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SUMMARY

This paper addresses the kinematic modelling, solutions and
trajectory planning of a tele-laparoscopic manipulator. This
type of manipulator can be used in remote positioning of
laparoscopic tools through tele-operating system. Speci-
ficaly the paper models kinematics of a typica
mani pulating system which can be used in such tele-surgery.
Inverse kinematics solutions are also obtained for two
kinematically constraint motions which are part of atypical
trajectory of the laparoscopic tools. These are fixed axis
rotation of the tool and its straight line motion. Simulation
results are presented to demonstrate the validity of such
models and solutions.
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1. INTRODUCTION

The remote manipulation in laparoscopy introduces kine-
matic motion problems described as. (a) spherical
movements of tool at the port of entry on the abdomen, and
(b) lack of dexterity inside the abdomen. There are a number
of works in the literature addressing robotic applications for
laparoscopy, which can be categorized in two main types:

Automated Positioners. This type is basically a posi-
tioner for laparoscopic tools and a navigating system which
in addition to locking toolsin adesired configuration, it also
can reposition the tool to a previously defined location (e.g.
for changing the angle of endoscopic view to a previously
stored orientation). This type of positioner is also commer-
cialy available by Computer Motion Inc. (AESOP units).
Taylor et al,* have developed an automated positioner with
a paralelogram configuration to provide remote center of
rotation for laparoscopic tools. Also the commercial devel-
opment (EndoSista) by Armstrong Projects, is a specially
designed positioner to control laparoscopic view directly by
head movements of the surgeon.

Tele-Operated Extenders. One of the main areas of
potential application for robotic extendersin laparoscopy, is
in the field of tele-operated master-slave system. Thisis due
to the fact that laparoscopic surgery with inverse hand
motion and limited force sensing is very unnatural to control
and physically demanding for the surgeons. As aresult, this
motivates to develop tele-operated extenders so that the
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surgeon can control the direct motion of the tool’stip on the
monitor, instead of reverse motion at the handle which isthe
case in manual operations currently performed.® There are
also other research works proposing the general concept of
tele-surgical workstations for laparoscopy, which are based
on master-save tele-operated systems.®” However, there has
not been any specific design for implementation or experi-
mental  developments for laparoscopy. The only
tele-operated surgical development belongs to SRI Inter-
national .2 However their current design configurationisonly
suitable for open surgery, since it does not have any DOF to
perform spherical movements at the port of entry whichisa
primary requirement for laparoscopy.

This paper presents a kinematic model and solution to a
laparoscopic manipulating system which can be used in the
context of automated positioning systems and/or tele-
operating system. The paper is organized as follows:
Section (2) presents the mechanical configuration of the
system; Section (3) presents the kinematic model of the
manipulating system and the inverse kinematic solutions;
Section (4) presents solutions for trajectory generation for
two types of motions: (a) fix-point rotation and (b) linear
motion. Finally Section (5) presents some concluding
remarks.

2. CONFIGURATION OF ROBOTIC EXTENDERS
The design configuration of robotic extenders for laparo-
scopic applications should generally meet the two primary
requirements: (@) to comply with the kinematic constraint at
the port of entry; (b) to provide sufficient DOF inside the
abdomen for the specific surgical task.

Generally laparoscopic positioners are used either for
positioning the laparoscope, or surgical tools (such as
retractors, graspers, etc), which both cases require two
positioning DOF (i.e. 6,, and 6,, Figure 1). In the case of
laparoscope, 2 additional DOF at the port of entry are
needed. One DOF for the rotational adjustment of laparo-
scope around its longitudinal axis (6,), so that the image on
the monitor obtains the upright orientation. The second
DOF for trandlating the laparoscope in and out of abdomen
for zooming purposes. Also, in the case of surgical tools
same 2 DOF are required for proper orientation and axia
reach at the surgical site. Therefore for this type of
positioner, generally atotal of 4 DOF (i.e. 6,, 6,, 6;, and [ at
the port of entry, Figure 1) is adequate. The design of
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extender can beimplemented by adding the 2 actuated joints
(i.e. C, and D) to the distal end of concentric spherica
mechanism with actuated joints A and B, as shown
schematically in Figure 1.23

For performing surgical tasks by a tele-operation system
similar to the current laparoscopic tools with rigid stem,
then the dlave robotic extender only requires 4 DOF as
described above. However, by incorporating flexible stem
tools as an added end-effector to the end of the extender
(Figure 2), it is possible to have full rank 6 DOF (i.e. with
the two addition DOF for orientation, 6, and 6;) to
manipulate the surgical tissues without any kinematic
constraint. This would be an complementry step compared
to the above design (Figure 1). In Figure 2, joint E provides
actuation for the joint on stem (i.e. 6,). A flexible shaft can
transmit both of the actuations F and G, for rotation (i.e. 6;),
and grasping action, respectively.

In the following section, kinematics of the above design
configuration are further studied, which includes homoge-
neous coordinates transformation, forward and inverse
kinematics, as well as singularity study, and constraint
motion of such robotic extenders.

3. KINEMATICS OF THE EXTENDER

The kinematic aspects of the above laparoscopic extender
with 6 DOF is studied in this section. The coordinates
transformations from the base to the distal end of extender
based on the coordinates of joints are considered. This is
useful in order to be able to determine the tracking of end-
point trajectory, or any other intermediate points. For this
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purpose, initially, we have to define al the links parameters
and joints variables. A commonly used convention for
selecting frames of reference in robotic applications is
Denavit-Hartenberg (or D-H) convention. In this conven-
tion, various parameters of link/joint i are: g, its length, «;
twist angle, d; offset, and 6, the joint angle (Figure 2). Based
on this convention, the parameters of the laparoscopic
extender (Figure 3) ;, «;, d; and 6, are givenin Tablel. The
homogeneous transformation A; aong each link is repre-
sented by:

A,=Rot_,Trans._,Trans, Rot,

Co —S6Ca; SOSa, a,Ch,
| 86, COCa; —COSa; aS6,
1o S, Cq, d,

0 0 0 1

For each joint, by substituting the values of parameters from
Tablel, in the above equation, it provides us with individual
transformations as follows:

c, 0 S, 0 C, =S 0 0
A S, 0 —-C, 0 A= S C 0 0
01 0 0 0 0 0 L
00 0 1 0 0 0 1

Therefore, the total transformation from the coordinate
frame of grasper X, to the base from X, at the port of entry
would be:

Fig. 1. Schematic of the robotic extender with 4 DOF.
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Fig. 2. Schematic of the robotic extender with 6 DOF.

Fig. 3. Joints coordinate frames of the extender and their transformations.
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Tablel. The parameters of |aparoscopic extender

Link/Joint q a; d; 6,
1 0 —-90° 0 0,
2 0 90° 0 6,—90°
3 0 0 0 0,
4 0 - 90° l 0
5 0 90° 0 0,
6 0 0 l, 05

Xo=AAAAAAX=

Where,

a,,=(C,S,C5— §,53)C,Cs+ C,C,5,C5 — (C185,5:+5,C5)S5
a,,=(8,8,C5+C,53)C,Cs5+85,C,5,C5 — (S,5,8; — C,C3)S;
a3 =C,C5C,C5— §,8,C5s — G558,

a,; =0

a,=—(C,S,C;— 8,5;)C,Ss — C,C,8,Cs — (C,85,5:+5,C3)Cs
Ay =—(8,:8,C5+C,53)C,Ss — S,C,8,55 — (5,5,5; — C,C5)Cs
azp=— C,C5C, S5+ 5,5,85 — C,85Cs

a,=0

a;=(C,S,C;— 8,558, — C,C,C,

a»=(5,5,C;+C,S5,)S,— S,C,C,

a33=C,C58,+8S,C,

a,;;=0

a,,=(CS,C5— 8,55)8,0, — C,C,Cul, — C,C)l
a,=(5,8,C5+C,53)8,, — S,C,Cl, — S,C,l

a3, =C,C58,0,+S,Cyl, + 5,1

au=1

and C; and S; are abbreviation of Cosé6,, and Sn 6,
respectively.

3.1. Jacobian formulation
The kinematics and control related aspects of any robotic
manipulator requires the formulation or mapping of the
velocity state of end-effector (e.g. (w,Vv) expressed with
respect to aframe of reference) to the velocity state of joints
(6). This relationship can be expressed as.
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Where w,=[w?, w), w?]" is a unit vector in the direction of
the axis of joint i, and r; is the connecting vector of origin
of axis i to the reference point of, for example, the end-
effector.

By definition the matrix on the right hand side of Eqg. (1),
which is called Jacobian of the manipulator. Finding
Jacobians in robots with relatively high DOF results in two
main difficulties as follows: (a) normally the Jacobian
would be a6x N matrix (where N is the number of joints or
DOF in the manipulator) which creates computational load
at each iteration of incremental movement along the path of
trgjectory even in forward kinematics;, (b) for inverse
kinematics, inverting the Jacobian numerically requires
intensive computation.

In this paper, an approach based on the screw geometry
for obtaining the Jacobian of the manipulator is followed.®
This approach offers a closed-form and compact representa-
tion of the Jacobian matrix. In summary, the approach
obtains Jacobian with much simpler structures which
provides closed form analytical solution for inverse kine-
matics (6).

In this approach, the formulation of Eq. (1) is dightly
altered, and instead of the velocity of the reference point of
end-effector v with respect to the base frame X,, w the
velocity of the (virtual) point in the hand is obtained, with
respect to an intermediate frame on the kinematic structure
of the manipulator. In general we can write:

M=V —wXxa (2

where for example, a is the position of the end-effectors
reference point (Figure 4), relative to the fixed frame X,

In the kinematic model of this paper, the fixed frame is
transferred to an intermediate joint instead of at the base of
manipulator. In this paper, the fixed frame is chosen to be at
joint Z, (Figure 4). This provides us with the following
compact kinematic equation and Jacobian (for detail
derivation see Appendix A):

o, Wi WS W5 Wi W W 6,
w, wy wh Wi wy wy Wy 6,
®, wi Wi w3 Wi wi Wi 0,
V. Wy X)) (WX (Wyxry)' (wyxry)' (wsxrs)' (wegxre)" I
vy Wixr) (wyxry) (waxrs) (wyxr) (wsxrs) (wexrg) 6,
V. Wixr)® (Waxr)® (wyxr)® (wyxr)® (wsxrs)® (Wexre)’ 05
)
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o | [ e, s 0 0 0 S, 0,
o, -5, o -1 0 0 —-C|| 6
o | | - ¢ 0 0 1 0 0,
w |- | —-1cs, ¢, 0 0 0 0 i
1, 0 O 0 —-110 0 0,
w | |16 =15, 0 0 0 0 || 6]

(©)

The above equation of forward kinematics is simulated for
the full range of motion of al joints (i.e. from coordinates
[—75°, —75° —180°, 80mm, —120°, —180°] to
[75°,75°, 180°, 280mm, 120°, 180°]) with constant speed.
The constant velocity of each joint is selected so that the full
range of travel of the joint would be completed within 10
seconds (Figure 5a to 5f, i.e. 6,=6,=15/s=0.262radls,
0,=0,=36°/s=0.628rad/s,  6,=24°/s=0.419rad/s, and
[=20mml/s). The velocity state of the grasping point at the
tip of extender (relative to the fix frame X, Figure 3)
is calculated based on Eq. 3, and 2, as shown in Figure 5g
to 5l.
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Fig. 4. Geometric parameters p and a for a 3 DOF manipulator.

Now, by having the Jacobian it is possible to study  3.2. Inverse kinematics
conditions of the extender. Generally, manipulators Jaco-  The compact formulation of forward kinematics (3) makes
bian isafunction of its configuration, and singularity occurs it possible to be solved analytically, in order to obtain the
when the derlJ|=0, which means the inverse of Jacobian  inverse kinematics as follows:
does not exist at that configuration. Hence at singularity, for

bounded velocities of end-effector it requires unbounded C,C30,+S,0,+S5,0s=w,
joint(s) velocities, and since this is not possible for any o ‘
actuator, consequently the manipulator looses at least one of —8,0,—0,— C,0s=w,
its DOF.

To obtain the determinant, the Jacobian is reduced by its —C,85:0,+C50,+ 6,=w,
3rd, 4th, and 5th columns, which yields following further ) )
simplifications: —1C,850,+1C50,= .,

C,C; S, S, ~l=p,
|J|=]—1C,S; IC; 0 |=1*C,S,=0 4
—I1C,C; —1S; O —I1C,C;6,— 1S;6,= .,
Then singularity occurs when: /=0,6,=+90°, 6,=0, and [ 6,=— (S, + Cp)/IC,
180°. However based on the surgical conditions in laparo- R
scopy, the normal range for the parameters are'® />80mm, 6,=(Cya, — Ss.)/1
—75°<6,<+75°, and —120°< 6,<120°. Therefore, the * o
only possibility for the occurrence of singularity is when Oy=— (CfS)w, — w,+(S,5,/1C)
0,=0, that in this case, the shank of the flexible stem isfully ’
straight without any bend, and the axes 3, and 5 are < —(C/18, — C5S,/IC) .,
collinear. This means, at the singularity, the manipulator
looses 1 DOF in dexterity (of orienting the grasper toward =—u,
the surgical site). To avoid the singularity, then 6,#Z0 must
be satisfied, and for dexterous operation of the extender 6, 0=, — wll
should not approach the zero value by remaining in a higher
range (e.g. 6,>30°). L Os=(w,+usDIS,

https://doi.org/10.1017/5026357479900209X Published online by Cambridge University Press


https://doi.org/10.1017/S026357479900209X

352

100

Theta1(deg)

|
8
o

8

5 ()

Thetaz(deg)
o

-100
0

200

5@

Thetaa(deg)
o

5 (d)

Theta 4(deg)
o

R
8

o

200

Thetas(deg)
o

R
8
o

Fig. 5. Forward kinematics simulation.

Which can be written as =J"'X, or:
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The above equation of inverse kinematics is simulated by
using the motion of endpoint (i.e. [w, u]) from the previous
simulation (i.e. Figures 6g to 61), as the input for Eq 5. The
virtue of doing so is to verify if the inverse kinematics can
be indeed reproduce the initial constant speeds used as input
to the forward kinematics. As shown in Figure 6g to 6l, the
output of inverse kinematics (Eg. 5) isidentical to the input
of forward kinematics (Figures 5a to 5f), with the only
difference that, at 6,=0 (t=5 sec), for bounded input, the
output values of 6,, and 6; are unbounded. Thisis caused by
the singularity at 6,=0, when the two axes 6;, and 6, are
collinear, and the extender looses 1 DOF in angular motion
at the end-point.

4. CONSTRAINED MOTION
Robotic manipulators usualy have to work with specific
geometrical constraints defined through their trgjectories.
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Fig. 6. Inverse kinematics simulation.

For example, to perform the task of painting on a flat
surface, the end-effector has to move in an equidistant plane
paralel to the painting surface, or in welding not only the
end-effector has to follow the exact path of the seam, also it
has to remain at a specific orientation with respect to the
seam.

In laparoscopy there are constrained motions, such as
manipulation of tissue at an incision. In this case, basically
the surgeon grasps the tissue with the extender, then
changes its orientation while the position of the grasping
point should remain the same in order to prevent any
undesirable pull or tear of the tissue. This constrained
motion requires freedom of movement in orienting the
extender, while its tip has a fixed position in the work space
(Figure 7).
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On the other hand, there is another type of constrained
motion in laparoscopy related to tasks that require fixed
orientation, such as suturing. In this task, the needle should
penetrate the tissue while its orientation should remain
constant (with respect to the fix work space coordinate
frame xyz, Figure 8).

In the following sections, the kinematics of extender and
the mapping of its joints movements based on the two types
of constrained motions described above (i.e. fixed position,
and fixed orientation) are analyzed and discussed.

4.1. Fixed position constraint

This constraint requires the angular velocity vector of
grasper o to vary, while its linear velocity vector v remain
zero. Hence, by using Eq. (2), v=u+wx a, and substituting
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Fig. 7. Fixed position constraint.

Fig. 8. Fixed orientation constraint.
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a=[LS,—1,C,,0]" (i.e. the position vector of the grasper
with respect to the fixed coordinate frame X)), as well as u
and w obtained from Eqg. (3), we would have:

—1C,S,6,+1C;0, C,C0,+S50,+8,0

V= _l + _8201_ 63_C495
- lC2C391 - lS392 - C2S391+C302+ 94

LS, 0

x| —1,Cy 1=] 0

0 0

This leads us to the following constraint equations:

(I+1,C)(— C,8;6,+C;6,)+1,C,0,=0
—[+1,5,(— C,8,6,+ C;6,+ 6,)=0
(IC,C3+1,C,C3C, — 1,5,8,) 0, +S5(1+1,C) 6, — (1,5, 6,=0

The above equations can be solved for any sets of three
variables 6., 6,, 6., 6,, or [, as afunction of other remaining
variables. However, since the constraints here are related to
the fixed position of grasper, we select the positioning axes
(i.e. 6,, 6,, and 1) of the extender to be function of orienting
axes (i.e. 8, and 6,) asfollows:

_L(S,Ci0:+5,C,6) ©)
T C(14+1,C) — 1S,C8,
-1C, G,S, .

6,= + 6 7

To+Lc) o ! "

LS,
[=—<% ¢ 8
I+1c, " ®

For control purposes of the laparoscopic extender, it is
possible to use the above equations when the fixed position

355

congtraint is desirable for manipulation of tissues. In this
case the surgeon can switch the controller to the mode
shown by the block diagram Figure 9, so that the positioning
axes (i.e. 0, 6, and [) are controlled by orienting axes (i.e.
05, and 6,).

The fix position constraint is simulated by providing
moation for joints 6, 6,, and 6;, asthe orienting axes, and the
following constant angular velocities of 6,=6,=9s
=0.157radls, 0,=5°/s=0.0873radls, from initial
coordinates of [—75°, —75° —180°, 80mm, —120°,
— 180°] to [0°, 0°, 0°, 200mm, 20°, 0°]. By using Eq. 6, 7,
and 8, the velocity state of other three slave positioning axes
(i.e. 6, 6,, and I) have been calculated at every 0.1 second
time increments. However, it must be pointed out that at
each new time increment, the coordinate 6, is initialy
unknown in equations 6, and 7. Therefore, in the first
iteration, the coordinate 6, of previous time increment is
used as a the first approximation, in order to calculate 6,.
Then, in the second iteration, 6, is calculated by integration
of the obtained 6, over the time increment of 0.1 seconds
(Figure 10). After only two iterations, the calculated joint
dave velocities [6;, 6,, |] converge to such a tolerance that
the obtained fix position constraint of end point is satisfied
to the level of in the order of amicrometer (i.e. Ax=—0.43,

,=—0.12, and A,=—1.2 micrometer) For the full range
of the above simulated motion.

For example, in the case of teleoperation master-slave
systems, the command values (i.e. 6;, 6, and 6, Figure 9)
can be obtained directly from the measurements of sensors
on the master arm’s joints which are actuated by the
surgeon. On the other hand, the reference coordinates would
be used to position control the slave extender while
observing the desired kinematic constraint.

4.2. Fixed orientation constraint
In this case, the angular velocity vector of extender » should
remain zero, while the grasper is moving in the work space.

Measured coordinates from
sensors of the extender

Initial configuration values
for integration

6, 6, 1 65 6, 65

6, 6, 1 8 8, 6

Reference
CONTROLLER W Coordinates
Eq. .
—={(6.6) 64 6,
= Eq. .
(6.7) 62 8,
Command Eq. i 1
values (6.8) ) - % | |
63 1 93 63
é4 é4 64
é5 éﬁ 65

Fig. 9. Block diagram of fixed position controller.
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Fig. 10. Simulation of fixed position constrained motion.
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O 05
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Measured coordinates from

sensors of the extender

Initial configuration values
for integration

Fig. 11. Block diagram of fixed orientation controller.
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By using description for w from Eq. (3) and equating it to
zero, we obtain:

®,=0=C,C;0,,+S,0,+S5,6;
wy=0= - S291 - Hg - C40'5
0,=0=—C,8;0,+C;6,+ 0,

The above constraints are solved for orienting axes 6, 6,,

and 6; as a function of positioning axes 6,, and 6, of the
extender as follows:

b;=— C,05— $,0,=(S;6,+ C,C;60,)C,/S, — S,6, 9)
b= — Coby+ C.5,0, (10)
b5=— (S50, + C,C;6)/S, (11)

It is possible in this case to use Egs (9, 10, and 11) to
implement the fixed orientation constraint by using the
control mode shown in the block diagram (Figure 11), so
that the orienting axes (i.e. 6;, and 6,) are controlled by
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Fig. 12. Simulation of fixed orientation constrained motion.
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positioning axes (i.e. 6;,, and 6,) as dave axes automat-
icaly.

This is simulated similarly by generating constant joints
velocities for positioning axes (i.e. 6,=6,=9°/s=0.157radls,
Figure 12). Theinitial value of 6, for Eq. 9 is obtained from
the previous time increment, then after obtaining 6,, it is
integrated over time increment of 0.01 sec. to obtain 6, for
the second iteration. After 4 iterations of 6,, 6, and 6;, the
joints coordinates converge to such atolerence that the fixed
orientation constraint is satisfied to tolerence less than a
tenth of degree for the full range of movement (i.e.
A6,=0.071°, A#,=0.001°, and A#,=0.074°).

In the teleoperation master-save systems, the command
values (i.e. 6, 6, and [, Figure 11) can be obtained directly
from the measurements of sensors on the master arm'’sjoints
which are actuated by the surgeon. On the other hand, the
reference coordinates would be used to position control the
dave extender while observing the desired kinematic
constraint.
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Tele-laparoscopic system

The master arm
controlled by
the surgeon

The slave extender
viewed by the Surgeon

Fig. 13. Schematics of the master arm.

5. CONCLUSION

The main difficulty in laparoscopy is the usage of very long
tools through fix small incision points. No matter how much
the design of tool (both in terms of degrees of freedom and
optimum interface with the surgeon’s hand) is improved,
still direct physical hand control of the tool is unnatural,
remote, and physically demanding. Only with training and
practice, it is possible for the surgeon to obtain afraction of
the skill level of open surgery. Therefore to improve
dexterity to the level comparable to open surgery, direct
hand control of Iaparoscopic tools cannot be the solution. As
a result, further improvement lies in the development of
robotic extenders which can be indirectly controlled by the
surgeon through a master arm. This master-slave robotic
system controls the movements of the robotic extender
inside the abdominal cavity, which is controlled indirectly
by hand movements of the surgeon on a tele-surgical
workstation.®

The success of such system not only depends on the
genera control characteristics of the master-dave system
(such as accuracy, fast response, and force reflection) but
also its ease of usage by the surgeon. For example to control
the extender by means of a “joystick” type of design is not
a natural interface for the surgeon, since al the end-
effectors movements should be transated to movements of
the joystick by logical step by step reasoning, instead of
subconscious natural control.

Based on the kinematic study of robotic extenders for
laparoscopy, and the above motivation for tele-operation,
the following is proposed master/dlave configuration subject
of future detail design and development. For example, the
slave extenders with 6 DOF can be mounted on the arms of
a positioning stand.? The positioning stand in this case is a
passive mechanism that holds the extenders in proper
position and orientation with respect to the incision points.

In order to achieve an easy to control master-slave
system, which does not require substantial training, it is
essential for the slave to mimic hand movements. This
means the mechanical movements of the extender should be
mapped and controlled by natural movements of human
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hand. There could be various alternative configurations for
the master arm.

The key point in the design configuration of the master
am are:

» The angular orientation of the hand based on the 3 DOF
of the wrist to be measured as coordinates ¢,, ¢,, and ¢
by the master (Figure 13), which are mapped to
coordinates 6, 6,, and 6 of the slave extender (Figure 2),
respectively.

» The positioning coordinate of the hand to be measured
(i.e. ¢y, ¢, and R), and then mapped to the positioning
coordinates of the extender (i.e. 6,, 6,, and |).

» The grasping action of extender to be sensed directly by
the angular motion of the thumb G, with respect to other
fingers and being reflected directly to the grasper.
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APPENDIX A

The Jacobian of laparoscopic extender with 6 DOF whose
coordinates are [6,,6,,6,,1,6,,05]" would be a 6x6 matrix.
Based on the conventional method of obtaining the
Jacobian, the number of termsin each element of the matrix
would become very large, which makes it very difficult to
useit in forward or inverse kinematics.

However, there is another Jacobian formulation proposed
by Waldron® which provides much more compact results. In
this method, the fixed frame is located at an intermediate
joint instead of its norma location at the base of
mani pulator, and the Jacobian has the following form:

PiXW;

Based on the notation used by the terms w; and p; can be
obtained recursively based on the following routine:
R=Q;,,U;

Qi=RiVi

Wi=Qi—1k

pi=pi1+tR, 1S
Where k=[0, 0, 1]/, and the initial conditions are: Q,=lI,
00=5=0. Theformsfor U, V,, and S, are:

(12)

(13)

co —S6, 0 1 0 0 a;
U=l S ¢c6 0|,V,=|0 Ca; —Sa|,S=[ 0
0 0 1 0 S, Ca r;

With the reference frame located at Z, (Figure 3), aso
having parameters 6, a,, a,, and r; as defined in Table |, and
working forward in the direction of axis 5, and 6 based
above recursive routine would provide the following
results:

0 0 0
ws=k=| 0|, ps=[ O |, psxws=|0
1 0 0
c, —-S, o)1 o 0ffo Sy
w,=UV;k=| S, C, 0Offo 0 —1{0|=|—-C,
0 0 1]0 1 off 1 0
0
pe=pstUsS=| 0
0
0
PexWe=| 0
0
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Now, moving inward along the chain toward axis 3, 2, and
1 we obtain:

1 o o]t o ofo 0
w,=VIUk=[0 0 —1/0 1 ofol|=| -1
o1 ofo o 1|1 0

1 0o ofo] [o
pi=ps—V1S,=0—| 0 0 —1[0]|=]1
o1 ol |o

o O

0 0 0
puxWu=| 1| x| —1|=
0 0

10 olflc s ofo
w,=VIUIVIUk=|0 0 -1 -5 ¢
01 oJLo o 1]

o
(e

0
S
0
(0] [1 0o o1 o ofo
p=p,—VIUVIS=| 1 [-|0 0 —1flo 1 oo
o] [0 1 ofo o 1fo
.
=l 1
_0_
0 o]l |o
pyxwWy=| [ | x| —1[=| 0
0 ol |o

w,=VTUTVIUIVIUTK

10 ofc s oft o0 o
=lo 0 -1|-S ¢, oflo o 1
o1 oJlo o 1jflo -1 0

S, —C 0fo
G, S, ofo
o o 1]
S5
= 0
G
pr=ps — ViUVIUV]S,=

l
0
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] © S, Ic,
PR= el o =] o
o] L -c| L=,

w,=VTUIVIUIVIUIVT UTk
10 ofc s offt oo
=00 —-1|-5 ¢ offlo o 1
01 ollo o o -1 0

s, —-c, offt o oflc s oo
¢, s, oflo o —1f-5 ¢ ofo
o o 1Jlo 1 oflo o 1
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0
pi=p,— VIUIVIUIVIUIVIS =| ¢
0
0 GG, — (G,S;
p1><W1: [ X _S2 = 0
0 -G8, — (GG

Therefore the final Jacobian after assembling all w; and
p;xW; elementsin the form of 6x 6 matrix would be:

cC, S 0 0 0 S,
-5, 0 -1 0 0 -,
J:[ W, }z -GS, ¢ 0 0 1 0
DX W, —1C,S, IC;, 0 0 0 0
0 0 0-10 0
—IC,C, —=I1S;, 0 0 0 0
(14)
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