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1. Introduction

In the 1980s Colombeau introduced algebras of nonlinear generalized functions [3, 4]
in order to overcome the long-standing problem of multiplying distributions, retaining
as much compatibility with the classical theory as possible in light of the Schwartz
impossibility result [22]. These algebras and later variations, nowadays simply known
as Colombeau algebras, contain the algebra of smooth functions as a faithful subalgebra,
and the vector space of Schwartz distributions as a linear subspace (see [11,20] for a
comprehensive survey).

Products of distributions appear in many equations of physics, often in an ambiguous
form. Colombeau algebras have proven to be an efficient tool for resolving these ambi-
guities and obtaining solutions for many nonlinear problems. On R™, a rich theory for
solving nonlinear partial differential equations has been developed; in particular, one can
obtain existence and uniqueness results for large classes of equations that do not have
distributional solutions (see, for example, [1,4,5,21]). Moreover, notions of regularity
theory and microlocal analysis carry over well to Colombeau algebras [9].

One particular line of research in this field centres on the development of a rigorous set-
ting for differential geometry in the presence of singularities. Such a theory of nonlinear
distributional geometry plays an increasingly important role in general relativity, where
the equations are inherently nonlinear. For a summary of applications of Colombeau alge-
bras in general relativity, see [23]. Naturally, in order to obtain geometrically meaningful
results, one requires a coordinate-independent variant of Colombeau algebras.
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A diffeomorphism invariant formulation of the theory was first proposed by Colombeau
and Meril [6], but was later shown to be flawed by Jelinek who presented a new ver-
sion [14] that was subsequently refined [10]. The difficulties inherent in this development
stem from the combination of three facets (see [11, Chapter 2] for a detailed discussion):
first, one needs to employ a suitable notion of calculus on (non-Fréchet) locally convex
spaces; second, the proper handling of diffeomorphism invariance manifestly presents a
major hurdle in the constructions cited above, both conceptually and technically; and
third, establishing stability of the algebra under differentiation is far from trivial and
requires a delicate treatment. For this reason the published results in this area consist
of several long, technically involved papers that are difficult to assimilate for those not
already working in the field.

In this paper we give a systematically refined presentation of the global theory of
full Colombeau algebras based on the algebras G of [10] and G of [12] but replacing
a significant part of the preceding foundational material by a succinct, more efficient
approach.

Our presentation is based, both locally and on manifolds, on the formalism of [12],
where so-called smoothing kernels are used as key components of the construction. This
not only simplifies the local case in several respects compared to [10], but also makes
the translation to manifolds much more convenient. En passant, several proofs of [10]
were simplified; in particular, we give a significantly shorter proof of stability of the
algebra under differentiation. Finally, we separately establish a few core properties of the
smoothing kernels upon which the whole theory depends, which makes for a clearer and
less technical presentation.

2. Preliminaries

B, (z) denotes the open ball of radius » > 0 centred at € R"™ with respect to the
Euclidean metric. 9; denotes the ith partial derivative; we employ common multi-index

notation, where, for o = (aq,...,a,) € N, we have 9% = 97" - - - 99 and 9% means the
derivative in the z-variable. We abbreviate 07, = (0 + 0,)* (which gets expanded

by the binomial theorem), (—8,)* := (—=1)l*l9 and 8((;’5)) = 020. Dx means the
directional derivative on functions with respect to a vector field X, with D% denoting
the directional derivative in the variable x. The Euclidean basis of R™ is {e1,...,e,}.
We use the Landau notation f(e) = O(g(e)) for Jeg > 0, C > 0: |f(e)| < Cy(e) for
all € < gg. D(£2) and D’ (£2) denote the space of test functions and distributions on 2,
respectively. The action of a distribution u on a test function ¢ is written as (u, ¢). Given
open subsets 2 and ' of R", the pullback p*p of p € D(£2’) along a diffeomorphism
w: 2 — (2" is the element of D(£2) given by (u*p)(y) := p(py) - |det Du(y)|, where Dy(y)
is the Jacobian of u at y. We set p, := (u=1)*. Accordingly, Lx¢ = d/dt|—o((cw)*p)
equals Dx¢ + div X - ¢, where oy is the flow of X at time ¢ and divX = > .0X"/0x;.
The Lie derivative of a distribution u along X is then given by (Lxwu,¢) = —(u,Lx ).
A manifold will always mean an orientable smooth paracompact Hausdorff manifold
of finite dimension. The space of distributions on a manifold M is given by D'(M) :=
027 (M)', where £2"(M) is the space of n-forms on M and 27 (M) is the subspace of those
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with compact support. We refer the reader to [11, § 3.1] for a comprehensive exposition of
distributions on manifolds. The Lie derivative of functions and n-forms on a manifold with
respect to a vector field X is denoted by Lx with L% explicitly denoting the derivative
in the z-variable. X(M) is the space of smooth vector fields on M and B!(z) is the ball
of radius r centred at x with respect to a Riemannian metric h.

A CC B means that A is compact and contained in the interior of B. We set I := (0, 1].
Calculus of smooth functions on infinite-dimensional locally convex vector spaces is to
be understood in the sense of the convenient calculus of [16], the basics of which are
presumed to be known. In particular, we use the differentiation operator d, the fact that
linear bounded maps are smooth, and that the notion of smoothness in convenient calcu-
lus agrees with that of the classical one for finite-dimensional spaces. For a multivariate
function f, d;f means the differential in the ith variable.

Finally, we refer to [8] for notions of sheaf theory.

3. Construction of the algebra

We recall the steps in the construction of a Colombeau algebra on an open set 2 C R"™.
One starts with the basic space & (£2) that contains the representatives of generalized
functions together with embeddings of smooth functions and distributions. The action
of diffeomorphisms and derivatives on the basic space is then given, extending their
classical counterparts. Next follows the definition of test objects, which are used to define
the subalgebra &,,(£2) C £(£2) of moderate functions and the ideal N(£2) of negligible
functions. This in turn gives rise to the quotient algebra G(£2). One then verifies the
desired properties of the embeddings, the sheaf property and the invariance of negligibility
and moderateness under differentiation, which makes the construction complete.

Definition 3.1.

(i) The basic space is £(£2) := C(D(£2) x §2), the space of all smooth functions
R: (¢, z) = R(p,x) on the product space D(£2) x §2. The embeddings ¢: D'(2) —
E(2) and o: C=(02) — () are defined as (wu)(p, ) = (u, @) for a distribution u
and (of)(p,x) = f(z) for a smooth function f, where ¢ € D(£2) and = € (2.

(ii) Let u: 2 — (2 be a diffeomorphism onto another open subset (2 of R™.
Given a generalized function R € £(£2'), its pullback p*R € £(f2) is defined as

(" R) (o) = R(pxp, p).

(iii) The derivative of R € &(£2) with respect to a vector field X € C*(£2, R™) is defined
as (Lx R)(p,z) = —di R(p, z)(Lx ¢) + (DX R) (¢, ).

Remark 3.2.

(i) The formula for Lx is obtained by considering the pullback of R along the flow of
a (complete) vector field and taking its derivative at time zero.

(ii) One has to verify that ¢, o, u* and Lx actually map into G(M). First, wu: (¢, x) —
¢ +— (u,¢) is smooth because continuous linear functions are smooth. Second,
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of: (p,x) = x+— f(x) is smooth because f is. Third, u*: D(2') — D(£2) as well
as Lx: D(§2) — D(£2) are linear and continuous, and thus smooth, which implies
the same for their extension to £(£2).

(iii) £(£2) is an associative commutative algebra with unit o(1): (¢, z) — 1, ¢ is a linear
embedding and o an algebra embedding. From the definition, one sees that the
pullback and directional derivatives commute with the embeddings.

(iv) Lx is only R-linear, but not C(£2)-linear, in X; because it commutes with ¢,
the latter property would, in fact, give a contradiction similar to the Schwartz
impossibility result.

For the quotient construction, we employ spaces of smoothing kernels flq(()). We give
their definition and additional properties now but postpone proofs until §7 in order to
separate the definitions and main theorems of the theory from the more intricate and
technically involved details.

Definition 3.3. A smoothing kernel of order q € No, on an open subset {2 of R",
is a mapping ¢ € C®°(I x 2,D(£2)), (¢,x2) — [y — ¢c(y)], satisfying the following
conditions:

(LSK1) YK CC 2, 3e9,C > 0, Yz € K, Ve < o: supp ¢ C Bee (),

(LSK2) VK CC 2, Va,3 € Nj: (agﬂagé)”(y) = O(e7"~181) uniformly for z € K and
ye

(LSK3) VK CC 2,Va € Nj, Vf € O(2): [, f(4)(059)0(y) dy = (9°f)(x) + O("H)
uniformly for x € K.

The space of all smoothing kernels of order ¢ on {2 is denoted by A,(f2) and is an affine
subspace of C* (I x £2,D(£2)). The linear subspace parallel to it, denoted by A (£2), is
given by all ¢ satisfying (LSK1), (LSK2) and the following condition:

(LSK3') VK CcC 2,Va e Ny, Vf € C>°(0): [, FW)(820). .. (y) dy = O(7t1) uniformly
for z € K.

Remark 3.4. Given ¢ in A,(22) or Ay(2) and a vector field X € C®(02,R"),
(D% +L% )6 is an element of Ay (£2). In fact, (D% +1Y%)¢)-» = (D% Y¢). o +div X ¢ .
For (LSK1), let K CC {2 and choose L with K’ CC L CC {2. Then for some C' > 0 and all
small €, supp é&w C Bce(z) Yz € L, which implies the same for (Dg}é)am and (D‘;’((ZS)”C
if + € K. For (LSK2) we note that, with X = (X',...,X"), (D%¥¢)..(y) equals
S (X H2) Dy 4ys + (X (y) — XP(2))Dy,)P)e.x(y); the first term of each summand can be
estimated by O(e™") and the second by

sup | X'(y) — X*(z)| sup |9y, ¢=.0 (y)| = O(e)O(e™ ") = O(e™™)
yEBce(x) yeN

for some C' > 0 uniformly for z in compact sets, and similarly for its derivatives. (LSK3')
is clear from the definitions.
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Definition 3.5. Let I 2 — 2 be a diffeomorphigm. We deﬁr~1e the pullback ,u*é of
a smoothing kernel ¢ € Ay (£2') by (1" @)c,2(y) := " (de,ua)(Y) = be,ua(ny) - |det Du(y)|.

By smoothness of 1 and p*: D(£2') — D(R2), p*d = p* o ¢ o (id xp) is an element of
C>(I x £2,D(12)), where id is the identity mapping.

Proposition 3.6. The smoothing kernels of Definition 3.3 satisfy the following prop-
erties.

(LSK4) Let U, V' be open subsets of 2, K CC UNV and let g € No. Given be A, ),
there exist g > 0 and ¢ € A,(V') such that ¢. , =15 fore < eg and x € K.

(LSK5) For all u € D'(§2), for all ¢ € Ag(2), for all k € Ny, for all Xy,...,X}, €
C*(2,R"): (u, D% --- D%, ¢e ) converges to Lx, -+ Lx,u in D'(§2) for e — 0.

(LSK6) Given a diffeomorphism pi: 2 — 2" and ¢ € A, ('), p*¢ € A,(9).

(LSK7) Given ¢y € .Zlq(Q), 0 € Ng, ég € Aqo(ﬂ) for all § # 0, 5 < 0, a sequence (€;)jen
with 0 < ej41 <e; <1/j Vj €N, a sequence (z;)jen in a set K CC 2 and functions
Aj as in Lemma 7.1, the function ¢ € C*°(I x (2, D({2)) defined by

bea) = S0 (2] T E0 LG (5155 4 )

j=1 3<0
is an element of A,(R").

Remark 3.7. (LSK4) is of value in several proofs, essentially stating that during
testing, smoothing kernels can be restricted and extended as needed. In (LSK5), one can
equivalently demand that (u, (D%, + L% )--- (D%, + Lg{k)éayﬁ converges to 0 for k£ > 0
and to u for k = 0. (LSKT7) gives smoothing kernels taking prescribed values at chosen
points and is needed to prove stability of moderateness and negligibility under directional
derivatives.

We can now formulate the definitions of moderateness and negligibility.

Definition 3.8.

(i) R € £(£2) s called moderate if VK CC £2, Vo € Nj, 3g € No, IN € N, Vg € A (12):
sup, e |09 (R(¢e )| = O(e™N). The set of all moderate elements of £({2) is
denoted by &,,(92).

(i) R € £(£2) is called negligible if VK CC 2, Vo € Ny, ¥m € N, 3 € No, Vé € Ay (12):
SUP,ex |05 (R(de,z, )] = O(e™). The set of all negligible elements of £({2) is
denoted by N (£2).

Remark 3.9. In the original definition of gd, the moderateness test (translated to
the formalism using smoothing kernels) had to be satisfied for all b e /IO(Q); because
this produces a purely technical artefact in the definition of point values and manifold-
valued functions [17,19], we prefer the test with ¢ € A,(02) for some g, where this is
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avoided. And what is more, this in fact gives an isomorphic algebra, as has been shown
n [15]. Furthermore, we have stronger conditions on the smoothing kernels than [10],
which only requires @ = 0 in (LSK3), but the resulting algebras are again isomorphic [10,
Corollary 16.8].

As in other variants of the theory, the negligibility test is simplified if the tested
function is already known to be moderate; the proof uses the same argument as in all
the other variants of the theory [11, Theorem 1.2.3].

Proposition 3.10. R € &,,(2) is negligible if and only if Definition 3.8 (ii) holds for
a =0, that is, VK CC £2,Vm € N, 3q € No, Vo € Ay(2): sup,c i |R(¢e 2, x)| = O(e™).

Proof. Suppose R satisfies Definition 3.8 (ii) for & = ap € N} and fix sets Ky CC
L cc 2, my e Nand 1< i< n. Testing R for moderateness on L with a = «ag + 2¢;
gives ¢1 € Ny and N € N. By assumption, the negligibility test on L with a = a9
and m = 2mgy + N gives some ¢qo € Ny. Take ¢ = max(qi,q2) and b e .,Zlq(()). Define
fe € C®(2) by fo(x) = d2°(R(¢e.x,x)). Then, for small g, z + [0,1] - ™t Ne; C L for
all z € Ky, and so

1
fe(z+em™Ne) = fg(x)—k((?zifs)(x)smoJ’N—k/ (1 =) (02 f.) (x +te™otNg;)e?mot2N q¢,
0
Then (9, f-)(x) is given by
1
(fe(z +em™tNey) — fo(z))e ™o N — / (1 —t)(02f.)(x + te™ T Ne;)e™ TN dt = O(e™0)
0
uniformly for x € Ky, which shows that R satisfies the negligibility test on Kq for
a = ag + e; and m = mg. By induction R is negligible. (]
Theorem 3.11.
(i) «(D'(£2)) < 5m(9)~
(i) 0(C=(R)) C En(2).
(iii) (e —a)(C=(R2)) CN(2).
v)

(iv) «(D'(£2)) NN (2) = {0}.

Proof. (i) Let u € D'(£2) be given. Fix K CC L CC 2, a € Nj and set ¢ = 0. Given
¢ € A,(£2), the moderateness test involves estimating 9 ((tu)(¢e 2, 2)) = 0% (u, b ») =
(u, 0% </)E’w> for z € K. By (LSK1), q[N)E’z and its derivatives have support in L for small ¢
and x € K, so, by the usual semi-norm estimate for distributions and (LSK2), there exist
some C' > 0 and m € N depending only on v and L such that this expression can be
estimated by C'Supg)<m zek yer \858§‘q~5‘gm(y)| = O(g~n~lel=18ly,

(ii) This is clear because derivatives of f € C°°(£2) are bounded on compact sets
independently of €.
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(iii) For K cC 2, o € N2, f € C°(£2) and m € N, we have, for all ¢ € A,,_1(12),

that 9 ((f)(9e.w, @) = (f,(050)e0) = (0°f)(2) + O(e™) = 03 (0 f)(dea, 7)) + O(e™)
uniformly for z € K by (LSK3).

(iv) Let u € D'(2) with tu € N'(2) and ¢ € D(£2). Then, with ¢ € A,(2) for some ¢,
the function in z given by (u, ggsz> converges to 0 uniformly for € supp ¢ when € — 0
because of negligibility of tu, and thus ((u, q@sym), ©(z)) converges to 0. On the other hand,
by (LSK5), (u, ¢~)“;> converges to u in D’(§2), which implies that u = 0. a

The following is easily verified with the respective definitions.
Theorem 3.12. &,,(£2) is a subalgebra of £(£2) and N'(2) is an ideal in &,,(£2).

We can now define the algebra of generalized functions on §2 (isomorphic to G%(12)
of [10]) as the quotient of moderate modulo negligible functions.

Definition 3.13. G(£2) := &,,(2)/N(£2).
Diffeomorphism invariance of G now follows from (LSK6).

Proposition 3.14. Let p: 2 — ' be a diffeomorphism. Then p*(&,,(£2')) C & (02)
and p*(N (")) CN(2). Thus, u is well defined on G by its action on representatives.

From Remark 2 (iii), it now follows that ¢ and o, considered as maps into G (£2), also
commute with diffeomorphisms.

4. Sheaf properties

Definition 4.1. Let R € £(£2) and let £ C 2 be open. Then the restriction R| o €
E(£2') is defined as R|p (w,z) := R(w, z) for w € D(2') CD(N2) and z € 2.

Employing (LSK4), one immediately obtains that moderateness and negligibility are
local properties, which makes restriction well defined on the quotient space as well.

Proposition 4.2.

(i) Let £2' C 2 be open and let R € £(£2). If R is moderate or negligible, respectively,
then so is R|gq.

(ii) Let (Uy)a be an open covering of 2 and let R € (£2). If, for all o, R|,, is moderate
or negligible, respectively, then so is R.

Definition 4.3. Let 7' € G(£2) and 2’ C 2. Then the restriction 7] € G(£2) of T
to 2’ is defined as T'| o := T|q + N (£2'), where T € £,,(§2) is any representative of T

Proposition 4.4. G is a fine sheaf of differential algebras.

Proof. Let U C R™ be open and let {Uy}» be an open cover of U. Suppose that
for each A\ we are given an element T\ € G(U)) represented by T € &,,(Uy) such that
(T — Ty)|usno, is 0 for all A and pu. We have to show that there exists a generalized
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function 7' € Q(U) such that T|UA = T\ for all A\. By Proposition 4.2 (ii), T, then, is
unique with this property.

Let {x;}, be alocally finite partition of unity such that each x; has compact support
in Uy(;) for some A(j). For each j choose an open neighbourhood W of supp x; that
is relatively compact in Uy;), and a function 0; € D(Uy(;)) that is 1 on W;. Define
7; € C®(D(U),D(Uxy))) by 7j(w) := 0w for all jand T' € C*(D(U)xU) by T'(w, x) :=
22 X (@) (mj(w), z). Because the family {W;};, and thus also {supp x;};, are locally
finite, this sum is well defined and smooth.

Fix K cC U and o € Njj for the moderateness test. Because K has an open neigh-
bourhood intersecting only finitely many supp x;, there is a finite set F' such that, for all
¢ € AU),a e Ngand z € K, 07 (T (he 2, 7)) = D_ 05 (X5 (2)Ta(j) (7 (¢e,2), ). For T
to be moderate, it therefore suffices to show that for each fixed j € F, any L CC W;
and any § € N{j, there exist ¢ € Ny and V € N such that, if ¢ is of order ¢, then
ol (T,\(])(Wj(qgs 2),2)) = O(e~N) uniformly for = in L.

Fixing j, L and [, there are ¢ and N such that, for all ) e A (U,\ J)) we have
c?ﬁ(T)\(])(w‘E 2T)) =0(™N) uniformly for « € L. In particular, given b€ A U), let
be determined by (LSK4) such that 1/15 z (bg,z for small € and x in an open neighbour-
hood of L whose closure is compact and contained in W;. By (LSK1) then, for small e,
supp ¢., C W; for all x in this neighbourhood, and hence 8§(T,\(j)(7rj(g55,x),x)) =
Of(T)\(j)(zﬁE’w, )) for 2 € L, which implies moderateness of T'.

Set T =T + N(U). For T|y, = Ty it suffices by assumption, Proposition 4.2 (i) and
because {Wy}, is an open cover of U, to show negligibility of T'|u,nw, — Th)lvanw;,
for all k. Because Uy N W}, is relatively compact, there is a finite set F' such that (T —
Txm))lusnwy, (w, @) is given by > . px;j(2) (T (mj(w), @) — Tax)(w,z)) on its domain
of definition. For testing a single summand for negligibility, fix j € F', K CC Uy N Wy
and m € N By assumption there exist ¢ and N such that, for all ) € A a(Uxij) NUxw))s
(Tng) — )(T/)e z,x) = O(e™) uniformly for z € K Nsupp x;. In particular, given ¢ €
A (UxnN Wk) let ¢ be determined by (LSK4) such that Vew = by for x € K Nsupp X;
and small e. By (LSK1), the support of gf)s « 1s contained in W for all x € KNsupp x; and
small . This implies that T (; (fez), ) = T,\(J)(zZJ6 z, ), giving the desired estimate.

That G is a fine sheaf may be inferred from the fact that it is a sheaf of modules over
the soft sheaf C*° [2, Theorem 9.16]. O

5. Stability under differentiation
Theorem 5.1. Let R € £(£2) and let X € C>(£2,R"). Then

(a) R e &, () implies LxR € &,(12),
(b) R e N(2) implies Lx R € N(£2).

Proof. If X = e; for some ¢ € {1,...,n}, set k := 0. Otherwise, assume that the
result holds for X = e; for some ¢ and set x := 1. This means that this proof has to
be read twice: both cases follow the same scheme, but the second requires the first as a
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prerequisite. Let p: (~t, x) = prx be the flow of X. The claim follows from estimates of
0% (0 — kD% ) (R(WW* 4 @e .z, 14 T))|1=0, Which, by the Mazur-Orlicz polarization formula [18]

k
1 .
al...ak:yg (_1)kj g (ai1+"'+aij)k
'j:1

11 <o <ij
(for any aj - - - aj in a commutative ring), is given by a linear combination of terms

ft,e.2) = (D + ¢(9; — kD)) (R(1 402 0 i)

at t = 0 with Z € Nj, Z < a, ¢ € {0,1}, (Z,¢) # (0,0), for which it hence suffices
to verify the growth conditions. Assuming the contrary, 3K, a, VN, q (3K, a, Imy, Vg,
respectively), 3¢ € A,(2), 3(e;); 0, &; < 1/4, 3(x;); € KN: |£(0, &5, ;)| >j~Ej_N (>
Jj-€j', respectively), Vj. By assumption on R, one knows that 3qo, No (3qo, respectively),
Vi € Ag(2): sup,eg [(DG + (0, — 580)) I (R(BZ e o, Brw)| = O(e™™0) (O(e™),
respectively), where § is the flow of ke;. Set N = Ny, ¢ = qo above. Using the chain
rule [13], f(t,&, x) is given by

D <a| . 1) (@7 A5 R) (i 6 0, 1)

1,72 kl
k1+k2:|a|+1
< [ %+ (@ — kD5 P (* 16-2) [] (D% + (0 — kD%)) P2 (),
B,em Baema
where 7; runs through all partitions of {1,...,k;}, |m;| is the number of blocks in =,

and the products run through all blocks of the respective partition. Applying the chain

rule in the same way to (D% + c(9,, — k0;))I I (R(8* 4.2, Bix)), one sees that this

expression is equal to f(t,e,x) if, Vk =0,...,|a| + 1,
(D% + (9 — “Dg)c())k(ﬂit(lgs,x) = (D% + ¢(0z, + KO i))k}lz)fﬂf’ (5.1)
(DY, + (8 — kD%)* (o) = (DG + c(0a, — K0;))* B (5.2)
With ‘ 5
g [((Z'+1—=0)0u 4y, — ke(D% +L%)\ 7 £
¢ﬂ - aa:+y< Zi+ 1 0

for |8 < |o| 4 1, define ¢ as in (LSK7). A short calculation shows that
(8;_%61(Ziaxi + (O, + “ayi))%’&)sj@j = (a;/—wei(ziami - C(Lg( + “Dg)c())wﬁg)sj,zw

and thus (5.1) holds at (e,z) = (g;,z;) Vj for |y| < k. Equation (5.2) holds trivially
at (t,z) = (0,z9) if keX(xp) = 0. Otherwise, by the rectification theorem, there is
a local diffecomorphism p and a vector v € R™ such that Dp(x)X(z) = v € R™ and
wu(t,r) = p~(p(x) + tv) for (t,x) in a neighbourhood of (0,z), which implies that
(DX)*01p)(t, ) = d**!(p™")(p(x) + tv) - v**! and thus (9, — D%)*ua = 0 = (0r, —
0;)*Bsx. In summary, this gives a contradiction to our assumption. O
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6. Association

No discussion of Colombeau algebras would be complete without mention of the concept
of association, which provides a means to interpret nonlinear generalized functions in
the context of linear distribution theory. We give some elementary results here that are
typical for all Colombeau algebras and easily obtained with the help of Proposition 3.6.

Definition 6.1. R,S € S‘m((}) are said to be associated with each other, written
R~ S,if Vi € D(2),3g € N, Vo € A,(2): (R — S)(Pez, ) converges, as a function in
x, to 0 in D'(£2) for e — 0.

Because a negligible function is evidently associated with 0, this definition is inde-
pendent of the representatives and we may talk of association of elements of G(§2). The
following classical results are immediate consequences of (LSK1) and (LSKS5).

Proposition 6.2.
(i) For f € C°°(R2) and u € D'(2), o(f)e(u) = o(fu).

(ii) For f,g € C(£2), «(f)u(g) = u(f9)-

Proof. (i) (f(z)(u,des) — (fu, de), ¥(x)) — 0 for all ¢ € Ay(£2) by (LSK5).

(ii) For f,g € C(£2) and ¢ € Ay(2), with C from (LSK1), we can, for small ¢, estimate
the modulus of fBCE(I)f(y)(g(a:) — 9(y))¢e,»(y) dy uniformly for = in compact sets by

sup  |f(y)(g(x) — g())|Cx sup |e,0 (y)| — O, (6.1)
yEBo:(x) yeN

where C. = O(e") is the volume of Bce(x). In particular, this holds for f = 1, and
so uniformly on compact sets we have (g,¢.,) — g(z) — 0 and boundedness of

(9, @e.a)- Tt follows that, for f,g € C(2), (f,Pca)(g, Pea) — (£, Pera), Which equals

(f:0e.2)((9, be.w) — 9(x)) + (f (1) (9(x) = 9(y)), be.2(y)), converges to zero uniformly for &
in compact sets, and thus weakly in D’(£2). O

Being associated is a local property.

Lemma 6.3. Given R, S € ém(ﬂ), if R and S are associated with each other, then
their restrictions to every open subset of 2 are too. Conversely, if their restrictions to all
elements of an open cover of {2 are associated with each other, then so are R and S.

Proof. The first part is clear using (LSK4): for U C {2 open and ¢ € D(U), Defi-
nition 6.1 gives some ¢ such that, for ¢ € A (2), (R~ S)((i~>57m,z),w(z)> — 0; for any
) € ./Iq(U) then, there exists ¢ € flq(()) such that zzs,m = (55_,:,3 for z € supp®y and
small ¢, and thus (Rl — S|v)(Weq, ), (x)) = (R — S)(¢e o, ), (x)) — 0.

For the second part, let ¢ € D(£2) and let an open cover (Uy)q of £2 be given. Choose
a subordinate partition of unity (x;);. With v, := x; - ¥, we can then write ) = " 1);
for finitely many j that we enumerate as 1,2,...,m for some m € N; furthermore,
supp¥; C Uy,(jy for some af(yj).
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For each j = 1...m, by assumption there exists ¢; such that, for all ¢; € flqj( i), ((
v, (#5)e,z ), ¥5(x)) — 0. With ¢ = max g; and ¢ € Ay (£2), ((R—5) (e, ), ()
S (R~ 8)(Bems ), 3 (2)) ccuals (using (LSKL)) S (R — 8)[g (6emr ), (),

For each j we can, by (LSK4), replace ¢ by ¢; € A ( ) C A, ,(U;) such that ¢. ,
(&j)e,w for all x € supp®; and € < g, from which the claim follows

R-
)

O

7. Smoothing kernels
We use the following Lemma [10, Lemma 10.1].

Lemma 7.1. Let 1 > &1 > &3 > --- — 0, &9 = 2. Then there exist A\; € D(R)
(j =1,2,...) having the following properties.

1) suppAj = [gj41,€5j-1)-

2 ( ) >0 forx e (€j+1,5j71).

4) Ajleg) =

1(x) =1 for z € [e1,1].

(1)
(2) A
(3) S N(x) =1 forz e L.
(4)
(5) A

Proposition 7.2. Aq(Q) is not empty.

Proof. For the case in which {2 = R", we define the prototypical smoothing kernel
$° € C°(I x R*, D(R™)) by é;x(y) =& "p((y—x)/e), where ¢ € D(R™) has integral 1
and vanishing moments of order up to gq. We verify the conditions of Definition 3.3:
(LSK1) follows from supp ¢((- — z)/e) = esupp ¢ + x, (LSK2) is clear. For (LSK3),

/ F)(026°)- 2 () dy = / 0N W)eo((y — 2)/e) dy
— [@ D+ 2ol az
— F@)(2) + O

is then obtained by way of a Taylor expansion of f at the point x, because ¢ has vanishing
moments up to order ¢. Hence, ¢° € A, (R™).

In the general case of an open subset {2 C R™, we choose an increasing sequence
(K;) en of compact sets K1 CC Ko CC --- whose union is {2, and functions y; € D(R")
such that x; =1 on K; and suppy; € Kj11. Let 1 > e > €9 > -+ =+ 0, g9 = 2 and
choose a partition of unity ()\ )jen on I as in Lemma 7.1. Define ¢ € COO(I x §2,D(12))
by fe,x(y) == >N (@)X (y)o2 o (y) fore € T and z,y € 2. Then ¢ satisfies the conditions
of Definition 3. 3 because for each K CC {2 the equality gbs r = gb holds for small ¢
and x € K. g

For the subsequent proofs we recall the multivariate chain rule from [7] in our notation.

https://doi.org/10.1017/50013091514000091 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000091

728 E. A. Nigsch

Proposition 7.3. Let d,m €N, g = (g1,...,g9m): U CR? - R™ f: V CR™ — C,
where U and V are open, and let xy € U be given with g(zg) € V. Let 0 # o € N} be
given. Assuming g € C*(U) and f € Cl*l/(V),

[
F(fog)w)= Y ("Nlg) D (@) H wwk\
p(a,3) Jj=

1<IBI<]al

for x € U, where p(a,f3) consists of all (ky,....ka3l,--50a) € (Ngylel x (Ndyled
such that, forsomel <Ks<|a,ki=0andl; =0 forl < i< |al—s; |k >0
for |a] — s+ 1 < i < |af; and 0 < Z|a| s+1 < == =< ljo are such that Ela‘ ki = 8,
Zlal |ki|l; = a. Here g = (dgy,...,0%gm) and a < (3 means that either |a| < |3
or, for some k < n, a; = f; fori < k and apy1 < Bry1-

Proposition 7.4. Given ¢ € A, (£2') and a diffeomorphism p: 2 — (2, o e A, (02).

Proof. We verify the conditions of Definition 3.3. Set ¢ := p*¢. First, (LSK1) follows
because p is locally Lipschitz continuous. For (LSK2) we have to estimate derivatives of
(igyw(uy) -|det Du(y)|. We write ¢.(z,y) = ¢- .(y), justified by the exponential law given
n [16, (3.12)], and define the bijective map T'(z,y) := (x,y — x). Because |det Du(y)|
does not depend on €, and y effectively only ranges over a compact set because of (LSK1),
it suffices to estimate derivatives of d. .. (py). Assuming that (a, 3) # (0,0) (otherwise
the case is trivial), we write

021,05 (e, wy)) = 0D (Ge 0 T ™) o (To (px ) o T (T(yy))  (7.1)

for  in a compact set K CC 2 and y € £2. Note that ¢.oT ! is smooth at T'(u(z), u(y)),
and T o (u x p) o T~1 is smooth at T'(z,y). By the chain rule, (7.1) is equal to

(051G o 7T )

1<l(a’,8)I<](a,8)] [(a,8)]
o

(09)" (T (x,y))
X (avﬂ)' , (72)
p((a,ﬁ%(:a/ﬂ')) JI;[l CGHICHE >
where g := T o (u x p) o T~" and p((e, B), (o', 3)) consists of tuples (ki,...;01,...)

satisfying > k; = (o, 3') and > |ki|l; = (o, ). Noting that

@0 (e o T (T (. py)) = (01,0 B)e (1),

we see, by (LSK2), that this factor in (7.2) is O(e~"~1#'l). Because |3’| can be as
large as |(a, 8)|, this growth has to be compensated for by the remaining factors. Now,
(8% g)% (T (x,y)) with 1; = (I$V,117) and k; = (k{", £{?)) is given by (with 00 := 1)

(2)

(1) (1) (1)
W (@) - (0 p)(y) — (0% p)(x))"
if lj(-2) =0, and is given by 0k ((8151)“52);1)(;(/))’“;2) if lj(-2) # 0.

(1)

(8%
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From this, (LSK1) an(gl) Lipschitz continuity of derivatives of u, one gains that
(9% g)k3 (T (,y)) is O(e* 1y if lJ(-Q) =0 and O(1) if lj(-2) # 0, so the []; in (7.2) gives
O(e™) with

m=>_ k- 3 kP> 18-
J

187 #0

@) @ /
3157 = 18 =181,

which leaves O(~"~#) for the growth of (7.2), as desired.
For (LSK3), the case of v = 0 is clear by substitution in the integral. Otherwise, we
have, by Proposition 7.3, that (05 (1*¢))e,2(y) = 0% (¢ pa(py) - |[det Du(y)|) is given by

Y (070)cpalpy) - [det Du(y)] Y a'H k! z ' |k| ’

18I e p(e,B)  J=

where p(a, ) = (k1,..., ka3 l1, ..., 1ja)).- When integrating the product of this with f(y),
substitution gives

> /f )e e (1) - |det Du(y)|dy Y O"H k! g | |k|

18I e p(a,3) =1

- Z / (f o™ )W)(080)e pua(y) d Za‘Hklll\k\

1<IBI<al p(a o) g=1
=02 (fou=1)(u(@))+O(e9+1)

= ((fou™h) o) (z) +O(")
= (07f)(z) + O(e™)

uniformly for x in compact sets, which is the desired result. O

We will now show (LSK4)—(LSK7) for the smoothing kernels of Definition 3.3, and
thus establish Proposition 3.6.

Proof of Proposition 3.6. (LSK4) Let U,V be open subsets of 2, K cC UNV,
q € Ny and ¢ € A, (U). Choose x € D(UNV) with xy = 1 on K. Let &9 € I be such
that suppl/;a,w CUNYV for z € suppx and & < €g, and fix any A € C°°(I), which is 1
on (0,£0/2) and 0 on [gg, 1]. Fix an arbitrary smoothing kernel ¢° € A,(V) and define
Ve w = Me)X(T)Pen + (1 — Ae)X () ~§’w. Then ¢ € A, (V): any given L CC V can be
decomposed as L = Ly U Ly with Ly CC UNV and Ly CC V \supp x; for € < £¢/2,
(LSK1), (LSK2) and (LSK3) are then easily seen to be satisfied on L1 and L. Finally,
for e <eg/2 and x € K, wm ésm

(LSK5) Let u € D'(£2), k € No, X1,..., X € C*(2,R") and ¢ € D(§2). By (LSK1),
Supp ¢, is contained, for small ¢, in a relatively compact open neighbourhood U in {2
of supp ¢ for all x € supp ¢. By the structure theorem for distributions, we can write
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uly = (=1)IPla% f|y for a continuous function f with support in an arbitrarily small
neighbourhood of U, and so ((u, L%, ...L%, bez), p(x)) is given by

(F ), (05 d)ea(9)), (~1)*Lix, - - L, ()
= ((f (1), (Osy = 02)°®)ea(y)), (=1)"Lix, - Lx, p(2))

=, (§> 107y (00 3w (—1)FLx, - L, ()

8 8z _1\kaB—F

<5,) (0, @)ern(w)). (~1)F0P L, -~ L, ()
B'<B

(ﬁ,) (@), 0%y )e ) (—1)¥0° P Ly, Ly, (a))
B'<B 6

+ (F @)1, (82, 8)e(®)), (~1)F8° 7 Ly, - - Ly, p()))-

Because f(y) — f(z) = 0 u/niformly for x € suppp, y € Bee(y) (with C from (LSKT))
and € — 0, and because 8£+y<£57w(y) is bounded as in (LSK2), the first part of the last
sum converges to 0 in a similar manner to that in (6.1). By (LSK3), the limit of the
second part is (f(z), (—1)*0°Lx, ---Lx,¢(x)) = (Lx, - - - Lx, u, ).

(LSK6) This was shown in Proposition 7.4.
(LSK7) Condition (LSK1) for ) is obvious.
(LSK?2) for 1. For o < § (otherwise the expression is 0) the derivative (024,09, B1b)e 2 (y)

is given by
—x
+ l‘j> .
y (LSK2), this can be estimated uniformly for z € K by

, & " eIl Ce——18l — O(e—n—I8]
Z)\J(E)C 6 Z)\ O(e )

for some constant C' > 0.

(LSK3) for ¢. This is equivalent to

oo

RCDS (Y s (=

agd' <8

/f 0%, $)en(y) dy = 0°(F(x)) + O™ for o < 6.

Note that 0%(f(x)) means the derivative of the constant f(z), which is zero for a # 0.
The integral is (for e < g9 with C, g¢ from (LSK1))

oy (@ =) ; v
26 2 (0" — a)! /E;CE(x>f(y)(¢6/)Ej7zj<J : ' j)dy'

=1 a<d'<s
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Substituting u = ¢;(y— =z /5—|—Jc7 and forming the Taylor expansion of f(e(u—x;)/e;+x)

of order g about z, [ f(y)(95,,¥)e 2 (y) dy—0°(f(x)) without the remainder term is given
by

e (E — )6'—(1 e, =7 f('y)(x)
Z <8'< Z Mte ja)! (’3])

~!

([ =) Gy ) = ). (1)

The term in parentheses is O(s?“) so (7.3) can be estimated uniformly for x € K by
Z;'ijl Dli<qg Ni(E)(es/e)” MO(e ;Hl) = O(g9*1). The remainder is

3:—3:]5 1q1
I I R

|
<68 yl=q+1 T

The double integral is bounded uniformly for z € K, so O(g?*!) remains. O

8. Global Theory

We will now extend the construction to manifolds. This requires little more than the
right definitions, with which all properties follow effortlessly from the local case.

Definition 8.1. Let M be a manifold.

(i) The basic space is £(M) := C°°(027(M) x M). The embeddings ¢: D'(M) — £(M)
and 0: C®(M) — E(M) are defined as (tu)(w, x) = (u,w) for a distribution u and
(cf)(w,x) = f(z) for a smooth function f on M, where w € 27(M) and z € M.

(ii) Let u: M — M’ be a diffeomorphism from M to another manifold M’. Given
a generalized function R € &(M’), its pullback p*R € £(M) is defined as

(0" R)(w,z) = R(psw, px).

(iii) The Lie derivative of R € (M) with respect to a smooth vector field X on M is
defined as (LxR)(w,z) = —d1R(w, z)(Lxw) + (L% R)(w, z).

Remark 8.2. By the same reasoning as in the local case, u* R and Lx R are smooth;
E(M) is an associative commutative algebra with unit o(1): (w,z) — 1, ¢ is a linear
embedding and o is an algebra embedding. As before, the pullback and the Lie derivatives
commute with the embeddings and Ly is only R-linear in X, but not C'°°(M)-linear.

We use the following notation for the relationship between local and global expressions
on a chart (U, ).
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(i) For smooth vector fields, the isomorphism X(U) = C*°(¢(U),R"™) is written as
X +— Xy with inverse Y — Y.

(ii) For n-forms, the isomorphism 2"(U) = C*°(¢(U)) is written as w — wy with
inverse ¢ — U, where wy (y) 1= p.(w)(y)(e1,- - -, en).

(iii) For distributions, the isomorphism D'(U) = D'(¢(U)) is given by w — uy with
(urr, @) = (u, Y), and its inverse v — v¥ with (v¥,w) := (v, wy).

(iv) The isomorphism of basic spaces C*®(22(U) x U) = C°(D(p(U)) x p(U)) is given
by R = Ry with Ry(p,x) = R(¢Y, ¢ 'z) with inverse S — SY, SY(w,z) :=
S(wu, pz).

We then have (Lxw)y = Lx, (wy) and (LxR)(w,z) = (Lx, Ru)(wy, ¢x). Next we
define smoothing kernels on manifolds.

Definition 8.3. A smoothing kernel of order ¢ € Ny on a manifold M is defined to
be a mapping & € C*(I x M, 2"(M)), (g,2) = [y = Pe(y)], satisfying the following
conditions for any Riemannian metric h on M.

(SK1) VK CC M, Je,C > 0, Vx € K, Ve < q: supp P, . C BL_(z).
(SK2) VK cC M, Vj,k € No, VX1,...,X;,Y1,..., Y € X(M):
LS LEYLY, - LY, @)e () ln = O™ )
uniformly for z € K and y € M.

(SK3) VK CC M, Vj € No, ¥X1,...,X; € X(M), Vf € C®(M):

/M fo@E, L @)y = (Ly, -+ L, f)(2) + OE™)

uniformly for x € K.

The space of all smoothing kernels of order ¢ on M is denoted by A,(M) and is an affine
subspace of C*°(I x M, £27(M)). The linear subspace parallel to it, denoted by Aqo (M),
is given by all @ satisfying (SK1), (SK2) and the following condition.

(SK3') VK cC M,Vj € Ny, VX1,...,X; € X(M), Vf € C=(M):

/ frl, L% @), = O(e9t)
M
uniformly for z € K.

Note that, by [12, Lemma 3.4], Definition 8.3 does not depend on the choice of the
Riemannian metric. Given a chart (U, ) on M, we see that smoothing kernels on U
correspond exactly to smoothing kernels on ¢(U), as in Definition 3.3.
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Proposition 8.4. Let (U,¢) be a chart on M. Then A (U) = A (p(U)) as affine
spaces and Aqgo(U) = Ago(p(U)) as linear spaces.

Proof. The isomorphism is gzgg’x = (P.,,-1,)u with inverse &, , := (gZ;EyW)U. Taking
for h the pullback metric of the Euclidean metric on ¢(U) to U along ¢, then given
K cC ¢(U) Jey,C such that supp®., C Bl (z) Ve < g, Vo € ¢~ }(K), and thus
supp 45571 = @(supp P, ,-1,) C o(BL (¢ (x))) = Bee(z) Ve < g9, x € K. Tt therefore
follows that (SK1) implies (LSK1) for ¢; the converse holds by the same reasoning.

Then

ey : N
(OFF -+ 00 - )i = (LY L5TVLY - LY, @)oo

which implies that (LSK2) for ¢ is equivalent to (SK2) for &, because in (SK2) it obviously
suffices to restrict the Xq,...,Y; to be~elements of {O01,...,0,}.
By the same reasoning, (LSK3) for ¢ is equivalent to (SK3) for ¢ because

[ Fs, 15 D= [ (Foe W) O 0 )y
U ’ @(U)

and similarly for (LSK3’) and (SK3'). O

Using this isomorphism, we also write (;~5 =@y and ¢ = (;EU, respectively.

Definition 8.5. Let u: M — M’ be a diffeomorphism. Then we define the pullback
@ of a smoothing kernel ® € A, (M’) by (1 P)c 2 = p*(Pe pa)-

Proposition 8.6. The smoothing kernels of Definition 8.3 satisfy the following addi-
tional properties.

(SK4) Let U, V' be open subsets of M, K CC UNV and let ¢ € Ng. Given ¢ € A, (U),
there exist ¢g > 0 and ¥ € A, (V') such that &, , =V, , fore <eg and x € K.

(SK5) Yu € D'(M), V& € Ay(M), Vk € No, VX1,..., X}, € X(M): (u, L%, - L%, Dea)
converges (weakly) to Lx, ---Lx,u in D'(M).

(SK6) If u: M — M’ is a diffeomorphism and &' € A, (M'), then u*® € A,(M).
Proof. (SK4) This is proven exactly as in the local case.

(SK5) Let w € £27(M) with support in a set K; by using a partition of unity we may,
without limitation of generality, assume that K is contained in a chart domain U. For
small e, supp @, , C U for all 2 € suppw, and thus

<<U7L§(1 e 'Lg)cfkqse,m>7w($)> = <<UU7L%X1)U T 'L%Xk)U(ng)E7I>,WU(fL')>

and converges to (L(x,), - - L(x,), uv,wuv), which in turn equals (Lx, - -- Lx, u,w).
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(SK6) Fixing K CC M for verifying (SK1) — (SK3) for p*®’, we may assume that
there are charts (U, ¢) on M and (U’,¢') on M’ such that K cC U and p(U) = U’.
Civen ¢ € A (M’) there exists, by (SK4), a smoothing kernel &' € A,(U’) such that
&, , = V., for v € p(K) and small €, to which, by Proposition 8.4, there corresponds a
local smoothing kernel ¢’ € A,(¢'(U")). The diffeomorphism 1/ := ¢’ oo™ from o(U)
to ¢'(U’) gives, by (LSK6), a local smoothing kernel ¢ := p"*¢’ € A,(o(U)) to which,
in turn, there corresponds a smoothing kernel & € A,(U). Because (u*¥'). , = ®. ,, the
result is obtained. (]

(LSKT) has no direct equivalent on the manifold.
We come to the definition of moderateness and negligibility.

Definition 8.7.

(i) R € éj(M) is called moderate if, VK CcC M, Vj € Ny, 3¢ € Ny, AN € N,
VP € Ay(M),VXy,..., X, we have the estimate LY - L% (R(®e,5,7)) = O(e™N)
uniformly for € K. The set of all the moderate elements of £(M) is denoted by
Em(M).

(i) R € éj(]\/[) is called negligible if, VK CcC M, Vj € Ng, Vm € N, Jg € Ny,
VP € Ay(M), VX1,...,X;, we have the estimate L - L% (R(®c,2)) = O(e™)
uniformly for 2 € K. The set of all the negligible elements of £(M) is denoted by
N(M).

Enm(M) is a subalgebra of £(M) and N (M) is an ideal in &,,(M), so we can define
the algebra of generalized functions on M as the quotient of moderate modulo negligible
functions.

Definition 8.8. G(M) :=&,,(M)/N(M).
Corollary 8.9. Let (U, ) be a chart on M. Then R € £(U) is moderate or negligible,
respectively, if Ry € E(p(U)) is so.

Proof. Using the relation R(®. », ) = Ry ((Pv)e,pz, ), the claim is immediate from
the definitions and Proposition 8.4. (]

Again we can get rid of the derivatives in the test for negligibility.

Corollary 8.10. R € &,,(M) is negligible if and only if Definition 8.7 (ii) holds for
j =0, that is, VK CC M,Vm € N, 3¢ € Ny, V& € A;(M) R(P. »,x) = O(c™) uniformly
forx € K.

Definition 8.11. Let R € £(M) and let M’ C M be open. Then the restriction
Rly € E(M’) is defined as R|y(w,z) := R(w,z) for w € 22(M’) C Q27(M) and
xeM.

As in the local case, the following is an immediate consequence of (SK4).
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Proposition 8.12.

(i) Let M’ C M be open and let R € £&(M). If R is moderate or negligible, respectively,
then so is R|.

(i) Let (Uy)a be an open covering of M and let R € E(M). If, for all o, R|y, is
moderate or negligible, respectively, then so is R.

By Proposition 8.12 (i), restriction is well defined on the quotient space.

Definition 8.13. Let 7' € G(M) and let M’ C M. Then the restriction 7|5 € G(M")
of T to M’ is defined as T'|ps := T|pr + N (M'), where T € &,,(M) is any representative
of T

Proposition 8.14. G is a fine sheaf.

Proof. The proof of Proposition 4.4 applies with the obvious modifications. Addi-
tionally, G is fine because it is locally fine [8]. O

Theorem 8.15.

(i) o(D/(M)) € E,n(M).

(i) #(C(M)) C &n(M).
(it}) (¢~ 0)(C(M)) € N(M).
(iv) «(D'(M)) N N(M) = {0}.

Proof. Instead of proving this directly we use the local results. For (i), tu is moderate
if |y = o(uly) = (t(uy))Y is, that is, on each chart domain U, which by Corollary 8.9
is the case because t(uy) is moderate; similarily for (ii) and (iii). For (iv), tu|y, and
thus ¢(uy ), are negligible, which implies that uy = 0 for all chart domains U, and thus
u = 0. g

Theorem 8.16. Ly preserves moderateness and negligibility.

Proof. Once again using (LSK4), one sees that (LxR)|y is moderate or negligible,
respectively, if and only if L x| Rlu is so fqr all chart domains U, which, by Corollary 8.9,
is the case if and only if (Lx|, R|y)v = Lx, Ry is moderate or negligible, respectively,
which holds by Theorem 5.1. |

Definition 8.17. R,S € &,,(M) are said to be associated with each other, written
R~ S, ifVwe NF(M), 3g € N, VP € Ay(M): lim._o [(R — S)(P: 5, x)w(x) = 0.

This definition is independent of the representatives and extends to Q(M ) because
elements of A/(M) are associated with 0. The notion of association localizes as well.
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Lemma 8.18.

(i) Given R, S € &,,(M) and an open cover M, R ~ S if and only if R|y ~ S|y for all

sets U of the cover. In particular, R = S implies R|y ~ S|y for any open subset U
of M.

(ii) Given R,S € &, (U) for a chart domain U, R ~ S if and only if Ry ~ Sy.

Proof. The proof of (i) is exactly as in Lemma 6.3 while (ii) follows immediately from
the definitions. O

As before, we have the following.

Proposition 8.19.

(i) For f € C*(£2) and w € D'(£2), o(f)e(u) =~ (fu).

(i) For f,g € C(£2), «(f)i(g) = (fg)-

Proof. (i) «(f)e(u) =~ o(fu) if and only if ¢(f)|ye(u)|v =~ ¢(fu)|y for all U of an atlas,
which is the case if and only if «(fy)e(uy) =~ ¢((fuw)yr); and similarly for (ii). O

Acknowledgements. This work was supported by projects P20525 and P23714 of
the Austrian Science Fund (FWF).

References

1. H. A. BIAGIONI, A nonlinear theory of generalized functions, 2nd edn (Springer 1990).

2. G. E. BREDON, Sheaf theory, 2nd edn (Springer 1997).

3. J. F. COLOMBEAU, New generalized functions and multiplication of distributions (Elsevier,
1984).

4. J. F. COLOMBEAU, Elementary introduction to new generalized functions (Elsevier, 1985).

5. J. F. COLOMBEAU AND M. LANGLAIS, Generalized solutions of nonlinear parabolic equa-
tions with distributions as initial conditions, J. Math. Analysis Applic. 145(1) (1990),
186-196.

6. J. F. COLOMBEAU AND A. MERIL, Generalized functions and multiplication of distribu-
tions on C*° manifolds, J. Math. Analysis Applic. 186(2) (1994), 357-364.

7.  G. M. CONSTANTINE AND T. H. SAvITS, A multivariate Faa di Bruno formula with
applications, Trans. Am. Math. Soc. 348(2) (1996), 503-520.

8. C. H. DOWKER, Lectures on sheaf theory (Tata Institute of Fundamental Research, Bom-
bay, 1956).

9. C. GARETTO AND G. HOERMANN, Microlocal analysis of generalized functions: pseudo-
differential techniques and propagation of singularities, Proc. Edinb. Math. Soc. 48(3)
(2005), 603-629.

10. M. GROSSER, E. FARKAS, M. KUNZINGER AND R. STEINBAUER, On the foundations of
nonlinear generalized functions I and II, Memoirs of the American Mathematical Society,
Volume 153, Issue 729 (American Mathematical Society, Providence, RI, 2001).

11. M. GROSSER, M. KUNZINGER, M. OBERGUGGENBERGER AND R. STEINBAUER, Geomet-

ric theory of generalized functions with applications to general relativity (Kluwer Aca-
demic, Dordrecht, 2001).

https://doi.org/10.1017/50013091514000091 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000091

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Diffeomorphism invariant algebras of generalized functions 737

M. GROSSER, M. KUNZINGER, R. STEINBAUER AND J. A. VICKERS, A global theory of
algebras of generalized functions, Adv. Math. 166(1) (2002), 50-72.

M. HARDY, Combinatorics of partial derivatives, Electron. J. Combin. 13(1) (2006).

J. JELINEK, An intrinsic definition of the Colombeau generalized functions, Commentat.
Math. Univ. Carolinae 40(1) (1999), 71-95.

J. JELINEK, Equality of two diffeomorphism invariant Colombeau algebras, Commentat.
Math. Univ. Carolinae 45(4) (2004), 633-662.

A. KRIEGL AND P. MICHOR, The convenient setting of global analysis, Mathematical
Surveys and Monographs, Volume 53 (American Mathematical Society, Providence, RI,
1997).

M. KUNZINGER AND E. A. NiascH, Manifold-valued generalized functions in full
Colombeau spaces, Commentat. Math. Univ. Carolinae 52(4) (2011), 519-534.

S. MAZUR AND W. ORLICZ, Grundlegende Eigenschaften der polynomischen Operationen,
Erste Mitteilung, Studia Math. 5(1) (1934), 50-68.

E. A. Ni1gscH, Point value characterizations and related results in the full Colombeau
algebras G°(£2) and G*(£2), Math. Nachr. 286(10) (2013), 1007-1021.

M. OBERGUGGENBERGER, Multiplication of distributions and applications to partial dif-
ferential equations, Pitman Research Notes in Mathematics Series, Volume 259 (Longman,
Harlow, 1992).

E. E. ROSINGER, Generalized solutions of nonlinear partial differential equations (Else-
vier, 1987).

L. SCHWARTZ, Sur 'impossibilité de la multiplication des distributions, C. R. Acad. Sci.
Paris I 239 (1954), 847-848.

R. STEINBAUER AND J. A. VICKERS, The use of generalized functions and distributions
in general relativity, Class. Quant. Grav. 23(10) (2006), R91-R114.

https://doi.org/10.1017/50013091514000091 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000091

https://doi.org/10.1017/50013091514000091 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000091

