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Abstract

We study the integrated telegraph process X; under the assumption of general distri-
bution for the random times between consecutive reversals of direction. Specifically, X;
represents the position, at time ¢, of a particle moving U time units upwards with veloc-
ity ¢ and D time units downwards with velocity —c. The latter motions are repeated
cyclically, according to independent alternating renewals. Explicit expressions for the
probability law of X; are given in the following cases: (i) (U, D) gamma-distributed; (ii)
U exponentially distributed and D gamma-distributed. For certain values of the param-
eters involved, the probability law of X; is provided in a closed form. Some expressions
for the moment generating function of X; and its Laplace transform are also obtained.
The latter allows us to prove the existence of a Kac-type condition under which the prob-
ability density function of the integrated telegraph process, with identically distributed
gamma intertimes, converges to that of the standard Brownian motion.

Finally, we consider the square of X; and disclose its distribution function, specifying
the expression for some choices of the distribution of (U, D).
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1. Introduction

Random evolutions with finite velocity have drawn the attention of many scientists in the
last decades. Indeed, they provide a good alternative to diffusion processes, which often appear
unsuitable for describing natural phenomena in life sciences. For instance, the integrated tele-
graph random process, which is one of the basic models for the description of finite-velocity
random motions, can be regarded as a finite-velocity counterpart of the one-dimensional
Brownian motion, thanks to the relationship between the corresponding probability density
functions. This explains the growing interest in this topic and also the numerous papers pub-
lished in the literature in recent years. Indeed, starting from the seminal papers [23] and [28],
many scientists have devoted their research to this theme by proposing generalizations of the
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On the telegraph process with gamma components 809

integrated telegraph random process (see e.g. [34, 7, 10, 13, 16, 37, 21]) and also applications
in many fields (see e.g. [52, 17, 48, 51]). An in-depth analysis of the one-dimensional telegraph
process can be found in the books of Kolesnik and Ratanov [33] and Zacks [54]. The present
paper is part of the aforementioned research and can be regarded as a further step in the path
of investigation of random motions.

The standard integrated telegraph process X;, t > 0, describes the position of a particle trav-
eling at constant speed on the real line. The direction of the motion is reversed according to
the arrival epochs of a homogeneous Poisson process. This results in exponentially distributed
random times between consecutive reversals of direction of motion.

The process X; is also called a piecewise linear Markov process or Markovian fluid [2, 46,
49]. Piecewise linear processes were first studied in [22] and represent a subclass of the family
of piecewise deterministic processes [11]. A piecewise deterministic process E is defined as
B() = ¢e(r,)(1), Tn <t < Tpy1, where (1) € = (e(?))s=0 is an arbitrary measurable and adapted
process with values in a finite space {1, ..., N}, (2) @1, ..., ¢y are N deterministic flows, and
(3) {tn}n>1 1s the sequence of switching times of €. Given a fixed starting point, a piecewise
deterministic Markov process evolves according to the flow ¢; for an exponentially distributed
random time; then a switch occurs, and the evolution is governed by another flow ¢;, j # 1,
for another exponential time; then it switches again. The standard integrated telegraph process
X, represents the simplest example of a piecewise linear process based on a two-state Markov
process €(?) € {0, 1}. Its sample paths are composed of straight lines whose slopes alternate
between two values. The process X; alone is not Markovian, whereas if we supply X; with
a second stochastic process keeping track of the driving flow, we obtain a two-dimensional
Markov process.

Piecewise linear processes based on the distribution of inter-switching times different from
the exponential ones are much less studied. Some examples can be found in [18] and [47].
Generally, for the integrated telegraph process, there have been many papers in the litera-
ture considering a more general setting, but most of them are Markovian. Unfortunately, the
assumption of exponentially distributed intertimes is not suitable for many important appli-
cations in physics, biology, and engineering, since it gives higher probability to very short
intervals. Hence, special attention should be reserved for non-Markovian cases. For instance,
in [12], the author analyses the case when the random times separating consecutive veloc-
ity reversals of the particle have Erlang distribution with possibly unequal parameters. This
hypothesis, if we recall that the sum of independent and identically distributed exponential ran-
dom variables has Erlang distribution, can be interpreted as stating that the particle undergoes
a fixed number of collisions arriving according to a Poisson process before reversing its motion
direction. Some connections of the model with queueing, reliability theory, and mathematical
finance are also presented in the same paper. The study of a one-dimensional random motion
with Erlang distribution for the sojourn times is also performed in [40], where the authors apply
the methodology of random evolutions to find the partial differential equations governing the
particle motion and obtain a factorization of these equations. Moreover, motivated by applica-
tions in mathematical biology concerning randomly alternating motion of micro-organisms, in
[14] the authors consider gamma-distributed random intertimes and obtain the probability law
of the process, expressed in terms of series of incomplete gamma functions. Similarly, the case
of exponentially distributed random intertimes with linearly increasing parameters has been
treated in [15], thus modeling a damping behavior sometimes appearing in particle systems.
We recall also the papers [41] and [42], where isotropic random motions in higher dimensions
with, respectively, Erlang- and gamma-distributed steps are studied.
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In the present paper, along the lines of [19] and [54], we provide a general expression for
the probability law of X; in terms of the distributions of the n-fold convolutions of the random
times between motion reversals. The key idea is to relate the probability law of X; to that of
the occupation time, which gives the fraction of time that the motion moved with positive
velocity in [0, 7]. Starting from this result, Section 3 is devoted to the explicit derivations of the
probability law of the integrated telegraph process in some special cases, when the upward U
and downward D random intertimes are distributed as follows: (i) both are gamma-distributed;
(ii) both are Erlang-distributed; (iii) U is exponentially distributed and D gamma-distributed;
(iv) U is exponentially distributed and D Erlang-distributed. In Cases (i) and (ii), for some
values of the parameters involved, we obtain closed-form results for the probability law of the
process, which, to the best of our knowledge, is a new result in the field of finite-time random
evolutions. This shows the great advantage of this novel expression for the probability law
compared to previously existing results: it has good mathematical tractability. Hence, Section 3
offers a collection of explicit expressions for the probability law of the generalized telegraph
process, which could be useful for all scholars interested in non-Markovian generalizations of
the telegraph process.

In Section 4 we obtain the Laplace transform of the moment generating function M3 (¢) of
the generalized telegraph process. This result allows us to do the following:

(a) Prove the existence of a Kac-type condition for the integrated telegraph process with
identically distributed gamma intertimes. Under such a condition, the probability density
function of X; converges to the probability density function of the standard Brownian
motion, thus generalizing the well-known result for the standard integrated telegraph
process.

(b) Provide an explicit expression for My () in the case of gamma- and Erlang-distributed
random times between consecutive velocity reversals.

As further validation, we also derive the moment generating function for exponentially dis-
tributed intertimes, finding a well-known result. The first and second moment of X; under the
assumptions of gamma-distributed intertimes are also given.

Finally, Section 5 is devoted to the study of certain functionals of the generalized telegraph
process. In particular, we provide an explicit expression for the distribution function of the
square of X;, under the assumption of exponential distribution for the upward intertimes U and
gamma distribution for the downward intertimes D. We recall that the square of the standard
integrated telegraph process has been studied in [35], where its relationship with the square
of the Brownian motion is also stressed. See also [33, Chapter 7] and [32] for other relevant
functionals of the telegraph processes.

2. The generalized telegraph process

Let {X,; t> 0} be a generalized integrated telegraph process. Such a process describes the
position of a particle moving on the real axis with velocity ¢ or —c(c > 0), according to an
independent alternating counting process {Nt; t> 0}. The latter is governed by sequences
of positive independent random times {U,, Ua, - - - } and {Dy, D5, - - -}, which in turn are
assumed to be mutually independent. The random variable U; (resp. D;), i =1, 2, .. ., describes
the ith random period during which the motion proceeds with positive (resp. negative) velocity.
A sample path of X; with initial velocity V= ¢ is shown in Figure 1.
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FIGURE 1. A sample path of X;.

Let us denote by V, the particle velocity at time > 0. Assuming that Xy =0, and Vj €
{—c, c}, with V{ independent of N;, we have

t
X, = f Veds,  Vi=sgn(Vo) c(—1)™,
0

where

+o0
Nt:ZI{Tngt}» No=0,
n=1

with

Uy if Vo=c,
Ty =U"™ 4+ D™, Topy1=Ton + n=0,1,...,
Dn+l if Vo=-—c,

and U9 =D =0, U™ := Uy +--- 4+ U,, D := Dy +-- -+ Dy.

Hence, if the motion does not change velocity in [0, 7], we have X; = Vj r. Otherwise, if
there is at least one velocity change in [0, 7], then —ct < X; < ct with probability 1.

Hereafter, according to the assumptions of the standard symmetric telegraph process [28],
we assume that the initial velocity is random, i.e.

1

PVo=c)=P(Vo=—c)= >
Let Fy,(-) and Gp,(-) be the absolutely continuous distribution furlctions of _U,- and D;
(i=1,2,...)respectively, with densities fy,(-) and gp,(-), and denote by Fy,(-) and Gp,(-) their
complementary distribution functions. In the sequel, we shall denote the distribution functions
of U™ and D™ by F, (L',’)(~) and Gg)(-), and their densities by f[(]")(-) and gg)(), respectively.
If the random variables U; are independent and identically distributed for i=1,2,...,n,
then F 81)(-) is the n-fold convolution of Fy,(-), and similarly for Gg)(). Moreover, we set

FO (=G (x)=1forx>0.
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In order to provide the probability law of X;, we refer to the general method proposed by
Zacks in [53]. The key idea is to relate the probability law of X; to that of the occupation time

'
W,:/ Ly,—(s)ds, >0,
0

which gives the fraction of time that the motion moved with positive velocity in [0, ¢]. Indeed,
for all t > 0, X, and W, are linked by the following relationship:

=2c W, — ct.

Hence, denoting by
0
Y(x, 1) = a—P(W, Sx), O<x<t, t>0,
X

the absolutely continuous component of the probability law of W; over (0, 1), we can express
the probability law of X; in terms of that of W, according to the following theorem.
Proposition 2.1. For all t > 0 we have

PX; = —ct) =P(W; =0), PX;=ct)=P(W;=1),

and
X+ ct

flx, 1) = —IP(X,<x)— w(

The distribution of W; was derived by Perry et al. (see [38], [39]) in terms of the distribution
of the first time at which a compound process crosses a linear boundary. Proceeding along the
lines of Lemmas 5.1 and 5.2 of [54], in the following theorem we provide the probability law
of Wt.

) ), —ct<x <ct. (1)

Theorem 2.1. For all t > 0 it holds that
1— 1—
P(W;=0)= EGDl(f)v P(W,=1)= EFUl @,

and, for0 <x <1,

1
Yx, 0= E[wfc(x; 50+ Yelxt o)+ Yot — )+ Vel 1; — o),

where

~+00
el
Vel :0)i= —PW =x Vi=c|Vo=0)= Y [F{'(0 — F 0| gt — ).

n=1

) S "
Yool o) i= P x Vi=c|Vo=—0)= Y | F'0) — Fy "] g5 -,
n=0

+00
a
Yelx, t; —c):= 5P(Wt <x,Vi=—c|Vo=0¢)= Z G(D”)(t —Xx) — G(nH) ]f(n+1)

8 = n n n
Yoclo s =)= PV <. Vi=—c|Vo=—0)=) (65 —0 -G e 0] w.

n=1

Using Theorem 2.1 and Proposition 2.1, we finally obtain the expression for the probability
law of X;.
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Theorem 2.2. For all t > 0 it holds that
1— 1=
PXi=—ct)= EGDI (0, PX;=ct)= EFUI (0, 2

and, for —ct <x <ct,

d 1
fx, 0 = aP(Xz <x)= E[fC(x’ N +f-c(x, 1], (3)
where
+o0
) 0 1 (n) ct+x (n+1) ct+x
fc(x,t) ng]P)(XISX|V0=C)=2—cIZO|:GD (t—2—0>—GD t— 20
n=|
% (n+1) ct+x 4 f F(n) ct+x B F(n_H) ct+x g(n) P ct+x
v 2c — v 2c v 2¢ b 2c ’
4)
and

+00
. 0 1 (n) ct+x (n+1) ct+x
frelr ) 2= GRS Vo= —0) = 5 {Z () (5

n=

+o00
1 ct+x ct+x
<™ (-5 ) o (- 5)

n=1

(n+1) ct+x (n) ct+x
— t— —— _— .
b < 2 >] v\ "2 ©)

An alternative approach to disclosing the probability law of the generalized integrated tele-
graph process is based on the resolution of the hyperbolic system of partial differential
equations related to the probability density of (X;, V;). For instance, in [15], for t > 0, —ct <
x<ct,j=1,2,andn=1, 2, ..., the authors define the conditional densities of (X;, V}), joint
with {Tz,,_j <t<Tomjy1 } and provide the relative system of partial differential equations.
Unfortunately, the resolution of such a system is so hard a task that the authors are forced to
follow a different approach.

3. Special cases of the probability law of X,

In this section we make use of Theorem 2.2 to obtain an explicit expression for the prob-
ability law of the motion under suitable choices of Fy,(-) and Gp,(:), i=1, 2, .... First of
all, in Theorem 3.1 we assume that the random intertimes U; and D; are identically gamma-
distributed. Figure 2 provides some simulated sample paths of the related integrated telegraph
process for two different values of the coefficient of variation. We recall that the joint proba-
bility law of {(X;, V;), t > 0}, under the assumption of gamma-distributed intertimes, has been
expressed in [14] in terms of a series of the incomplete gamma function. In the next theo-
rem, we provide an expression for the probability law of X; in terms of the generalized Wright
function. The latter is a very simple and mathematically tractable expression, and, as shown in
Propositions (3.2) and (3.3), it allows us to obtain closed-form results for the probability law
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FIGURE 2. Simulated sample paths of X; under the assumptions of gamma intertimes with coefficient of
variation less than 1 (left-hand side) or greater than 1 (right-hand side).

of the generalized integrated telegraph process in the case of fixed values of the parameters
involved. These results appear to be of great interest owing to the absence of similar outcomes
in the literature for the one-dimensional case.

Theorem 3.1. Foralli=1, 2, ..., let U; and D; be gamma-distributed with shape parameter
o > 0 and rate parameter B > 0, and set
'32 ﬂ ’ (6)
4c? ’

1.1

A¥ =¥
1 0) 12 |:(oz, o) (k+1+la,a)

where, forz€C, a;, bj € C, a;, B € R, a;, B #0,

P
~ 1_[ F(a1+a1k) .

(ar, a1 p (ar, 1) -+ - (ap, ap) T =z
r¥q |: Zi| =p¥Yy |: 5 D
(blv ﬂl)l,q (bla 181) e (bqa lgq) k=0 KRN k!
= I'(b; + Bik)
]lj! )

is the generalized Wright function. Then, for t > 0, we have

y(a, ﬂt)]

1
P(X,:—crp(o:o)=P(X,=ct|x0=0)=E [1— )

with y (s, x) denoting the lower incomplete gamma function, and, for —ct < x < ct,
ﬂa - R k qk Ct+x o=l e —x\k ct—x\*" fer+x\F
)= Aplx, t
f 0= Zﬂ 00x, 1) )+ (5 2C
_JioﬁkHaAk(x ol (S et —x "+2°‘+ et —x\\ /e 4\ 2
2, 5 > > N .
k=0
®)

Proof. The first result is due to Equation (2). Under the given assumptions, recalling that

ﬁnaxnoc— 1 e—ﬂx

y (na, px)
Fna)

fP0) =g = : )
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and by setting
—

by

) 10
o) y (e, x) (10)
(cf. Equation 6.5.4 of [1]), from Equation (4) we get

e >=2i{f[ ylo ) v(o+ e ﬁ(“ﬂ))}

Y (e, x) =

[ (nar) L((n+1) )

ﬁ(n+])a(%)na+a71 e_ﬂ(%x)

C((n+1)a)
++OO )/(nOl ,B(ct+x)) ((n—‘rl)()l IB(cl+x)) ﬁna(” x)n(x 1 _ﬂ((‘l—x
n=1 [(na) F'((n+1)a) I (na)

Cl t+x

Y A
ol o 2c 2¢ T((n+ l)a)

na+o of —x ﬂnot+ot (%)mx-ﬁ-a—l
<(”+1)“ ﬂ( 2 )) NCEI

+00 ct+x qha ) cf +x ﬂna(ct_:.x)m)l—l e,ﬂ(ctzzx
+Z ﬂ( % ) 14 <mx,ﬂ< 5 >> 2 o

+00 (rl+x

2c I'(na)
n=1 -
(11)
Let us focus on the first term on the right-hand side of (11). Recalling that
+00 o
*(a,z)=¢*¢ -, 12
y*a, 2 =e ;F(HHI) (12)

and using Equation (7), we obtain

400 ot —x no . cf—x ’Bna+a(ct2+x)na+a 1 ,5(
ZI:IB< 2c )i| Y (not,ﬂ( 2c )) T'((n+1) @)

(t+x

n=0
> no
ct+x a-l t+)c = I:'Bz(c n )] ct—x Ct_x)]k

_ 4o )y L o—B(4)

p ( 2 > Z NCEST) Zl"(na—i—k—i—l)
() e S ()] 5 [#(%5°)]
=P % ¢ ;[’% 2 )] ;F((n+l)a)l“(na+k+l)
o ot +x a—1 7ﬂt+00 cf — x k (1’ 1) 2(C.2t2_x2 :Ia
=# ( 2 ) 4 [ﬂ< 2 >] 2 o)+ 1) [’3 4c2 ) '
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By applying similar reasoning for each term in the right-hand side of (11), we finally get

e P L (ct+x a=l 2 ct—x\ ¥
s 1 (5) Z [0 ()]

k=0

(=) |

(I, D
xX1¥
(a, ) (k+1,0)
22 2N\7¢ -1 $00 k
ST —X ct+x ct—x
) B0

x 1Wo |:(1’ D

A )]

(,0) (@+k+1,a)
n ,32 AR — 2\ (et —x _lf 8 ct+x\ ¥
4c2 2c — 2c
1,1
><1\I/2( )
(0, 0) (@+k+1,a)
e ﬂz A2 — 2\ (et +x\*[ct —x\ !
4c2 2c 2c
f[ﬂ(cﬂ—x)}k v | D
X
e 2¢ "Naa) Qutk+1,a)
Similarly, in the case of negative initial velocity, we have
e P ot —x\* ' EX ct+x\ ¥
e, ) =—— { 8%
frew ) =——15 ( o ) kZ[ﬁ( > )}

=0
_— [(1, 1)
(,a) (k+1,a)

_ [ﬁ2<c2tic—2x2>:|a<ct2—cx>] ::i: [ﬂ(ct;xﬂk

_— [(1, 1)

()]

)

13)

(=) |

(,a) (@+k+1,a)
2.2 2N\ 1% —1 400 k
Hf CTT—X ct+x ct—x
() (5) 2]

[(1, 1)
x W
(a,a) (x+k+1,a)

)

(]
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PP A2 =2\ (et —x\*[ct+x\"
4c2 2c 2¢
+o0 k
ct—x (1,1
()]
= 2¢ (¢,a) QRo+k+1,a)

The proof finally follows from recalling the assumption of random initial velocity. (]

)

(14)

Hereafter we analyze the behavior of the density f(x, ¢) given in Equation (8) at the extreme
points of the interval (—ct, ct), for any fixed .

Proposition 3.1. Fort, «, > 0, it holds that

1 e—ﬁlﬁatoz—]

I T if > 1
lim f(x,H= Ilim f(x,¢) = {4c o > 1 =l
x—>(—ct)t

x—(ct)~ +oo, if a<l.
Proof. Because of the symmetry properties of X;, it is enough to analyze the behavior of
f(x, t)asx — (ct)”.
Let us fix #, o, § > 0 and assume —ct < x < ct. By Corollary 1.1 of [30], the generalized

Wright functions appearing in the density (8) are entire functions for all nonnegative integers
k. Hence they are continuous, and, recalling their analytical expression (7), we obtain

2 22 — 2\ 1* _ 1
[ﬂ< 4c? )} CT@)Tk+1)’

[ 2<62t2_xz)r . 1
P 4¢? T T@)TQRa+k+1)’

so that, by Equation (12), after simple calculations we get

(1,1
lim (¥,
x—(ct)~™ (a,)(k+ 1, )

(1,1
lim ¥,
x—(ct)~ (¢, ) Qe +k+1, )

lim f(x,1)=

x—(ct)™

B i) ! B (B : a1
—e — lim (ct —x)
4 F(@) T(a)2c)*! = T Qo+ k4 1) x—(en

a—1 +oo k
L(i) Zﬂ lim (ct —x)*"!
I'(x) \2¢ = F'tk+ 1) x—(en-

—pt o o4
e pm 1 <£) (1——7’(2“’ ﬁt)) lim (ct—x?~'. O
4t T (o) 2 (@) \ 2¢ I'Ca) x—(ct)~

In the following proposition we provide a closed-form expression for the probability density
function (8) in the case o = 1/2.

Proposition 3.2. In the case o = 1/2 the probability density function (8) has the following
expression:

1

_1 _1
flx, )= i\/Ee‘?’( v CZILXLL’) {(CH_X) ’ + <ct—x) ’ } , —ct<Xx<ct
dcV o 2c 2c
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Proof. For o = 1/2 and recalling that, for n € N,

r<n+ 1) _oent ~ (15)

2 4"n!

A"Jrl (x, 1), where the function Ak (x, 1) has been defined in

}. (16)

one can easily prove that A% K(x, H)=
(6). Hence we obtain

_ﬁe‘ﬂ’ 0 ct+x\"2 ct—x\"~
fxn= 4c Ag(x. 1) ( 2c ) +( 2c >

Moreover, by setting
L IBZ C2t2 — )C2 ¢
©= 4c? '

and using Equation (15), we get
+oo 2n 2t

e =3 S (+1e0)

e F(n+l> Fh+1) ‘STm+1)r

09—

12(21)2" 2 °°(2z)2"+1(n+1)!

J— (2n)! — n! 2n+2)!
1 1 1 o
«/_ cosh 2z2) + — \/_ sinh(2z) = ﬁ .
Finally, the proof follows from substituting the previous expression in (16) and recalling the
definition of z. 0

Starting from Theorem 3.1, in the next proposition we provide the expression for the prob-
ability law of X; under the assumption of identically Erlang-distributed random intertimes U;
and D;,i=1, 2, .... Such results are in agreement with those obtained in [19].

Corollary 3.1. If U; and D;, i =1, 2, ..., both have Erlang distribution with parameters m €
Nand B > 0, then for t > 0, we have

P(Xt=—ct|X0=O)=P(X,=ct|XO=O)=% [1 —%]

and for —ct < x < ct, we have

2m—1

—ﬁ —pt (m,m) ct+x cf — x
fon=pe 1Y S(m-u)[ﬂ( - ),ﬁ( - )}
j=0
g (m,m) ct+x ot —x
+ZS</m o Bl ) Bl 2 ,
R N

(k,r) ..
SEP =Y T2 k=1, 020, 17
ij @, ¥) pr (k4 0)! (7l 4 )! " hJ a7

is a two-index pseudo-Bessel function.

where
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Proof. The result follows from Theorem 3.1 by letting « = m € N. For instance, for the first
term in (8), by (7), and recalling Equation (17), we have
6‘2 12 _ x2 m
B\ —=—
4c2

mo et ER ct—x\ ¥ 1,1
Bl et Z B 12 (.
4c 2¢ = 2c (m,m)y(k+ 1, m)
o f 22—\ T"h
—ﬂe*ﬂt ct+x m71+f P ct—x k+§ r(+h) [:3 (%)]
T 4c 2¢ prd 2c £ T (m +mh) T (k + 1+ mh) h!
7& (m.m) ct+x ct—x
ZS(”‘ lk)[ ( 2¢ P 2¢ '
Using similar reasoning, we obtain
B —Bt = (mm) ct+x ct—x
fonn=ge Zs(m,l,k) Bl ) Bl
(m,m) ct—x ct+x
_ZS(m 12m+k)[ < e )ﬂ( >
(m,m) —X ct+x
S o552 (5]
(m,m) ct+x ct—x
_ZS(rIZm]anrk)I: (2—C>ﬁ< e )”

Hence, straightforward calculations and the identities (10) and (12) give

C x\1mh+m—1 ct—x
_ B pr ) s )] rimh PUZ)
f(x, t) = 4Ce { Z (mh+m_ 1)' F(mh)

y(mth+2), B "))}

C'(m(h+2))
yern SR BERN™ [y nh ACSE)) v (i +2), p(5)
—~ (mh+m— D! [ (mh) C(m(h+2)) ’
By setting
en(x) := x—'] (18)
—0 J:
(cf. Equation 6.5.11 of [1]) and recalling that
AUE TS (19)
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(cf. Equations 6.5.2 and 6.5.13 of [1]), we have

_B p - [ﬁ(dztx)]m“ml[ ct—x\\ ot —x }
f(x,t)—%e {;m emh+2m—l(,3( 2% )) emh—l(ﬁ( 2 ))

=0

(ct x)]mh+m—l ct+x ct+x B ,3 p
*Zm[<ﬁ( oo ) o051

+00 2m— 1 Ct+x)]mh+m—l [,B(Ctz;x)]/-‘rmh
c

ZZ (mh+m—1)' (j +mh)!

00 2m ct—x\1mh+m—1 ct+x\1j+mh
SR e
= i (mh+m—1)! (j+ mh)!
_ﬁe_ﬁ, ZmX:IS(mm) p ct+x 8 ct—x
T 4c = m=1.j) 2c )’ 2c

ml (m,m) t—Xx ct+x
+ Z Sin-1. 2¢ F 2¢
Zils(mm) ct+x 8 ct—x
(m=Lj) 2c )’ 2c
2m—1
(m,m) ct+x ct—x
+Z%m1>[<2€ )ﬂ( > ,

where the last equality comes from the symmetry property Sgcj;) (x,y)= (; /f)) (v, x) of the

pseudo-Bessel function. O

Some properties of the two-index pseudo-Bessel function (17) can be found in Remark 3.2
of [12].

In the following proposition we provide a closed-form expression for the probability density
function (8) in the case o = 2.

Proposition 3.3. In the case o =2 the probability density function (8), for —ct < x < ct, has
the following expression:

j=1 i—1

3 it izt
Y ct—x\ 2 ct—x\ 2 A o5
f(x’t)_Sce jZ(; (ct+x> +<ct+x> |:Ij_l<c e
A
()
c
+00

B (=D} Z\2+v
J”(Z)_g T +v+ 1)(5) : (20)

where, for v € R,
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is the Bessel function of the first kind, and

+00 1

7\ 2k+v
I”(Z):g k!r(u+k+1)<§) @D

is the modified Bessel function of the first kind.
Proof. Note that, by (20) and (21),

o0 2l 400 jym(y ) 2]
L(20/%) + 1 (22 /%) = 2_;) Snl\[‘/(—m)+2) > m!f(‘(l:i/—i_-)Z)

—+00 ()szy)Zn
- 2’\*@’% Q) 2n+ D!

Hence, setting ¥ := <&

(17) as

and y:=

+00 ~\2[+1 21
A A
SGo) [, ]:2 :M

a, Q1+ 1! 2!

N 1 M (ICY I ONE)
=3 () [ (2avB) s (B

where the last equality follows from recalling that I_,,(x) = I,,(x) and J_, (x) = (—1)" J,,(x).
Moreover, forj > 1,

1 (5) ()= () (£ el 5 L

m!T (m + j) r m!T (m + )
i1 +00 )\2~ 2n+1
= Cn+DIT2n+1+))
+00 125 2n
() *5)

X_:O Qn+ D! Qn+))!

Hence,

2
@2 [, = M5y (+25y)"
Sy [ Av]= Z QI+ D! Q2I+))!

Fady

=)J+1xyl()»2xy) ’ [] 1<2A ) Ji— 1(2A )]

2

10 [ (E) 9 (9))
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f(x,t) fx.t)
r 0.5

04F

FIGURE 3. Probability density function of X; under the assumption of gamma-distributed intertimes for
t=1,c=1, B =0.5(dotted line), B = 1 (dashed line), § = 1.5 (solid line), with o = 1/2 (left-hand side)
and « = 2 (right-hand side).

Similarly, we have

Som [ ] =

() [ (v5) - (25)]

| =

and forj > 1,

2.2y~ 15
SGH D=3 (3) 7 [ () =4 (200) |
The proof finally follows from Corollary (3.1) and the definition of x and y. (]

Some plots of the probability density function (8) are shown in Figure 3 for different values
of the parameters involved.

The following proposition deals with the case in which the random times U; are exponen-
tially distributed, whereas the random variables D; are gamma-distributed, i =1, 2, . . ..

Corollary 3.2. Fori=1, 2, ..., let us assume that the random times U; are exponentially dis-
tributed with parameter A > 0 and that the random variables D; have gamma distribution with
shape parameter « > 0 and rate parameter 8 > 0. For t > 0, it holds that

y(a, B1)

., PX;=ct|Xo=0)= le—“,
I(a) 2

1
PX,=—ct| Xo=0)=> [1—

and, for —ct < x < ct,

o S o o 5
{42:HMMMH{ ()]
+fc LBH+E (B- A)[ ( )} ]{ ao[wa<a2tx><cr2_cx)a}
] e (2) o5} o
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where
+o0 Zk
w = —_— -1, 9 €C, 23
p.6@) ; KT (pk +6) P> (23)
is the Wright function.
Proof. Under the assumptions concerning the distribution of U; and D;, i=1, 2, ..., for
x > 0 it holds that
)Lnxn—le—kx 1
£ @ == FP @) — Fy ™Y ) =pn, ax) 24)

where p(j, n) denotes the Poisson probability mass function with mean 5 evaluated at j, and

ﬁnaxnotfl efﬂx
I'(na)

i Gg) ) = M. (25)

(n) _
gp ()= I'(na)

Substituting Equations (24) and (25) in Equation (4), we get

1 ey +oo o[t —x iy (€t —x A”+1(°’2+x)
, )= — 2c G " \1=-G c
fc(x ) 2 {e g D 2 D % p
+00 1o
XN\ ofcr—x 1 ct+x
A -~ A A
#r(n(5)) o (5 )} ZC{ So(nr(5))

<[ () -8 ()] Bl (5) (55
(

o (o) | et vt

- Zp 2c

2c I'(na) 'n+1)a)

1 p(e = ct+x\\ B (%2 x)na :
+2—Ce ( )§p<n,)\< R >> T (1or) .
Hence, recalling Equation (10), we obtain
P ct+x ct—x ct—x
= Sl () W) o (52)
-1
L) (el ))} e
2c
Sl () 2 2 (5)
p 2c I'(na) P

[ )] e {f [ﬁ(“z?x)]k f [ }

n1

M'noe+k41) 0F(not+a+k+1)
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R i oL

— e B(%
*3 e 2c T (nat)

C
_ A 7)\(¢r+x) (cr;x +°0|: (ct—x>j|k +o<>[ (CH-X) ot(ct x) ]
— 2C e 2 {]; /3 2¢ ;;) n'F(na+k+1)
ct—Xx ko +00 [ (LTJFX) a(ct x) ]"
_Z[ ( ﬂ Zn!F((n+1)a+k+1)
l |:Ct—xi|_ _ﬁ(c )e_A(C[+X)Z CH‘X) a(ct—x) ] .

+ 2c¢ | 2c n!T" (na)

n=1

n=1
From the definition (23), it finally results that

_i _L(ﬁ‘f‘)\)""%(ﬁ—)h) = ct—x k o ct+x ct—x o
felx t)_2ce ’ ’ Z p 2¢ Waiksr | 28 2¢ 2¢

k=0
ot —x\ TF ct+x\ [ct—x\“
-8 e Wa kta+1 | AB* . e
1 [et—x1"" . x ct+x\ [ct—x\*
_ =7 (B+M+ 3 B=Mw ABY )
* 2c |: 2c i| © o0 |: P 2c 2c
Substituting Equations (24) and (25) in Equation (5), and proceeding in a similar way, we

easily obtain the expression for f_.(x, ), so that the thesis immediately follows from recalling
the assumption of random initial velocity. O

As an immediate consequence of Proposition 3.2, we obtain the following result.

Proposition 3.4. If the random times U; are exponentially distributed with parameter X > 0
and the D; are Erlang-distributed with parameters m € N and B > 0, it holds that

_ oy L[, _ By o,
P(Xz——ctho—O)—z[l (m—l)'] P(X,—ct|Xo_O)_§e ,
and
fx, t)_ e — LB+ +55(B— x)znil cr—x kW et |2 ct+x ct—x\"
2c i 2c 2c

k=0

et [p(T)] oo o (757 (57
+4ce p 2c Wono | 26 2c 2c
ct—x\ 1" m(ct+x\ [ct—x\"
o ()] e o (452 (45T}

Figure 4 shows some plots of the probability density function given in Proposition 3.4 for
different values of the parameters involved.
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FIGURE 4. Density f(x, t) given in Proposition 3.4 fort=1, c=1, A =1, 8§ =0.5 (dotted line), 8 =2
(dashed line), 8 =4 (solid line), with m = 2 (left-hand side) and m = 3 (right-hand side).

4. The moment generating function

Let us consider the moment generating function of the generalized telegraph process,
M) = ]E[e“X' Xo = 0], seR, 1>0. (26)

Denoting by
“+00
L= [ e wa pzo. @7)
0

the Laplace transform of an arbitrary function w(¢), in this section we provide some results
on the Laplace transform L, [M)S(] of the moment generating function. Note that £, [M)S(] =

%E[eSX“P ], where e, is an exponential random variable with parameter p, independent of X;.

The following theorem, providing an explicit expression for £,,[M§(], represents a use-
ful tool for further analysis. For instance, it allows us to prove the existence of a Kac-type
condition under which the probability density function of the generalized integrated tele-
graph process, with identically distributed gamma intertimes, converges to that of the standard
Brownian motion. We point out the novelty of such a result in the field of finite-velocity random
evolutions, since it generalizes the one holding in the case of the standard telegraph process.

Theorem 4.1. If the random variables U; (D;), i > 1, are independent copies of an abso-
lutely continuous random variable U (D), for t >0 and under the assumption L,_s[fu]-
Lpisclgpl <1, the Laplace transform of the moment generating function of the generalized
telegraph process is given by

1 — 1
Ly [Mf(] Zzﬁpﬂc [FU] + Eﬁersc [ED]

+ Ep—sc[fU] + 3

1 sC
(p —50) (P + 5)(p — 50)

1} {£p+sc[gD] - £p—sc[fU]} . (28)

20 +50) Lyisclegp] +

1
) { I ‘Cp—sc[fU] : Ep-‘rsc[gD] a

Proof. Let us denote by M:(¢) and M* () the conditional moment generating functions of
the integrated telegraph process under fixed initial velocity Vo = =*c, i.e.

M, ()= E[eSX’ Vo = vo].

https://doi.org/10.1017/apr.2021.54 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2021.54

826 B. MARTINUCCI ET AL.

In the case vo = ¢, by Equations (2) and (4), we get

ct
Mit):=E [eSX’|V(O) =c]=e""Fy(n) + / e f.(x, Hdx = *“"Fy(r)

—ct

+00
1 O o (X e (Ctx
— o GO (- 2 S )dx
+2C{Z/c,e i D( 2 )fU ( 2 )

n=0

+00 y
B Z /ct eSxG(Dn‘H) ([ B Ctz“r‘ X)fl(]n+1) (Ct2+ x) dc

n=0" "¢ ¢ ¢

10 ner

t+x ct+x
e F(Vl) ¢ (n) f— dx

+ ; /;cl v 2c &p 2c

+
_f/ct esxF(”H'l) c+x g(n) f— m dx
—ct v 2c P 2c
n=1
400 ¢
— eSCtFU(t) + e—SCl {Z / ezsc}fl(]n-'rl)(y)l:G(Dn)(t _ y) _ G(Dn+l)(t — y)]dy
0
n=1
t X 1
+/0 62scny(y)[1 _ GD(I _y)]dy + Z/O eZSC)’g(Dn)(t _ y)l:F;’;)(y) — FgH' )(y):ldy} .
n=1

We now consider the Laplace transform of the moment generating function

+00 ¢
Ep [Mg] _ ﬁp [eSCtFU(t)] + Z ,Cp |:e—sct/ e2scyfl(]n+l)(y)[G(Dn)(t —y) - G([l)1+l)(t _y)]dyi|
n=1 0

t
+ L, [e“‘“ fo ™ fy (Il — GD(t—y)]dy]

+00 t
+3 2, [e‘“’ /0 g = [F' o) = Fi o) dy} :
n=1

Denoting by w * hi(f) the convolution between two functions w and h, and exploiting the
properties of the Laplace transform, we obtain

+00
Ly [Mﬁ] =Lp—sc [T:U] + Z Lpse [(Gg) - G(DnH)) * (ezsdfl(JnH)(’)ﬂ
n=1
+ L‘P-Hc |;/Ot e2scny(y)dy:| - ‘CP—HC [GD * eZscth(t):I

—+00
+ Z E[J-i—sc I:gg) x e2sct (Fgl)(t) _ Fgl-i-l)(t))]
n=1
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- ol S o (08) e ()
n=1

1 ~
+ p+sc p+sc [ez‘TthU(t):I - £p+sc I:ezuth(t):I . [/p+sc [Gp]

+ -i:.o Lptse [gg)] : I:Ep—sc (ng)) — Lp—se (Fg”rl))] .
n=1

Hence, rearranging the terms, we have

1
Eersc (g(Dn)> £p+sc (g(DIH_ ))

—+00
£y )= Ly [Pl + 1o Ly 1 ]| Tt =
n=1

Acp—sc ful ﬁp—sc [fU]ACp-i-sc [gp] = (n)
e e +Z£p+sc[g0]

n=1
’Cp—sc ( L(In)) ‘C’P—SC ( l(/n_H)) — 1
ol e i =Lp—s [Fu] +mﬁp—sc[fU]
LB S [psdfol] [Epenlsol]”
(1 50) (p o) P — ool s
2sc =

Z [Ep—sc[fU]]n [£p+sc [gD]]n .

n=1

T ors0 p—s0

Under the assumption £,_c[fu]- Lptsc[gp] < 1, we can express the Laplace transform of the
conditional moment generating function in terms of the Laplace transform of the densities of
the random times U; and D;:

_ 1
£p [Mf] =£p—sc [FU] + mEP_SC[fU]

2sc 1
+ 1— Ly ].|: —1:|. 29
o500 —so L~ Ersiull [ 1= Lp—selful - Lp+selgpl )
In the case vo = —c, through similar reasoning we obtain
s _ 1
Ly [M;c] =Lp+sc [GD] + p_—scﬁp+sc[gD]
2sc 1
Lyl ]—1-[ —1]’ (30)
(p + SC) (p - SC) [ psclED ] - Ep—sc[fU] : £p—i—sc[gD]

so that the claimed result immediately follows under the assumption of random initial
velocity. (|

Starting from the previous theorem, the following proposition provides the Laplace trans-
form of the moment generating function of the integrated telegraph process, under the
assumption of identically distributed gamma intertimes U; and D;.
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Proposition 4.1. Let us assume that both the random variables U; and D; (i > 1) have gamma
distribution with shape parameter « > 0 and rate parameter B > 0. Then, recalling Equations
(26) and (27), for p > —B ++/ B% + 252, we have

. 1 B o 1 B o
L Mx] =500 (/3 +p—sc> 250 (ﬁ +P+sc>

ol (o)~ () NG
@ +sc)p —sc) I\B+p+sc B+p—sc (B +p—sc)B +p+sc)

g 1"
x| 1=
[ ((ﬂ+p—s0)(ﬁ+p+SC)> }

Proof. The proof can be immediately obtained from Equation (28) and by recalling the
following expression for the Laplace transform of the gamma density function with shape
parameter o > 0 and rate parameter 8 > 0:

L {fU}zc,,{gD}z([H‘%ﬂ) . p>0. -

It is well known (see, for instance, [33, Section 2.6]) that under Kac scaling conditions the
symmetric telegraph process weakly converges to the Brownian motion. The following theo-
rem allows us to obtain a similar result for the symmetric telegraph process driven by gamma
components.

Theorem 4.2. Let us consider the integrated telegraph process X; under the assumption of
gamma-distributed intertimes U; and D; (i > 1) with shape parameter a > 0 and rate parame-
ter B > 0. Under a Kac-type scaling condition, the probability density function of X; converges
to that of the standard Brownian motion, i.e., recalling Equation (1),

lim  fn = ——e 2 0
c.p>+o0” V2t '
c2/B—1

Proof. By Proposition (4.1), and recalling that

2
lim (—ﬂ +/B+ c2s2) =3,

¢,p—>+00
c2/B—1

for p > s%/2, we have

(- (=) + (=)
o (- (32) + (=2=))
lim £p [M;]: lim c“+p—cs c“+p+tcs
¢,f—+00, c—>+00 (p—cs)(p+cs)

/-1

1
x| -1+

'~ ()

https://doi.org/10.1017/apr.2021.54 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2021.54

On the telegraph process with gamma components 829

. o (-(+a+) +(45-2))
B (S e [(R=0 (=0 N1
- cs(a—(l-i-cﬁz‘f‘g) ( %_§>>

() () e (e B )

Hence, by making use of the binomial series, we obtain

lim £, [My]= 2 e G1)
im , > —.
¢,p—>+00, 2p — 52 P 2

2/B—1

The proof finally follows from recalling that the inverse Laplace transform of o2 P>s 2/2,
is given by e* /2, O

The following proposition provides the explicit expression for the moment generating
function of the integrated telegraph process under the same assumptions as in Proposition
(4.1).

Proposition 4.2. [f the random variables U and D both have gamma distribution with shape
parameter a > 0 and rate parameter 3 > 0, for t > 0 and s € R we have

S (F) — l —sct (1 _ 7Y (o, B1) st Y (o, B1)
x(t)—z{e (1 T )—i—e <1 T@ )

(B*

Ta+h [eCPF (e + 15 (B—25¢) ) +e TP F (e +1; (B+2s0) 1) ]

~_ (B

+ (ﬂ[)a e—(SC+ﬁ)t Z
n

— | , 13 2na + o + 1; 2sct, 2sct + Bt
. F(2noz—|—oz+1)[ 2 (na no + o sct, 2sct + Bt)

—®) (na, 1;2na + o + 1; 2sct, Bt) + &5 (na + «, 1; 2no + o + 1; 2sct, Bt)

—®) (na +a, 1;2na + o + 1; 2sct, 2sct+,6t)] }, (32)
where
+o00
(@ "
iFia.b,2)=) —= (33)
=0 (D)n n!
is the confluent hypergeometric function and
= (B)m(b2)n w" 2"
®o(b1, by, cow D)= Y T Ly zeC (34)
=0 ©ntm m! n!

denotes the Humbert series (cf. [26]).
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Proof. The proof follows from Proposition 4.1. Let us set

1
Al = ———— —sc P
! 2(p+sc)£p ua
1
Ayi= ——— sc 5
2:= 3 =50 Ly+sclep]
A L sSC
T prso p—so)’
1
Ayq =

1= Lp—selfulLp+selgnl] ’

As = E[H—sc[gD] - ‘C[)—SC[fU]a
so that Equation (28) can be expressed as

1 - 1 —
Lp [Mgf] = Eﬁp—sc [FU] + §£p+sc [GD] +A1+A2+A3- (A4 —1) - As.

From the properties of the Laplace transform, Equation (35a) reads

1 < 8 >Cl
A=
2(pp+sc) \p—sc+ B

1 st e(sc—ﬂ)tta—lﬂa
= E,Cp {e }Ep { T }

1 BY t
= _[’p |:_e(sc—ﬂ)t f e(ﬂ—2sc)r (t— ‘L’)a_l d‘L':|
2 [ (@) o

11: |:(,3t)°‘ eCPIB (a, 1) |Fi(1;a + 1; (B — 2s¢) t):| ,
I (@)

=5Lp

(35a)

(35b)

(35¢)

(35d)

(35¢)

(36)

where the last equality follows from the integral representation of the Kummer hypergeometric

function (cf. 13.2.1 of [1]). Analogously, Equation (35b) can be written as

1 B (s
A2=§/:,, [me 6HPIB (o, 1) 1 F1(1; 0 + 1; (B + 2s¢) t)]

Moreover, we have

t
1
Az = sc Ep |:exct/0 e—Z‘rcrde| — E‘CP [esct _ e—sct] ,

whereas
+00
Ay = (Epfsc[fU]£p+sc[gD])n

n=0
T —(B—so)t gnagna—1 —(B+so)t gno na—1

(o))
n=0 (nar) (ner)
100 ﬂzna t

— 2£p {e(ﬂ+sc)t/ e2scrtna71 (t _ _r)nafl df} )
T (nar)] 0
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By Equation 3.383.2 of [27], the previous formula becomes

+0  p2na n(x—%
A4 = ‘CP {ﬁe_ﬂt Z F’B(na) (2_;C‘> Ina—% (SCt)} , (38)
n=0

where [, (z) has been defined in Equation (21). It is worth noting that the term A4 can be also
expressed in terms of the moment generating function x(s) := E(e*Y) of a random variable ¥
characterized by a beta distribution with equal parameters given by no. Indeed,

2sct
A4 — ‘CP {e_(ﬂﬁ‘SC‘)t@ . EZO(,O [(ﬂI)Za]} ,

where
+00 Zk
E = _ 39
0.6(2) gwﬂb) (39)

is the two-parametric Mittag-Leffler function (see, for instance, Equation 4.1.1 of [24]).
From Equations (37), (38), and (35¢), we have

1 SC e ¢ lena ! nai%
A3'(A4—1)'A5=§£p{e t_ t}|: {fe ﬂrZF(na)(E> Imx_% (sct)}—1:|

X [£p+sc[gD] - »Cp—sc [fU]] . (40)

Aiming to evaluate the previous equation, we set

+oo na _1
B = Ly{e )L, {ﬁe_ﬁ”;) Fﬂ;a) (2_:6)“ Ly (m)} , 1)
Bi1 := By - Lpyselepl, (42)
Bz := By - Ly lful, (43)

i R e
Cii= Lpfe™ )L, {ﬁe ﬂ,; o) (@) Lo (scn}, (44)
Ci1:= C1 - Lyyselepl, (45)
Cip:= C1- Lp—sclful (46)

so that Equation (40) becomes
%(311 —Bia — Ci1 4 Cia — Lp{e*"} Ly ysclgp] + Lp{e*} Lpselfu]

+ Ep {e_‘wt}ﬁlﬂ»sc[gD] - Ep {C_SCt}ﬁpisc[fU])‘

Note that

B (LN [ mtserpye g
sct —(sc T _no—~
AREE Z T (na) <2sc> /(; ¢ L A (sct)dt
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The inner integral can be evaluated by making use of the formula 7.11.1.5 in [44], so that

t
1
/ e_(“+ﬁ)fr"°‘_flna71 (sct) dt
0 2

1 ! . T\na—3
= —/ e’<2“+ﬂ)fr”°"% <£> : 1F1(na; 2na; 2set) dt
I (ot 4) Jo 2

tha sc

na*l 1
- - (_) : / e sty =1 B (nor; 2na; 2scty) dy
r (noz + %) 2 0
tha

1
-4 1
- (E)mx : — e 1B @, (na, 1;2n0 + 1; 2sct, 2sct + Bt ,
r (noz i %) 2 2no

where we have exploited the integral representation for the Humbert function @, (cf. Equation
(4.6) of [4]). From this relationship, and recalling Equation 6.1.18 of [1], we finally get

+00 (ﬁztz)"a
B =L, :e(sc+ﬂ)t nzo mtbz (no, 1;2na + 1; 2sct, 2sct + ﬁt)} . “7n

Hence, by Equation (47), from Equation (42) it follows that

8 +o00 (ﬂ2t2)na
Bi=L,{e 0N 2L, (na, 1;2
11 p 1€ ,;) I na + 1) 2 (na no

e—(ﬁ+sc)tta—lﬂa
+1; 2sct, 2sct + BH} L,y {—}

T (@)

_r {e—(ﬂ—i-sc)tﬂa +0oo /32110{
-~

t
/ (t—0)* 1 2P, (na, 1; 2na
M@ “Z=TQua+1)

+1; 2sct, 2sct + Br) dr}.

From the relation (3.19) of [6], i.e.
w
/ X lw—x"1o, (b, b';c; ux; vx) dx=B(c,s—c)w' ' d, (b, b s uw, vw) , (48)
0

we have

@ ) +o00 (ﬂ2t2)na
Bii=~L o —(Btso)t
i p{(ﬂt) © ngof‘(Znot—l—l—i—a)

Dy (na, 1; o 4 2no + 1; 2sct, 2sct + Be) ¢ .
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A similar argument can be applied to Equation (43), yielding

(se+5) +00 (ﬁztz)na
Bip=Ly e PN~ L@ (na, 152
12 p 1€ ’; T 2na+ 1) 2 (no no

(SC*ﬁ)llOtfl o
+1; 2sct, 2sct + Bt) }Ep {u}

I (@)

{e(sc—ﬁ)tﬂa +oo ‘BZna
=%~p

t
—2sct a—1 _2na
e t—t P, (na, 1; 2na
T (@) nzol"(2na+1)/(; =1 2

+1; 2sct, 2sct + BT) dr}

e—(sc+/3)t‘3a +00 +00 ’32mx (2SC)m
P I (@) I Qua+1) m!
n=0 m=0

t
X / (t — )" 12 s (na, 1; 2na + 1; 2sct, (2s¢+ B) 7) dt].
0

— 1 Jo—Getpy (BH)® f (ﬂt)Zna
P = I' Cna+1+a)

+00

(o), 2sct)™
x Z Cnae+1+4+w),, m!

) (na, 1;2na + o + 1 + m; 2sct, 2sct + ,Bt)} .

m=0

Finally, the application of the decomposition formula for the Humbert function &, (cf. (2.45)

of [9]),
+00 ;
(1 —€1); X' .
CDZ(,BLﬂ2§V§x,)’)=Zu.—'q’2(él»ﬂ2;V+l§x,}7),
= Wi
yields

+0oo 2na
(B1)
>

Bir=L —(sc+p)t ne
12 ”{e B2 F a1

;) (na + a, 1;2na + a + 1; 2sct, 2sct + ,Bt)} .
n=0

Hence, the initial velocity being random, Equation (36) becomes

1 . o ne ..
L, [My] = EE,, {e_m +e% 4 %e“‘—f‘)’B (o, D)1 F1(1;a 4+ 1; (B —2s¢) 1)
t o
+%e*“€+/’”3 (a, D) 1Fi(l;a+1; (B+2s0)1)
~ B
+ (Bn)“ g (Btsort Z — &) (na, 1;2na + o + 1; 2sct, 2sct + Bi)

I' Qna+a+1)
n=0
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+00

— (BD* g (Btsor Z ﬂ@z (no + a, 1;2na + a + 1; 2sct, 2sct + Br)
= I' CQna +a+1)
+00 2

— (Br)* e~ BHs0r Z %dh (nat, 1; 2na + o + 1; 2sct, Br)
= I' Qna+a+1)
+00 2

+ (Bn“ g~ (Btsor Z %Cbz (na + a, 1;2na + a + 1; 2sct, Br)
= I Cnoae+a+1)

(B ) e @ B30 (B @B =200

B+ 2sc I (@) B — 2sc I () ’

The previous expression can be simplified by taking into account that, by (10) and (12),

T foo k r +o0 r
0), (1), (2sct ! t . Bt
@5 (0, 15 + 15 2sct, ﬂt):ZZ O (D, @set)” (BD" _ (B1) _ gebtY (o /3)
0 =0 @+ Dy KU @+, (B1)
& @sct+ By’ y (a, 2sct + Bt)
@, (0, 1; o + 1;2sct, 2sct + Bt) = Z PO eserpy ¥ (& 25T+ PD

pr (x+1), (2sct + BH)“

and that, by making use of the integral representation for the Humbert function &, (cf.
Equation (4.5) of [4]), we have

eb
B(,

' 1
&) (o, 1;0 + 1; 2sct, Bt) = ; / X P Fl (a; a; 2sctx) dx
a) Jo
24 (a, Bt — 2sct)
h (Bt — 2sct)®

and
2sct+p1 Y (a, B1)
(Bn*
The final part of the proof is devoted to the investigation of the convergence of the series of

Humbert functions appearing in the right-hand side of Equation (32). We start from the integral
representation of the Humbert function &, (cf. Equation (4.5) of [4]),

Dy (o, 150 + 15 2sct, 2sct + Bt) = ae

e2sct—&- Bt

0] , 152 1; 2sct, 2sct HN=——————
2 (na no + o + sct, 2sct + Bt) B, 20 1)

1
x/ yArata—le=QscttBOy, By (nar; 2na + o3 2scty) dy,
0
and recall the following bound for the confluent hypergeometric function 1 F (cf. Equation 3.5

of [8]):

n
Fi(ne;2 ) 14+ ——— (e —1).
1F1(na; 2no + o 2scty) < 1+ oy (e )
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Hence, it follows that

eZsctJrﬂt
) (na, 1; 2na + o + 1; 2sct, 2sct + Bt) < W—na—my 2na + o, Br)
n+1) anscH—ﬁt
WV (2}’10[ + «a, ﬂt+ 2SCt) .
Using Equation (4.1) of [36], we finally obtain
e2sct+ﬁt nansct (n+ e

5 (na, 1; 2no + o + 1; 2sct, 2sct + Br) <

2na+a+1+2no¢+o¢—|—l 2no +a+1°
so that

+00 (,Bl) 2na
2

— , 152 1; 2sct, 2sct t
I netat D 2 (na no + o + sct, 2sct + Bt)

n=1

+0oo 2no +00 2na +00 2na
2sct+pi (B1) Dsct (na) (B1) [((m+1)a] (BY)
=¢ ZF(me+oc+2)+e Zr(2m+a+2)+}H [ Qna+at2)

n=1 n=1

= 2Py, [(1, D) (o +2, 20)

(ﬁt)z"‘]

(ﬁtﬁ“} + &2 (B2 1, [(2, 1) Ga +2, 2a)

1

2sct+Pt 1
T (@+2) c b

+1¥ |:(2, 1) (¢ +2,2x)

(ﬂt)z"‘} -

The other series in (32) involving the Humbert functions can be treated in a similar way. [
As an immediate consequence of Theorem 4.2, we obtain the following result.

Proposition 4.3. If the random variables U and D both have Erlang distribution with shape
parameter m € N and rate parameter 8 > 0, for t > 0 and s € R we have

m—1 i

1)’ n"

My (1) = (e™ +¢&*) e P Z @ + ﬂem_ﬂﬁﬂ (1;m+ 1; Bt — 2sct)
par ! m!

| =

+00 nm+m—1

tm
+—('B)' e TP F (1 m + 1; 2sct 4 Br) 4+ &1 P! ,31‘2 Z 1F1(15)+ 25 Bt = 2scr)
m!

n=1 j=0
= = (2sct)j - 2mn+m 1—m—2mn
* (( J ) - ( J )) G+D! ; (B (2sct + Bt)
nm+2m—l ((nm+m— 1) B (nm— 1)) (2sct)’ Fi(l:i+2: B1) + —Z‘th—"_zoo e+ 2mn
’ J j G vz te B

./:0 n=1

2mn+m—2 [(IBI)jJrlfmmen — (2sct+ ﬂt)j+]fm72mn]

Z (Jj+ D!

J=0

X []Fl(nm;j+2;2sct)—]Fl(nm+m;j+2;2sct)]j| }
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Proof. Let « =m e N in Equation (32). The discrete component can be obtained from
Equations (18) and (19). Aiming to evaluate the continuous component, let us recall that (cf.
Equation (3.8) of [5])

n

<I>2(b,n+1;c;w,z):(c—1)ezz(k‘) kLk (= z)/ =22 Fr(by e — 1; wr) dt,
k=0

where L is the generalized Laguerre polynomial of degree n, and that (cf. Equation (7.11.1.13)
of [44])

1FKRMMP4m—1MFm[ E:H} m=1,2,....
k=0

Hence

@, (1, nm; 2nm + m + 1; 2sct + Bt, 2sct) = —e>'T (2nm +m+1) 2sct + Br)l—2m=—m
nm—1 2nm—+m— 2( l)k

1" rase\k (— ,Bt) 1
Bt g <7) Bamter (=25¢) |:1 Z I 2sct Z Z

=0

2sc+B )j

k 2sc .
XLy w—1 (=2sct) ]—'V (k+j+ 1, 2sct)

Similar reasoning can be applied for the other functions involved in Equation (32). After some
cumbersome calculations, and by Equations 5.3.10.20 of [3] and 2.19.3.6 of [43], the moment
generating function (32) reads

1 — (B1)/ H"
M3 (b =3 (e75 +e5) e P! Z $n + %em_ﬁ’]ﬂ (1;m+ 1; Bt — 2sct)

|
= I
-1
(ﬂt)m —sct— Pt . . sct - 2nm+m " k
+ e IF1(Lim+ 15 2sct + Br) + & >~ (B1) > (=2ser)
n=1 k=0

x [Lﬁm_k 1( 2SCt) nm+m k— 1(_2SCI)]

(zsct_i_ﬂt)lfmmen 1R (L k425 — i) _ et

(k+ !
400 nm+m—1
<33 (—2sent [Lﬁm_k_l (—2sct)
n=1 k=0
X 1F1(1; k4 2; 2sct — Bt)
S (—2sct)] (B1) s
+o00 nm+m—1
_e3sct7ﬁtz(‘3t)2nm+m Z ( zsct)kl: Nk 1( ZSCt) nm+m i 1( 2SC[)]
n=1 k=0
2nm~+m—2 . .
o (k+ )\ 1F1(1; k+j42; 2sct)
x (2sct + Byl —m—2mn 2sct + t/( >
( A1 /:ZO ( AD k k+j+ D!
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400 nm+m—1

+e Py Y (—2sent [Lﬁm_k_l (=25¢1) = Ly mi1 (—ZS“)]
k=0

n=1

2nmin:1—2 (’BI)/ (k +J> 1F1(L k44 2; 2sct)
X

= k (k+j+1)!
Finally, the result follows from straightforward calculations. O

As further validation of Equation (4.3), in the following theorem we evaluate the moment
generating function in the case of identically exponentially distributed random intertimes,
finding a well-known result (see, for instance, Section 5 of [31]).

Theorem 4.3. If the random variables U and D both have exponential distribution with
parameter B >0, for t > 0 and s € R we have

My () =e P! |:cosh <t\/s2c2 + ﬂ2> + \/%_ng sinh <t1/5262 + ﬁ2>:| . (49)
s2c

Proof. The proof of Theorem 4.3 is provided in Appendix A. O

In the following proposition we give expressions for the first and second moment of X,
under the assumption of gamma-distributed intertimes.

Proposition 4.4. [fU; and D; (i=1, 2, . . .) are gamma-distributed with shape parameter o >
0 and rate parameter B > 0, for t > 0 we have

EXy) =0,
, BY) _g (B
By =221 = Y PO 2pep B | oy o1 gy FiQ, a+2, Bt
ik [ r@ |77 Tarp MG et i@ 2
+——1F13,a+3, Bt
(a+l)(a+2)] 13, a 5)}
p 2+oo (ﬂt)2not
— N% P 2ct — 1 F1(2,2 3, B1). 50
a(pt)*e P(2er) ;F(ZnawH)l 12, 2na +a + 3, B1) (50)
Proof. The proof follows immediately from Equation (32). (]

Figure 5 shows some plots of the moment E(th) given in Equation (50) for different values
of (a, B).
Proposition 4.5. For @ = 1 and t > 0, Equation (50) reduces to the following well-known result
(see, for instance, Equation (26) of [31]):
2

2 € 281
E(Xt)_zl?[Zﬂt—(l—e )].
Proof. The proof of Proposition 4.5 is provided in Appendix B. U

5. Some results on the squared telegraph process

In this section we study the probability law of the stochastic process Q; := th, t > 0, defined
as the square of the generalized telegraph process. Hence, Q; describes the square of the posi-
tion of a particle performing a telegraph motion. As just stressed in [35], the sample paths of
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Var(x) var(x)

sor oor

sof: sof:
wof wl
sl

30F

20F

L L ) 0 s L L ,
15 20 25 0 5 10 15 20 25

FIGURE 5. E(X,z) for c=1, B =0.5 (dotted line), B =2 (dashed line), B =4 (solid line), with o =1/2
(left-hand side) and o = 2 (right-hand side).

0O, show motion reversals of the particle both when an event of the alternating counting pro-
cess N; occurs and when the underlying telegraph process X; reaches the origin, which acts
as a reflecting boundary. The interest in the functional Q; arises in the context of establishing
a link between finite-velocity random motions and diffusion processes. For instance, since it
is well known that the standard Brownian motion is the limit, in some sense, of the telegraph
process, the sum of squared telegraph processes can be treated as the analogue, in the setting
of finite-velocity random motions, of the squared Bessel process.

Under the assumption of exponential distribution of the random variables U; (i=1, 2, .. .),
the following theorem provides the distribution of Q;, for all # > 0.

Proposition 5.1. Foralli=1, 2, ..., let us assume that the random variables U; have expo-
nential distribution with parameter A >0, and let Gp,(-) be the distribution function of the

random variables D;. Denote by G(")( ), n> 1, the distribution function of D := Dy + - - - +
D,,. Fort>0and 0 <z < c*?, the distribution function of Q; is given by

Fo (z, 1) i= P(Q: <2) = Fx(\/z, 1) = Fx(=/2, 1),

where
ct—x ct+x

2¢ ' 2c

Fx(x,t)zl—H< ), —ct <x<ct,

and

H(y, t)—z 7)\1( ) G(n)()

n=0

Proof. Let N;, t > 0, be a Poisson process with parameter A, and denote by
N;
Y, =Y D,
n=0
the compound Poisson process corresponding to N;. Hence,

Hy (y.1) 1= P(Y; <) = Z —“( ) =~ =GR,

n=0
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Therefore, by Theorem 5.1 of [54], for —ct < x < ct, we have

ct—x ct+x
Fx (x,1) 3=P(Xt§X|X0=O)=1—HY< )

2c T 2
so that the theorem immediately follows. (]

Theorem 5.1. If the random variables U; (i=1,2,...) have exponential distribution with
parameter ). > 0 and the random variables D; (i =1, 2, . . . ) are gamma-distributed with shape
parameter o > 0 and rate parameter B > 0, fort >0and 0 <z < c21%, we have

+o0o w
roten=s 4 2 B o () s (o [255] [55T )

k=0

- AP f [/3 (Ct ;Cﬁ>]k Wa kt1 (?»/3 [Ct ercﬁ] [Cl ;cﬁ]a)} ’

k=0
(51

where W), ¢(z) is the Wright function (23).

Proof. By Theorem 5.1, assuming that the random variables D; (i =1, 2, ... ) have gamma
distribution with shape parameter & > 0 and rate parameter 8 > 0, it holds that

“+o00 ct+x ct—x
ct+x 25 ]" v (no B5)
Fx(x,t)zl—exp{—k > }{1+§ 2 }

n! F(not)
n=1

so that, for 0 < z < ¢?#2, we have
+00
A L |
Fo (2, 0)=Fx(s/z ) = Fx(—/z =¢ "7 [2 sinh (i)] e FY L
2c = n! I (na)

wi (et —Jz\" B
X {e 2 (T) y (na, % (ct+ ﬁ))

i [ ct "
e e (YTVE +z Y na,ﬁ(ct—\/z) . (52)

2c 2c

Hence, from (12), Equation (51) becomes

¢ +o00
¢=7 12sinh <k2_ﬁ> +e%7 ( H\[) kz

C

et 4+ Jz\ T ES [wa (%z) (%ﬁy]n
< )} r; n'(na +k+1)

—¢ n''(na +k+1)

(=}

k=l

n
+00 k
; A =B 2 t
e % {2 sinh <_2\/2> +e*%+T [,3 (—c —;‘/Z>i|
c c

k=0

’
() P (9 fﬂ“i P (725) (25) T
>
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X[ wh! (w [ gcﬁ] [Ct;cﬁb_r(kln}
_g@wﬁmff@(ﬁiéﬂkphﬂﬂ@{”ifﬂ[“;ﬁr)‘ﬁﬁﬁﬂ}

k=0

so that the proof immediately follows. O

Remark 5.1. Starting from Equation 6.5.29 of [1], the incomplete gamma function in (52)
can be expressed in terms of the two-parametric Mittag-Leffler function (39). The latter, by
Equation 4.4.6 of [24], can be written in terms of the Riemann—Liouville fractional integral of
a suitable function (63).

Hence, recalling that the generalized Prabhakar fractional integral 52)” /‘f; ’C'i f(x) (see e.g.

[50] and also Appendix C for some details) can be expressed as a series of fractional integrals
(cf. Theorem 2.1 of [20]), Equation (51) admits, for # > 0, the following alternative expression:

Fo(z, 1) = H Ry, { <2£c (ct = 2) (2% (Cf+x/2)) )

+8261(‘f)+f) AR ICRE )}

—e e i (2 @47 (£ - vp)) )bl ekl

Appendix A. Proof of Theorem 4.3

The present section is devoted to the proof of Theorem 4.3.
Let us set m = 1 in the statement of Theorem 4.3. The discrete component simplifies to

e—ﬁt (e—scl + esct) )
From Equations 7.11.1.13 of [44] and 13.4.4 of [1], we obtain
1 .
g((l) — E {efﬂt (efsct + esct)

Igtefsctfﬂt |
+ m I:Qsct (eﬁ, + 1) (e2Sct — l) — B (eﬁt — 1) (62351 + 1):|

400 n—1
_1 2 tr+1
el Bt |:ISZZZ(” )%1F1(];r+3;ﬂt—256‘0

n=1 r=0 r (r+2)'
ﬂt)2 np—1 n—1 (28Ct)r+1 ' '
e Z|:(2sct+ﬂt)2:| Z( r >m1F1(1,7+3,IBI)
400 2n—1

—2sct (IBt)j .
e 2sct Bt - Fi(n+1;j+3;2sct
B ’?:1 jE:O (]+2)!1 1( J )

+00 2 2] '
[ (B1) }ZwlFl(n—f-l;j—i—S;Zsct)

—2sct
+e 2sct Bt E S E— -
= | @sct+ p1)? = G+
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Let us set
Z Z 1F1(n+ 15/ + 3; 2sc1) (53)
=1 j=0
R T z_: @sct+ B! o4 3250 (54)
_n:1 (2sct + Br)? =0 (J+2)! 1 M ’
+o0 2 M n—1 r+1
(B1) n— 1\ (2sct)
—— 1 F1(1; 3; , 55
n=1|:(2sct+,3t)i| ;( . )(r+2)!l 1(1; 7+ 35 1) (35)
+o00 n—1
n—1\ 2sct)! o
D:= ﬂtZIX(;< . ) T \F1(1; r + 3; Bt — 2sct) . (56)

Note that, by Equations 13.1.27 of [1], 13.6.9 of [1], and 7.11.1.5 of [44], we have

+oo n—2 (ﬂt)j
A=) D G P24 43— 2se)
n=2 j=0 ’

400 2n—1

22

n=1 j=n—1

B/
(J+2)!

1Fi(n+ 1;j 4 3; 2sct)

400 n—2

2sazz(ﬁf) (Vl—2 ! L/n+22 (=251
n=2 j=0

+o0o n—1

(ﬁ)’*“ :
+ZZ lFl(n—i—l r+n+2;2sct)

n= er(r+
+00

—G—ZMF n—{—E 22”“6“’(2360_%_"1 1 (sct)
o @nt Dt 2 SR

By interchanging the order of summation in the previous formula, we get

+00 n—2

J2ser (B! (n—2 D (Bt
2;]202 Loy (= ZS“HZ(ﬂ) Z(h+2r+2)v
Ct (ZBZ 2) 3
X \Fi(h+ 142 h+ 2r + 3; 2sc1) + Z i <n+—>l+1 (sct)
,Bt«/Zsc (2n+1)! 2)
+o0 n—2 +00 2r  t h
Q2sct (B0’ (n—2 D2 st (B1) (D), (BY)
2;1203 R e A Zr(zr+3>h§h!(2r+3)h
oo (22
X 1F1(r+1;h+2r+3; — 2sct) + ﬂtmz 2n)! (”‘FE) 1,,+% (sct). (57)
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From Equation 6.6.1.1 of [44], and taking into account Equation 5.8.3.4 of [43] and the first
equation in 10.2.13 of [1], we obtain

+00 n—2 sct 2\ "2
P R G ] (n 202 o 4 (1_ 23 ) (Hﬁ_)
55 27 2sct - Bt sc s2c?

) ’32 esct ’32 eZsct (eﬂt _ l) 41
X sinh t14+—=—=1]— cosh ty 1+ == .
5 + s2c2 2sct - Bt 5 + s2¢? + 2sct - Bt

Similarly, from Equation (54), it follows that

+00

B=eX Z (B Z [ e’

(] + 2)! (2sct + ﬁt}7+4 (2sct + ﬂt)

,
] 1F1(—r;j+3; — 2sct)

= o [~ 7
+ +Z (2set + gy~ [ﬂ}h +Z M

Fi(s+h+1;s+2h+2; 2sct
T 2sct+ pr | = (s+2n+ D)l 1At L5 +2k+2; 2sct)

— ——F1(1;2; 25¢ct) . 58
2sct+,3tl 1( sct) (58)

By Equation 6.6.1.6 of [44], the first term in Equation (58) reads

eZsct

n? (812
—eZert2pt (2sct 4 2Bt Zertpt (2sct + Bt t,
2sct,3t(2sct+,3t)|: © (Zsct + 2p1) + e2erist (25 +ﬁ)+ﬁ]

whereas, by Equations 6.6.1.1 and 7.11.1.7 of [44], the second term in Equation (58) equals

¥

N m'kl} 2J(t+‘[
 4sct (2sct + Br)

(2sct—i—t)]/2

(B2 (2sct+1)

[ (2sct)? ] 2sct+ T 2sct+ T
'ZT[’H (257) ~et (P57 o=

h=0

Finally, Equations 5.8.3.4 and 5.8.3.6 of [43] and Equation 7.11.1.13 of [44] lead to

1 sct B* sc+p B?
:25ct-ﬂt e cosh | sct l—i—ﬂ —————sinh | sct,/ 1+

+ P 52 $2¢2

1 ) 5 (gsrt+§i/t3)2
R — l‘ — t t sct+2 6t .
+2sct+ﬂt pi—Qsct+2pne

Equation (55) can easily be simplified with the help of Equation 6.6.1.1 of [44], so that

1 5272
=—— |25ct 1t t pr _ 2sct 2B8t) e 2sct+2pt | |
ﬂt(Zsct+l3t)|:sc+/3 +pre (2sct+2pr) e :|
Since
+00 (ﬂt)/ +o0 n—1

_ - 2scH)”
D=2sctpre >y N3P Fi(r+2; 3. 2sct
sct fte ,-_OF(J'+3),,1,O< ) T3, 1(r+2;j+r+3;2sct)
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by Equation 5.3.5.5 of [44], we have

+00 +00 1. i
D=sctpre >y %" %ﬂlﬂ (n+1;j +3; 2sct) . (59)
i

n=1 j=0
The inner series of Equation (59), by Equations 6.6.1.1 of [44] and 13.6.9 of [1], reduces to

1 ) ! 2sct

_ B _
2 2sen) 2 et ol 1]L},_1 (—2) dz.

Fa+1) Jo

Finally, recalling Equation 22.3.9 of [1], we get

2sct Bre~2sertpr L] (";1)

(Bt —2scn)? A= = (k+ D)

+oo n—1 n—1 k+2
B Bt—2sct ( k ) 2sc
= — ; k+2, Bt — 2sct
2sce ;;(k—i—l)! B —2sc v(k+2.5 sct)

2
 Boeprrsa | _2C T 0 g asen)
2sc B — 2sc vis '

2sct k
<,Bt — 2sct) y (k+2, Bt — 2sct)

Hence, after some calculations, the moment generating function can be expressed as

1 +oo n—1 n—1 2 k+2
My (1) =5 {e_ﬂ’ (e™ +e*) + %e_m Z Z (k( ))! (ﬂt St ) y (k+2, Bt — 2sct)

k
== +1 — 2sct

“+o0o n—2 ; . _
. B (n—2=)! ji2 e P e
—2SCI tesct ﬂt —LJ . —2SC[ + _—
’ ; ; n! -2 : 2 (2sct— pr)?

x [— (2sct — Bty (ez“’ﬂ?’ + 1) 4 P10t Bt (2sct — Bi) — (ezm - eﬂ’) (ﬂt)z]
sinh |:sct 1+ (£>2:|
V 2sen* + 4 (B)? .

Let us now note that by Equation 13.6.9 of [1] and the binomial theorem,

—sct

2
+e P cosh | scr, |1+ <ﬁ) +e P28t
sc

400 n—2 i .
2sct Bt e* P! Z Z MU;%# (—2sct)
n=2 j=0 n
+oo _ | +oo n—2 n—2 h
= 2ser re Y (2“”” FD 3 (1) 1 (”T Di S <i) L= (—Br) . (60)
=0 : n=2 U+ m)! im0 \Pt!
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Hence, from the formulas 48.19.3 of [25] and 22.7.30 of [1], Equation (60) becomes

o0 a0 and (n— DV L2 (—pry + L, (—pn)
et pre-sen 3o QPO SR B2t b | 55 ]

i 1 = (+n BO"2(+n+1)
I+ Bi+n+1 NS @ =N
U _2gct Bre 5 +2 t
I+n+1 } e ; ! Zn<l+n+>”‘(’3)
+o00 | +00 n
2sct — Bt t
—2scte_mz( sct — Br) Z (B1) _
P 1! = nl(l+n+1)

Finally, by taking into account Equations 6.5.29, 9.6.51, and 22.10.14 of [1], Equation 6.8.1.3
of [3], and the formulas 6.8.1.3 of [3], 3.38.1.1 of [45], and 5.2.3.1 of [43], after some algebraic
manipulations we get

e—sct n—1 n 1

1 = 2sct k+2
5(1) =3 e Bt (efsa +e sct 2SC Z Z 7 + D1 <ﬂt ) y (k+2, Bt — 2sct)
n=2 k=0

LR EX (Bt — 25¢t)”
—2sct Bre P 1Fiin+r+2,r+3, 2sct)
L v

+ cosh (sct) x [sinh (8t) — cosh (B1)]

sinh |:sct,/ 1+ <:%)2i|
V @2sen? +4 (Br)?

The proof follows from the formula 6.5.12 of [1], after straightforward calculations.

2
+e P L cosh | sct 1+<E> + 2Bt
sc

Appendix B. Proof of Proposition 4.5

In the present section we provide the proof of Proposition 4.5.
By Equation 7.11.2.14 of [44], and recalling Equation 6.5.2 of [1] and Equation (39), we

have
+oo

Zﬂmz 2na + o + 3, Bi)
= F(2noz—|—oz+3)1 e ’

Bt 1
_ —a—1 pt—x x| 2a
= (B1) /0 e X |: NCESD +E2a,a+1(x )i| dx

Bt 1
— (,3;)*“*2/0 Pyt [—m +E2a,a+l(x2a)] dx. 6D
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Hence, from Equations 4.12.1.a and 3.9.2 of [24], Equation (61) can be written as

eﬁt(ﬂtr%z{ |4 — BOT(@) + BT+ Bty — e +2. BO} + ~(Bry~—)
W o a— Bnl(a) + BiT'( a, Bi) (o » BD) 5(,3)
Bt Bt
X / ehfr—x [Ea (x"‘) —E, (—xo‘)] dx + %(ﬂt)7a72/ P x [Ea (—x"‘) —E, (x"‘)] dx,
0 0

(62)
where I'(8, z) denotes the upper incomplete gamma function, and

400 k

Z
B @= 2 Tty

is the Mittag-Leffler function (see, for instance, Equation 3.1.1 of [24]).
Recalling Equation 3.2.1 of [24], the formula (62) for « = 1 becomes

e P!
8B31

{62‘9’ [17 + 2Bt(Bt — 5)] — 1 — 8eP'(2 + ﬂt)] .

Hence, the proof immediately follows from Equation (50) and recalling Equations 7.11.2.20,
7.11.2.38, and 7.11.2.56 of [44].

Appendix C. Some remarks on the fractional calculus

For any sufficiently well-behaved function f, the Riemann-Liouville fractional integral I7, f
of order « > 0 is defined as

o f(@)
I5f () = F(oz)/ o) adt’ x>c, o>0. (63)

Note that the values of 1%, f (x) for & > 0 are finite if x > ¢, but it may happen that the limit (if
it exists) of 1%, f (x) is infinite as x — ¢

The fundamental property of the fractional integrals is the additive index law (semigroup
property), according to which

1P =1 g0

Among the various operators of fractional integration studied in the recent literature,
Srivastava [50] introduced the generalized Prabhakar fractional integral defined, for p, w € C,
N(a) > max{0, N(x) — 1}, min{NR(x), N(B)} > 0, as

E i f @) —/ =0 EpE o =] f()dr, x>ec. (64)
This operator contains in the kernel the generalized Mittag-Leffler function E” " B given by
P () = f (0)inZ" :f I'(p+«kn)" .
“f ZT(n+p) =T (T (@n+p)

w, p, K

pie +f(x) reduces to the right-

Note that, in the special case w =0, the integral operator &,
handed Riemann—Liouville fractional integral operator (63).
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A series formula for the generalized Prabhakar integral defined by (64) is provided in
Theorem 2.1 of [20]. Indeed for any interval (¢, d) C R and any function f € LY(c, d), we have

+00
L (p+.m o guip
EVDEf) =) — I ().
L Bt ] +
= pic ~ Tn
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