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Abstract

In practice, it is not possible to observe a whole max-stable random field. Therefore, we
propose a method to reconstruct a max-stable random field in C ([0, 1]%) by interpolating
its realizations at finitely many points. The resulting interpolating process is again a max-
stable random field. This approach uses a generalized max-linear model. Promising
results have been established in the k = 1 case of Falk er al. (2015). However, the
extension to higher dimensions is not straightforward since we lose the natural order of
the index space.

Keywords: Multivariate extreme value distribution; max-stable random field; D-norm;
max-linear model; stochastic interpolation

2010 Mathematics Subject Classification: Primary 60G70
Secondary 62M40

1. Introduction and preliminaries

Dombry et al. [10] derived an algorithm to sample from the regular conditional distribution

of a max-stable random field », say, given the marginal observations 1y, = 21, ..., s, = Zd
for some z1, ..., zg from the state space and d locations s1, ..., s4. Clearly, this concerns the
distribution of 1 and the derived distributional parameters.

Different to that, we try to reconstruct n from the observations 7y, , ..., n,. This is carried

out by a generalized max-linear model in such a way that the interpolating process 1 is again
a (standard) max-stable random field.

As our approach is deterministic, once the observations 1y, = z1, ..., 15, = Z4 are given,
a proper way to measure the performance of our approach is the mean squared error (MSE).
Convergence of the pointwise MSE as well as the integrated MSE (IMSE) is established if the
set of grid points s1, ..., sq becomes dense in the index space.

A max-stable random process with index set T is a family of random variables & = (& ),er
with the property that there are functions a,,: T — R(‘)" and b,: T — R, n € N, such that

@
< max (—t bn(t))) 25’
i=l,...,n an(t) teT

where ’;'(i) = (S,(i)),eT, i =1,...,n, are independent copies of & and 2> denotes equality in
distribution. We obtain a max-stable random vector (RV) on R?¢ by setting T = {1, ...,d}.
Different to that, we obtain a max-stable process with continuous sample paths on some
compact metric space S, if we set T = S and require that the sample paths §(w): § — R
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realize in C(S) = {g € RS: g continuous}, and that the norming functions a, and b, are
also continuous. Max-stable RVs and processes have been investigated intensely over the last
decades. For detailed reviews of max-stable RVs and processes, see, for example, [2], [6]
(discussed in [5], [13], [20], and [21]; rejoinder at [7]), [8], [12], and [19]. Max-stable RVs and
processes are of enormous interest in extreme value theory since they are the only possible limit
of linearly standardized maxima of independent and identically distributed RVs or processes.

Clearly, the univariate margins of a max-stable random process are max-stable distributions
on the real line. A max-stable random object & = (&;),c7 is commonly called simple max-
stable in the literature if each univariate margin is unit Fréchet distributed, i.e. P(§;, < x) =
exp(—x’l), x > 0, t € T. Different to that, we call a random process § = (1;);er Standard
max-stable if all univariate marginal distributions are standard negative exponential, i.e. P(n, <
x) = exp(x), x <0, ¢t € T. The transformation to simple/standard margins does not cause
any problems, neither in the case of RVs (see, for example, [9] or [19]), nor in the case of
random fields with continuous sample paths (see, for example, [14]).

It is well known (see, for example, [9], [12], and [18]) thatan RV (51, ..., ng) is a standard

max-stable RV if and only if there existsan RV (Z1, ..., Z;) and some number ¢ > 1 with Z; €
[0, c] almost surely (a.s.) and E(Z;) = 1,i = 1,...,d, such that, for all x = (x1,...,xq) <
0ecRY,

.....

The condition Z; € [0, c] a.s. can be weakened to P(Z; > 0) = 1. Note that || - ||p defines
a norm on Rd, called the D-norm with generator Z. The D means dependence: we have
independence of the margins if and only if || - ||p is equal to the norm |x||; = Zfizﬂxi [,
which is generated by (Zy, ..., Z;) being a random permutation of the vector (d,0...,0).
We have complete dependence of the margins if and only if || - ||p is the maximum-norm
lx|lco = maxi<;<q |X;|, which is generated by the constant vector (Zy, ..., Zg) = (1,..., 1).
We refer the reader to [12, Section 4.4] for further details of D-norms.

Let S be a compact metric space. A standard max-stable process § = (1;);es with sample
paths in C—(S) :={g € C(S): g < 0} is, in what follows, called a standard max-stable process
(SMSP). Denote further by E(S) the set of those bounded functions f € RS that have only a
finite number of discontinuities and define E—(S) := {f € E(S): f <0}. Weknow from [14]
that a process n = (17;)res With sample paths in C(S) is an SMSP if and only if there exists a
stochastic process Z = (Z;);cs realizing in Ct(S) = {g € C(S): g = 0} and some ¢ > 1,
suchthat Z; < cas.,E(Z,)=1,1t € §,and

B(y < f) = exp(=Ilfllp) == exp(~E(sup(1/ (1)120) ). f € E7(S).

teS

Note that || - ||p defines a norm on the function space E(S), again called the D-norm with
generator process Z. The functional D-norm is topologically equivalent to the sup-norm
| fllooc = sup;cg | f ()|, which is itself a D-norm by setting Z; =1, t € §; see [1] for details.
At first it might seem unusual to consider the function space E (S). The reason for this is that
a suitable choice of the function f € E~(S) allows the incorporation of the finite-dimensional
marginal distributions by the relation P(y < f) =P(n; <x;, 1 <i <d).
The condition P(sup;.g Z; < ¢) = 1 can be weakened to

E(sup Z,) < 00; (D

teS

see [8, Corollary 9.4.5].
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2. Generalized max-linear models

2.1. The model and some examples

In this section we will approximate a given SMSP with sample paths in C—([0, 17%), where k
is some integer, by using a generalized max-linear model for the interpolation of a finite
dimensional marginal distribution. The parameter space [0, 1]¥ is chosen for convenience
and could be replaced by any compact metric space S.

Let, in what follows, n = (1/),¢[0,1+ be an SMSP with generator Z = (Z;),¢o 1+ and
D-norm || - || p. Choose pairwise different points s1, ..., ss € [0, 1] and obtain a standard
max-stable RV (1, ..., n5,) with generator (Zy,, ..., Zy,) and D-norm || - || p, . i.e.

BOry, < X1,y < x0) = exp(—E( max (lilZ,))) =t exp(—lxly, ).

i=1....4 o)) e L

,,,,,

x=(x1...,xq9) <0. Qur aim is to find another SMSP that interpolates the above RV.
Take functions g; € CT ([0, l]k), i =1,...,d, with the property

(g1 (®). ... gaM)Ip,_, =1 foralls e [0, 11", @)

Then the stochastic process § = (7:),.1}« that is generated by the generalized max-linear
model 0
= max e [0, 11, (3)

defines an SMSP with generator

Zi= max (gi(0Zy),  tel0 1] )
due to (2); see [11] for details. The || - ||p, _, = | - ll1 case leads to the regular max-linear
model; see [22].

If we want # to interpolate (s, . . . , 7)5,) then we only have to demand
(s,)=8 Loi=Ji i< (5)
i(si) =6ij = i, j <d.
8i j ij O, ; # j, = J

Recall that 7y, is negative with probability 1. We call § the discretized version of y with grid
{s1, ..., sq}and weight functions g1, . . ., g4, when the weight functions satisfy both (2) and (5).

Example 1. In the one-dimensional £ = 1 case, the weight functions g; can be chosen as
follows. Take a grid 0 :=s1 < 52 < --- < s4—1 < sq =: 1 of the interval [0, 1] and denote by
I - IIp,_,, the D-norm pertaining to (15, ,, ns,), i =2, ..., d. Set

sy —t

—— , 1t €[0,s],
g1(t) := 3 2 =1, D)D),

0 otherwise,

r—si—-1
, € [si—1, 8],
”(si =1t Si*])”D,'_L,'
(1) — Si+1 — 1 | — —

g,(t). . telsi,sivl, 2 2,...,d 1,

Csit1r — 2,8 = s)ID; iy

0 otherwise,
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and
I —Sd—-1

. 1€ lsa-1,1]
ga(t) == l(sqg — 2,1 — Sd—l)”Ddf],d

0 otherwise.

This model has been studied intensely in [11]. The functions g, ..., g4 are continuous and
satisfy conditions (2) and (5), so they provide an interpolating generalized max-linear model
on C[O, 1].

Example 2. Choose pairwise different points sq, ..., sq € [0, 1]% and an arbitrary norm | - ||
on R¥. Define
& =min(lr —s;I). 1€, 15, i=1,....d.
J#i

In order to normalize, set

gi(1) k
i = — — s 0,11",i=1,....,d.
SO =GO o, SO

The functions g; are well defined since the denominator never vanishes. Suppose that there is
t € [0, 17%¥ with g1 (t) = -+ = §4(t) = 0. Then min;; (|t —s;]) =O0foralli =1,...,d.
Now fix i € {1,...,d}. Thereis j # i with t = s;. But on the other hand, we also have
ming.;([lt — sill) = O which implies that there is k # j withz = s = s;, whichis a
contradiction.

The functions g;, i = 1,...,d, are clearly functions in ct(o, 1]]‘) that also satisfy
conditions (2) and (5) as can be seen as follows. We have, for 7 € [0, 1]%,

(1), ... 8a(NIpy,. 4

_M g1(t) 2a(1) )
R NG N 210 1 R (2T I O [
@@, ga)lp,

EGE IO
=1,

Di,...d

,,,,, d

which is condition (2). Note, moreover, that g; (s;) = 0ifi # j. But this implies condition (5):

gis)) = )
1(g1Csj)s -, 8a(si) Dy 4

_ gi(s))
C0,...,0,8;(5),0,....0),
. gi(sj)
~gi(spN,...,0,1,0,...,0)p,
_ &Gy
gis))
= &ij

by the fact that a D-norm of each unit vector in R? is 1. Thus, we have found an interpolating
generalized max-linear model on C ([0, 1% ).
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2.2. The MSE of the discretized version

We start this section with a result that applies to bivariate standard max-stable RVs in general.

Lemma 1. Let (X1, X») be standard max-stable with generator (Z1,Z>) and D-norm
-l
(i) We have
© 1
E(X1X>) :/ —du
o Wl
() E(1Z1 — Z2]) = 2(/I(1, Dllp — .

Proof. (i) See [11, Lemma 5].

(ii) The assertion follows from the general identity max(a, b) = %(a + b+ |a—b|). ([l
Let) = (ﬁt)te[o’l]k be the discretized version of yn = (M) efo.17¢ with grid {sq, ..., s} and
weight functions g1, . .., g4. In order to calculate the MSE of 7},, we need the following lemma.

Lemma2. Let Z = (2,),6[0’1]/( be the generator of §j defined in (4). For each t € [0, 11%, the
RV (ny, 1;) is standard max-stable with generator (Z;, 2,) and D-norm

1Ce, o, = E(max(|x|Z;, [y1Z) = (x, g1(D)y, ..., gaOW)D,, >

where || - |Ip, ,, is the D-norm pertaining t0 (N, Ny s - -« » Nsy)-

seesSq

Proof. As Z = (Z,)[e[o,l]k is a generator of y, we have, for x, y <0,

P <x,m <y) =P <x,n5 <810y, ..., M5y < 8a(1)Y)
= exp(—E(max(|x|Z;, |y| max(g1(1)Zs,, ..., 8a(1) Zy,))))
= exp(—E(max(|x|Zi, [y1Z,)).
Then the assertion follows from the fact that Z > (0 and ]E(Z) =1. 0
We can now use the preceding lemmas to compute the MSE.

Proposition 1. The MSE of 7, is given by

1

MSE®%,) := E((n; — 7i;)? =2<2—/Oo—d
«n (e n)°) 0 ||(1,u)||%),

u) t e [0, 115

Proof. Due to Lemma 2, (1, 7);) is standard max-stable. Therefore, Lemma 1(i) and the
fact that E(n;) = E(%;) = —1 and var(n;) = var(7);) = 1 yield

1

o0
MSE() = EO7) — 280 + B =4 -2 [ au.
ST

Lemma 3. The MSE of #), satisfies MSE(#),) < 6E(|Z, — Z), t € [0, 11*.
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Proof. We have

e 1
o I wld,

o0 1 o 1
o ok Tl 1w,

o0 (L, @)l p, + I(L, 1)l oo
— 1L w)lp, = (1, wloo : d
Auumm MIM)HQM%WJW u

1 1. 1 .
=Aﬂmmmr—ﬂ(”M+ /(Muw Il +u

(1, w3 u?||(1, M)IIZ
! (1 /u, 1 -1
9/w@mm—nw+dnﬂi—¥L—w
0 1 u
=:311 +2D.
Since every D-norm is monotone, we have
1
11, wlp, < 1A, Dllp,, u € [0, 1], H(; 1) <1, Dlp,, u>1,
D,
and, thus, by Lemma 1(ii),
o0
I+ L <[, Dlp, =1+ A, Dlp, — 1)/ u=tdu = E(|Z, — Z)). 0
1

Remark 1. The upperbound E(|Z; — Z ¢|) in Lemma 3 becomes small if the distance between ¢
and its nearest neighbor s;, say, in the grid {s1, ..., s¢} becomes small, which can be seen as
follows. The triangle inequality implies that

|Z; — Zt| <z -

max (gl (t)Zs,)

.....

5j
From the condition g;(s;) = d;;, we obtain the representation

Zs

Si

= max (gl(s])Z )
and, thus,
V4

—i:nllaxd(gi(l)zs,-)‘ = |, max (gi(sj)Zy;) — max (gi(t)Zy)

..........

Sj

I A

nllax (lgi(t) — gi (Sj)|Zsz-)

,,,,,

.....

=E(Z; - Sj|)+||(|81(t)—gl(Sj)| o 184() — ga(sj)Dlpy. 4
<E(Z - Z;) + ,max |gi (1) —g,(s])lll(l - Db,
— 0, [t —sj| — 0,

by the fact that each D-norm || - ||p is monotone, i.e. |x||p < ||lylpif0 <x <y € R?, and

by the continuity of the functions g, ..., g7 and Z.
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Example 3. Choose as a generator process Z = (Z;),¢[o, 13+ of a D-norm

2
t
Z; = exp(X, _ g ( )), t €0, 1]k,

2

where (X;), g« 18 a continuous zero mean Gaussian process with stationary increments o2(t) ==
E(th) and Xg = 0. This model was originally created by Brown and Resnick [4], and
developed by Kabluchko et al. [17] for max-stable random fields # = (9;),¢[p, 1+ With Gumbel
margins, i.e. P(, < x) = exp(—e™), x € R. The transformation to an SMSP (1;),¢[o 1+ 18
straightforward by setting 1, := —exp(—,), t € [0, 1]~.

Explicit formulae for the corresponding D-norm

171p =E( swp (f®1Z0),  f e EqO. 11,

t€[0,11%

are only available for bivariate || - || Diyiy and trivariate || - || Diy.ip.y D-nOIMS pertaining to the
RVs (14, n,) and (14, 01, 113), respectively; see [15]. In the bivariate case, we have, for
(x1,x2) € R?,
o(ty — 1) 1 |x1
X1, X = |x1|P + log| —
e, x2) Dy, ., = X1 ( 5 o — 5D P&\ n

o(lt1 —t2)) 1 |x2]
+IXZ|<I>( + lo <— ,
2 o —n) e\ x|

where ® denotes the standard normal distribution function and the absolute value |t; — 1] is
meant componentwise; see [16, Remark 24].

This Brown—Resnick model could, in particular, be used for the generalized max-linear
model in dimension k = 1 as in Example 1, since in this case the approximation # of 5 only
uses bivariate D-norms || - |1, 1, -

3. A generalized max-linear model based on kernels

3.1. The model

There is the need for the definition of d functions g1, . . ., g4 satisfying certain constraints in
the ordinary generalized max-linear model with d = d(n) tending to oo as the grid 51, ..., S4
becomes dense in the index set. For the kernel approach introduced in this section, this is
reduced to the choice of just one kernel and a bandwidth. And in this case we can establish
convergence to 0 of MSE and IMSE as the grid becomes dense, essentially without further
conditions. This approach was briefly mentioned in [11] and is evaluated here.

There are disadvantages. The interpolation is not an exact one at the grid points, i.e. 7 sj
ns;- This is due to the fact that the generated functions do not satisfy the condition g; (s;) = §;;
exactly, but only in the limit as 4 tends to 0; see Lemma 4. The choice of an optimal bandwidth,
which is statistical folklore in kernel density estimation, is still an open problem here.

Again, throughout this section, let n = (1),¢0, 1+ be an SMSP with generator Z =
(Z1)1¢j0.1) and denote by || - |;.....s, the D-norm pertaining to (s, ..., 1)

Let K: [0,00) — [0, 1] be a continuous and strictly monotonically decreasing function
(kernel) with the two properties

KO)=1,  lim X9 _

—— =0, 0<b<a. (6)
x—o00 K (bx)
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The exponential kernel K.(x) = exp(—x), x > 0, is a typical example. Choose an arbitrary

norm | - || on R* and a grid of pairwise different points {s1, ..., s4} in [0, 11%. Set, fori =
1, ..., d and the bandwidth & > 0,
Kz —sill/h)
gin(t) == d , t € [0, 11~

ICK Iz = sill/R), ... KAt = sall/ k)l ...,

Define, fori =1,...,d,
N(si) o= {r € [0, 10 i —sill < Nl = s j # i, (7)
which is the set of those points 7 € [0, 1] that are closest to the grid point s;.

Lemma 4. We have, for arbitraryt € [0, 11¥ and 1 <i <d,

_ 1 ift=s;,
g”h(”%{o g Ney, VY

aswellas g p(t) < L.

Proof. The convergence g; »(s;) — 1, h | 0, follows from the fact that K (0) = 1 and that
the D-norm of a unit vector is 1. The fact that an arbitrary D-norm is bounded below by the
sup-norm together with the monotonicity of K implies that for ¢ € [0, 11,

Kz —sill/m) _ K ([t —sill/h)
maxi<j<q K(lt —sjll/h)  K(mini<j<q llt —sjll/h) —

gin(t) <

Note that K (||t — s;[|/h)/K(minj<j<q It —sjll/h) — 0, h | 0,if t & N(s;) by the required
growth condition on the kernel K in (6). O

From the above lemma we see that, in particular, g; ,(s;) — 8;j, & | 0, which is close to
condition (5). Obviously, the functions g; j, are constructed in such a way that condition (2)
holds exactly. Therefore, we obtain the generalized max-linear model

~ Ns; k
nl,/’l = max ) IS [Os 1] 9
i=l1,..., d gi’h(t)
which does not interpolate (s, ..., 5,) exactly, but 7y, » converges to n, as h | 0. Note
that the limit functions limy, ¢ g; 5 are not necessarily continuous: For instance, there may be
to € [0, 1]k with ||#g — s1|| = --- = |lto — sql|. Then fg € IN(s1) and limh¢0 gl,h(tO) =

/1L, ..., Dllp, 4> butlimyyo g1, () = O forall £ ¢ N(s1) due to Lemma 4.
3.2. Convergence of the MSE

In this section we investigate a sequence of kernel-based generalized max-linear models,
where the diameter of the grids decreases. We analyze under which conditions the IMSE of
(Mt.n) 10,11 converges to 0. We start with a general result on generator processes.

Lemma S. Let (Z;),¢(o,11+ be a generator of an SMSP and €,, n € N, be a null sequence. Then

IE( sup |Z,—ZS|)—>O, n— o0,

lt—sll<en

where || - || is an arbitrary norm on Rk,
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Proof. The paths of (Z;),¢[o,1j+ are continuous, so they are also uniformly continuous.
Therefore, supy,_g <, |12t — Zs| = 0, n — oo. Furthermore,

sup |Z; — Zg| <2 sup Z;
lt=sll<en ref0,11%

with E(sup, (o 1j¢ Z1) < oo due to property (1) of a generator. The assertion now follows from
the dominated convergence theorem. ]

Let G, :={S1,n, ..., Sdm),n}, 1 € N, be a set of distinct points in [0, 17 with the property
foralln € N, for all ¢ € [0, l]k, there exists s;., € Gn: [t — Sinll < €n,
where ¢, — 0, n — oo. Define, for instance, §, in such a way that

&y := max sup |ls —tf| >0, T
i=l,...d s teN(s; )

with N(s; ,) as defined in (7). Clearly, d := d(n) — oo, n — oo. Denote by | - ||D(n) the
.Tl S

D-norm pertaining to 7y, ,, . . . , 1)s,,,- Furthermore, let §, = (.n),c[0.1}¢ be the kernel-based
discretized version of n with grid 4, that is,

A Nsin 2
= ma —, t €0, 175,
Nrn =, max Tn) [0, 1]
where, fori = 1,...,d,
K(||t —s; h
gi,n(t) _ (|l sl,n”/ n) 7 t €0, l]k,

KUt = s1all/hn), - K(lIf = Sd,n”/hn))”Dxt) y

with K : [0, co) — [0, 1], is the continuous and strictly decreasing kernel function satisfying
condition (6), and h,, n € N, is some positive sequence. We have already seen in Lemma 4
that g; ,(t) € [0, 1], ¢ € [0, 17¥, n € N. Furthermore, we have the following result.

Lemma 6. Chooset € [0, 11¥. There is a sequencei(n), n € N, suchthatt € Mnen N GSiny,n)-
Define g y).n and &, as above for n € N. Then

lim giu),(t) =1 ife, — 0, hy, — 0, &,/h, — 00, n — oo.
n—od

Proof. Lett € [0, 1]k and choose a sequence i(n), n € N, as above. Set, for simplicity,
Si(n),n =2 Si,n and 8i(n),n =: 8i,n- We have

1> gin()
Kt — sinll/hn)

~ E(max;—, 4 K(||lt — Sinll/hn)Zs;,)

E(max;. |s;,—t1>2¢, Kt —sjnll/ hn)Zs;,)
( Kt = sinll/hn)

N E(max;: s ,—)<2e, K(llt — Sj,nll/hn)Zs,-,,,))‘l

K[t = sinll/hn)

=: (Ain(®) + Bin() ",
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From ¢t € N(s;,), we conclude that ||t — s; .|| < &,. Hence, we have, due to (1) and the
properties of the kernel function K,

K(28n/hn)E(

0=<A;,@) = K(en/y)

sup Z,) — 0, n— oo,
te[0, 11k

since &,/ h, — 00, n — 00, by assumption. Furthermore, ¢t € N(s; ) and the fact that K is
decreasing implies that

t—5; t— s
max K(II ,,nII)ZK(II t,n”).
Jjtlsjn—tll<2en hy hy

Bi,n(t)

1 t—s;
(s ey (502,
Kt = sinll/ hn) Jillsjn—tl<2en hy ,

t—sj
- max K I jonll Z, 1
Je lsjn—tll<2e, n, )

E(man¢ Isjn—tll<2en Kt — Sj,n||/hn)|Zs]-,n - Zs,-_,l )
Kt = sinll/hn)
< E( max |Zy,, — Zsm|> +1

Jillsjn—tll<2e,

Thus,

IA

+1

< E( sup  |Z, — zx|) 1

lr—sll<3en

— 1, n— oo,

due to Lemma 5. Note that ||s; , — t|| < 2¢, and t € N(s; ) imply that [|s;, — si x|l < 3€,.
This completes the proof. ]

We have now gathered the tools to prove convergence of the MSE to 0.

Theorem 1. Define 1, and ¢, as above for n € N. Then, for every t € [0, 1%,

MSE(#; ) — 0, IMSE (% ) := MSE(#; ) dt — 0, n — 0o,
[0, 1%

ife, > 0, hy, —> 0, &,/h,;, > 00, n — 0.
Proof. Denote by

Zin = [max (gjn(0Zy,). 1€, 1%,

.....

the generator of #,,. Choose ¢ € [0, 1]" and a sequence i := i(n), n € N, such that r €
ﬂn en N (sin). We have, by Lemma 3, Lemma 6, and the continuity of Z,

MSE (i) < 6E(1Z; — Z1.n)

< 6E(1Z; — Zs,,1) + 6E(1Zs,, — 8in () Zs; ) + OE(1gin () Zs;, — Zt.n])
= 6E(1Z — Zy;, ) + 12(1 — g » (1))

— 0, n— oo;

recall that g; , (1) Zy; , < Z,,n.
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Next we establish convergence of the IMSE. The sets N (s; ,), as defined in (7), are typically
not disjoint, but the intersections N (s; ,) NN (s ), i # j, have Lebesgue measure 0 on [0, l]k.

Clearly, Ufl: 1 NGsin) =10, 11%. Therefore, applying Lemma 3 yields

d
IMSE(fii0) = ) / MSE (i) d
i=1 N(sin)

d
<6 [ Bz - Zupar
i=1 7N

(Si,n)
d d
= 6(2 f E(1Z; = Zs,al) df + ) f 11— 81 (1) E(Zy,0) dt
i=1 N (sin) i=1 N (sin)
d
+y f E(18in () Zs;n = Zinl) dr)
i=1 N(Si,n)

=: 6(S1.0+ Son + S3.0)

due to Lemma 3. From Lemma 5, we conclude that

d
S=y [ B4z - 2o, har
i=1 YN

(si.n)
d
52/ E( sup |Zr—ZS|)dt
i=1 N (si,n) lr=sli<én
:/ IE( sup |Z, —le) dt
[0,17F  Mir—sl<en
= E( sup |Z, — ZS|>
lr—sl<en
— 0, n— oo.
Define
KQe,/h
Ay = ME( sup Zl>, B, := ]E( sup  |Z, — ZS|> +1.
K (en/ hn) tel0, 11 llr—s|l<3en

As we have seen in the proof of Lemma 6, we have, for t € N(s; ,),
1= gin() = (An +Ba)™' — 1,

and, therefore,
d

Son = / (1 — gin(0)) dt
; N(Xi,n)

52[ 1— (A, + B, ldr
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=/01k1—(An+Bn)_1dt
[0,1]

=1—(A,+ B!

— 0, n — oo.

Finally, we have, by the same argument as above,

S3,n = Z/ ]E(zt,n - gi,n(t)Zsi,n)dt = SZ,n, — 0, n — 0o,
. N

which completes the proof. ]

Remark 2. Given a grid sy, ..., S4(,) With pertaining &,, the bandwidth £, := 85 would, for
example, satisfy the required growth conditions entailing convergence of MSE and IMSE to 0.
But it would clearly be desirable to provide some details on how to choose the bandwidth in
an optimal way, which is, for example, statistical folklore in kernel density estimation. In our
setup, however, this is an open problem that requires future work.

4. Discretized versions of copula processes

Next we transfer the model established in Section 2 to copula processes that are in a sense
close to max-stable processes. A copula process U = (U)o, 13 18 a stochastic process with
continuous sample paths, such that each RV U, is uniformly distributed on the interval [0, 1].
We say that U is in the functional domain of attraction of an SMSP 0 = (1,),¢[0 17> if

Jim Pa@ - 1) < /)" =P < ) =exp(=Iflp).  feE(0.11). @
Define, for any ¢ € [0, l]k andn € N,

Y,(") = n( max Ul(i) - l),
i=l1,..., n

with UD, U®P | ... being independent copies of U. Now choose again pairwise different
points s1,...,s4 € [0, 1]]‘ and functions g1,..., g4 € ct(o, 1]k) with the properties (2)

and (5). Condition (8) implies weak convergence of the finite-dimensional distributions of
Y(l’l) = (Yt(n))te[(),l]k’ le

D
YY) S gy )
where ‘>’ denotes convergence in distribution. As before, we can define the discretized version
Yo = (Y[(n)),e[o’l]k of Y™ with grid {sy, ..., sq} and weight functions g, ..., g4 to be
(n)
~ Y
Y,(n) = max S t €10, l]k.
i=1,...d gi(t)

Elementary calculations show that (8) implies that

lim PA® < f)=P@ < /). feE (0.1,
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where 7 is the discretized version of 5 as defined in (3). Also, it is not difficult to see that, for
each r € [0, 17%,
" My 2 (. ),

where (1;, 1j;) is the standard max-stable RV from Lemma 2. Now applying the continuous
mapping theorem, we obtain

A D A
CAREES AL O e

It remains to prove uniform integrability of the sequence on the left-hand side in order to obtain
the next result.

Proposition 2. Lert € [0, 11K, Then

MSE(Y") = (¥ — ¥")?) - MSE(#;),  n — oo.

Proof. Fix t € [0, 1]¥. It remains to show that the sequence X" := (¥ — $/")2 is

uniformly integrable. A sufficient condition for uniform integrability is

sup E((X™)?) < o0;
neN

see [3, Section 3]. Clearly, for every n € N,
E((X\"™)?) < E(Y"™)*) + E(@")).

It is easy to verify that the RV Y,(") has the density (1 + x/n)"~! on [—n, 0]. Therefore,
0 n—1 5
24 — D!
E(r ™% = / A1+ E) ap= 220D o,
n n (n+4)!
Moreover, setting ¢ := min;—1,_ 4 &g (t) > 0,
_ v _ 1)
i=l,...d gi(t) = ¢
and, hence,
N 24
E((F"™)% < =,
c
which completes the proof. (|
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