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Abstract
We analyze the spatio-temporal dynamics of a simple model of macroeconomic geogra-
phy in which demography and pollution dynamics mutually affect each other. Pollution,
by reducing the carrying capacity of the natural environment – which determines the maxi-
mum amount of people a given location can effectively bear – crucially affects labor force
dynamics which in turn alter the amount of resources available for abatement activities
aiming to reduce pollution. Such mutual links determine the eventual sustainability of the
development process in different locations and economies, and spatial interactions further
complicate the picture. We show that neglecting the existence of mutual feedback between
population and pollution leads to misleading conclusions about the eventual sustainability
of a specific location. We also show that even neglecting the existence of spatial external-
ities can lead to misleading conclusions about the sustainability of different regions in the
spatial economy. This suggests thus that both the nature of the population and pollution
relationship and geographical factors may play a critical role in the process of sustainable
development.
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1. Introduction
The topic of sustainability has become very popular over the last decades, and both aca-
demics and policymakers are now more interested than ever in understanding how to
address the economy along a sustainable development path (Solow, 1974; Stokey, 1998;
UNEP, 2012). Sustainability has traditionally been defined as the ability to satisfy ‘the
needs of the present without compromising the ability of future generations tomeet their
own needs’ (WCED, 1987). Thus, such a notion requires us to take into account three
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different critical dimensions1 of the sustainability issue: an economic, an environmental
and a demographic dimension. Clearly, economy and environment are strictly inter-
connected, since economic activities are the main source of environmental degradation
and environmental quality may feed back on economic capabilities. But demography
also plays a crucial role in the sustainability problem: population growth leads to rising
economic activities and exacerbates environmental problems, and at the same time it is
affected by both economic and environmental outcomes, through food production and
health conditions, respectively. Despite these clear links among such three dimensions of
sustainability, most of the efforts in the literature have been devoted to the analysis of the
relation between the economic and environmental dimensions (see Xepapadeas, 2005,
for a survey of the growth and environment relationship), often completely neglecting
population growth and its mutual feedbacks with both economy and environment, even
if a growing consensus has recently emerged on the fact that population clearly matters
for sustainable development2 (UNFPA, 2012).

The goal of this paper is thus to shed some light on the role of population change
in the sustainability discourse, by developing a simple model in which population and
pollution dynamics mutually interact. Specifically, our contribution to the extant litera-
ture is twofold: firstly, we explicitly allow for somemutual dynamic interactions between
the population size (and thus the labor force) and the pollution stock; secondly, we also
allow for the demographic and environment relation to be not only time but also space
dependent.

The existence of some important relation between the humanpopulation and its host-
ing natural environment has been known for centuries. Malthus (1798) was the first to
conjecture that fast population growth is not sustainable, since it exercises excessive pres-
sure on the availability of food supplies. The rise of technological progress in agricultural
production has weakened the Malthusian argument, which over time, following Kahn
et al. (1976), has been replaced by the cornucopian view that population growth – by pro-
moting technical change – may even tend to increase food availability (see Panayotou,
2000, for a survey of alternative theories on the population and environment relation). As
a result, the concerns about the role of the human population in the (sustainable) devel-
opment process have vanished and very few attempts have been made to characterize
the extent to which the human population and the natural environment are effectively
compatible from a sustainability point of view.

By focusing only on the population and environment relation, some works have
shown that the existence of sustainable paths where humans and the natural environ-
ment coexist does not have to be taken for granted at all (Nerlove, 1991; Marsiglio,
2011), while others have shown that sustainability can be achieved if humans adapt their

1The UN (2005) recognizes that sustainable development needs to be based on three interdependent and
mutually reinforcing ‘pillars’ : an economic, an environmental and a social pillar. The social pillar is the
least defined and understood dimension of sustainability; in our discussion and following analysis this is
interpreted in terms of sustainability of the human population. We thus focus on demographic growth and
its relation with the other two (economic and environmental) pillars in order to shed some light on the
mutual feedback among three such dimensions of sustainable development.

2A recent report of the United Nations Population Fund stresses the importance of demographic chal-
lenges for sustainability issues and calls for more efforts in order to better understand its implications for
development policies. The report notes that: ‘In sum,while changes in population size have important impli-
cations for sustainable development, other population dynamics, which have received even less attention,
have too. Howmany people will be added to the world matters; it also matters where they will live, how old
they are and what they do, produce and consume’ (UNFPA, 2012).

https://doi.org/10.1017/S1355770X18000475 Published online by Cambridge University Press

https://doi.org/10.1017/S1355770X18000475


Environment and Development Economics 203

behavior according to the state of the environment (Berck et al., 2012). By also taking
into account economic factors, some recent works have shown the importance of demo-
graphic policies (de la Croix and Gosseries, 2012; Marsiglio, 2017) and technological
progress (Boucekkine et al., 2014) in order to favor sustainable development. Our paper
contributes to this literature by considering how spatial spillovers impact on all three
dimensions of the sustainability issue.

The importance of spatial interactions for economic activities and outcomes has been
recognized only recently by the economic geography literature. Krugman (1991) seminal
work firstly identifies spatial externalities as the main source of regional differentiation,
explaining why some regions might end up becoming an industrialized core and others
an agricultural periphery; such a core-periphery pattern, by being self-reinforcing, may
give rise to path-dependent outcomes that strongly affect the development process of
different regions for long periods of time.

Even more recently, an economic geography approach has been introduced in other
setups, giving rise to spatial macroeconomics and spatial ecological economics models.
A growing number of studies has analyzed the effects of spatial spillovers on economic
growth (Brito, 2004; Camacho and Zou, 2004; Camacho et al., 2008; Boucekkine et al.,
2009, 2013a,b) and natural resource management (Brock and Xepapadeas, 2008, 2010;
Brock et al., 2014b; Camacho and Pérez–Barahona, 2015). Very recently some attempts
have been made to characterize the role of such spatial effects on the process of sustain-
able development, by analyzing the mutual economy and environment relation (Brock
et al., 2014a; La Torre et al., 2015). Our paper contributes to this literature by focusing on
the role of demography and its spatial patterns in the process of sustainable development.

This work thus tries to combine two different streams of literature: the sustain-
ability and the macroeconomic geography literatures. From the latter, we borrow the
framework for our analysis: we consider, indeed, a spatial macroeconomic model with
environmental and demographic interactions. The setup most similar to ours is that
of La Torre et al. (2015), but ours is different from theirs in that we allow population
growth and labor migration to play a specific role in the dynamic evolution of the spatial
economy. From the former, instead, we borrow the interest in analyzing whether and
under which specific contexts sustainable development paths may exist; to the best of
our knowledge, the presence of a spatial dimension in our analysis makes our paper not
comparable to any other existing work, since spatio-temporal dynamics have not thus
far been discussed from a similar sustainability point of view.

Our main results allow us to stress that: (i) by taking into account the population
and pollution relationship, it is particularly difficult to identify sustainable development
paths along which the human population and the natural environment mutually coex-
ist, and (ii) by neglecting the existence of spatial externalities, the conclusions about the
sustainability of the development path followed by certain regions analyzed in complete
isolation from neighboring regions may be completely misleading. Indeed, related to
the first type of result, we can show that neglecting the mutual feedback between demo-
graphic and environmental outcomes precludes us from identifying the existence of a
sustainability problem; this is due to the fact that such a view of the population and
environment relation would lead us to conclude that sustainability would be naturally
achieved and thus there is no need at all to worry about sustainable development. Related
to the second result, instead, it may happen that some regions – which in the absence of
spatial interactions are meant to develop along a sustainable path – because of spatial
externalities will be brought to an unsustainable status characterized by unlimited pol-
lution growth and extinction of the human population, because of the interaction with
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neighboring regions developing along an unsustainable trajectory. These results suggest
that, despite the scant attention received in the literature thus far, the relation between
population and environment, along with its geographical characteristics, is an essen-
tial element to take into account in order to plan sustainable development and design
appropriate policies.

The paper proceeds as follows. Section 2 introduces our baseline spatio-temporal
dynamic model, which for the sake of simplicity abstracts from capital accumulation,
and thus it is summarized by two partial differential equations describing the evolution
of human population and pollution. We explicitly analyze how the demographic and
environmental outcomes change both over time and across space in the case in which
spatial externalities are either present or absent. Specifically, in section 3 we focus on the
role of population growth (with no spatial externalities), showing that abstracting from
the mutual population and pollution feedback leads to conclusions completely differ-
ent from those obtained by taking into account such a mutual relation. In section 4 we
focus on the role of spatial extenalities, showing that neglecting the existence of spatial
interactionsmay completely distort our conclusions, whichmay end up beingmore opti-
mistic in an a-spatial than in a spatial framework. Section 5 relaxes our assumption of no
capital accumulation and thus extends the baseline model by introducing a third partial
differential equation describing the evolution of capital. We show that the introduction
of capital accumulation only complicates the analysis but does not substantially change
our qualitative results. Section 6 concludes and presents directions for future research.
Mathematical technicalities are discussed in appendix A.

2. The baseline model
We consider a simple model of macroeconomic geography in which, for the sake of
simplicity, agents consume all their disposable income (we shall remove this assump-
tion in section 5) and inelastically supply labor. Since there is no unemployment, the
population size and the labor force perfectly coincide, thus the terms population and
labor force (or simply labor) will be used interchangeably in what follows. We assume
that economic production activities generate pollution and abatement activities financed
by income taxation reduce the amount of pollution in the economy, such that produc-
tion has a net beneficial effect on pollution (via abatement). Pollution, by affecting the
carrying capacity of the natural environment inwhich the humanpopulation lives, deter-
mines the evolution of the labor force, which is an essential input in the production of
final output. Differently from the extant spatial macroeconomic literature, population
grows over time and its dynamics are therefore affected by pollution; at the same time
pollution evolves over time and is affected by the population size; thus the human pop-
ulation and the natural environment strongly affect each other through the pollution
channel.

We assume a continuous space structure to represent that the spatial economy devel-
ops along a linear city (see Hotelling, 1929), where the population (labor force) is mobile
across different locations and pollution, even if generated in a specific location, dif-
fuses across the whole economy as in La Torre et al. (2015). We denote with L(x, t) and
P(x, t) respectively the population size and pollution stock in the position x at date t, in
a compact interval [xa, xb] ⊂ R, and t ≥ 0. We also assume that the initial population
and pollution distribution, L(x, 0) and P(x, 0), are known and there is no migration or
pollution flow through the borders of [xa, xb], namely the directional derivative is null,
∂L(x, t)/∂x = ∂P(x, t)/∂x = 0, at x = xa and x = xb.
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Output is produced according to a Cobb-Douglas production function employing
a constant amount of capital, K, and labor as Y(x, t) = AKαL(x, t)1−α , where A > 0
is a scale parameter measuring the total factor productivity and 0 < α < 1 represents
the capital share of income; without loss of generality the capital stock is normalized to
unity, K ≡ 1. Pollution increases with the emissions generated by economic activity and
decreases according to natural factors; specifically, economic output generates emissions
which increase the stock of pollution at a rate β > 0, while the natural decay rate of pol-
lution is δP > 0. We assume that such a difference is positive, β > δP, such that because
of anthropogenic activities pollution tends to accumulate over time (La Torre et al.,
2017). However, the local government collects taxes proportional to income, at the rate
0 < τ < 1, in order to finance abatement activities; the tax revenue,R(x, t) = τY(x, t), is
entirely devoted to reducing emissions, and in particular the rate of pollutant emissions
is lowered by a decreasing and convex abatement function M[R(x, t)] with M′(·) < 0
andM′′(·) > 0.

The abatement function is assumed for the sake of simplicity to take the form
M[R(x, t)] = 1/(1 + R(x, t)), implying that with no economic activities, Y(x, t) = 0;
since there are no resources to finance abatement, pollution will tend to grow at its
exogenous and constant rate, β − δP. The local population entirely consumes its dispos-
able income, C(x, t) = (1 − τ)Y(x, t), and grows over time. We assume that it evolves
according to a logistic equation, where � > 0 represents the carrying capacity of the
natural environment, which is affected by pollution flows through a decreasing and con-
vex feedback function F[P(x, t)] with F′(·) < 0 and F′′(·) > 0. This captures the fact
that pollution, by putting the natural ecosystem under stress, acts as a hindrance to the
development of the human population, which in turn is the primary source of pollution
reduction. Such a feedback function is assumed to take a form similar to the abatement
function, F(x, t) = 1/(1 + θP(x, t)), with θ ≥ 0 being a scale parameter.

The spatio-temporal dynamicmodel can thus be summarized by the following system
of two partial differential equations (PDEs):

∂L(x, t)
∂t

= dL
∂2L(x, t)

∂x2
+ L(x, t)

[
�

1 + θP(x, t)
− L(x, t)

]
(1)

∂P(x, t)
∂t

= dP
∂2P(x, t)

∂x2
+ P(x, t)

[
β

1 + τAL(x, t)1−α
− δP

]
. (2)

Equation (2) describes the evolution of pollution over time and across space. Pollution
accumulation is driven by the characteristics of the environment, which suggest that the
self-cleaning capacity of the natural environment, δP, is not enough to offset the human-
induced pollution growth rate, β (La Torre et al., 2017). However abatement activities
allow the lowering of pollutant emissions, which net of abatement activities are equal to
β/(1 + τAL1−α); if abatement is effective, the net (of abatement) growth of pollution is
negative, and the pollution stock will decrease over time. The spatial externality is taken
into account by the diffusion term: the intensity of the diffusion process is measured by
the coefficient of diffusion dP ≥ 0, measuring the extent to which pollution – no matter
where it is originally generated – spreads across the whole spatial economy (La Torre
et al., 2015).

Equation (1) describes the evolution of the human population over time and across
space. In the absence of pollution, the population size would grow according to a logis-
tic law with constant carrying capacity, � (Verhulst, 1838). By taking into account the
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negative pollution externality, the demographic law of motion is still logistic, but the
maximum value of the population size that the natural environment can bear is repre-
sented by the term �/(1 + θP): pollution thus decreases the carrying capacity. As for
the case of pollution, the spatial externality is represented by the diffusion term, where
dL ≥ 0 represents the diffusion coefficient, measuring the extent to which population
tends to migrate across different locations in the spatial economy.3 Equations (1) and
(2) allow us to analyze how human population and pollution are mutually related in a
spatial context, formally taking into account two of the three dimensions (environment
and population) of the sustainability problem. We shall introduce the third dimension
(economy) in section 5, where we will consider the implications of capital accumulation
on our setup.

Note that our framework is substantially different from extant works in the macroe-
conomic geography literature along twomain directions. (i) Most of the papers focus on
the spatial spillovers arising from capital accumulation (Brito, 2004; Camacho and Zou,
2004; Camacho et al., 2008; Boucekkine et al., 2009, 2013a,b; La Torre et al., 2015), while
we analyze the spatial spillovers associated with pollution and population growth.While
no otherwork has accounted for the spatial implications of population growth, the effects
of pollution diffusion are discussed only by La Torre et al. (2015), who analyze how pol-
lution and capital accumulation are mutually related. In their setup, static and dynamic
spatial externalities are both essential determinants of the economic and environmen-
tal performance of specific regions; even if there is no explicit mention of sustainability,
to some extent their work allows us to identify eventual sustainable paths and how the
development pattern may vary from region to region within the spatial economy. Dif-
ferently from them, we wish to understand the nature of the feedback effects between
population growth and pollution, thus taking into account capital accumulation is not
our main goal. However, as we shall show in section 5, the introduction of capital in
our setup will not change our main conclusions, thus it seems convenient to present the
model first in its simplest possible form.4 (ii) Moreover, most of the papers in this litera-
ture analyze a framework with optimizing agents, which however raises issues related to
the formulation of the associated optimal control problem (see Boucekkine et al., 2013a,b
for a discussion of how a typical macroeconomic model extended to a spatial setup gives
rise to an ill-posed problem). Even abstracting from agents’ optimization, our model is
able to capture in a neat and interesting way the main channels through which popula-
tion and geography matter in the sustainability debate, thus it seems convenient to keep
the analysis as simple as possible.

Our framework is also substantially different from extant works in the sustainabil-
ity literature. The papers most closely related to ours are those of (Berck et al., 2012;
Boucekkine et al., 2014) who characterize population dynamics through a logistic dif-
ferential equation to account for feedback effects between the human population and
the environment. While in both these studies the feedback is unidirectional (from

3Note that in our setting the only determinant of the interlocation spatial dynamics of pollution and pop-
ulation is the interlocation concentration differential of pollution and population, respectively. Specifically,
pollution (population) tends to spread out from locations with high concentrations to locations with low
concentrations of pollution (population).

4It is also possible to show that from a qualitative point of view our results are robust to alternative
formulations. Other than the introduction of capital accumulation, also allowing the consumption good to
be tradable across locations or abatement activities to be financed via lump sum (rather than proportional)
taxation or else abatement to be independent of output would not substantially modify our conclusions.
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environment to population in Berck et al., 2012; and from population to environment in
Boucekkine et al., 2014), in our model population and environment mutually affect each
other. Moreover, none of these works takes into account the effects of spatial spillovers
which is instead the main focus of our analysis.

3. No diffusion: the role of population dynamics
In order to look at the mutual interactions between population and pollution in the sim-
plest possible way, we first analyze the behavior of the above system without diffusion,
but preserving the spatial structure. This allows us to comment in a simplified setup on
the role that population might play in the sustainability debate, but also to compare the
outcomewith what arises in the diffusion case which wewill analyze later in section 4. As
we shall see, not considering the interaction between population dynamics and pollution,
as has generally been done thus far in the sustainability literature, leads to substantially
misleading conclusions about the eventual sustainability of the development process of
specific locations or economies. In the case with no diffusion, that is dP = dL = 0, the
system of PDEs (1) and (2 ) boils down to the following parametric system of ordinary
differential equations:

dL(t)
dt

= L(t)
[

�

1 + θP(t)
− L(t)

]
(3)

dP(t)
dt

= P(t)
[

β

1 + τAL(t)1−α
− δP

]
. (4)

The system (3) and (4) is characterized by several parameters, each of which could be
space dependent, but for the sake of simplicity – and in order to emphasize the impli-
cations of spatial externalities – we assume that they are all spatially homogeneous. Any
position x needs to be interpreted as a specific location, thus a set of adjacent locations
can be interpreted as a region in the spatial economy. Note first that the system (3) and
(4) is actually a system of ordinary differential equations, since each point in the spa-
tial domain has its own time dynamics, but there is no interaction between adjacent
locations. The following proposition offers a concise description of the properties of this
system, stating that ∀x ∈ [xa, xb] the system (3) and (4) has a trivial unstable equilibrium
along with two non-trivial and somehow stable equilibria.

Proposition 1. Suppose that β − δP < τAδP�
1−α . Then the system (3) and (4) has three

equilibria, E1 = (0, 0), E2 = (�, 0) and E3 = (L, P), where:

L =
(

β − δP

τAδP

)1/1−α

(5)

P = 1
θ

[
�

((β − δP)/(τAδP))1/1−α
− 1

]
. (6)

The origin E1 = (0, 0) is unstable, E2 = (�, 0) is asymptotically stable, while E3 = (L, P)

is saddle-point stable.

Proof. See online appendix. �
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Figure 1. Phase diagram of population and pollution in the (L, P) plane (right panel), and stable and unstable
manifolds of the saddle-point stable equilibrium E3 (right panel).

Proposition 1 fully characterizes the possible long-run outcomes of our model econ-
omy. The technical condition in proposition 1 requires that abatement activities be
effective enough in their goal of reducing the growth rate of pollution; indeed, what such
a conditionmeans is that the otherwise positive net (of natural decay) growth rate of pol-
lution,β − δP > 0, due to environmental protection efforts is lowered enough to become
negative, β/(1 + τAP�1−α) − δP < 0. If this condition were notmet, all environmental
efforts would be pointless since pollution would always be meant to permanently grow,
no matter the amount of resources devoted to abatement; clearly abatement activities in
such a framework wouldmake no sense. Provided that such a technical condition is met,
apart from the trivial and not interesting equilibrium, there exist two different equilib-
ria: E2 is an ‘idyllic equilibrium’ in which pollution is completely null and the population
stabilizes at the level implied by the environmental carrying capacity, while E3 is a more
‘realistic equilibrium’ in which both population and pollution stabilize at strictly positive
levels. Even if the idyllic equilibrium is asymptotically stable, the possible outcomes in
our model economy are all but obvious and sustainable development cannot be taken
for granted. Indeed, a crucial role in this context is played by the other non-trivial (real-
istic) equilibrium which to some extent determines whether the economy will tend to
converge to the idyllic outcome or not.

In order to look at why this might be the case, let us analyze the demographic and pol-
lution dynamics through the phase diagram in figure 1. In the left panel, the blue stars
identify the three equilibria, while the red curves show the joint evolution of population
and pollution starting from arbitrary initial conditions (L0, P0). The black curve repre-
sents instead the unique trajectory allowing pollution and population to converge to the
equilibrium E3 = (L, P); that is, it represents its unidimensional stable manifold. It is
straightforward to notice that the stable manifold of the saddle behaves as a separatrix
between the basin of attraction of the idyllic equilibrium E2, and the region of the plane
where the diverging trajectories are doomed to reach (0,+∞) eventually.

This means that according to the value of the initial conditions (L0, P0), two different
outcomes are possible5: as long as (L0, P0) lies below the stable manifold of the saddle,
then the idyllic equilibrium will be achieved over the long run; however, as (L0, P0) lies

5Note that a third outcome is possible: (L0, P0) lies exactly on the stable manifold and thus over the
long run the more realistic equilibrium E3 will be reached; also such a possibility gives rise to a sustainable
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above this curve, the idyllic equilibrium will no longer be reached, and in such a frame-
work pollution will continue to grow permanently and – because of its effect on the
carrying capacity – the population will asymptotically disappear. Clearly, while the for-
mer case represents an outcome which can be deemed as sustainable (since the human
population and the environment coexist), the latter needs to be deemed unsustainable
(the environment gets infinitely polluted and the human population vanishes).

Therefore, despite the existence of an asymptotically stable idyllic equilibrium, the
economy does not necessarily need to achieve a sustainable outcome, and whether this
happens or not depends on the initial level of both human population and pollution. In
figure 1, the right panel represents both the stable and unstable manifolds of the sad-
dle and, as it should be clear from the left panel, the unstable manifold gives rise to an
heteroclinic orbit connecting the saddle itself to the idyllic equilibrium.

From the above discussion, it is clear that analyzing the size of the basin of attrac-
tion of the idyllic equilibrium is essential in order to understand whether the economy is
likely to develop along a sustainable or unsustainable path. The phase diagram in figure 1
is shown for a given set of parameter values satisfying the technical condition in propo-
sition 1. However, whenever β − δP changes, getting closer to zero or closer to its upper
bound τAδP�

1−α , the size of the basin of attraction of the idyllic equilibrium drastically
changes. In the extreme case in which β − δP approaches zero, such a basin of attraction
gets particularly large and eventually covers the entire first orthant. In the other extreme
case in which β − δP approaches its upper bound, the basin of attraction shrinks and
eventually becomes negligible. This result is illustrated in figure 2, where the value of
β − δP gradually increases from the top-left to the bottom-right. What this result means
is simply that the possibilities of achieving sustainable development crucially depend
both on natural features to a large extent out of human control (represented by the
parameters β , δP, �), and on economic elements which to some extent can be affected
by policymakers (given by τ ).

After showing that even if an idyllic asymptotically stable equilibrium exists, it is not
possible to take sustainable development for granted, we now compare this outcomewith
what we would obtain in the absence of demographic and environmental interactions, as
it has generally been done in literature. This can be seen by setting θ = 0, which means
that pollution does not feed back to population dynamics, which thus are completely
exogenous and independent of pollution dynamics. In such a case the two differential
equations in (3) and (4) are coupled only in one direction: from population to pollu-
tion, but not vice versa. In this framework, it is straightforward to note that the results
substantially change, since the economy admits a unique non-trivial equilibrium.

Proposition 2. Suppose that θ = 0 and β − δP < τAδP�
1−α . Then the system (3) and

(4) has two equilibria, E1 = (0, 0) and E2 = (�, 0). The origin E1 = (0, 0) is unstable, and
E2 = (�, 0) is asymptotically stable.

Proposition 2 shows that in the θ = 0 case, there is an important difference with
respect to what was discussed before, and this is due to the fact that the saddle (the realis-
tic equilibrium) completely vanishes. Thus, apart from the unstable trivial equilibrium,
the economy admits a unique non-trivial equilibrium, represented by the idyllic equilib-
rium with no pollution and population size determined by the environmental carrying

outcome. Since there exists a unique path allowing for convergence to such an equilibrium, we restrict our
analysis to the discussion of whether the economywill tend to converge to an idyllic or a catastrophic status.
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Figure 2. Phase diagram of population and pollution in the (L, P) plane with different values of the parameter
β, gradually rising from top left to bottom right. Note the contraction of the basin of attraction of E2, from the
different scales of the vertical axis in each panel.

capacity. In such a framework, there is a unique possible outcome for our model econ-
omy, that is reaching the idyllic outcome over the long run. In such a case, there is no
need to worry about sustainable outcomes, since the economy will naturally develop
along a sustainable path. Such a result is substantially different from what was discussed
before, and clearly illustrates the limits of neglecting the existence of mutual feedbacks
between population and pollution: we are led to conclude that to some extent sustainabil-
ity can be taken for granted. Note that the result is consistent with our above discussion
about the phase diagram in figure 1. Indeed, there is no topological variation of the phase
space when θ changes, but what simply happens is that there is a drastic expansion of
the basin of attraction of E2 as θ falls. As θ tends to zero, the stable manifold of the sad-
dle E3 shifts infinitely upward such that the basin of attraction of the stable equilibrium
E2 includes the entire first orthant; this can be intuitively seen from (6) which shows
that P tends to infinity and thus the basin of attraction of E2 becomes infinitely large.
This means that, if initial conditions are strictly positive, no matter their values, then the
population converges to�while pollution converges to zero (provided that the technical
condition in proposition 2 is met).

By comparing propositions 1 and 2, it is clear the extent to which taking or not taking
into account the mutual interactions between population change and pollutionmodifies
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the conclusions about the eventual process of sustainable development in specific loca-
tions or economies. When such interactions are considered, the economy may either
converge to the idyllic equilibrium with no pollution and a positive population level, or
alternatively diverge to a situation in which the pollution stock dramatically increases,
causing population to disappear asymptotically. When the population and pollution
interactions are not taken into account, the economy will automatically converge to the
idyllic equilibriumwith no pollution and a positive population level. Clearly, while in the
former case sustainability cannot be taken for granted, in the latter it can; this suggests
that the current debates about sustainable development and the associated policy recom-
mendations are oftenmisleading since they lack a global view of the different dimensions
of the sustainable problem.

4. Diffusion: the role of geographical factors
We now turn to the analysis of the full model in which diffusion and thus spatial exter-
nalities are explicitly taken into account. In particular, we wish to understand whether
the presence of such spatial interactions can alter our previous conclusions about the
overall sustainability of the spatial economy. As we shall see, the introduction of spatial
externalities, conveyed by diffusion effects, alter not only the short-run dynamics but
also the long-run steady states of pollution and population, meaning that not consid-
ering any spatial implication might lead to misleading conclusions about the eventual
sustainability of the development process of different locations or regions, and even of
the entire spatial economy.

Since we now allow for diffusion, the system (1) - (2) is a system of two PDEs. It is
well known that analyzing PDEs in order to obtain analytical solutions is very compli-
cated but in this case, by borrowing from themathematics literature, we can derive some
interesting analytical results about the long-run behavior of population and pollution.
Let us first focus on the case in which pollution does not feed back on population, that
is θ = 0; in such a case, equation (1) reduces to the following expression:

∂L(x, t)
∂t

= dL
∂2L(x, t)

∂x2
+ L(x, t) [� − L(x, t)] , (7)

which gives rise to a PDE widely discussed in the mathematics literature, known as the
Fisher equation. The behavior of this equation is thus known and this allows us to char-
acterize the long-run behavior of our system, not only when θ = 0 but also when θ > 0.
As discussed in appendix A, the above equation admits two equilibria, L(x) = 0 and
L(x) = �, with the former being unstable and the latter being asymptotically stable. This
means that in the absence of pollution feedback, in the long run the human population
will naturally achieve its carrying capacity. When θ > 0, by applying a classical compar-
ison theorem for parabolic PDEs (see Friedman, 2008, as reported in proposition A3), it
is possible to show that L(x, t) is bounded from above by L(x) for all x and t, meaning that
in the presence of pollution feedback, at any moment in time and in any location across
space the human population is bounded from above by the population dynamics that
would result in the absence of pollution feedbacks. Therefore, in the long run in every
location the population size will be at most equal to its carrying capacity, and the extent
to which the human population will fall below its carrying capacity crucially depends
on the pollution level. For what concerns equation (2), by applying again a comparison
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theoremwe can show that P(x, t) is bounded from above by the solution of the following
PDE:

∂P(x, t)
∂t

= dP
∂2P(x, t)

∂x2
+ P(x, t)

[
β

1 + τAL1−α
inf

− δP

]
, (8)

where Linf = infx,t L(x, t), and whenever β/(1 + τAL1−α
inf ) < δP its solution P(x) con-

verges to zero. Similarly, P(x, t) is bounded from below by the solution of the following
PDE:

∂P(x, t)
∂t

= dP
∂2P(x, t)

∂x2
+ P(x, t)

[
β

1 + τAL1−α
sup

− δP

]
, (9)

where Lsup = supx,t L(x, t), and whenever β/(1 + τAL1−α
sup ) > δP its solution P(x)

diverges to infinity. We can thus summarize these results in the following proposition.

Proposition 3. As t → +∞ and for any x ∈ [xa, xb], two cases are possible: (i) if
β/(1 + τAL1−α

inf ) < δp then P(x) = 0 and L(x) = �, while (ii) if β/(1 + τAL1−α
sup )

> δP then P(x) → ∞ and L(x) = 0.

Proposition 3 identifies some (sufficient) conditions allowing us to characterize the
two possible outcomes for our spatial economy, in which either (i) pollution converges
to zero and the human population to its carrying capacity, or (ii) pollution diverges to
infinity and the human population completely disappears. Clearly the former case rep-
resents a situation in which the economy develops along a sustainable path, while the
latter an unsustainable situation leading to a catastrophic outcome. By recalling that we
are focusing on a situation in which the growth rate of pollution is larger than its decay
rate, that is β > δP, the above proposition states that: (i) sustainability can be achieved
whenever theminimal abatementwithin the spatial economy is effective enough in order
to make the net growth rate of pollution become negative; similarly, (ii) an unsustain-
able outcome is achieved whenever the maximal abatement within the spatial economy
is not effective enough. Note that the effectiveness of abatement crucially depends on
the (minimum ormaximum) population level, which by determining income ultimately
determines the amount of resources available for environmental protection activities.

These results are consistent with those discussed in the previous section, confirming
that according to whether the growth rate of pollution, net of its natural decay and abate-
ment activities, is positive or negative, the stock of pollution can achieve an idyllic (zero
pollution) or a catastrophic (extremely high pollution) situation; this thus determines
whether the population size is able to stabilize at a level consistent with the environ-
mental carrying capacity or tends to collapse. However, an important difference with
respect to what was discussed earlier applies. While in the absence of spatial externali-
ties, the long-run outcome in each location and each region depends on the their specific
initial level of population and pollution (see proposition 1), accounting for such spatial
spillovers allows us to conclude that this is not actually true. Indeed, thanks to the role
of diffusion which tends to smooth spatial differences out (Boucekkine et al., 2009; La
Torre et al., 2015), the long-run outcome in thewhole economy is spatially homogeneous
(i.e., either a sustainable or a catastrophic outcome everywhere within the entire spatial
domain) meaning that every location and region will achieve the same outcome inde-
pendently of their specific initial condition. Specifically, the effectiveness of abatement
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Table 1. Parameter values employed in our simulations

xa xb dL dP θ β � τ A α δP

−1 1 0.1 0.1 1 2 2 0.5 2 0.33 1

activities in every location (i.e., the maximum and the minimum effectiveness) deter-
mines which outcome the entire spatial economy will experience.6 As we shall clarify
below through some numerical simulations, this intuitively suggests that geographical
factors need to be crucially taken into account in the sustainability debate.

In order to illustrate the implications of the results just discussed, we now proceed
with some numerical simulations. The parameters’ values have been set in order to sat-
isfy the parameter restriction in proposition 1 and also in order to make the figures as
clear as possible; however, it is possible to show that even under different parametriza-
tions our qualitative results will not differ from the two scenarios (consistent with those
pointed out in proposition 3) that we shall discuss. The parameter values employed in
our simulations are summarized in table 1. Note that in our setting, the initial condi-
tions of population and pollution, namely L(x, 0) and P(x, 0), are the only source of
spatial heterogeneity. Moreover, given that diffusion acts as a convergence mechanism
(Boucekkine et al., 2009; La Torre et al., 2015) and that there is no divergencemechanism
to counteract it (as for example in La Torre et al., 2015), the initial spatial heterogene-
ity will tend to be completely wiped out over time, meaning that intuitively the spatial
economy will achieve either a sustainable or catastrophic outcome homogeneously in
space (as discussed in proposition 3). Note also that in order to look at the implications
of spatial externalities, we need to compare the long-run behavior of a two-dimensional
system, that is a point inR

2, {L(+∞), P(+∞)}, with the long-run behavior of an infinite
dimensional system, that is, a function in C2, {L(x,+∞), P(x,+∞)}. Indeed, what was
discussed in the previous section by abstracting from spatial interactions can be inter-
preted as simply the outcome in terms of population and pollution of one single location
in the spatial economy (i.e., a point in R

2 ). By taking into account spatial interactions,
each single location is no longer independent of other locations, and thus its outcome in
terms of population and pollution depends also on the outcome of other locations (i.e.,
a function in C2).

In order to illustrate all possible outcomes, we consider two alternative spatial con-
figurations for the initial conditions of L and P. Without loss of generality we shall
assume that the initial condition for pollution is spatially homogeneous while that for
population is spatially heterogenous. Specifically, we shall assume that P(x, 0) = 1 with
L(x, 0) = 0.1 + 1.8/(1 + e−10(x)) and L(x, 0) = 0.1 + 1.8/(1 + e−10(x+0.5)) in the first
and second configuration, respectively; such specifications for the initial conditions
allow us to obtain in the simplest possible way some smooth degree of heterogeneity
within the spatial economy, but it is possible to show that considering other configura-
tions will not modify our qualitative results. The rationale behind two such alternative
configurations can be explained using figure 3, which summarizes the model’s outcome
that we discussed before in the two-dimensional framework.

6It may be natural to think that the speed at which population diffuses across space depends on the
pollution level in some specific location. However, it is possible to show that our results extend in a similar
fashion to the case in which the diffusion coefficients dL and dP are functions of population and pollution,
provided that such functions are bounded from above and below by positive constants.

https://doi.org/10.1017/S1355770X18000475 Published online by Cambridge University Press

https://doi.org/10.1017/S1355770X18000475


214 Davide La Torre et al.

−1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
L(x,0) =0.1 + 1.8/(1+e−10(x))

Space x
−1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
L(x,0) =0.1 + 1.8/(1+e−10(x+0.5))

Space x

Figure 3. Initial population distributions for the two scenarios considered in the following numerical simula-
tions: L(x, 0) = 0.1+ 1.8/(1+ e−10(x)) (left), L(x, 0) = 0.1+ 1.8/(1+ e−10(x+0.5)) (right).

Remember that from what was discussed in the previous section, the pair of initial
conditions for L and P determines whether the economy will converge to a sustainable
equilibrium (initial conditions below the stable manifold of the saddle) or will diverge
towards an unsustainable outcome (initial condition above the stable manifold). By
keeping the initial condition of P exactly the same across the entire spatial domain, the
initial condition for L is the only determinant of whether we lie below or above the stable
manifold of the saddle at a given location x. In figure 3 our two spatial initial condi-
tions configurations for L are represented by the blue curves while the red horizontal
line represents the threshold value above/below which (given the initial value of P) we
effectively are below/above the stable manifold of the saddle, such that in the absence
of spatial externalities, we can expect convergence or divergence according to where the
blue curve lies with respect to the red line.

Note that given the parameter values in table 1, without loss of generality, the thresh-
old level for L(x, 0) is conveniently normalized to one. Both our initial conditions
configurations allow the initial condition for L to span frompoints below to others above
the red line, which separates the basin of attraction of the idyllic equilibrium E2 from the
basin of attraction of the catastrophic outcome (L = 0, P = +∞). Thus, such config-
urations of initial conditions imply that the spatial economy is divided into two main
regions: one in which we can expect unsustainable outcomes (below the red line, in the
left region) and one in which we can expect sustainable outcomes (above the red line,
in the right region). Note that while in the converging region case (i) of proposition 3
applies, in the diverging region case (ii) applies, meaning that we cannot predict a priori
which of the two possible scenarios (i.e., sustainable or catastrophic outcome) will arise
within the entire spatial economy. Note also that the only difference in our two config-
urations is the relative size of the two regions into which the spatial economy is divided:
while in the first configuration (left panel) the size of the diverging region is as large
as that of the converging region, in the second (right panel) the size of the converging
region is larger than that of the diverging region.

Figures 4 and 5 represent the results of our simulations for the first and the second
initial conditions configuration, respectively. Their purpose is to visually depict the con-
sequences of the introduction of some spatial interaction between locations and regions
on the dynamics and long-run behavior of population and pollution with respect to the
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Figure 4. Spatio-temporal dynamics of population (left) and pollution (right) in the case without (left) and with
(right) diffusion.

no-diffusion scenario. Both figure 4 and figure 5 are composed of four panels: on the left
we present the evolution ofL(x, t) (top panel) andP(x, t) (bottompanel) in the absence of
spatial interactions, while on the right we introduce diffusion and show how the dynam-
ics of L(x, t) (top panel) and P(x, t) (bottom panel) change. Even if the parameters and
initial conditions are the same in both left and right panels, we can observe that the
spatio-temporal evolutions are dramatically different.

Recall that in the no-diffusion scenario, the initial condition of L determines whether
each location will be able to achieve a sustainable or unsustainable outcome, exactly as
we have discussed before. In figure 4 we can notice that the entire right region (the
locations in which x > 0, such that L(x, 0) > 1) converges to the idyllic equilibrium
in which pollution is null and population is determined by the carrying capacity; in
contrast the left region (the locations in which x < 0 ) entirely diverges towards an out-
come characterized by infinite pollution and no population. Overall, assessing whether
the spatial economy develops along a sustainable path is not possible, since while one
region achieves a sustainable outcome the other clearly achieves an unsustainable out-
come.With the introduction of spatial externalities, the results are substantially different.
Indeed, because of the effects of diffusion, even the region which in the absence of spa-
tial interactions is able to follow a sustainable development pattern eventually ends up
diverging and achieving an unsustainable outcome characterized by an economic col-
lapse (extinction of the human population and infinitely high pollution level). In such
a framework we can undoubtedly claim that the spatial economy follows overall an
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Figure 5. Spatio-temporal dynamics of population (left) and pollution (right) in the case without (left) and with
(right) diffusion.

unsustainable trajectory which will lead the human population to completely disappear
(because of the effect induced by pollution on the environmental carrying capacity) over
the long run.

The results illustrated by figure 5 are qualitatively the opposite of those just presented.
Without diffusion, the entire right region (the locations in which x > −0.5, such that
L(x, 0) > 1) converges to the idyllic equilibrium in which pollution is null and popula-
tion is determined by the carrying capacity; conversely the left region (the locations in
which x < −0.5) entirely diverges towards an outcome characterized by infinite pollu-
tion and no population. Also in this case assessing the development process of the spatial
economy from a sustainability point of view is not possible. The introduction of spatial
externalities again completely changes the results, but differently from what was dis-
cussed in the previous case.Nowboth the regions achieve a sustainable outcome inwhich
the human population reaches its carrying capacity and pollution is completely null. In
this case, when spatial interactions are taken into account, the spatial economy overall
develops along a sustainable path with no pollution at all over the long run. Consistently
with our theoretical conclusions, these two examples clearly show that the sustainable
outcome of specific regions or economies may dramatically change when spatial hetero-
geneity and spatial interdependence are taken into account, and results which may seem
obvious when we analyze locations or regions in complete isolation can be dramatically
changed when we take into account their spatial interactions.
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Our graphical analysis (which is however consistent with our theoretical predictions)
allows us to derive some interesting conclusions. The size of the basin of attraction of
the idyllic equilibrium dramatically changes with the introduction of diffusion, and this
happens even in a context in which there is no other source of spatial heterogeneity
apart from what is induced by the spatial configuration of initial conditions. This means
that even those regions which could be deemed as virtuous (non-virtuous) regions since
they develop along an apparent sustainable (unsustainable) path if analyzed in complete
isolation, may be brought to an unsustainable (sustainable) outcome by non-virtuous
(virtuous) regions simply because of spatial externalities. An important policy implica-
tion of this lies in the fact that for single regions or economies, trying to plan sustainable
development in isolation without coordinating efforts with others may be completely
pointless, since pollution is a phenomenonwith no geographical barriers and thus spatial
externalities are likely to affect at least to some extent each single region and economy.
This type of result confirms that the eventual spatial interdependence across regions and
economies does matter in the sustainability debate. Since geographical characteristics
have not been discussed in the sustainability literature thus far, our conclusions clearly
show the need for additional efforts to analyze the issue in more depth.

5. The extendedmodel with capital accumulation
After presenting the model’s results in the simplest possible form, by reducing the
analysis to the mutual interactions between population and pollution, we now extend
our baseline setup to introduce capital dynamics. This allows us to formally take into
account all three dimensions of the sustainable problem, such that economic, demo-
graphic and environmental phenomena are affecting one another. In order to introduce
capital dynamics, we follow the basic approach first proposed by Solow (1956), assuming
thus that agents consume only an exogenously given fraction of their disposable income
and that the remaining portion is saved and used for capital investments. The spatio-
temporal dynamics of the fully fledgedmodel are thus described by the following system
of three PDEs:

∂K(x, t)
∂t

= dK
∂2K(x, t)

∂x2
+ s(1 − τ)

AK(x, t)αL(x, t)1−α

1 + φP(x, t)
− δKK(x, t) (10)

∂L(x, t)
∂t

= dL
∂2L(x, t)

∂x2
+ L(x, t)

[
�

1 + θP(x, t)
− L(x, t)

]
(11)

∂P(x, t)
∂t

= dP
∂2P(x, t)

∂x2
+ P(x, t)

[
β

1 + τAK(x, t)αL(x, t)1−α
− δP

]
, (12)

where 0 < s < 1 denotes the saving rate, δK > 0 the depreciation rate of capital, and
dK ≥ 0 the diffusion coefficient, measuring the extent to which capital tends to flow
across different locations in the spatial economy. Note that the production function
again takes a Cobb-Douglas form, but now capital is no longer assumed to be con-
stant (and normalized to unity) but it evolves over time and across space. Moreover,
the amount of resources available for capital investment is affected by pollution through
a decreasing and convex damage function D[P(x, t)] with D′(·) < 0 andD′′(·) > 0, rep-
resenting the impact of environmental outcomes on economic performance, as in La
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Figure 6. Spatio-temporal dynamics of population (left), pollution (center) and capital (right) in the case with
diffusion.

Torre et al. (2015). Such a damage function, consistently with the abatement and feed-
back functions, is assumed to take the formD(x, t) = 1/(1 + φP(x, t))with φ ≥ 0 being
a scale parameter.

It is possible to show that results very similar to those discussed in our benchmark
model apply, as summarized in the following proposition (whose proof relies on the
same argument based on a comparison approach discussed in the previous section).

Proposition 4. As t → +∞ and for any x ∈ [xa, xb], two cases are possible: (i) if β/

(1 + τAKα
infL

1−α
inf ) < δP where Kinf = infx,t K(x, t), then P(x) = 0, L(x) = � and

K(x) = (s(1 − τ)A�1−α/δK)1/1−α > 0; (ii) ifβ/(1 + τAKα
supLsup1−α ) > δP whereKsup =

supx,t K(x, t), then P(x) → ∞, L(x) = 0 and K(x) = 0.

Proposition 4 is qualitatively identical to proposition 3, showing that according to
the effectiveness of abatement activities (which now depends also on the maximal or
minimal capital level), two alternative situations are possible: either (i) a sustainable out-
come in which pollution is null, the human population achieves its carrying capacity
and capital a positive constant level, or (ii) an unsustainable outcome in which pollution
diverges to infinity causing both human population and capital to collapse to zero. Note
that exactly as in the previous section, these two possible outcomes are homogeneous
within the spatial domain, meaning that the entire spatial economy will achieve either a
sustainable or an unsustainable outcome.

In order to clarify our theoretical results above, we now briefly proceed with a numer-
ical simulation of the system (10), (11) and (12) in order to illustrate the two scenarios
outlined in proposition 4. We rely on the same parameter values employed in the pre-
vious section (see table 1), apart from the new parameters which are set as follows:
δK = 0.05, dK = 0.1, φ = 1 and s = 0.2. In order to make the comparison between a
framework with and without spatial interactions as clear as possible, we rely on the
same initial conditions configurations as in figures 4 and 5, settingK(x, 0) = P(x, 0) = 1
for the sake of simplicity. Our simulation results with the two alternative initial condi-
tions configurations are shown in figures 6 and 7, respectively, which clearly show that
the introduction of capital does not modify the qualitative (transitional and long-run)
behavior of population and pollution.

In both cases, the spatio-temporal evolution of capital closely mimics the dynam-
ics of population, and in the long run it achieves either a zero level, indicating the
overall collapse of the spatial economy (figure 6), or a positive level, indicating over-
all sustainability for the spatial economy (figure 7). Intuitively, this is due to the fact
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Figure 7. Spatio-temporal dynamics of population (left), pollution (center) and capital (right) in the case with
diffusion.

that pollution determines human population dynamics which, since labor is an essen-
tial input in the production of the unique consumable good, ultimately drive economic
production (which is also affected by pollution as well) ruling capital dynamics. In the
first case, since the pollution stock achieves an extremely high level, the human popu-
lation disappears over the long run, economic production will be null and thus capital
will converge to zero; in the second case, since pollution vanishes over the long run, the
human population stabilizes at its carrying capacity level, economic production will be
positive and so will the capital level. These results exactly confirm our previous conclu-
sions derived in a simplified setup: mutual demographic-pollution feedbacks and spatial
interactions do matter for sustainable development.

6. Conclusion
The topic of sustainable development has become quite popular lately, among both pol-
icymakers and academics. The discussions about sustainability have thus far focused
mainly on two (economic and environmental) dimensions of the problem only, and
the third (population) has barely been considered. Our paper proposes a more compre-
hensive approach to the sustainability problem by simultaneously analyzing the three
dimensions of sustainable development, along with the implications of geographical
heterogeneity and spatial externalities.

Our results highlight two important types of conclusions: the mutual population and
environment feedback matter for sustainable development, and geographical consider-
ations and spatial interactions do also. Indeed, we show that neglecting the existence
of mutual feedback between population and pollution leads to distorted conclusions
about the process of sustainable development.We also show that neglecting the existence
of spatial interactions between regions and economies leads to conclusions substan-
tially different from those obtained by allowing for spatial externalities. Neglecting the
role of both population and geography may lead to more optimistic results on the
prospects of sustainable development, suggesting that the approach followed thus far
in the sustainability literature has undermined the importance and the role of economic,
environmental and demographic policies inmoving our society along a sustainable path.

Our paper represents only a preliminary attempt to analyze a very delicate and com-
plicated problem, thus we cannot expect our analysis to be exhaustive. Several issues
still need to be analyzed in order to build a unified approach which will allow us to
understand the several channels through which economy, environment and popula-
tion mutually interact. For example, understanding to what extent policymakers should
revise their approach to deal with the sustainability problem in order to account for
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spatial interactions along with population-environment feedbacks is an important open
question. Extending the analysis in order to consider the associated optimal control
problem along the lines of La Torre et al. (2015) is a priority for future research; however,
in order to meaningfully deal with this issue, additional efforts are needed from a com-
putational point of view to develop reliable algorithms (Boucekkine et al., 2009). Also the
potential role of climate change in inducing poverty and worsening health conditions as
suggested by a recent report from the World Bank (see Hallegatte et al., 2016) is likely
to complicate the picture, further delocalizing the effects of environmental processes
and increasing the degree of spatial interdependence. Extending the analysis to explic-
itly take into account climate change and its role in affecting economic, environmental
and demographic outcomes is another priority for future research. These additional
challenging tasks are left for future research.

Appendix A: Basic facts on partial differential equations
The aim of this appendix is to recall just a few results that are useful to analyze our model.
For more details and information, refer to Polyanin (2002). The following PDE:

∂u(x, t)
∂t

= ∂2u(x, t)
∂x2

+ [1 − u(x, t)]u(x, t) (x, t) ∈ [a, b] × (0,+∞), (A1)

is known as the Fisher equation or logistic equation in the literature. Traveling-wave
solutions are known for this equation and take the form:

u(x, t) = 1[
1 + C exp

(− 5
6at ± 1

6
√
6ax

)]2 (A2)

and

u(x, t) = 1 + 2C exp
(− 5

6at ± 1
6
√−6ax

)
[
1 + C exp

(− 5
6at ± 1

6
√−6ax

)]2 , (A3)

where C is an arbitrary constant. The following proposition provides a convergence result.

Proposition A1. For the Fisher equation with Neumann boundary conditions ∂u(xa, t)/
∂x = ∂u(xb, t)/∂x = 0, two solutions exist with 0 ≤ u(x) ≤ 1: u(x) = 0 and u(x) = 1.
For continuous initial conditions u(x, 0) = u0(x), 0 ≤ u0(x) ≤ 1, the solution satisfies
limt→+∞ u(x, t) = 1, uniformly in x ∈ [xa, xb]; except for u(x) = 0, if u0(x) = 0 (every-
where).

The following linear PDE,

∂u(x, t)
∂t

= d
∂2u(x, t)

∂x2
+ cu(x, t) (A4)

∂u(xa, t)
∂x

= ∂u(xb, t)
∂x

= 0 (A5)

u(x, 0) = u0(x), (A6)

is known as the heat equationwith linear source term.When c = 0 it collapses to the classical
heat equation and through the substitution u(x, t) = ectw(x, t) it can be reduced to the heat
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equation in the unknown w. It admits a closed form solution given by:

u(x, t) = ect
⎡
⎣a0 +

∑
n≥1

ane−d(nπ/(xb−xa))2t cos
(

nπx
xb − xa

)⎤
⎦ , (A7)

where

a0 = 1
xb − xa

∫ xb

xa
u0(x)dx (A8)

an = 2
xb − xa

∫ xb

xa
u0(x) cos

(
nπx

xb − xa

)
dx. (A9)

The following proposition summarizes the possible outcomes associated with the above
equation.

Proposition A2. One of the following scenarios can occur:

• If c > 0 and d ≥ 0, then u(x, t) → ∞ whenever t → +∞ and for any x ∈ [xa, xb],
• If c = d = 0, then u(x, t) = a0 + ∑

n≥1 an cos(nπx/(xb − xa)) for any x ∈ [xa, xb],
• If c = 0 and d > 0, then u(x, t) → a0 for any x ∈ [xa, xb],
• If c < 0 and d ≥ 0, then u(x, t) → 0 whenever t → +∞ and for any x ∈ [xa, xb].

In order to study the behavior of PDEs with forms different from the Fisher and the
linear equation, we can rely on a comparison method. The following comparison theorem
(Friedman, 2008) is useful in order to obtain some insights on the long-run behavior of a
general PDE.

Proposition A3. Let u(x, t) be smooth and suppose that:

∂u(x, t)
∂t

− d
∂2u(x, t)

∂x2
≥ −cu(x, t) in (a, b) × (0,T) (A10)

∂u(x, t)
∂n

≥ 0, on {a, b} × (0,T) (A11)

ρ(0, x) ≥ 0 in (a, b) (A12)

where d is a positive real number and c ∈ R. Then u(x, t) ≥ 0 in (a, b) × (0,T).

Now consider the following PDE:

∂u(x, t)
∂t

= d
∂2u(x, t)

∂x2
+ c[u(x, t)]u(x, t) (A13)

∂u(xa, t)
∂x

= ∂u(xb, t)
∂x

= 0 (A14)

u(x, 0) = u0(x). (A15)

Note that this PDE includes both the Fisher and the linear equations as particular cases. Let
us suppose that cmin ≤ c[u(x, t)] ≤ cmax for any x and t. Applying the above comparison
theorem to the above equation leads to the following result.
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Proposition A4. If cmin > 0, then u(x, t) → ∞ whenever t → +∞ and for any
x ∈ [xa, xb]. If, instead, cmax < 0, then u(x, t) → 0 whenever t → +∞ and for any
x ∈ [xa, xb].

Note that the results summarized in this appendix contain all the information that we
need to analyze the behavior of the system of PDEs discussed in the body text.

Supplementary Material. The supplementary material for this article can be found at https://doi.org/10.
1017/S1355770X18000475.
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