,(k)= presm
. D ifk >n.
2 itk >n,

Let T be the subuniverse of the algebra generated by these elements, X the
set of all configuration elements generated by the «, (that is, the set of all
nowhere 0 outputs of LU R U {I}). and Ty the subset of " consisting of
elements that are 0 at some coordinate. It is necessary to prove that the set

I"'=ToUZU{a.Bu|ne€Z}

is closed under the operation K. By construction, if u € T\ T'y, then for each
I € L, u(l) cannot be a barred element (e.g. dC, D, dC;, etc.). From the
definition of K, we have thatif a, b, ¢ € T"\T.then K (a.b.c) = aAbAc € T.
Thus K(I'"\ Ty, I\ Ty. "\ T'y) C I'". The set [’y contains elements that have
a value of 0 at some coordinate. Since K is 0-absorbing in its first and second
coordinates, K (Iy, I, T")UK (I, Ty, ") C T'p. Furthermore, ifa,b € T"\I'y
and ¢ € Ty then since a(/) # 0b(I) forany [ € Z (I'" \ T’y contains no barred
elements), we have that K (a.b,c¢) = a Ab Ac,soin this case K(a.b.c) € Ty
since w € [y. Therefore K (I'"\ Ty, I\ T'y. Tp) C T'y. We have now show that
K", T'.,T') C I", so we are done.

(3) The proof of Lemma 5.3 in [6] needs only a few added words at the end of
the first full paragraph on page 41 to demonstrate that our new operation K
can be dealt with the same way as the operations J and J’ are handled in this
proof.

(4) Prior to the statement of Lemma 5.5 in [6], it is written that the lemma
is a restatement of Lemmas 6.7-6.9 of [7]. All of these lemmas go through
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without modification, except for Lemma 6.8. Lemma 6.8 concerns itself with
a subalgebra B of A/(7)* and a subset B; of B defined by

Bi={ueB|u=porxox;--x,=pandu € {xg....x,}}

(p is a fixed element of B that has the property, amongst many others, of
being nowhere 0). The product in xox1 - - - x,, in the definition of B; associates
to the right. At the very start of the proof of Lemma 6.8, induction on the
complexity of polynomials is used to prove thatif u € B and f(u) € B then
f(x) is either constant or u € B;. Lemma 6.6 in [7] states that B; consists of
elements that are nowhere 0 and having the property thatifu € By andv € B
aresuch thatu(/) € {v(/),0v(l)} foralll € L, thenu = v. Taking C = B; in
Lemma 3.2 above, the inductive step of the proof for the K operation follows.

(5) In [6] in the proof of Lemma 5.7 part (iii), induction on the complexity of
polynomials is used to prove that if f(x) is a nonconstant polynomial of B
and f(u) € By for some u € B, then u € B;. This is the same argument that
appears in the previous item above.

(6) A consequence of these lemmas is that every large SI of V(A’(T)) is flat and
models S;(%, x,y,z) =~ 0 for every i € {0,1,2}. By Lemma 3.1, we have
that K(x,y,z) = x A y A z in large SUs (in fact, in large SI’s K (x, y.z) ~
XAy Az =~J(x, . z)). Therefore, the addition of the K operation does not
change the structure of the large SI's of V(A (T)).

This completes the changes that are needed to adapt McKenzie’s description of
large ST algebras in V(A(T)) to V(A'(T)). We will now give an explicit description
of exactly what these algebras look like.

§4. Subdirectly irreducible algebras in V(A'(7)). Define terms e, ej.e; in
V(A'(T)) by
eo(m, x) = So(m, x, x.x), ex(m,n . x)=S(mn x x x),

ei(m,x) = S1(m, x, x., x). (4.1)

The argument in the previous section shows that large SI’s model ¢; (7, x) ~ 0 for all
i € {0,1,2}. The small subdirectly irreducible algebras break into two categories:
those that satisfy Jn[e; (77, x) ~ x] for some i € {0,1,2}, and those that do not
(in which case they satisfy ¢;(7,x) ~ 0 for all i € {0,1,2}). As we will see in
Lemma 5.4, all SI algebras that do model Jnfe; (77, x) ~ x] for some i € {0,1,2}
have Jonsson polynomials and are thus congruence distributive, and by an argument
due to Baker and Wang [2], these algebras will also have DPSC.

There are only three different isomorphism types for small SI algebras satisfying
e;(7,x) ~ 0 foralli € {0, 1,2}. Two of these small SI's are subalgebras of A’(7)),
and the remaining one is the 4-element quotient

W = (H.C) /Cg(M{.0) = {0. H.C. D. M]} /Cg(M{.0) (4.2)

(this will be proved in Lemma 4.1). The fundamental operations of A’(7) are all
identically 0 in W except for A, which makes (W;A) a flat semilattice, and the
following operations:
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x-y=0 exceptfor H-C =D,
T(w, x,y.z) =0 exceptfor T(H C,H C)=D,
J(x.y.z)=xAy, and J'(x,p.z) =K(x,y.z) =x ANy Az

Lemma 4.1. Let B € HS(A'(T)) be nontrivial and subdirectly irreducible and such
that B |= e;(3.x) ~ 0 for all i € {0,1,2}. Then B is isomorphic to the two element
subalgebra {0, C} < A'(T), the three element subalgebra {0, H, MY} < A'(T), or to
the four element quotient W.

Proor. We will first consider subalgebras. Suppose that B < A’(7) is SI. Since
B E S;(7. x, x,x) ~ 0 forall i, we have ({1,2} U V5) N B = () and {x,0x} Z B for
x € WUV (ie., the “bar-able” elements of A'(7)). It follows that all fundamental
operations are identically 0 except for A and

I(x) =0 exceptfor I(H)= M.
x-y=0 exceptfor H-C=DandH -0C = 0D,
J(x.y.z) =x Ay,
K(x.y.z) =J'(x,y.z) =x Ay Az and
Tw.x.y.z) =(wAy) (xAz). (4.3)

There are two cases depending upon whether or not H is an element of B. For the
first case, suppose that H ¢ B. Then x -y = T(w,x.y.z) = I(x) = 0,s0Bisa
flat semilattice. It follows that if x, y € B are distinct and nonzero, then CgB(x, 0)
and Cg®(y,0) are distinct and cover 0 in Con(B). and hence B is not subdirectly
irreducible. Therefore B = {0, x}, so B is isomorphic to the subalgebra {0, C}.

For the second case, suppose that H € B. Then I(H) = M} € B as well.
If F(x) is a fundamental translation of B, then F (M) = M} or F(M) = 0 (see
the description of the fundamental operations above). Two consequences of this
are that Cg®(M?. 0) is the monolith of B and that if Cg®(a,0) = Cg®(M?,0) then
a=M).

We will now show that B = {0, H. M}}. Suppose that x € B\ {0, H. M}}.
If x =C,then H-C = D,so D € B as well. An argument similar to the one in the
previous paragraph will show that Cg®(D.0) covers 0. Likewise, if x = 8C. then
Cg®(dD. 0) covers 0. Both of these possibilities are contradictions. If x ¢ {C.dC}
then Cg®(x,0) also covers 0, again contradicting B being subdirectly irreducible.
Therefore it must be that B \ {0, H, M} = 0. It follows that the only subdirectly
irreducible subalgebras of A’(7") are isomorphic to either {0, C} or {0, H, M}.

We now examine the situation when B is a proper quotient of a subalgebra of
A’(T). Suppose that B = B;/6 € HS(A/(T)) is subdirectly irreducible. In the
quotient B, the equations (4.3) hold by the same argument appearing at the start
of the proof. Since A’(7T) is a flat semilattice, the only possibly nontrivial class of
0 is the one containing 0. As before, we have two cases to consider, depending on
whether B contains a nonzero H/6.1f H € B or (H.0) € 0, then B is a subdirectly
irreducible flat semilattice (i.e., all the operations are 0 except for A), so B must be
isomorphic to the 2-element subalgebra {0, C} of A’(T).
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Suppose now that H € By and (H,0) € 0. There are three cases to consider:

o (M.0) &0,
e (M,0)€0and[C € Byor(C,0)€0].or
e (M?,0) € 0and[C € By and (C.0) £ 0].

If (M.0) ¢ 6 then Cg®(M).0) is the monolith of B, so by the last paragraph B is
isomorphic to the 3-element subalgebra {0, H, M} of A’(T). If instead (M. 0) € 0
and [ C & By or (C.0) € 6 ]. then Cg®(H.0) must cover 0, so B is isomorphic to
the 2-element subalgebra {0, C'}. Suppose now that (M}.0) € 6 and [ C € By and
(C.0) € 0]1.1f(D.0) € 0, then both Cg®(H, 0) and Cg®(C. 0) cover 0, contradicting
the subdirect irreducibility. If (D,0) ¢ @, then Cg®(D.0) covers 0. An argument
similar to when B is a subalgebra shows that x ¢ B; or (x,0) € 0 for all x €
B\ {0, H, C, D}. When this happens B is isomorphic to the algebra W described
in (4.2) above. -

Large subdirectly irreducible algebras in V(A’(7)) come in two types: sequential
and machine. Both of these types of algebras model the identities S; (77, x, y, z) ~ 0,
J(x.y.z) =~ x, and J'(x,y.z) =~ K(x,y.z) =~ x Ay A z. Sequential algebras
are distinguished as additionally modeling the identities I(x) ~ F(x,y,z) =~
U;(w, x,y,z) =~ 0forall F € LUR and all ¢ € {0,1}. Machine algebras are
distinguished as modeling the identities x - y ~ T (w, x, y,z) ~ 0.

We begin the description of the sequential algebras by describing an algebra
Sz in which every sequential algebra is embeddable (but which may not belong
to V(A'(T))). The algebra Sy has underlying set Sz = {0,a;.b; | i € Z} and
fundamental operations of Sz, are the same as A’(7"), but are all identically 0 except
for A, (+), T, J, J', and K. The operation A is defined so that (Sz: A) is a flat meet
semilattice with bottom element 0. The operation (-) is defined so that a,, -b,41 = b,.
and 0 otherwise. The operations 7', J., J’, and K are defined

J(x,y.z) =x Ay, J(x.y.z) =K(x.y.z) =x Ay Az
Tw,x,y.z) =(w-x)A(y-z).

Define S, to be the subalgebra of Sz with universe {0, a;, b; | i > 0}, and define S,, to
be the subalgebra of Sy with universe {0, ag. by, . . .. a,, b, }. The algebras S, and S,
are subdirectly irreducible, with monoliths Cg(b, 0). With the additions described
earlier in Section 3, McKenzie’s argument in [6] proves that Sz € V(A/(T)) if and
only if 7 does not halt, and that 7 halts if and only if there is some maximum N € N
such that Sy € V(A'(T)). Sz. S. and S, for n € N are the sequential algebras,
but only S,, and S,, are subdirectly irreducible.

Next, we restate the description of machine algebras given by McKenzie [6].
We begin the description of machine algebras by defining an algebra (possibly
not in V(A’(7))) that will have a quotient isomorphic to our hypothetical machine
algebra. Let N C Z be a nonempty interval and let Q = (z, j, y) be any configuration
of the Turing machine 7 (here 7 is the tape function, j € N is the head position, and
y is the state of the machine). We say that Q is an initial configuration if 7 is the blank
tape (the tape consisting of all 0’s, written as 7y below) and y = u; (the starting
state). We say that Q is a halting configuration if y = u (the halting state). Let Qy
denote the set of all configurations (7, j,y) with j € N and 7(Z \ N) = {0}. Write
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P <y Qif there is a finite sequence Q = Qy...., Q,, = P with Q; € Qu and such
that Qi1 = T(Q).

LetZy = {a, | n € N}. and assume that Zy, Qy. and {0} are pairwise disjoint.
Let Py be the algebra where

the universe is Py = {0} UZy U Qy.

the operations (-), Sy. S1. .S, T are identically 0,

A makes (Py, A) a flat semilattice,

J(x.y.z)=xAyand J'(x,y,z) = K(x,y.z) =x ANy Az,

I(a,) = (t9.n, u1) € Qy and I (x) = 0 otherwise (here 7 is the tape consisting

of all 0%s),

o if F = L. € L where y;rsLy; is an instruction of 7 and Q = (v, n + 1. ;)
is a configuration in Qy, then F(a,.a,.1. Q) = T(Q) provided thatn € N,
T(Q) € Qu.t(n+1) = r, and 7(n) = . In all other cases F(x,y.z) = 0.
The case when F = R;. € R is defined analogously,

eif Fe LURandn,n+1¢€ N, we have

U(ay. Gni1. ani1.x) = Flay, api1,x) = Ut (an. @y, anyi1. X),

and U'Fi (w, x, y,z) = 0 otherwise.

Next, we describe the congruence of Py which we will quotient by. Assume the set
® C Qp and the element P € ® satisfy the following conditions.
For all @ € ® we have P <y Q.
IfQe®and P <y T(Q) then T(Q) € ®.
If Q € Qy is an initial configuration and P <y Q then Q € ®.
If Q. Q' € Qu. @ is a halting configuration, and Q' <y Q then Q & ®.
|N| > 1 and for every n € N, there is some (7. n,7) € .
Define I to be (Qy \ @) U {0} and let © 4 be the congruence of Py whose only
nontrivial class is I'. McKenzie gives the following theorem at the end of [6], which
with the addition of the arguments above still holds for the modified A’(7T).

TuroREM 4.2 (McKenzie [6]). O q) is a congruence relation of Py and the algebra
Py /O q) is a subdirectly irreducible algebra that belongs to V(A'(T)). Every large ST
in V(A'(T)) is either embeddable in S, or is isomorphic to Pn /®(g) for some N and
@ as above.

The above description of the SI algebras in V(A’(7)) extends to V(A/(T)) the
result that x(A/(7)) < w if and only if 7 halts to A/ (7).

TueorREM 4.3. (A'(T)) < w if and only if T halts.

§5. If 7 halts. The argument to show that V(A/(7)) has definable principal
subcongruences if 7 halts is quite long and intricate, so we will begin by giving an
description of the different cases.

DEerINITION 5.1, Let F(xy,..., X,) be a fundamental operation of A'(T), B ¢
V(A'(T)). and by, ...b, € B. The polynomials

Fb<1i> bn(x):F(bl,...,;%,...,bn) fori e {1,..., n}

are called fundamental translations of F .
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If 4(x) is a polynomial of B that is generated under composition by fundamental
translations, we will say that 4 (x) is a primitive polynomial. The set of all primitive
polynomials of B will be denoted

P(B) = {h(x) € Pol;(B) | #(x) is generated by fundamental translations}.

When the algebra B is clear from the context which /(x) is mentioned in, P(B) will
be shortened to just P.

If B is an algebra, then by Maltsev’s Lemma, (c.d) € CgB(a, b) if and only if
there is a sequence of elements, ¢ = kj,k»,....k, = d, terms f,.... f,—1. and
constantse € B™ such that { f;(e.a), fi(e.b)} = {ki.k;;1} for all i. Equivalently,
we can take the polynomials f;(e, x) to be generated by fundamental translations.
A congruence scheme, as in [3]. is a first-order formula, ¢ (w, x, y, z), that asserts
the existence of such elements ki, ..., k&, and constants e for some fixed sequence
of terms. A disjunction of congruence schemes is a congruence formula, and every
(c.d) € Cg®(a. b) satisfies some congruence scheme. Thus. showing that a principal
congruence is definable can be reduced to finding a finite number of schemes that
fully describe the congruence, and showing that a variety has definable principal
congruences can be reduced to show that there is a finite number of congruence
schemes that fully describe every principal congruence in every algebra in the variety.

Begin with an arbitrary B € V(A’(7)) with subdirect representation B <
[1,c; Ci. where each C; is subdirectly irreducible. Recall from the previous sec-
tion that e;(7. x) = S;(7, x,x,x), where 7 = n if i € {0,1} and 7@ = (n1,n2)
if i = 2. The isomorphism types of the C; come in 4 different flavors. If C; is
subdirectly irreducible, then exactly one of the following holds:

(a) C; = Infe;(n, x) ~ x]forsomei € {0,1,2}. Any such C; is necessarily small
(i.e., contained in HS(A/(7)) (see Lemma 5.2 in [6]). For fixed i € {0, 1,2}
and m € B>U B, every model of ¢; (7, x) ~ x is congruence distributive
(see the proof of Lemma 5.4), and the class of these models (for a single
fixed i) has definable principal subcongruences (see Lemma 5.4).

(b) C;issmall and C; |= ¢;(¥,x) ~ 0 foralli € {0,1,2}. In this case there are
just 3 isomorphism types (see Lemma 4.1).

(c) C; is large (i.e., not contained in HS(A'(7))) and C; |= e; (7. x) =~ 0 for all
i €{0,1,2}and C = I(x) ~ F(x,y,z) ~ 0forall F € £LUTR. In this case,
C is sequential. ST’s of this type were fully described in Section 4.

(d) C;islarge and C = ¢;(7.x) ~ O foralli € {0.1,2} and C = x -y ~
T(w,x,y.z) ~ 0, In this case, C is machine. SI’s of this type were fully
described in Section 4.

In order to show that V(A’(7)) has definable principal subcongruences, we will
produce congruence formulas I' and  such that for any B € V(A/(7)) and any
a'.b’ € B thereis (c.d) € Cg®(a’,b’) witnessed by I'(c.d.a’.b’) and such that
the relation “(x. y) € Cg®(c.d)” is defined by y(x. y.¢.d). Let B < [[,c,Cibea
subdirect representation of B by subdirectly irreducible algebras. The way in which
(c.d) is produced depends on the isomorphism types of the C; with / € L such that
a’(l) # b'(1). Our first step is to assume without loss of generality that a’ £ b’ and
totakea = a’ and b = a’ Ab' sothath < a. Let K = {l € L | a(l) # b(])}.
The case distinctions follow.
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(1) Thereis k € K such that C; | Jnfe; (7, x) ~ x]. These are the SI’s described
in item (a) above.

(2) The previous case does not hold, and thereis k € K such that Cy is sequential.
In this case either a translation of the operation (-) will distinguish ¢ and
b, or (a(l).b(1)) lies in the monolith of C; for all / € L. These are the SI’s
described in item (c) above.

(3) The previous cases do not hold, and there is k¥ € K such that C;, is machine,
and either a translation of one of the operations from LURU{7 } will separate
a and b, or (a(/), b(1)) lies in the monolith of C; for all / € L. These are the
SI’s described in item (d) above.

(4) The previous cases do not hold, so it must be that the only k € K are such that
Cy is one of the three small SI's that satisfy e¢;(77, x) ~ 0 for all i € {0, 1,2}.
These are the SI’s described in item (b) above.

We begin the proof for Case 1 with a slightly specialized version of a theorem from
Baker and Wang [2].

LEMMA 5.2. Let V be a locally finite variety and let
P(@) ={p;(€.x1.x2.x3) | 1 < j <K}

be terms in V with (a fixed number of ) constant symbols ¢. Suppose that J(¢) is
the set consisting of the Jonsson identities for the polynomials P(¢) in the variables
{x1.x2,x3}. Then the class

M = Mody(3c J(2))={BeV |BEIcJ(c)}

has definable principal subcongruences if K(V) = N < .

ProoF. The notable modification of the proof given in [2] is at (5.1) below.

Let B € M, let a.b € B be distinct, and fix ¢ € B" witnessing B = J (7).
Let B < [[;c; C; be a subdirect representation of B by subdirectly irreducible
algebras such that whenever k,/ € L and C; = C; then C;, = C;. Since k(V) < w,
each C; is finite and there are only finitely many distinct ones. We will construct a
finite subalgebra C < B, and then find a pair (¢.d) € Cg®(a.b) such that ¢ # d
and Cg®(c. d) is uniformly definable (i.e.. definable in a way that depends only on V.
andnoton B, ¢, or d).

Choose k € L such that a(k) # b(k) and |Cy| is maximal with this property.
Choose preimage representatives s, ... sy € B of Ci and let

C={ab.ctU{s,....sm}). (5.1)

Since (V) = N < w and Vislocally finite, any such C has size bounded by a number
depending only on N and the number of constants ¢. Since C has bounded size,
congruences are defined by a finite number of congruence schemes. By construction,
nx(C) = Cy and since any subalgebra of B containing ¢ is congruence distributive
(any such subalgebra has Jonsson polynomials), C is congruence distributive.

Cy is subdirectly irreducible, so ker(my|c) is completely meet irreducible in
Con(C) (the congruence lattice of C). Since C is congruence distributive, the inter-
val [0, ker(mx|c)] is a prime ideal and therefore the complement is a filter with a
least element, call it o, which is join-prime. Therefore « is a principal congru-
ence, say o = Cgc(c, d). and « is the least congruence not below ker(nk|(c). Since
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Cg%(a.b) £ ker(mi|c). by minimality of a we have o = Cg®(c.d) < Cg%(a.b).
By the previous paragraph, |C| is bounded by a number depending only on N and
the number of constants c. It follows that there is a congruence formula determined
entirely by this bound that witnesses (c¢.d) € Cg®(a.b).

Let / € L and suppose that c¢(/) # d(/). Then Cg(c.d) £ ker(m|c) and
a(l) # b(I). By the minimality of & = Cg%(c.d). it must be that ker(r|c) <
ker (7 |c). Hence there is a surjective mapping

n;(C) = C/ ker(m;|c) — C/ ker(n|c) = i (C) = Cy.

Now, C; was chosen to be maximal such that a(k) # b(k), so the mapping must
also be injective since C; is finite. Thus 7;(C) = C.

Let r.s € B be distinct with (r,s) € Cg®(c.d). We shall construct a finite I
such that (r,s) € Cg”(c.d). Let D = (C U {r.s}). As with C. any such I has size
bounded by a number depending only on N and the number of constants ¢, and so
congruences in D are defined by a congruence formula determined entirely by this
bound. Since ¢ € D", we also have that D is congruence distributive. Let / € L.
If ¢(I) # d (1) then by the above paragraph 7;(D) = 7;(C) = Cy. so

(r(1).s(1)) € Cg" e (D). d (1) = Cg"®(c(1).d (1))

On the other hand, if ¢(/) = d(I) then r(I) = s(I). so it follows that (r(/),s(/)) €
Ce D (c(1).d(1)) = 0. In either case. (r(1).s(1)) € Cg"® (c(1).d(1)) for all
[ € L. To complete the proof we need only prove the following claim.

Cramm. Let D be finite and congruence distributive and let D < [];.; C;. Then
(r.s) € Cg°(c.d) if and only if (r(i).s(i)) € Cg"P)(c(i).d (i) foralli € 1.

PrOOF OF cLAIM. One direction is clear, since the i-th projection map is a
homomorphism. For the other direction, we have

(r.s) € Cg%(c.d) Vv ker(n;) for each i.

The set I' = {ker(n;) | i € I} of congruences of D is finite since D is finite.
Let I = {ker(n;) | j € J}. where J is a finite subset of /. Then by the congruence
distributivity of D,

(r,s) € /\ (Cg”(c.d) vker(n;)) = Cg’(c.d) v /\ ker(z;).

JEJ JjeJ
=Cg%c.d) v /\ ker(m;) = CgP(c.d) V Op.
iel
=Cg%(c.d).
as claimed. -

Let V = V(A’(T)) and define subclasses of V),
M; =Mody, (Fm [e¢;(m.x) ~ x]) for i€ {0,1.2}.

We will make use of the fact that if C is subdirectly irreducible, then either C =
Jnfe;(n, x) ~ x] for some i € {0,1,2} or C |= ¢;(¥.x) ~ 0 for all i € {0,1,2}.
This fact follows from the description of SI’s in Section 4 and from the definition
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of the S; and the ¢;. In the case, where C = Jn[e; (77, x) &~ x], McKenzie [6] proves
that since C is subdirectly irreducible it is necessarily small. The condition

“x € ¢;(u, B) forsomei € {0,1,2} and some u € B*UB”

and it’s negation will be referred to quite often in the upcoming argument, so we
now define an easier way to reference it.

DEerFINITION 5.3. We will say that S C B is unhappy if
Vi €{0.1.2} Vu € B>UB [S  ¢;(u. B)].

and S is happy otherwise. The element s € B is unhappy (resp. happy) if {s} is
unhappy (resp. happy). The function & : B" — B is unhappy (resp. happy) if
Range(h) is unhappy (resp. happy). Note that these definitions depend on the
algebra B, but the particular algebra something is happy or unhappy with respect
to will always be clear from the context.

Here are some useful (and straightforward) observations about happiness with
respect to an algebra B.

e Ifaset S only contains unhappy elements then this is a stronger property than
S being unhappy.

e The operations S; for i € {0, 1,2} are happy.

e If the function & : B" — B is 0-absorbing in the ith variable position, then
it preserves happiness in the sense that if a;,...a, € B and a; is happy, then
h(ay.....a,)is happy as well.

e Ifc,d € B,d < c,and {d, ¢} is unhappy, then ¢ must be unhappy.

Lemma 5.4. If T halts then each M; has definable principal subcongruences.

ProoF. Let i € {0,1,2}. We will show that M, satisfies the hypotheses of
Lemma 5.2 and thus has definable principal subcongruences. Let B € M;. Choose
m € B> U B witnessing B = ¢; (. x) ~ x. Now, B |= ¢;(m, x) ~ x if and only if
B = S;(m.x.y.z) =~ (x Ay) V (x A z). Therefore there exists m € B> U B such that

the following
po(x.p.z) = x, pi(x.p.z) =Si(M, x.p.z) = (x ANy) V(X Az),
p2(x.y.z) =x Az p3(x,y.z) =8;(m.z.y.x) =(y Az) V(x A z),
pa(x.y.2) =z,

are polynomials of B and satisfy the Jonsson identities. If J; (772) is the set of Jonsson
identities for these polynomials, then M; C Mody,(3m J;()). Since T halts,
k(V(M;)) < &(A(T)) < w. By Lemma 5.2, it follows that M; has definable
principal subcongruences. N

Let I')(w, x,y.z) and wj(w.x.y.z) be the congruence formulas witnessing
definable principal subcongruences for M;. Define

2 2

wolw, x,y,z) = \/ wi(w,x,y,z) and To(w, x,y.z) = \/ Ch(w. x,y.2). (5.2)
i=0 i=0

THEOREM 5.5. The class Moy U M U M, has definable principal subcongruences
witnessed by the congruence formulas Ty and .
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PrOOF. Since I and y{) are congruence formulas, so are [y and y. Let ITy, (x, y)
be the formula expressing that the pair (x, y) generates a congruence that is defined
by wo(—.—.x.y) in V(A'(T)) (i.e.. the formula asserting that wo(—, —. x, y) is
an equivalence relation, is invariant under fundamental translations, and that
wo(x, y.x,y) holds). Since each M; has definable principal subcongruences and
I'yp and w are the disjunctions of the formulas witnessing DPSC, I'y and w( witness
definable principal subcongruences for the class M U M, U M3, -

In symbols, Theorem 5.5 says
MIUMUM;s EVa.ba#b—3e.d ¢ #dATole.d a.b) N1, (c.d)]].

In terms of happiness, Theorem 5.5 means that if B is a happy algebra, then B has
DPSC witnessed by I'y and wy.

The next 5 lemmas provide the groundwork for analyzing the polynomials that
make up a hypothetical Maltsev chain. Specifically, they describe the extent to which
the non-0-absorbing operations commute with the other operations.

LEMMA 5.6. Each of the following hold for every algebraB € V(A'(T)).
(1) If f(x) is O-absorbing, then g(x) = f(S;(@, p.q.x)) is happy for all j €
{0,1.2},m € B>UB.and p.q € B.
(2) If £(x) is happy. then thereis j € {0.1,2} andn € B*> U B such that
f(x) =58, f(x), f(x). f(x)).
(3) If f(x) is a polynomial, ¢,d € B, d < ¢, and {f(c). f(d)} is happy. then
thereis j € {0,1,2} and7n € B* U B such that the polynomial
gx) =8;@m f(c). f(d). f(x))

satisfies (g(c).g(d)) = (f(¢), f(d)).
ProOF. We begin with (1). Let B < [],.; C; be a subdirect representation of B
by subdirectly irreducible algebras and define

I={leL|n(S;(@p.q.B)#{0}} and J=L\L

Write a typical y € Basy = (y;.ys), where y; = n;(y) and y; = n;(y). Therefore
Si(A.p.y.y) =e;(n.y) = (y1.0).s0

gx) = f(8;(.p.q.x) = f ((p' Aq')g](p’ Ax’))
A fpr~a) VvV (pr Ax0)\ _ (f(pr Agr) v (pr A xp))
= < f(OJ) > = ( OJ > S Ej(B).

For (2). say that f(x) is happy because Range(f(x)) C e;(n. B) for some
j €{0.1,2} and7 € B?UB.Observing thate;(77,B) = e; (7. x) ~ x, the conclusion
follows.

For (3), say (as in (2)) that {f(c). f(d)} is happy because {f(c), f(d)} C
{0,1,2} and @ € B? U B. The operations of A’'(T) are

e;(n. B) for some j €
monotonic, so f(d) < f(c). Therefore
gle) =8;@m. f(c). f(d). f(c)) = (fle)nf(d) Vv (fle)Afle))= fle)
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and likewise

gld) =8;(n. f(c). f(d). f(d)) = (fe)Nfd))V(f()Af(d))=f(d). -

LEMMA 5.7. Let {c¢,d} C B be happy with d < ¢ and let g(x) € P. Then there
are constants p,q € B such that

(1) if {g(c).g(d)} is happy. then there is j € {0,1,2}, 7 € B> U B, and a happy
polynomial h(x) € P such that

g'(x)=8;{@. p.q.h(x))

has (g(c).g(d)) = (g'(c).g'(d)).

(2) if {g(c).g(d)} is unhappy. then there are some fundamental translations
Fi.....Fy and a happy polynomial h(x) € P such that for some choice of
operation G € {J, J', K}, the polynomial

g'(x)=Fyo---oFioG(p.qh(x))
has (g(c).g(d)) = (g'(c).g'(d)) and the set
{Fyo---0F10G(p.q.h(c))|1<k<M}U{G(p.q.h(c))}

contains only unhappy elements.

ProOF. Item (1) is a restatement of Lemma 5.6.

Suppose that {g(c), g(d)} is unhappy. The polynomial g(x) is primitive, so there
are fundamental translations Fi, ..., Fy such that g(x) = Fy o--- o Fi(x). Define
a sequence of polynomials g;(x) and elements ¢;, d; by g/(x) = F;0---0 Fi(x) and
(cr.dy) = (gi(c). gi(d)) with (co. dp) = (c.d). Choose L maximal such that {c,,d}
is unhappy but {¢,_1.dy—1} is happy. Since ¢, = Fr(cp—1) and dp = Fr(cp—1).
the translation F; must map some happy elements to unhappy elements (i.e., it does
not preserve happiness). The only way this can happen is if F; is non-0-absorbing
(by Lemma 5.6, 0-absorbing functions preserve happiness).

The only fundamental translations that are not 0-absorbing are the S; in the last
2 variables, and J, J’, and K in the last variable. If F; is such a translation of
an S; operation, then it is happy, which contradicts the unhappiness of {c;.d }.
Therefore

Fr(x) e {J(p.q.x).J (p.q.x). K(p.q.x)}

for some p,q € B. Let the happiness of the set {c;_i.d._1} be witnessed by
{er—1.dr—1} Ce;(m, B) for some j € {0.1,2} and 7 € B> U B, and define

g'(x)=Fyo---oFoh(x) where h(x)=S;@m.co_1.dp—1.Fr_10---0F(x)).

The polynomial /(x) is clearly happy and primitive, and by the maximality of L
the set

{Fro - oFioF(c)[L+1<k<N}={c|L+1<k <N}

contains only unhappy elements.
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The only assertion left to verify is (g’(c).g’(d)) = (g(c).g(d)). Since all
operations are monotone and d < ¢, we have that d, | < ¢y_;. Since
{er—1.dp—1} Ce;j(n.B)anddy 1 <cp1.

Fyo---oF oh (2) ZFMO--'OFLOS_/ (ﬁ,CL—l,dL—laFL_l o---0F (2))

=Fyo---0F.0S; (ﬁacLledLla (2?:1))
CrL—1
—Fyo---oF
M © o LO<dL_l>

=Fyo---oF,oF;_j0---0F) (2) 28(21)'

Therefore, (g’(c).g'(d)) = (g(c).g(d)). Reindexing Fyys. ... Fr,; completes the
proof of (2). =

The next 3 lemmas quantify the extent to which the unhappy operations J, J'.
and K in the polynomial g’(x) from the conclusion of Lemma 5.7 “commute” with
other unhappy fundamental operations.

LEMMA 5.8. Let Fy...., Fy be fundamental translations, h(x) a happy primitive
polynomial, and p. q,c,d € B withd < c such that the set

{Fro---oFi(J(p.q.h(c) |1 <k <M}U{J(p.q.h(c))}

contains only unhappy elements. If g(x) = Fyro--- o Fy o J(p.q.h(x)) then there
are constants p',q' € B and a happy h'(x) € P (actually having Range(h') C
ex(p’.q'. B)) such that the polynomial

g'(x)=J(p'.q".h'(x))
satisfies (g(c). g(d)) = (g'(c).g'(d)).
ProoF. For convenience, let r = g(c) and s = g(d). We begin by noting that
J(x.3.2) =(xAY)V(x Ay Az)=(xAy)V(XAOy Aes(x.y.2)).

from the definition of S, (recall es(x, y.z) = S»(x, y.z.z, z)) and J. Thus, it will be
sufficient to prove that the polynomial g’(x) in the statement of the lemma satisfies
g’(c) = g(c) and g’(d) = g(d) without any restrictions on the happiness of 4’(x).

i g(x)=Fyo---0oF oJ(--- h(x))
¢ /\g(d
Tl () -7
d g(d)
S Tl B R TR
h'(d)
e(p’.q'.B)

FIGURE 2. Lemma 5.8 illustration.
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We will prove the lemma in the restricted setting of M = 1 (i.e., when g(x) =
FoJ(p.q.h(x))). Repeated applications of the restricted proof will then prove the
lemma for general M. Say that g(x) = F o J(p.q.h(x)). where F is a fundamental
translation and g(c¢) = r is unhappy (and thus {r, s} is unhappy). Note that F must
be unhappy since r = F o J(p. q. h(c)) is unhappy. In particular, this means that F
is not a translation of an S; operation.

Composing the polynomial J(p.q, h(x)) with translations of operations from
{(-). 1} U L UR produce either constant polynomials or the composition is com-
mutative (i.e., F(J(p.q.h(x))) = J(F(p).F(q).F o h(x))). Thus the claim holds
for these operations.

Case A: We have that u A J (p.q. h(x)) =J(p.q. h(x)) Au=J(p Au.,q.h(x)).
Cast J: The first translation is easy since J(x.y.z) Aw = J(x A w,y.z) and
J(x.y.z) < J(x.y.x). We have
JU(p.q.h(x)).u,v) = J(p.q.h(x)) NI (I (p.q. p). u.v)
=J(pANJ(J(p.q.p).u.v).q.h(x)).
For g(x) = J(u, J(p.q. h(x)),v), let
g'(x) =J(rnK(r.p.q).S:(r. K(r. p.q).r7.5.2(x))).

where g(d) = s < r = g(c). Let B < [],., C; be a subdirect representation of
B by subdirectly irreducible algebras. We will show that g’(¢) = r and g'(d) = s
componentwise. We have that

gx)=wApnrg)V(unpndgAh(x))
V{(uNOpANOgAv)V (uNdpADBBg NOh(x)).

The argument at this point breaks down into many subcases, depending on whether

r(1) is equal to p(I). ¢(1). Op(l). or 8q(l) (if ¥(I) # 0, then by the flatness of C; it
must take on one of these values). The easiest way to keep track of everything is
with a table. Since (/) = 0 implies g’(x)(/) = 0 and s(/) = 0, we will assume that
r(1) # 0. For ease of reading, in the table below we will omit the coordinate when
giving values of functions (i.e., “(/)” will be omitted from r(/)). Additionally, those
coordinates which permit r(/) # s(I) have been indicated.

r | K(np.q) | S2(nK(rp.q).rs.glx) | g'x) | r#s
p=q p=r 0 rAT N
p=0q g =0r (ras)V(rng(x)) sV (rnagx)) Y
Op = dq p=0r ras)V(rng(x)) sV (ragx)) N
Op=gq q = 0r (ras)V(rng(x)) sV (rngx)) Y
Since r = g(c) and s = g(d), we see that g’(c)(/) = r(I) and g'(d)(I) = s(I).

except for possibly when (/) = p(I) = ¢(/). In this subcase, however, from the
description of g(x) in terms of A and V above we see that g(x)(/) is constant, so it

must be that
r(l) = gle)(l) = g(d)(1) = s(I).
Therefore, g’(¢) = r and g’(d) = s, as claimed.
In the subcase where g(x) = J(u,v.J (p.q. h(x))), let

g'(x) = J(u.v. S2(u.v.r.5.8(x))).

https://doi.org/10.1017/jsl.2014.51 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2014.51

404 MATTHEW MOORE

The note in the first paragraph of the proof shows that g’(c) = g(c¢) = r and
g'(d)=g(d) =s.

CaSE J': The first translation is similar to the case for A, and the second translation
reduces to the J case. We have

J'(J(p.q.h(x)).u.v) = J(p.q.h(x)) NI'(J(p.q.p). u.v)
=J(J'(J(p.q.p).u.v).q.h(x)). and
I (I (p.q.h(x)).v) = J (' (. I (p.q. p).v).J (p.q.h(x)). I (u.J (p.q. p).v))!
[1: see Case J above]. For g(x) = J'(u,v.J(p.q. h(x))), let

g'(x) =J(r.K(r.v.q). $:(r.K(r.v.q).7.5.g(x))).

An argument similar to the one requiring the table above will show that g’(¢) =
glc)=randg'(d) =g(d) = s.

Cask S;: Since {r, s} is unhappy, we can exclude these translations.

CasE K: Forg(x) = K(J(p.q.h(x)).u.v), let

g'(x) =J(r.K(r.p.q). S2(r.K(r. p.q).r.5.g(x))).

The approach is to take a subdirect representation of B and show that g’(c)
and g'(d) = s componentwise, as in Case J above. Since

r

g(x)=(©pANOgAu)V (8p NBBg NOh(x) ANu)V (Op AOq N Ou Av)
V(O@pAN8Og Ah(x) NOuAv)V(pAgAuAv)
V(pABg ANh(x)AuAv),

the /-th projection of the polynomial S>(r, K(r, p.q).r.s.g(x)) maps c(/) to r(/)
andd(l) tos(I)unlessr(!) = (p Ag AuAv)(l). From the definition of J, it therefore
follows that g’(¢) = rand g’(d) = s.

For the two remaining subcases where either g(x) = K(u.J(p.q.h(x)).v) or
g(x) = K(u,v.J(p.q. h(x))). let

g'(x) =J(r.K(r.u.q).S:(r.K(r.u.q).r.s.g(x))).

An argument similar to the previous subcase shows that g’(¢) = r and g’(d) = s.

Cast T: Since T(w.x,y.z) = T(y.z,w,x), we need only consider translations
through the first two coordinates. The equation

TUJ(p.qg.h(x)),uv.w)=T(pAqg.u,v,w)

holds in our variety, so we move on to the subcase g(x) = T (u. J(p.q. h(x)),v.w).
Ifg(x)=T(u.J(p.q.h(x)).v.w) then

r=1[rAw-J(p.q.h(x)]V[rAndu-J(p.qh(x))]

(x V y is not a polynomial in our variety, but since A’(7) is a height 1 semilattice,
if x, y < z then the quantity x V y is uniquely defined). From the above equation,

gx)=JrJu pu-qu-h(x)),v- w)
has g’(¢) = r and g’(d) = s and Case J applies again.
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Case F € {U).U), | M € £ UR}: The only difficulty in this case arises
when g(x) = Ul (u,v.w.J(p.q, h(x)). In this subcase, let ¢ = K (r. M (v,w, p).
M(v,w.q))and g'(x) = J (1. £, S2(r. t. 7. 5. g(x))).

This completes the proof of the restricted setting of M = 1. By repeatedly
applying this argument, the lemma is proved for general M. -

The Lemma 5.7 shows that for 2 fixed inputs, the J operation can be taken to
commute in a very specific way with the other fundamental operations. The situation
for J' is similar, but much more complicated, requiring a sequence of inputs and a
mix of the J and J’ operations.

Lemma 5.9. Let Fy,..., Fyr be fundamental translations, h(x) a happy primitive

polynomial, and p, q,c,d € B withd < ¢ such that the set
{Fio---o Fi(J'(p.q.h(c)) | 1 <k < M}U{J'(p.q.h(c))}

contains only unhappy elements. If g(x) = Fyyo---o FyoJ'(p.q.h(x)) and (r,s) =
(g(c).g(d)), then there is a decreasing Maltsev chain g(c) = ri,r2.....1n = g(d)
connecting g(c) to g(d) with associated polynomials g1(x). ..., g,_1(x) of the form

gk (x) = Gr(pr. qi. hie(x)).  where Gy € {J.J'}. pr.qr € B. hi(x) € P happy.

PrOOF. For convenience, let r = g(c) and s = g(d). As in Lemma 5.8, we
will prove the claim in the restricted setting of M = 1 (i.e., when g(x) = F o
J'(p.q.h(x))). Repeated applications on the proof in the restricted setting and of
Lemma 5.8 will prove the lemma for general M. Say thatg(x) = FoJ'(p.q.h(x))).
where F is a fundamental translation and g(c¢) = r is unhappy (and thus {r, s} is
unhappy). Note that F must be unhappy since r = F o J'(p, q. h(c))) is unhappy.
In particular, this means that F' is not a translation of an S; operation.

Composing the polynomial J'(p. ¢, h(x)) with translations of operations from
{(-). I} U LUR produce either constant polynomials or the composition is commu-
tative (i.e., F o J'(p.q.h(x))) = J'(F(p).F(q).F o h(x))). Since these operations
are 0-absorbing, they are happiness preserving, and the claim holds for them.

CASE A: We have that u A J'(p.q. h(x)) = J' (p.q. h(x)) Au=J'(p ANu.q. h(x)).

gle) =rn
\/,_‘\\ J( Iy (x))
c r \\\ c
FolJ'(-- . h(x)) J( Lhy(x))
A CEEN e T
d 3 /// d
/\*-*’/ I ()
g(d) =ry4

FIGURE 3. Lemma 5.9 illustration.
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Case J: The first translation is easy since J(x.y.z) Aw = J(x A w,y.z) and
J'(x.y.z) < J'(x,y.x). We have
J(J'(p.q.h(x)).u.v) = J'(p.q.h(x)) NJ(J'(p.q. p). u.v)
=J(p NI (p.q.p).u.v).q.h(x)).

For g(x) = J(u.J'(p.q.h(x)).v) we must introduce a new “link” in our Maltsev

chain. Let
a(x)=J(r.K(r.p.q).S:(r.K(r. p.q).r.5.2(x))) and
2(x) =J'(t1.K(t1. p.q). h(x)), where t; = g1(d)

(recall that r = g(c) and s = g(d)). We have that

gx)=wApAgAh(x)Av)V(uApAdg Av)
V (uANOpABg AOh(x))V (uAdp A Ag).

The argument at this point breaks down into many subcases, depending on whether
r(1) is equal to p(1). q(1), dp(l). or 8g(I) (if r(I) # 0, then by the flatness of C; it
must take on one of these values). The easiest way to keep track of everything is
with a table. Since r(/) = 0 implies g’(x)(/) = 0 and s(/) = 0. we will assume that
r(1) # 0. For ease of reading, in the table below we will omit the coordinate when
giving values of functions (i.e., “(/)” will be omitted from r(/)). Additionally, those
coordinates which permit (/) # s(/) have been indicated.

r | K(r.p.q) | S2(r. K(r.p.q).1.5.8(x)) | &1(x) |r#s
p=q |p=r 0 rAT Y
p=06q |g=0r |(rAs)V(rng(x)) sV(irAngx)| N
Op=0g|p=0r |(rAs)V(rng(x)) sVirnangx)|l Y
Op=q |qg=0r (ras)v(rng(x)) sV(irng(x))| N

Since r = g(c) and s = g(d), we have that gi(c) = r, and t1(/) = g1(d)(!) = s(I)

except for possibly when r(/) = p(I) = ¢(I). It follows (by flatness) that s < #; < r.
We will now show (with another similar table) that g»(c) = #; and g,(d) = s.
The first column of the table below corresponds to the 2nd-to-last column of the
table above evaluated at x = d.

Hh=g(d) |K(t.p.q)  |gx) |u#s
Fr=p=gq p=1 uAhR(x)| Y
r=s=p=0q|q =0 t N
s (pAOBs) =01 |1 N
r=s=0p=gq|q=04 18 N

From the table we can see that g,(c)(/) = #;(/) in all subcases except for possibly
when r(I) = p(I) = ¢(I). In this event, from the definition of g(x) we have that
r(1) = h(c)(1). so g2(c)(I) = t;(1) (the previous table indicates that ¢;(/) = r(/)
when r(/) = p(I) = q(I)). Therefore, g(c) = t;. Since #;(/) differs from s(/)
only when r(/) = p(I) = ¢(I). and since in this subcase #(d)(/) = s(I) (from the
definition of g(x) at the start of the case), it follows that g,(d) = s.

In the case where g(x) = J(u. v, J'(p. q. h(x))), let

g1(x) = J(u, v, S2(u. v, r. 5, h(x))).
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An argument similar to the case for J(--- ,J(--- ,A(x))) in Lemma 5.8 will show
that gi(c) = g(c) =rand g(d) = g(d) = s.
CasE J': We have

J'(J(p.g.h(x)).uv)=J"(p.q.h(x)) NI (J(p.q.p). u.v)
=J'(J'(J(p.q. p). u.v).q. h(x)).

For g(x) = J'(u.J'(p.q,h(x)),v) we must again introduce a new “link” in our
Maltsev chain. Let

gi(x) =J (. K(r.p.q). S2(r. K(r.p.q).r.5.¢(x)))  and

@(x) =J'(t1, K (4. p.q). h(x)), where 11 = g1(d).
An argument similar to the corresponding subcase of Case J will show that g (c) =
r.g1(d) = g(c) = t1. and g2(d) = s. For g(x) = J'(u,v.J'(p. q. h(x))). let

g1(x) =J"(r.K(r,v.q).h(x)).

An argument similar to the one at the start of Case J above will show that g1(c) = r
and g>(d) = s.
Cask S;: Since {r, s} is unhappy, we can exclude these translations.
CasE K: For g(x) = K(J'(p.q.h(x)).u,v). let

g1(x) =J(r.K(r.p.q). S:(r.K(r.p.q).r.5.g(x)))  and

g(x) =J'(t1. K(t1. p.q). h(x)). where 71 = g1(d).
An argument similar to the one in Case J requiring the tables shows that g;(c) = r,
g1(d) = g2(c) = 11, and g»(d) = s. For the two remaining subcases where we have
either g(x) = K(u, J'(p.q. h(x)).v) or g(x) = K(u.v.J'(p.q.h(x))), let

a(x)=J(rnK(ru, p),So(r,K(r,u.q),r.s,g(x))) and

2(x) =J' (01, K (t1,u. q). h(x)). where t; = g1(d).
An argument similar to the one using the tables above will show that g;(c) = r,
g1(d) = gr(c) =11, and go(d) = s.

Case T: Since T(w,x,y.z) = T(y.z,w,x), we need only consider translations
through the first two coordinates. If g(x) = T(J'(p., q. h(x)), u. v, w), then

r= A (g () )] V [ A DU (prg () )]
Therefore
"X)=J'rnJ (p-u.q-uh(x) u)v-w)

g
has g(¢) = r and g(d) = s and Case J’ applies. Similarly if we have g(x) =
T(u,J' (p.q.h(x)),v,w), then

r= [ A (g BV [ A B - I (pog ()]
Therefore
gX) =70 (u-pu-qu-h(x).v w)
has g(¢) = r and g(d) = s and Case J' applies again.
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Case F € {U). U}, | M € LUR}: If g(x) = Uk (u.v,w.J'(p.q. h(x))), then let
g'(x) = J'(r. Up (u.v.w.q). U (u.v.w. h(x))):
ifg(x) = Uk(u.v.J'(p.q.h(x)), w), then let
g'(x) =J'(r. Up(u,v. p.w), Up (u. v, h(x). w));
ifg(x) = UkL(u.J'(p.q.h(x)),v.w), then let
g'x)=J'(r, Up(u pv.w), Up(u h(x). v, w));
ifg(x)=UL(J'(p.q.h(x)), u,v,w), then let
g'(x) =J'(r. Up(p.u,v.w), Up (h(x), u,v.w)).

This completes the proof of the restricted setting of M = 1. By repeatedly
applying this argument and Lemma 5.8, the lemma is proved for general M. -

In the Lemma 5.10, we see that the K operation behaves essentially the same as
the J/ operation.

Lemma 5.10. Let Fy,..., Fy be fundamental translations, h(x) a happy primitive
polynomial, and p. q,c,d € B withd < c such that the set

{Fio---oFi(K(p.q.h(c))) | 1 <k < M.}U{K(p.q.h(c))}

contains only unhappy elements. If g(x) = Fyy o --- 0 Fi o K(p.q.h(x)), then there
is a decreasing Maltsev chain g(c) = r1.r2,....r, = g(d) connecting g(c) to g(d)
with associated polynomials g(x). ..., g._1(x ) of the form

gi(x) = Gi(pr. qi. hi(x)).  where Gy € {J.J'}. pr.qr € B. hi(x) € P happy.

Proor. Let g’(x) = K(p. q.h(x)), where p.q and h(x) are as in the hypotheses
of the lemma, and let r = g’(¢) and s = g’(d). Define

f1(x) =J (. K(r.p.q). S2(r. K (r. p.q).7.5.h(x)))  and

fa2(x) =J' (0. K(t1. p.q). h(x)). where t; = f1(d).
gle)=rn
\/,_‘\\ J( Iy (x))
C mn \\\\ C
FoK( . h(x)) Ik
_rerb M) oo
d r3 T
/\-"/N hy(x)
gld) =ry4

FIGURE 4. Lemma 5.10 illustration.
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We will show that r = f(c). t; = f2(c). and s = f»(d). Since s is unhappy and
s < t; < r,theelements s, ¢, and r are all unhappy. Using this fact and Lemmas 5.8
and 5.9, the conclusion will follow.

Let / € L. The proof breaks into cases depending on whether (/) = 0. Overall,
it is useful to note that J and J’ are 0-absorbing in the first and second variables,
thats < #; <r,andif r(I) # 0, then r(I) = h(c)(!) or r(I) = 8h(c)(I).

Ifr(I) = 0then s(/) = 0and #;(/) = 0. Thus r(/) = 0 = f1(x)(I) = f1(c)(])
and 11(1) = 5(1) = 0 = f2(x)(1) = f2(e)(l) = f2(d)(1). I r(l) # 0, then by the
definition of K, either p(I) = 8¢(l). p(l) = ¢(I) = dr(l). or p(I) = q(I) = r(I).
In each of these cases, the equations f(c)(/) = r(I), t;(I) = f2(c)(l), and s(I) =
f2(d)(1) are easily verified from the definitions. —|

LemmA 5.11. Let ¢,d € B be such that d < ¢ and {c.d} is happy. Suppose
that (r.s) € Cg%(c.d) with s < r is witnessed by the decreasing Maltsev sequence

F=Ul .. Uy =S Wllh associated primitive polynomials iy (x). ..., Ay_1(x). Then
there is another decreasing Maltsev sequence, r = t1,..., Ltm = 8, with associated
primitive polynomials g1(x),.... gm—1(x) such that for each k € {1,....m — 1},
one of

(1) gk (x) is happy.
(2) gr(x) = J(tx. qx. hi(x)) and hi(x) € P is happy. or
(3) gk(x) = J'(tk. gi. hi(x)) and hi(x) € P is happy

holds for some constants q; € B.

ProoOF. Select a consecutive pair, u; and uy,; from the Maltsev sequence. We
will show that the claim holds for the pair, and by applying the argument to each
consecutive pair, it therefore must hold for the entire sequence. By Lemma 5.7,
we can assume that one of the following is true:

B
r=up =1y
\/\,"“\\ T ()
L ~
21 (x) AN
2] N
g— \\
ej(m,B) N
’ N
c <~——J-(__‘h‘2<x)) Yoo
T~ N
Uy 3 b
’,/” 2
d N N e - ‘d
CTTIC k)
.7 e (m. B)
p
3 .
Jp(x) s
-
-
F e
Se T s ()
S =uz3 =I5

FIGURE 5. Lemma 5.11 illustration.
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(1) {wug.urs1} is happy. so there is a happy primitive gi (x) with (ug, ury1) =

(g (c). gk (d)). or
(2) {uk.ug+1} is unhappy. so there are fundamental translations Fy. ..., Fy, and

a happy polynomial /(x) € P such that for some G € {J.J'. K} and some
Pp.q € B the polynomial
g (x) = Fpo---0FoG(p.q.h(x))
has (ug, ur41) = (g, (c). g (d)) and the set
{Fio--0F10G(p.q.h(c)) |1 <k <M}U{G(p.1.h(c))}

contains only unhappy elements.

In the first possibility, we are done. In the second possibility, apply Lemma 5.8
Gf G = J), 59 (if G = J'), or 5.10 (if G = K) to get a decreasing Maltsev
sequence Uy = i, lgyls---»termr = Upy1 With associated primitive polynomials
gr(x),.... Zkrm—1(x) such that forall/ € {k,....k +m’ — 1},

g(x) = G/(pr.qi.li(x)) where G, € {JJ'}. pr.qi € B, ly(x) € P happy.
This is almost the conclusion of the lemma. To finish, we observe that if f(x) =
G(p.q.h(x)) is a polynomial with G € {J.J'} and f(d) < f(c). then

f(e)=G(f(c).q.h(c)) and f(d)=G(f(c).q.h(d)).
Applying this observation to the g;(x) and using the fact that #;,..., f5 . is a
decreasing sequence completes the proof. -

At this point, we have established the tools necessary to transform general decreas-
ing Maltsev chains into longer chains whose associated polynomials are of a very
specific form. Now, we move on to show that these longer chains can be shortened
and come in just 7 types, and that these 7 different types of chains are definable. The
following definition simplifies the discussion.

DErFINITION 5.12. Let ry,....r, € B be a sequence of elements. We write

Fy—1

Ly 2=t
for F; € {J.J', So. S1, S»} if both of the following hold
(1) if F; € {J.J'}. then there exist constants p,.q; € B and #; € B> U B such
that
ri =Fi(pi.qi.e;,(;.r;)) and rig = Fi(pi.qi.e;, (i rig1))

for some j; € {0,1,2}. and
(2) if F; € {S).S1. S>}. then there exists 7; € B> U B such that

ri=Fi(rirr) and  rig = Fi(Ri rign Fign i)

Such a sequence will be referred to as an Fi-F»-----F,_1 chain. If it is the case
that for all i, (r;.rip1) € Cg%(c.d) for some ¢,d € B, then we will say that
(r1.rn) € CgB(c. d) is witnessed by an F-. . .-F,_; chain.

LEmMMA 5.13. Let ¢.d € e;(m,B) for some i € {0,1,2} andm € B%U B and
assume that the congruence formula w(—. —. ¢.d) defines Cg“ ™ (¢, d) in e; (1. B).
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Suppose that r.s € e;(n, B) for some j € {0,1,2} andn € B> U B with s < r. Then
(r.s) € C¢%(c.d) if and only if

B & y(e,(.1). (7. 5).c.d)
andr = S;(a.r.s.e;(m.r)) and s = S;(A.r. s, e;(m,s)).

PROOF. Suppose first that (r,s) € Cg®(c.d) and let B < [1,c. Ci be a subdirect
representation of B by subdirectly irreducible algebras in V(A’(7)). Define

I={leL|emB))#{0}} and J=L\IL

and write a typical element x € B as x = (x7,xy), where x; € n;(B) and x; €
n;(B). Since ¢, d € e;(m.B), we have ¢ = (c;,0;7) and d = (d;,0;). Hence, if
(r.s) € Cg®%(c.d). it must be that r = (r;,zy) and s = (s7.zy) (i.e.. 7y (r) = 7y (s)).

From the definition of S;, we have that e; (777, —) is a homomorphism from B to
¢; (1. B). Therefore (e; (7. r). e; (7. s)) € Cg%"® (¢, d). and

B = w(ei(m.r).e(m.s).c.d).

since v is existentially quantified (it is a congruence formula) and e; (71, B) < B.
Since r € ¢;(7, B), if t < rthent € ¢;(7, B). Therefore

{ei(m.r).e;(m.s)} C ei(m.e;(m. B)) C (71, B).

It follows that
— — _ o (= (T SI I
S, rs e(m.r)) =5, (n ZJ)’<ZJ)’<O>)

E%)A(Z))%((Z)A(’o’)> =) 6)

((5) () 6))
=(E) ) () (5))= () ()

completing the forward direction.

Suppose now that B = y(e;(m,r).e;(m.s).c.d). and r = S;(7.r.s.¢;(m.r))
and s = S;(n,r,s.¢;(m.s)). Since y is a congruence formula and ¢;(m, —) is a
homomorphism from B to ¢;(7,B) and c.d € e; (71, B). we have

e;(m.B) = wle(m.r).ei(m,s).c.d).

Thus, (e;(m.r).e;(m,s)) € Cge"(m‘m(c,d) C CgB(c.d). By hypothesis, we also
have that r = S;(7.r.s.e;(m.r)) and s = S;(7.r,s,e;(m. s)). so it follows that
(r.s) e Cg®(c.d). 4
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In light of the Lemma 5.12, define

2 2
ws(w, x, y,z) = \/ \/ Im, 7 [y =e;(my)Nz=e;(m, z)
i=0 j=0
Ayo(ei (. w), ei (7, x), . 2)
Aw = S;([mw, x, e;(m, w))
Ax =S (@ w. x., e; (M. x))] (5.3)
(recall that wo was defined in (5.2)). If ¢, d. r, s satisfy the hypotheses of Lemma 5.13,
then (r.s) € Cg®(c.d)ifand onlyif B |= ws(r.s.c.d). Thatis.if {c.d } and {r. s } are
happywithd < cands < r.then (r.s) € Cg®(c.d)ifand only if B |= ws(r.s.c.d).
LEMMA 5.14. Suppose that (r.s) € Cg%(c.d) for some c.d € B and that there

is a decreasing sequence r = r; > ry > --- > r, = s and some constants
P1:qls---s Pn—1-qn—1 € B such that

Vi:J(Pi,Qieri) a}’ld Vj+1:-](piaqiari+1)

for 1 < i < n— 1. Then there exists a constant p € B such that r = J(r. p,r") and
s=J(r,p.s"), wherer' = ey (r. p.¥) and s' = ex(r. p. s).

Since J(x,y.z) = J(x.y.ex(x. y.2)) (from the definition of J). this is equivalent
to the assertion that for each decreasing J-J-...-J chain (of any length), there is a
(length 1) J chain with the same endpoints.

PROOF. Note that (r.s) € Cg®(c.d) and the presence of a semilattice operation
implies (r;.7;41) € CgB(c, d). Next, observe that since the chain is decreasing and
s < r, if we replace g; with J(g;. p;. ¢;). then we can replace each p; with r. Thus,
we may assume that

ri=J(r.qi.ri) and  rip = J(rqiriv).
The proof shall be by induction on n (the length of the chain). If n = 1, then
r=J(rq,r) and s=J(rqi.s).
Therefore

r=0AN0gAT)V(rAgq)) and s = Adg As)V (rAqp).

ey(r. p.s)

ey(r. p.B)

FIGURE 6. Lemma 5.14 illustration.
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Hence without loss of generality, we can replace the last occurrence of r in r =
J(r.q1.r) with ¥’ = es(r.q1.r). and the last occurrence of s in s = J(r, g1. s) with
s" = ey(r.q1.s). After making these replacements, the conclusion of the lemma
follows with p = ¢;.

Assume now that the lemma holds for all chains of length less than N, and

consider a chain of length N: r = ry,...,ry = s. Applying the inductive hypoth-
esis to the subchain r = rq,..., JIN— 1. there exists p; € B with r = J(r, p1. ")
and ry_; = J(r.p1.ry_,). where r’ = ex(r.p1.r) and ry,_| = ex(r.p1.ry_1).

We therefore have

r=Jrp.r"). rn—1 =J(mprry_y) = J(rngv_1.rv_1).
s=J(r.qn_1.5). (5.4)

Let p = K(r.p1.gn_1). ¥’ = ex(r. p.7), and s’ = ey(r, p. s). We will now show that
r=J(rp.r')and s = J(r, p.s'), proving the lemma.

Let B = [],c, C; be a subdirect representation of B by subdirectly irreducible
algebras. We will analyze the polynomial J (r, p, x) coordinatewise, and as usual
it will be easiest to use a table. Before the table is constructed, however, we will
determine which coordinates permit (/) # s(/). Since s < ry_; < r, either
r(l) #ry_1(l) =s(l) =0,0rr(l) = ry_1(I) # s(I) = 0. The equalities (5.4) give
us

r=0Ap)V (AP AF, rN—1 = Ap)V(rANdpr Ary_y).
rvo1 =0 Agy_1) V(I ANOgN_1 Arn_1). s=FANgn_1)V(FANOgy_1Ns).

Observe that (/) = 8p(I) implies r(I) = ex(r.0p1.7)(I) = r""(I). Assume first
that #(/) # rxy_1(/) = s(I) = 0. Under this assumption, it must be that r(I) =
Op1(1) and r(I) = Ogqn_1(I). Assume now that r(I) = ry_1(I) # s(I) = 0. Under
this assumption, it must be that (/) = ry_1(I) € {p1.0p1} and r = Ign_;.
We now assemble all of this in the table below. As usual, since #(/) = 0 implies
rv_1(l) = s(I) = 0, we assume that r(/) # 0. In particular, this means that

r(l) € {p1(1).0p1(1)}.

r lp=K(r.pi.gn-1) | J(r.p.ea(r.p.x)) [ r #s
pL=qN-1 |F r N
= an,l qN—-1 = or (V (97‘,)6) Y
o p1=0Or ey (r, 0, x) Y
Ifr(1) = 0p(I), then ¥’ (1) = ex(r, p.7)(I ) r(l) and s'(I) = ex(e. p.s)(I) = s(I).
Therefore, the table above show that J (r, p. ') = r and J (r, p. s') = 5. -

In light of the Lemma 5.13, define
ws(w,x.y.z) =3b [ws(ex(w.b.w). er(w. b, x). y. z)
Ao =J(w.b.ex(w.b.w)) Ax =J(w.b.ey(w.b.x))] (5.5)

(ws was defined in (5.3)). From the Lemma 5.13,if B € V(A'(T)), {c.d} is happy.
and s < r, then (r,s) € Cg%(c. d) is witnessed by a decreasing J-- - - -J, chain if and
only if B = w,(r.s.c.d).
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LEMMA 5.15. Suppose that (r.s) € Cg%(c.d) for some c.d € B and that there
is a decreasing sequence r = ry > ry > --- > r, = s and some constants
P1:qls---s Pn—1-qn—1 € B such that

ri =J' (pi.qi.e;, (i ri)) and ris1 =J'(pi.qi.ej, (i, ris1))

for some j; € {0,1,2} andn; € B> U B. Then there exist constants, p,t € B such
that

r=J'(r.qi.e;(@.r)), t=J'(r.q.e;,(m1.s)) =J(t p.r'),
s=J(t.p.s").

where ¥’ = ey(r, p.1), and s’ = ex(r, p. s).
That is, for every J'-- - --J' chain (of arbitrary length) there is a J'-J chain with the
same endpoints.

PRrROOF. Note that (r.s) € Cg®(c.d) and the presence of a semilattice operation
implies (r;.ri+1) € Cg%(c.d). The proof shall be by induction on # (the length of
the sequence). If n = 1, the lemma is trivially true. Assume now that the lemma
holds for all sequences of length less than N, and consider a sequence of length N:
r=ri,....ry = . Apply the inductive hypothesis to the subsequence 1, ..., ry =
s to get

rn=J"(rn.q.e,[@.r). n=J(rq.e,.s)) =J(t.p1.r)
s=J(t1.p1.s"). where 15 = ey(r2, p.r2) and 5" = ex(r2, p, s)

for some constants p;,7; € B. Since the sequence is decreasing, by replacing ¢»
with J'(q2.72.q2) we are free to replace r, with r. After doing this replacement
we have

B
J/
ej, (M. 12) g L1, - ej, (my.r)
/ .
o
ej, (7. 13) J! ej (7. s) ej, (1.12)
2 1 1
rn
ej, (713.B) ej, (. B)
t
r3
Cj3 (m3.13) - ey(r. p.r)
N
T e
ejy (3. 5) s =1y ey(r.p.s)
€j3 (m3.B) ey(r. p.B)

FIGURE 7. Lemma 5.15 illustration.
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r=J'(r.q.ej@m.r)),
ro=J'"(r.q.e;m.r)) =J(r.q.e;,([@0.r)).
n=J'(r.qa.e;,(2.5)) = J(t1. p1.r3). and
s=J(t1.p1.s").

We will analyze the subsequence r, 17, 1.
Let 1 = J'(r.q1.e;, (1. t1)). We will show that

r=J(r.qi.e;(m1.r)). t=J(r.qi.e,(m.0)) =J(t.q.r").
t=Jt.q.t). for ' = ey(r.q1.r) and 1] = ex(r. q1. 1)

(thatis, r £ r, 2" ¢t £ s implies r £* t £ t; 7 5). The only equalities that have not been
shown already are = J(7.¢1.1") and 1y = J(t.q1.1]). Asusual. let B < [],., C; be
a subdirect representation of B by subdirectly irreducible algebras. We will proceed
componentwise.

We begin by showing that ¢ = J(¢,¢;.+"). Since J(t.g1.r") < t, by the flatness
of C;, it will be sufficient to show that ¢(/) # 0 implies J (¢, g1.7')(I) # 0. Suppose
that #(/) # 0. Since t = J'(r.q1.¢;, (1. 11)). either t(I) = ¢i() or t(I) = 8q: ().
If t(I) = ¢1(1), then J(t.q1.7")(1) = (t Aq1)(I) = t(I). If t(I) = Bg(I), then
r(1) = t(1), since C; is flatand ¢ < r. Therefore, r'(I) = ex(r. q1.7¥)(1) = r(I) = t(I).
and so J(t.q1,7")(I) = t(I). Hence J (t. q.1') = t.

Next, we show that #; = J(z,¢1.¢]). Again, we will assume that (/) # 0. since
t(1) = 0 implies that #;(/) = 0 and J(¢,¢;.¢])(/) = 0. Since C; is flat, if #(/) # 0,
then (1) = ¢(/) and ¢(1) € {q:(1).0q:(1)}. If ¢(I) = q1(), then J (2. q1.¢])(I) =
t(l) = t:(1). I ¢(1) = dq:(1). then t{(1) = ex(r.q1.11) = t1(1). so J(t.q1.1])(I) =
t1(1) = t,(I). Hence J (. q1.1]) = 1.

We now have

r=J'(r.q.ej@m.r)), t=J(rq.e;(m.n) =J(tq.r),
n=Jtq.0)=J.p.r).  s=J(t.ps').
where 1’ = ex(r.qi.r). t{ = ex(r.q1.t1). ry = ex(t1.p1.11), and 5" = ex(r2, p1, ).
Apply Lemma 5.14 to the sequence . ¢, s (the part of the sequence in the range
of J) to get an element p € B such that t = J(t.p.t") and s = J(t.p,s") for
t" =ey(t,p.t)and s” = e(t. p.s).Since t < r,if 1’ = ex(r. p.7) and s’ = ex(r, p. 5).
we have t = J (¢, p.r’) and s = J (¢, p. s”). Finally, we now have

r=J(rq.ej;(m.r)), t=J'(r.qi.e;,(mr.s)) =J(t.p.r')
s=J(t p.s'). forr’ = ey(r, p.7¥) and s' = ey(r. p. 5).
proving the lemma. -
In light of the Lemma 5.14, define
wrys(w.x.y.z) =3t [at.w.x.p.z) AB(tw. x.y.2)]. (5.6)
where
2
alt,w.x,y.z) = \/ Ii.a [ws(ei(mw).e;(7.x). . z)
i=0

A =J (w,a,e;mw) At =T (w, a,e,-(ﬁ,x))]
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and

plt.w,x,y,z) =3b [l/ls(é’z(w,b,w), er(w.b.x),y.z)
At =J(t.b.ex(w.b.w)) Ax =J(1.b.ey(w. b, x))].

Recall that w5 was defined in (5.3). From the Lemma 5.14,if B € V(A/(7)) and
c.d.r.s € Bwithe < dands < r.then (r.s) € Cg®(c. d) witnessed by a decreasing
J'-----J' chain implies that B = w;/;(r.s.c.d). Conversely, B = w i (r. s, c.d)
implies that (. s) € Cg®(c.d) (although this is perhaps not witnessed by a J'-- - - -J
chain).

At this point, we have the machinery necessary to change a general decreasing
Maltsev chain into a longer chain whose associated polynomials all have J, J’, or
S; as the outermost operations, and then to collapse repeated occurrences of J and
J' to either a single occurrence of J or the chain J’-J. In order to fully collapse the
chain, we still need to address what happens when the chain has alternating J and
J’ operations.

LEMMA 5.16. Letr.t.s € B be such that s <t < r and (r.1). (1.s) € C¢®(c.d)
Jor some ¢, d € B. Suppose that for constants p1, p2.q1.q2 € B,

r=J(p1.q.r). t=J(p1.q1.t) =J (p2.q2. 1),

s =J"(pr.q.s').

fort' =e;(n,t) and s' = ¢;(n, s) for somei € {0,1,2} andn € B> U B. Then there
exist constants p, u € B such that

r=Jp.r'),
s =J(up.s"),

u=J"(r.p.s")=Jwpr").

where ¥’ = e;(l,r), 1" = ey(r. p.7). and 5" = es(r, p. s).
That is, for every J-J' chain there is a J'-J chain with the same endpoints.

e; (1, B)

ei(m,r)

r r
’

J
/:i @, 5) e;

t = u

J
L
7’

e (71, 5)

t
s

e

C(nt

s K

e (n. B)

ey(r.p.s)

ey (r.p. B)

<\e2<r- p-/
e
|

s

FIGURE 8. Lemma 5.16 illustration.
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ProoF. Since s < ¢ < r, in the equations in the hypothesis by replacing ¢; with
J(p1.q1. p1) and g, with J'(p>. g2, p>). we can replace p; and p, with r. Thus,

r=Jrqg.r) =GN0 AT)V (r Aqr),

t=J(r.qi.t) =(rANdgi Nt)V (r Aqr)
J(rgt)=FAgAt)V(rAdg), and

s=J'(r.g2.s) = AgANs")V(rAodg).

(5.7)

Let p = K(r.q1.92) and u = J'(r.p.s'). Let B < [],, C; be a subdirect repre-
sentation of B by subdirectly irreducible algebras. Note that from the definition of
K and the equations (5.7), for all/ € L. r(/) € {p,dp.0}. We will show that the
equalities in the conclusion of the lemma hold componentwise.

We begin by showing that » = J'(r, p.#’). As usual, a table is the easiest way to
organize the proof. Since (/) = 0 implies J'(r, p.#')({) = 0, assume that (/) # 0.

r p=K(rqi.q)|J (rpr')|r#t
q1 = ¢ g =q=r rAr N
q1 = Oq> g2 =Or r N
oq1 = q» q1=0r r Y
0q1 = Oq» q1=0r r N
q1 ¢ {q2.9q2} |0 0 N
oq1 ¢ {q2.0q2} | q1 = Or r Y

The only possibly problematic cases are when r(I) = ¢1(I) = ¢»(/) and when
r(l) = qi(l) & {q2(1). 0g2(1)}.

Cast r(l) = qi(l) = qa(1): If ¥(1) = ¢q1(1), then r(I) = t(I), by (5.7). so r(I) =
t(l)y =t'(1). 1ncet "(I) < ¥'(1) (because ¢; (71, —) is monotonic and ¢ < r), it follows
that /(1) = r(I). Thus J (r. p, ¥")(1) = r(I) in this case.

Cast r(l) = qi(l) & {q2(1).0q2(1)}: It (1) = q1(I), then r(I) = ¢(I), but if
r(1) & {q2(1).0q2(1)} then (1) = 0 by (5.7), contradicting our assumption that
(1) # 0. Therefore, in this case J'(r, p.7')(I) = r(I) as well.

Next, we show thatu = J (u, p. r""). Since J (u, p. ¥"") < u and each C; is flat, it will
be sufficient to show that when u(/) # 0, J (u, p.#"")(I) # 0 as well. When u(/) # 0,
since u < r, it must be thatu (/) = r(/). From the construction of p, if (/) # 0 either

r(1) € {p(1).8p(1)}. If p(1) = r(1), then J (u. p.7")(I) = r(I) = u(l). Suppose now
that p(/) = 0r(l). Then r"’ (I ) ex(r.p.r)(1) =r(l) = u(l).soJ(u, p.v'")(I) = r(l).
Since p(I) = r(I) or p(I) = 6r(I) for all/ € L, we have thatu = J(r, p.r").

Finally, we show that s = J (u. p, s”). There are three possibilities: r(/) = u(/) =

s(),r(l) =u(l)buts(/) =0, or ();éObutu(l):s(l):O.

Caser(l) =u(l) = s(I):If p(I) = r(I). then J (u, p. ") = (u A p)(1) = r(l)

If(;))(l) =0r(l), then s (1) = ex(r. p.s)(I) = s(I),s0 J(u. p, s") = (u A p A 7)( )
s(1).

Caser(l) =u(l)but s(!) = 0: If p(/) = r(I), then r(I) = q:(I) = ¢ (l) os(l) =
J'(r,q2.8")(1) = J'(r. p. s")(I) = u(l), contradicting u(/) # 0. If p(I) = 6r(l), then
s"(1) = ex(r. p.s) = s(1),s0 J(u, p.s")(1) = s"(I) = s(I).
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Caser(I) #0and u(l) = s(I) = 0: If p(I) = r(I), then J(u. p, ")) = u(l) =
J(u. p.s")(1).sos(l) = J(u,p.s"). If p(l) = 0r(l). then 5" (1) = ex(r. p. 5) = s(0),
soJ(u.p,s")(1) = s"(l) = s(I).

In all cases, we have J(u, p.s")(l) = s(I), so it must be that J(u, p.s"”) = s
completing the proof. -

Lemma 5.15 allows us to reduce a chain consisting of a string of J’ operations to
a J’-J chain. A chain of length 1 consisting of a single J’ operation is an example
of a J’-J chain since J (x, x, x) ~ x in V(A'(T)).

Since ¢; (77, B) has the property that a € ¢;(77. B) and b < a implies b € ¢;(7, B).
for any decreasing Maltsev chain, if any one of the intermediate elements is happy,
then all subsequent ones are happy as well. Thus, every Maltsev chain must termi-
nate in a (possibly length 0) S; chain, and S; chains do not appear anywhere else in
the chain except at the end. Lemma 5.13 allows us to collapse repeated S; links to
a single S;. Hence, to the already defined v, w;, and w;/; we add the following:

wos(w.x.y,z) = 3t [ys(w. t.y.2) ANps(t.x.y.2)] (5.8)
wygs(w.x,y.z) =3t [wyy(w. t.y.z) ANys(t.x. p.2)]

(see equations (5.3), (5.5), and (5.6) for definitions of ws. w;. and wy;,
respectively).

LEMMA 5.17. Let {c.d} be happy. If (r.s) € Cg"(c.d) is witnessed by a decreasing
Maltsev sequence whose associated polynomials are primitive, then (r,s) € Cg%(c.d)
is witnessed by one of the following chains:

(1) S; for some j € {0,1,2} and B = ys(r.s.c.d),

(2) JandB|:1//J(rscd)

(3) J'-J andB = w i (r.s.c.d),

(4) J-S; for some j € {0,.1,2} and B |= ys5(r.s.c.d). or
(5) J'-J-S; for some j € {0,1,2} and B |= w15 (r.s.c.d).

Moreover, if B = wg(r.s.c.d) for G € {J.J',J'JJS.J'S.J'JS} then (r.s) €

CE(c.d).

Proor. In all of the cases, that B models the claimed first-order formula follows
from the definition of the formula and the conclusion of the appropriate lemmas:
5.13 for formulas whose subscript ends in S, 5.14 for formulas whose subscript
begins in J, and 5.15 and 5.11 for formulas whose subscript begin with J’. The
“moreover” part of the lemma follows from the fact that each y¢ is a congruence
formula.

Letr = r.72,....F, = s be the decreasing Maltsev sequence witnessing (r,s) €
CgP(c.d) and let A(x).....A,—1(x) be the primitive polynomials associated to
it. From Lemma 5.11, without loss of generality we may assume that for each

k €{1,...,n — 1} one of the following holds
(1) k(x) = S,A (mk rk,rkﬂ,hk(x)) for some Jk € {0, 1,2} and my € B2UB
€., A is happy).
(2) 2i(x) = J(r. gi. hi(x)) for some g € B, or
(3) Ai(x) = J'(ri. g, hi(x)) for some g € B,
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where the polynomials /4 (x) are happy and primitive for all k. Since ¢; (7. B) has
the property thatif ¢ € ¢;(77, B) and p < g then p € ¢;(71, B), if r;, € ¢;(71, B), then

F._ . . .
r=rnbrnlyon o By Sy Sy S, =, Fre{JJ'}.

Lemma 5.13 can be applied to the pair (r;.s) € Cg®(c. d) to collapse the end of the
chain, and produce a new shorter chain of the form F-F5-- - - -S;.
From Lemmas 5.14 and 5.15, subchains consisting of entirely J or J’ can be
converted to subchains consisting of a single J or J’-J, respectively:
J—J—-—J =
J—J - T =0 U
Thus, we need only consider chains in which the J and J’ are mixed. We will show
that all such chains can be reduced to J’ — J chains. We have
J-J T =J-J-J=J-J-J=J -
J—J-T=J -0 —-J=J-J-J=J —J
J =T —-J=J-J-J=J -
J —J—-J=J -
J-J —-J=J —-J-J=J —J and
J—J-J =J-J=J-J
(using Lemmas 5.14, 5.15. and 5.16). It follows that all mixed chains of J and J’
can be reduced to a J'-J chain. The conclusion of the lemma follows. -
Given the Lemma 5.16, let

wi(w.x.y.2) = ws(w.x.y.2) Vys(w.x.y.2) Vs (w x. p.2)
Vys(w. x.p.2) Vyys(w, x, p, 2).

From Lemma 5.16. if {c.d} is happy and s < r. then (r.s) € Cg®(c.d) if and only
it B = wi(rs.c.d).

All of the lemmas above required that s < r. Since B is a semilattice, if (r,s) €
Cg®(c. d). then there is an intermediate element, r < r A s, such that (r, 1), (t.5) €
Cg®(c. d) and there are decreasing Maltsev chains connecting r to ¢ and s to ¢ (this
will be proved in detail in Theorem 5.18). Therefore, define

ya(w.x.p.z) =3t [y1(w.t.y.2) ANyi(x.t..2)] . (5.10)
Finally, we will now use the above lemmas to prove that there is a congruence
formula I' (defined in the theorem below) such thatif a. b € B are distinguished by
a polynomial of the form ¢; (7, x) for some i € {0, 1,2} and some 7, then Cg]E(a, b)
has a subcongruence witnessed by I'j(—, —., a,b) and that this subcongruence is
defined by w».
THEOREM 5.18. Leta,b € B and suppose that thereisi € {0,1,2} andm € B*UB
such that e;(m, a) # e;(m.b). Let

2
Fi(w.x,p.z) = \/ Jn To(w. x.e;(, y).e; (7. z))
Jj=0
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(Lo was defined in (5.2)). The congruence Cg"(a.b) has a principal subcongruence
witnessed by T'1(—., —. a, b) and defined by y,. That is,

B | 3e.d [T(c.d.a.b) ANT1,(c.d)].

PrOOF. From the definition of ¢; (4.1) and Lemma 5.4, ¢; (77, B) is congruence
distributive and has definable principal subcongruences witnessed by I'y and
(defined in (5.2)). Therefore there are ¢, d € e; (7, B) such that

(c.d) € Cg" ™5 (¢;(71. a), e; (7. b))

is witnessed by 'y and Cg® B) (¢, d ) is defined in by yg. By Lemma, we have that
513, e;(m.B) = I1,,(c. d ). Summarizing,

e;(m.B) ETolc.d ej(m,a), e (m.b)) and e;(m.B) =11,,(c.d).

Since Iy is existentially quantified (it is a congruence formula) and ¢; (7. B) < B,
B |=Ti(c.d. a,b). It remains to be shown that B |= I1,,, (c. d) (thatis, that Cg®(c. d)
is defined in B by y>).

Let r.s € B and (r.s) € Cg®(c.d). To show that B = w(r.s.c.d). by Lemma
5.17 we need only show that there are decreasing Maltsev sequences connecting r
to some ¢ and s to ¢t and whose associated polynomials are primitive.

Letr = ry.....r, = s be a Maltsev sequence connecting r to s with associated
primitive polynomials A;(x),.... Sy (x). Let
[ rMArmnA---Ar; ifi <n,
! ti_n NFipe1- A1y ifn <i <2n,
and
( ) /li(x)/\ti ifi <n,
i\X) = . .
' Aicn Ntigr ifn<i <2n.
Then the sequences r = t1,t.....t, and s = fp,,...1,41 = 1, are decreasing

Maltsev sequences witnessed by the primitive polynomials u;(x). Thus,

BE wi(rty.c.d) Nyi(s.ty.c.d),

and hence B = wa(r. s, c,d). From the definition of >, it is a congruence formula,
s0if B |= w2 (u. v.c.d) then (u,v) € Cg®(c.d). Therefore, B |=I1,,(c.d). -

Having completed the argument for the case when a, b € B are distinguished by
a polynomial of the form e; (7, x) for some i € {0,1,2} and some m € B2UB. we
move on to the case where a, b are distinguished by an operation from a sequential
SI. The Lemma 5.19 is crucial for this case as well as the case for machine SI’s.

LeEMMA 5.19. Let c.d € B be such that d < ¢ and e;(m.c) = e;(m.d) for all
i €{0,1,2} and allm € B* U B. Suppose that

r=fi(c), t=f1(d) = fa(c).
s = f2(d).
for some polynomials f(x) and f2(x). Thenr =t ort = s.

PrOOF. Suppose that ¢ # s. We will show that r = z. Let B < [[,.; C; be a
subdirect representation of B by subdirectly irreducible algebras. Since each C; is
flatand s < ¢ < r, thereis k € L such that r(k) = t(k) # 0, and s(k) = 0.
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Cramm. if s(k) =0thend (k) = 0.

PROOF OF CLAIM. Suppose to the contrary that d(k) # 0 but 0 = s(k) =
f2(d) (k). Since Cy is flat, d (k) # 0 implies that d (k) = c(k). so

t(k) = f2c)(k) = f2(d)(k) = s(k) = 0.

This contradicts our choosing k such that (k) # s(k) = 0. and proves the
claim. =

By the above claim, we have that d (k) = 0, but since the only C; where d (1) # ¢ (/)
are 0-absorbing (see the description of SI's in Section 4), this implies that either
f1(d)(k) = 0, contradicting t(k) = fi(d)(k) # s(k) = 0, or that f(c)(]) =
f1(d)(I) for all  such that C; is 0-absorbing (i.e., f1(x) doesn’t depend on x in the
0-absorbing C;). Since ¢ (/) and d(I) can only differ when C; is 0-absorbing, this
means that f1(c) = f1(d). implying that r = ¢. —|

Our last remaining task is to address the case where a, b € B differ at coordinate
that is one of the three small SI’s that model ¢;(¥.x) ~ 0. These algebras are
described in Section 4.

Lemma 5.20. Let B < [],c; C; be a subdirect representation of B by subdirectly
irreducible algebras, and suppose that c,d € B are such that

(1) d <c,

(2) ei(m.c) =ej(n.d) foralli € {0.1,2} and alln € B> U B, and

(3) foreachl € L, Cg% (¢(1).d (1)) lies in the monolith of C;.
Let

C= {ld(X)} U{Fl(al,blaF2(a2:b2="'Fn(anabnax)"'))
|neN,F, € LUR,and a;,b; € B}.

If g(x) is a primitive polynomial of B such that g(c¢) # g(d). then there is some
p € B, some F(x) € C, and some polynomial g'(x) = J'(g(c), p. F(x)) such that
(g(c).g(d)) = (g'(c).g'(d)).

ProoF. Let B = [],., C; be a subdirect representation of B by subdirectly
irreducible algebras C;. We begin by proving a claim.

Cramm. If h(x) = H(f(x)) for a fundamental translation H (x) and polynomial
f(x), then h'(x) = J'(h(c). p. F (f (x))) satisfies (h(c),h(d)) = (h'(c).h'(d)) for
some p € B and some F(x) € C.

PrOOF OF cLAIM. For convenience, let ¥ = h(c) and s = h(d). The proof shall be
by cases, depending on which particular fundamental operation H is a translation of.
As usual, we shall proceed componentwise. The only possible / € L withc (/) # d (/)
are such that C; |= ¢; (71, x) ~ 0, by the second hypothesis, and the third hypothesis
implies that

BE[x-crx-d|Alc-x~d-x].
Therefore by Lemma 4.1 and from the hypotheses, the only fundamental transla-
tions that possibly do not collapse (c. d ) are translations of the operations A, J, J',

K. E, Ug, and Ug, where £ € LUTR. In all cases except for operations from LU R
we will take the F(x) € C in the statement of the claim to be id(x).
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Before beginning with the cases, note thatif #(x) = H(f(x)) < f(x). then since
C; is flat either (/) = f(c)(I) or #(I) = 0, and likewise for s(/). The polynomial
h(x) = J'(r.r, f(x)) = r A f(x) therefore has h'(c) = r(I) and h'(d) = s(I).
Therefore in cases where 4(x) < f(x), taking p = r and F = id is sufficient.

CaSE A: If h(x) = u A f(x). then h(x) < f(x). so by the above remarks, take
p=r.

Case J: If h(x) = J(f(x).u,v), then h(x) < f(x), so by the remarks at the start of
thecaseslet p = r. If h(x) = J(u, f(x).v). thenlet p = K(r, f(c), r). Since many of
the later cases are similar to this, we will carefully prove that 2'(x) = J'(r. p. f(x))
satisfies (h'(c).h'(d)) = (r, s). We have

h(x) = J(u. f(x).0) = (uA f(x))V@Adf(x)Av).
This yields the following table (assume that r(/) # 0, since /' ( )(I) = 0 otherwise).
r |p=K(r.f(c).r)|h(c) | n'(d

fle) |r rAf()—rrAf(d):

of (c)| f(c)=or r r
The only possibly problematic case is when r(/) = 8/ (c)(I), but in this case we
have that s(I) = 8f(d)(I). so r(I) = ex(r, f(c).r)(I) and s(I) = ex(r, f(c).s)(]).
contradicting hypothesis (2) in the statement of the lemma. It follows that 4’ (¢) = r
and 4'(d) = s.

If h(x) = J(u.v. f(x)). then h(c)(l) and h(d)(l) agree whenever u(/) = v(l)
and can only possibly differ when u(/) = 6v(/). Hence, if i(c) # h(d). then
ex(u,v.h(c)) # ex(u.v. h(d)), contradicting hypothesis (2) again.

Case J': If h(x) = J'(f(x),u.v), then h(x) < f(x). so by the remarks at the
start of the cases let p = r. If i(x) = J'(u. f(x).v) or h(x) = J'(u, v, f(x)). let
p = K(r, f(c),r). An argument similar to the one in Case J will work.

Case K: If h(x) = K(f(x).u,v), then let p = K(r, f(c).r). If we have
h(x) = K(u, f(x),v), then let p = K(r.u.r). If h(x) = K(u,v, f(x)). then let
p = K(r.u,r). Arguments similar to the one in Case J will work.

CAsEE ¢ LUR:Ifg(x) = E(f(x).u.v) or g(x) = E(u, f(x).v) then hypothesis
(3) implies that when C; is of machine type and f(c)(/) = g(c)(I) then c¢(I) is a
configuration element and therefore g(c¢)(/) = 0. Thus in this case, g(c) = g(d).
a contradiction. Thus we need only examine g(x) = E(u,v. f(x)). In this case,
g'(x) =J'(r.r, f(x)) clearly works.

Case UL for E € LUR and i € {0, 1}: This case is quite similar to the previous
one. Use the fact that ¢(/) and d (/) only differ on sequential and machine C,, that
UL(w.x,y,z) =~ 0 on sequential SIs, and that

UL(u,v.w. x) =0 except for Ud(v.u.v.x) = E(u.v.x) = Uk(u.u,v. x)
in the machine SI’s. n

The polynomial g(x) is primitive and therefore generated by fundamental trans-
lations. It follows that there is some fundamental translation G(x) such that
g(x) = G(f(x)). Apply the above claim to g(x) = G(f(x)) to get that there
is p € B and F(x) € C such that the polynomial g’(x) = J'(g(c), p. F(f(x)))
satisfies (g(c).g(d)) = (g'(c).g'(d)).
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Since g(x) = G(f(x))is a primitive polynomial, f (x) is also primitive. Therefore
there is a fundamental translation H (x) such that f(x) = H(h(x)). Apply the
above claim to the f(x)in g’(x) = J'(g(c). p. F(f (x))) from the above paragraph
to get that there is p’ € B and F’(x) € C such that the polynomial

g"(x)=J'"(gle).p. FU'(f(c).p". F'(h(x)))))

satisfies (g’ (c).g"(d)) = (g'(c).g'(d)) = (g(c), g(d)). The second claim will show
how to reduce this polynomial to the form required by the conclusion of the lemma.

Cramm. If h(x) = J' (u.v. F(J'(p.q. E(f(x))))) for constants u,v, p.q € B and
F(x),E(x) € C then there is some p € B and E\ € C such that

W) = h(e).p. Er(f ()
has h'(¢) = h(c) and h'(d) = h(d).

PrROOF OF cLamm. Our first task will be to find another polynomial that agrees
with F(J'(p.q. E(f(x)))) on {c.d} but has the form J'(r, p1. G(f (x))) for some
r,p1 € B.

If hy(x) = Gi1(J'(p. q. f1(x))), where G (x) = G{(ay.by. x) for G| € LUR, then
there is p; € B such that i{(x) = J'(hi(c). p1. Gi(f(x))) has hj(c) = hi(c) and
h{(d) = hi(d). To see this, let p; = G;(g). We have

h(x)=Gi(J'(p.q. f1(x))) = Gi((p ABg) V (p Ag A f1(x))).

and G(8x) = 8G;(x) (this last equation is true because G| € £ U R). Therefore,
hi(x) =J'(h(c),Gi(q). Gi(f1(x))) agrees with /1;(x) on {c.d }.

By repeatedly applying the result of the above paragraphto F(J/(p. q. E(f(x)))).
(and using the fact that F is a composition of translations of the form F;(a;, b;, x)
for F; € RU L), we obtain a polynomial of the form J'(r;. p1. G(f (x))) that agrees
with F(J'(p. q. E(f(x)))) on {c.d}.

At this point, we can take the polynomial h(x) = J'(u.v, F(J'(p.q. E(f(x)))))
in the statement of the claim and produce a polynomial

h(x) =J"(wv.J'(r.pi.G(f(x))))

for some r1, p1 € B and G € mathcalC such that (hi(c), i (d)) = (h(c). h(d)).
Next, we will show that there is some p € B such that h'(x) = J'(h(c).

h
p-G(f(x))) satisfies (h'(c).h'(d)) = (m(c).m(d)) = (h(c).h(d)). Let p
K(h(c),v. p1). We have

hi(x) = J"(u, 0,0 (r1, p1. G(f (x))))
=wAvArApAG(f(x)V(uAvAr AOp)V (uAdv).

This gives us the following table of cases (as usual, assume that (/) # 0 since
hl(x)(l) =0 otherwise).

hi(c) = h(c)|p = K(h(c).v.q) | h'(c) |7 (d) |A(c) # h(d)
v =p h(c) h(c) NG(f(c))|[h(c) NG (f(d)) Y
v = Op; Oh(c) h(c) h(c) N
v v = 0h(c) h(c) h(c) N

https://doi.org/10.1017/jsl.2014.51 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2014.51

424 MATTHEW MOORE

In the case where v(/) = pi(/) we also have that A(c)(/) = G(f(c))(I) and
h(d)(l) = G(f(d))(I), so the table above indicates that h’'(c) = h(c) and
h'(d) =h(d). 4

Applying this claim to the previously computed

g"(x) =J'(g(ec). p. F(J'(f(c).p' . F'(h(x)))))
produces a polynomial g;(x) = J'(g(c). p1. F1(h(x))) such that

(g1(c).g1(d)) = (g"(c).g"(d)) = (g(c).g(d)).

Repeating this argument with g (x) proves the lemma. -

If a,b € B differ at a coordinate that is sequential, then the Lemma 5.21 proves
that there is some polynomial that maps (a.b) coordinatewise into the monoliths
of the C; (the subdirect factors of B) and does not collapse (a. b).

LEMMA 5.21. There is a finite set of terms P depending only on V(A'(T)) such that
if a,b € B are distinct, e;(n,a) = ¢;(n,b) foralli € {0,1,2} and all n € B> U B,
and thereis p € Bwithp-a # p-bora-p #b - p, then thereis t(y,x) € P and
m € B" with the property that if ¢ = t(m.a) and d = t(m, b) then

o c#d,

e x-c=x-d,
ec-x=d-x,

. 1() = I(d),

o F(x,y.¢) =F(x.y.d),
o F(x.c.y)=F(x.d y), and

Fle.x.y) = F(d.x.p).
Jor F € LUR andforall x,y € B.

Proor. Let B < [],.; C; be a subdirect representation of B by subdirectly irre-
ducible algebras. The subdirectly irreducible algebras in V(A/(7)) can be divided
into two groups: either C; = ¢;(77,x) ~ x for some i € {0,1,2} and some
neCPUC orC e x)~0foralli € {0,1,2}. Since ¢;(71.a) = ¢;(71.b), the
projections «(/) and b(/) must agree on all factors that satisfy C; = ¢;(77, x) ~ x
for some i and some 7, and can only possibly disagree on factors satisfying
C; = ei(m.x) = 0foralli.

CrAaM. Thereis afinite number N € N such that foralll € L.ifC; = e1(n, x) ~ 0
then

CExi-x2---xy_1-xny ~0.

Proor oF cLaM. First recall that since 7 halts, there are only finitely many sub-
directly irreducible algebras, all finite. Therefore, if C; does not model the identity
in the claim, there must exist nonzero elements r,s € C; such thatr---r -5 = 5.
Considering C; as a quotient of a product of subalgebras of A’(7), this means that
there is some coordinate of the preimages (under the quotient map) of » and s
such that (r(i),s(i)) € {(1.C), (2. D)}. Therefore, ¢ (r,s) # 0, contradicting our
assumption that C; = ej(n, x) ~ 0. Let S be a finite set containing a representa-
tive of each isomorphism type of the subdirectly irreducible algebras of V(A'(T)),
and for C € S. let ng € N be minimal such that C = x;---x,. ~ 0. Taking
N = max{nc | C € S} completes the proof of the claim. =
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Since the product (-) associates to the left, every polynomial of the form f (x) =
Y1 Vm - X Ymyl -+ - Yy can be rewritten as f(x) = y;---ym - X - z, where z =
Ym+1 - yu. Let

P={f(yi.....vm.X) =y1--yu - x.
g ym.x) =y -y x - yu [0S M <N}

Thus, thereis a term #(¥, x) € P and constants 77 € B” such that ¢(7, a) # (7. b)
andx-t(m.a) = x-t(m.b)and t(m.a)-x = t(m.b) - x forall x € B. Furthermore,
since p-a # p-bora-p # b-p, the term ¢ is not the identity. Therefore, 1 (777, x ) (1) =~ 0
when C; is machine (recall that machine C; model x -y ~ 0). Thusforall x, y,z € B
andall F € LUR,

F(m. z).x.y) =F(x.t(m,z).y) = F(x,y.t(m,z)) = I(t(m.x)) = 0. -
Let the set P be asin Lemma 5.21 and define
Fo(w.x.y.z) = \/ I (w=1(my)Ax =t(mz)]. (5.11)
tePU{id(x)}
Given Lemmas 5.20 and 5.19, define
yo(w.x.p.z) =3t [w=J(w.t.y) A\x =J (w.t.2)]. (5.12)

If ¢.d € B with d < ¢ satisfy the conclusion of Lemma 5.21, then ¢, d also satisfy
the hypotheses of Lemma 5.20. In this situation. (r.s) € Cg®(c.d) if and only if
B = w()(r.s.c.d). Since we will be employing a strategy similar to the proof of
Theorem 5.18, where a general Maltsev sequence is divided into 2 strictly decreasing
sequences, let

wi(w. x,y,z) =3t [l//(_)(w, Ly z) Npey(x. . z)] ) (5.13)
THEOREM 5.22. Leta.b € B bedistinct and such thatb < a and e; (71, a) = e;(71,b)
foralli € {0,1,2} and alln € B*> U B. If one of the following
(1) thereis p € Bsuchthatp-a+# p-bora-p+#b-p,or
(2) for all u,v € B and F € L U TR each of the translations x - u. u - x, I(x),
F(u,v,x), F(u,x,v), and F(x,u.v) are constant for x € {a.b}

holds, then the congruence Cg®(a., b) has a principal subcongruence witnessed by the
Sormula T'.\(—, —. a.b) and defined by the formula y3:

B Ede.d [c #d /\F<,)(c,d,a,b)/\l_[l,,3(c,d)].

PrOOF. Let B = J],.; C; be a subdirect representation of B by subdirectly irre-
ducible algebras C;. If (1) holds, then from Lemma 5.21 the pair (a. b) differs at
a coordinate that is sequential, and (a, b)(/) lies outside of the monolith of some
sequential C;. Find ¢ € P and constants 77z such thatif ¢ = #(#7, a) and d = (7. b)
then

U

#

~Nw oo

—~

(o)

~ O
Il
QU N =
—~

'11(":
= Sa

F(x.y.d).

= o=
=
>
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e F(x.c.y)=F(x.d y), and

o Flc,x,y)=F(d x.,y).

If (2) holds, then the pair (a, b) differ at a coordinate that is sequential, but (a. b)(/)
lies in the monolith of each sequential C;. Let ¢ = a and d = b. In both (1) and
(2). B =T (c.d.a.b) and ¢ and d satisfy the hypotheses of Lemma 5.20.

Since b < a and the operations of B are monotonic, d < ¢. Suppose now that
(r.s) € Cg®(c.d). Then using the same argument as in the proof of Theorem 5.18.
there are decreasing Maltsev chains r = r{,....r, =tand s = s1,...,s, = t with
associated primitive polynomials. Using first Lemma 5.20 and the description of ¢
and d in the preceding paragraph, and then applying Lemma 5.19, we have that
there are constants p and p’ such that

r=J'(r.p.c). t=J"(r.p.d)=J"(s.p.d),
s=J'(s.p.¢c).
Hence B |= w()(r.t.c.d) ANy.(s.t.c.d) = y3(r.s.c.d). completing the proof. -
Next, we move on to analyzing the case where a.b € B differ at a machine
coordinate. We will employ a strategy similar to the sequential case, and produce
from (a, b) a pair (c. d) such that (¢, d)(/) lies in the monolith of C, for each / € L.
LeMMA 5.23. There are finite sets of terms S and T depending only on V (A'(T))
suchthatifa,b € B aredistinct suchthatbh < a,e;(n,a) = ¢;(n.b) foralli € {0,1,2}
and all € B*>U B, one of
(1) thereis F € LUR andu,v € B such that F(u.v.a) # F(u.v.b), or
(2) thereis F € LUR andu,v € B such that F(u.v.1(a)) # F(u,v,1(b)),
() forall F € LUR andallu.v € B,
(a) I(a)=1(b).
(b) u-a=u-banda-u=>~-u,and
(c) Flu,v.a) = F(u.v.b),
holds, then there is t(y,x) € S and constants m € B such that if ¢ = t(m. a) and
d = t(m.b) then for any n € Nand Fy.....F, € LUR and any a;.....a, € B
there is G(y,x) € T and b € B™ such that

Filar,a»r, F>(as. as. . ... Fy(am—_1.am.c)...)) = G(b.c) and
Fi(ai,ar. F>(as. aa. . ... Fylam_1.a.d)...)) = G(b.d).
Furthermore. if B < [],c; C; is a subdirect representation of B by subdirectly
irreducible algebras then (c(1),d (1)) lies in the monolith of C; for each | € L.

Proor. We will begin by examining algebras whose only subdirect factors are
machine. If D is a machine SI, then using the notation from the discussion of large
SI’s in Section 4, the monolith of D is Cg” (P, 0), and there are two possibilities for
its structure: either

e 7(P) = 0, in which case the only nontrivial class of the monolith is {P, 0}, or

e thereis N € Nsuchthat 7V(P) = T(T(---T(P)---)) = P (thatis, the Turing
machine enters a nonterminating loop), in which case the only nontrivial class
of the monolith is {P. T(P)..... TV=1(P).0}.

Let (Ck)rex be a family of machine SI's and suppose that C < [Ixcx Cr and
that ¢,d € C are such that ¢ > d and (c¢(k),d(k)) lies in the monolith of C; for
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each k € K. We now make two straightforward observations that follow from the
description of the monoliths of the machine SI’s in the above paragraph and in
Section 4 and from V(A'(7)) having finite residual bound:

o if Fe LUR. k € K,and aj.a; € Ci then F(ay,az.c(k)) € {0, T(c(k))}
(likewise for d in place of ¢), and
o theset 7/ = {T(d).T'(c) | 0 < i < oo} is finite (we apply 7 coordinatewise).

We now define the set 7. For each isomorphism type of a machine SI, D, let N, be
minimal such that 72 (P) € {0,P}, and let N be the least common multiple of the
Np. Since V(A'(T)) has finite residual bound, N is finite. Define

T ={Gi(y1.y2.G2(y3. y4. ... G (Yom—1. yom. x) ...)) | m < N, G; € LUR}U{id(x)}.

A consequence of these observations and the definition of 7" is that for any n € N,
Fi.....F,€e LUR,and ay.....as, € C, thereis G(y.x) € T and b € C™ such
that

F] (al, az,Fz(ag,, ag, ... ,Fn(azn,l,azn, C) .. )) = G(E, C) and
Fl(al, az,Fz(a3, ag, ... ,Fn(azn,l,azn, d) . )) = G(E, d)

Next, we move on to the set S. V(A'(T)) is residually finite, so there is a finite
set of terms S depending only on V(A'(7")) such that for all C < [], o Ci (recall
(Ck)rex is a family of machine SI's) and all p, g € C withg < p thereisatermt? € S
and constants 77 € C” such that ¢(m, p) # t(m.q) and (t(m, p)(k),t(m, q)(k))
lies in the monolith of C; for each & € K. Note that the set of terms S can be
taken to consist of the identity and a finite subset of terms generated by composing
operations from £UR U {I(x)}. At this point we have produced S and T that will
work for algebras C whose subdirect factors are all machine.

We now examine algebras whose subdirect factors contain nonmachine SI’s.
Let B < [],c; C; be a subdirect representation of B by subdirectly irreducible
algebras. By the hypotheses, a(/) # b(I) on some machine C;. From the paragraph
above, it follows that there is a term ¢ € S and constants m1 € B™ such that
(t(m.a).t(m, b))(l) lies in the monolith of C; for all machine C;. Let (¢, d) =
(t(m.a).t(m.b)). The term ¢ is (if hypotheses (1) or (2) hold) a composition of
operations from £ U R U {I(x)} or (if hypothesis (3) holds) the identity. Aside
from the identity, terms from S are constant in SI's modeling ¢, (X, y) ~ 0 except
for machine SI's and the 3-element small SI {0, H, M 10} Therefore, ¢(I) = d(I) on
nonmachine C; and (¢, d)(/) lies in the monolith of C; for machine C,;. Applying

the observations from above about the set 7’ now proves the lemma. -
Let the sets S and T be as in Lemma 5.23 and define
I (w. x,py.z) = \/ Jnjw=tmy)Ax=1(nz)]. (5.14)
teS

Given Lemmas 5.20 and 5.19, define

wr(w.x.y.z) =3t l \/ 3 |w = (w1, GB.y) Ax =T (w. G(E,z))” .
GeT
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If ¢, d € B satisfy the conclusion of Lemma 5.23, then ¢, d also satisfy the hypotheses
of Lemma 5.20. Then (r,s) € Cg®(c.d) if and only if B |= w7 (r.s.c.d). Since we
will be employing a strategy similar to the proof of Theorems 5.18 and 5.22, where
a Maltsev chain is broken into 2 decreasing segments, let

ya(w, x,,z) =3t [wr(w. t,y.2) Nyr(x.t.p.z)]. (5.16)
THEOREM 5.24. Leta,b € B bedistinct and such thatb < a ande; (71, a) = e;(71,b)
foralli € {0,1,2} andallnn € B> U B. If
(1) thereis F € LUR andu,v € B such that F (u.v,a) # F(u,v.b), or
(2) thereis F € LUR andu,v € B such that F(u.v.1(a)) # F(u,v,1(b)),
(3) forall F ¢ LUR and all u,v € B,
(a) I(a)=1(b).
(b) u-a=u-banda-u=>~-u,and
(c) Flu,v.a) = F(u,v.b),
holds, then the congruence Cg"(a.b) has a principal subcongruence witnessed by
[y (—. —. a.b) and defined by w,. In symbols,

BE3e.d ¢ #dATr(e.d.a.b) ATl (c.d)].

ProOF. By hypothesis, Lemma 5.23 holds. Let 7" and S be the finite sets of terms
and ¢,d € B be the elements guaranteed by the conclusion of Lemma 5.23. Then
thereis t € S and m € B” such that ¢ = t(7.a) and d = ¢(m, b). Furthermore, if

F(x) € {id(x)}u{Fl(albblan(aZebza""Fn(anbbﬂ’x)"')) |
neN,F; € LUR, andai,b[ S B},

then there is G € T and b € B” such that F(c) = G(b.c) and F(d) = G(b.d)
(the existence of such elements is the conclusion of Lemma 5.23). Thus B |=
I'r(c.d,a.b) and ¢ and d satisfy the hypotheses of Lemma 5.20.

Since b < a and the operations of B are monotone, d < c¢. Suppose now that
(r.s) € Cg®(c.d). Using the same argument as in the proof of Theorem 5.18, there
are decreasing Maltsev chains » = ry,....r, = t and s = s1,....5, = t with
associated primitive polynomials. Using first Lemma 5.20, and then Lemma 5.19,
we have that there are constants p, p’ € B such that

r=J(rp. Gb.c)). t=J"(r.p.G(b.c))=J"(s.p. G’(E/,d)),
s = J’(s,p’,G'(E/,c))
for some G,G’ € T and constants B,Bl € B". Hence B E wr(rte.d) A

wr(s.t c.d). completing the proof. 5

The last case where a, b € B differ at a coordinate that is small but that does not
satisfy Jn[e; (77, x) ~ x] remains. From Lemma 4.1, we know that there are only
3 isomorphism types for such SI’s. If the coordinate is isomorphic to {0, C}, then
the lemmas used in the sequential case apply. We are therefore concerned with the
remaining two isomorphism types. To this end, let

Iy(w.x,y.z) =
Ju, v [(u =I(y)Av=1I0z)AT((w.x uv)) VI (w. x, y,z)} . (5.17)
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LeEMMA 5.25. Suppose that a.b € B are distinct, but that 1(x) is the only fun-
damental operation that distinguishes them. Then the congruence Cg"(a.b) has a
principal subcongruence witnessed by U'r(—. —, a, b) and defined by w5 (see (5.13) and
(5.17)):

B 3e.d [¢c #d AT (c.d.a.b) N1, (c.d)].

ProoF. Let B < [],.; C; be a subdirect representation of B by subdirectly irre-
ducible algebras. If a.b € B are distinct and only distinguished by 7(x), then
a(l) # b(1) if and only if C; =2 W or C; = {0. H, M} (see (4.2) and Lemma 4.1).

Ifa’ = I(a)and b’ = I(b). then a’ and b’ satisfy the hypotheses of Theorem 5.22
and thus Cg”(a’.b’) has a principal subcongruence witnessed by I'(y(—. —.a’.b’)
and defined by w3. Therefore, Cg®(a, b) has a principal subcongruence witnessed

by I';(—, —. a. b) and defined by 3. as claimed. -
THEOREM 5.26. If'T halts then V(A'(T)) has definable principal subcongruences.
Proor. Let

Cw, x,p.z) =T1(w.x.y.2) VI )(w.x,y.2) VI7(w. x. y.2) VI (w, x, . 2)

(see Theorem 5.18 and equations (5.11), (5.14), and (5.17) for definitions of these),
and

y(w.x,y.2) = ya(w,x, p.2) Vys(w. x. y.2) V ya(w, X, . 2)
(see equations (5.10), (5.13), and (5.16) for definitions of these). We claim that
V(A'(T)) has definable principal congruences witnessed by I' and . In symbols,

V(A'(T)) EVa.b [a#b—3e.d[c#dAT(c.d ab) NT1,(c.d)]].

Let B € V(A/(T)) with a.b € B distinct and let B < [],., C; be a subdirect
representation by subdirectly irreducible algebras. Since ¢ and b are distinct, there
is some [ € L such that a(/) # b(I). Let

K={leL|a(l)+#b(l)}.
The case distinction breaks down as follows:

(1) There is some k € K such that C; = ¢;(77, x) ~ x for some i € {0,1,2} and
some 7 € Ck2 U Ck. In this case, Theorem 5.18 applies.

(2) The previous case does not apply, but there is some k € K such that Cy is
sequential. If this is the case, there is some u € B such thatu - a@ # u - b or
a-u # b -u, or the machine operations £ U R cannot distinguish between «
and b. In this case, Theorem 5.22 applies.

(3) The previous cases do not apply. but there is some k € K such that C; is
machine. If this is the case, there is some machine operation in £ U R that
can distinguish between @ and b. In this case, Theorem 5.24 applies.

(4) The previous cases do not apply, so there must be some k € K such that
Cy. is small and models ¢;(¥.x) ~ 0 for all i € {0,1,2} (see Lemma 4.1).
If Gy = {0,C} or C = W, then Theorem 5.22 applies. If C; = {0, H, M}}
then either Theorem 5.22 applies (if a(k) = M) or Lemma 5.25 applies
(ifa(k) = H).

Since the SI's of V(A'(T)) either satisfy ¢;(7, x) ~ x for some i € {0,1,2} and

7 € BXUB, are sequential, are machine, or are isomorphic to one of the 3 small
algebras given in Lemma 4.1, this completes the proof. -
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One of the interesting applications of definable principal subcongruences is in
defining the subdirectly irreducible members of some class of algebras. If C is a
class of algebras with definable principal subcongruences witnessed by congruence
formulas I" and , then

CEVa,b [a #b—3ec.d [c + d/\l"(c,d,a,b)/\l_[l,,(c,d)ﬂ ,
and the sentence
o=13rs [r # s AVa.b [a #b—3dc.d [F(c,d,a,b) /\l//(V,S,C,d)H]

defines the subdirectly irreducible algebras in C. Baker and Wang [2] use this to
prove the following theorem.

THEOREM 5.27 (Baker, Wang [2]). A variety V with definable principal subcongru-
ences is finitely based if and only if the class of subdirectly irreducible members of V is
finitely axiomatizable.

In particular, if (V) < w then the class of subdirectly irreducible members of V
is finitely axiomatizable since there are only finitely many of them, all finite. This
observation and the above theorem yields a corollary to Theorem 5.26.

COROLLARY 5.28. If T halts, then V(A'(T)) is finitely based.

86. If 7 does not halt. In the case where 7 halts, every sequential subdirectly
irreducible algebra is finite and there are only finitely many of them. In the case
where 7 does not halt, McKenzie [6] and the additions from Section 3 show that the
algebra Sy, (defined in Section 4) is a member of V(A/(7)). McKenzie [8] uses Sz to
show that if 7 does not halt, then A(7) is inherently nonfinitely based. Although
Sz 1s not subdirectly irreducible, it contains an infinite subalgebra S,, which is, and
every finite sequentiable ST can be embedded in it. We will use the presence of Sz in
V(A'(T)) to show that if 7 does not halt, then V(A’(7)) doesn’t have DPSC.

An algebra C is said to be finitely subdirectly irreducible (FSI)if forall a. b.c.d €
Csuchthata # bandc # d, Cg%(a.b)NCg%(c.d) # 0 (i.e.. 0 is meet irreducible).
Every SI is FSI, but not every FSI is SI.

THEOREM 6.1. The class of finitely subdirectly irreducible algebras in V(A'(T)) is
not axiomatizable if T does not halt.

Proor. We will use an ultrapower argument. Suppose to the contrary that the
class of finitely subdirectly irreducible algebras in V(A'(7)) is axiomatizable, say by
®. 7 does not halt if and only if Sz € V(A/(T)). Let S be an ultrapower of S,,, so
that S satisfies all first-order properties of S,,. In particular, since S,, = @, we have
that S = @, so 0 is meet irreducible in Con(S). We will now give some first-order
properties of S, which we will make use of.

Let

A={a€sS,|Ipla-p#0]} and B={peS,|3ala-p #0]}.

Thenin S,,, for each a € A thereis a unique € B such that a- f # 0, and for each
p € B, thereis a unique @ € A4 such that - f # 0. This gives us that 4| = |B|. We
also have

ANB =10 and S, =A4UBU{0}.
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For b € B, let

A" b={ay-au-b|0<m<nanday.....q € A}.

Then |A" - b| = n + 2. Furthermore, for b, ¢ € B,
if (A" -b) N (A™ - ¢) # {0} then beAd" . corce A" -b.

Lastly. if F(x) is a fundamental translation in S,,. then F (4" -b) C A"*' . b. All of
these sets and properties are first-order definable and hold in S, so their analogues
hold in S as well.

We will now begin to examine S. For b € B, define the orbit of b to be

bA:UA"-b.

neN

Since |A" - b| = n + 2, the set b4 is countable. Suppose now that there are b,c € B
such that b4 N ¢4 = {0}. Then by the properties above, Cg®(b. 0) relates the orbit of
b to 0 and is the identity relation elsewhere. A similar statement is true of Cg°(c, 0).
It follows that the two congruences meet to 0, which contradicts 0 being meet
irreducible in Con(S). It follows that for all b, ¢ € B, b N ¢4 # {0}.

Pick distinct b, ¢ € B. Then b N ¢4 # {0}, so by the properties above, we have
that either b € ¢4 or ¢ € b. Without loss of generality, assume that b € ¢“. There
is a finite number n» and «;....,a, € A such that oy --- «,, - ¢ = b, so since this is
true for all b, ¢, we have that |, 5 b is countable. Since B = J, .5 b*. it must be
that B is countable. The property that |4| = |B| and S = AU B U{0} therefore gives
us that S is also countable. Since nonprincipal ultrapowers of infinite structures are
uncountable, this implies that the ultrapower is principal and S = S,,. -

COROLLARY 6.2. V(A/(T)) does not have definable principal subcongruences if T
does not halt.

PrOOF. Suppose that V(A’(7)) has definable principal subcongruences witnessed
by I' and w, and let

{=Va.b.a' b [(a#b)A(a" #b') = Fe.d.c’.d [T(c.d.a.b) NT(c'.d".a’.b")
Adrs [r#sAp(rs.c.d) Ap(rs.c.d)]]].
For B € V(A'(T)). we have that B |= { if and only if B is finitely subdirectly

irreducible (that is, FSI’s are axiomatized by (). This contradicts Theorem 6.1, so
V(A'(T)) cannot have definable principal subcongruences as we assumed. -

87. Conclusion. Theorem 5.26 and Corollaries 5.28 and 6.2 yield the
Theorem 7.1.
THEOREM 7.1. The following are equivalent.

(1) T halts.
(2) V(A/(T)) has definable principal subcongruences.
(3) V(A'(T)) is finitely based.

This completes the proof that DPSC is an undecidable property, and provides
another negative answer to Tarski’s well-known finite basis problem.
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