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We study the behaviour of the steady-state voltage potentials in a material composed of
a two-dimensional object surrounded by a rough thin layer and embedded in an ambient
medium. The roughness of the layer is supposed to be ¢-periodic, ¢ being the magnitude of the
mean thickness of the layer. For ¢ tending to zero, we determine approximate transmission
conditions in order to replace the rough thin layer by these conditions on the boundary of
the interior material. This paper extends the previous works (Poignard, 2009, Math. Meth.
Appl. Sci., vol. 32, pp. 435-453; Poignard et al., 2008, IEEE Trans. Magnet., vol. 44, no. 6,
pp. 1154-1157) of the third author, which deal with smooth thin layers.

1 Introduction

In this paper, we study the steady-state potential in a dielectric material with a rough thin
layer. The roughness of the layer is supposed to be e-periodic, and the mean thickness
of the layer is of order ¢, ¢ being a small positive parameter. The computation of the
electric steady-state potential in such domains leads to numerical difficulties inherent in
the geometry.

In order to tackle the problem we derive approximate transmission conditions, which
generally speaking consist in replacing its influence by added source terms on the limit
curve of the layer (when the thickness equals zero). That amounts to removing the
rough layer from the original problem (this avoids geometric difficulties), and in order to
remedy the error because of this simplification, we add source terms in the transmission
conditions: the steady-state potential and the fluxes across the membrane are no longer
continuous.

1.1 Motivation

Rough layers appear in many research area. For instance in geophysics the bottom of the
oceans and the shores are rough with respect to the large-scale flow. In tribology, many
surfaces present a granular aspect at the microscopic scale. The motivation of this paper
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Hygroscopic water

Quartz + Clay

FIGURE 1. Schematic of the assembly of quartz grain and clay surrounded by a thin layer of the
hygroscopic water. The ambient medium is composed by free water.

comes from a collaborative research with Schlumberger on the electrical modelling of
silty soils.

In the simplest models, silty soils are composed of water, clay and quartz. The clay leaves
are organised on the surface of the quartz grains. Because of their electrical properties,
the presence or the lack of clay leaves changes considerably the effective properties of
soils. Actually, since they are electrically charged, the clay leaves have the water molecules
stuck around them. This changes the electric properties of the so-called bound water or
hygroscopic water [14, 15]. This phenomenon occurs on few layers of water molecules;
therefore the hygroscopic water is modelled by a rough thin layer. The assembly of the
quartz grains and the clay leaves is modelled by an electrically homogeneous domain with
non-zero conductivity, while the ambient medium is free water (see Figure 1).

The goal of this paper is to understand the effect of the hygroscopic water on the
steady-state electric potential.

1.2 Statement of the problem

For sake of simplicity, we deal with the two-dimensional case; however the three-dimen-
sional case may be studied in the same way up to few appropriate modifications. Let Q
be a smooth bounded domain of IR? with connected boundary dQ. For & > 0, we split Q
into three subdomains: 2!, 2™ and 2%; 2! is a smooth domain strictly embedded in Q
(see Figure 2).

We denote by I' its connected boundary. The domain 2} is a thin oscillating layer
surrounding &'. We denote by I'; the oscillating boundary of Z":

r,=02"\T.
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I:

FIGURE 2. Geometry of the problem.

The domain 2? is defined by
D=0\ (2'uzm).
We also write
72° =0\ 9.
We define the piecewise-constant function o : Q — R by
oy, if z € 91,
o(z) = oy, if z € 2™,
oo, if z € 9°,
where o1, 0,, and o are given positive constants'. The function ¢ represents the conduct-
ivity of the domain Q.
Let g belong to H¥(0Q), for s > 1/2, and denote by u° the unique function satisfying
V-(eVu’) = 0, in Q, (1.1a)
Ulog = g (1.1b)
Observe that for all ¢ > 0, the domains Q, 2!, 27 and @8 are smooth. Hence the above

function u® belongs to H'(Q), and moreover it belongs to H**/2(2'), H*1/2(2°) and

' The same following results hold if ¢y, 6; and g,, are given complex functions with imaginary
parts (and respective real parts) with the same sign.
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HtY/2(g™). Our aim is to give the first two terms of the asymptotic expansion of u* for &
tending to zero.

Several papers are devoted to rough boundaries and derivations of equivalent boundary
conditions [1, 2, 3, 8]. In a recent paper Basson and Gérard-Varet [4] derived approximate
boundary condition for a boundary with random roughness. The analysis of these previous
papers is essentially based on the construction of the so-called wall law, which is a
boundary condition imposed on an artificial boundary inside the domain. The wall law
only reflects the large-scale effect on the oscillations. Note also that in Chapter 8 of their
book, Marchenko and Khrushlov [10] presented equivalent boundary conditions in the
very general framework of the elliptic operators with an even degree using homogenisation
techniques. We emphasise that all the previous works deal with a problem simpler than
ours, since the partial differential equation is studied either in Q \978 or in Q\ 2™, and
homogeneous Dirichlet boundary conditions are imposed on the rough boundaries.

In this paper, since the rough thin layer is an imperfectly conducting material embedded
in an ambient domain, the electric potential satisfies the steady-state potential in the
whole domain @, including the rough layer 2. Hence we are definitely interested in the
approximate transmission conditions, and therefore we cannot apply straightforwardly
the previous results to our problem. In an earlier paper [11], the third author of the
current paper derived the first-order approximate conditions for a thin weakly oscillating
layer. This paper is an extension of [11] to the case of an ¢-periodic thin layer with
thickness of order ¢. The main idea of the analysis comes from the paper of Abboud et
Ammari [1] and is completely different from the analysis of [11], which was based on
an appropriate change of variables. Here, the boundary-layer correctors are obtained by
solving an elliptic partial differential equation in an appropriate infinite band with width
equal to 1. The well-posedness of the problems and the optimal error estimates are proved
to justify our expansion.

The outline of the paper is as follows: In Section 2 we perform a suitable change of
variables in order to derive our asymptotics in the simplest way. We also give a preliminary
result, which will be useful to prove the formal asymptotics of Section 3. Section 4 is
devoted to the justification of our equivalent transmission conditions. We conclude by
presenting few numerical simulations performed by Ciuperca, Perrussel and Poignard [6].
We shall first present our main result.

1.3 Main result
Notation 1.1 We first present the conventions used all along the paper:

o All the closed curves are trigonometrically (counterclockwise) oriented.

e We generically denote by n the normal to a closed smooth curve of R? outwardly directed
to the domain enclosed by the curve. Moreover n' is the tangent vector to I.

e Let 6 be a curve of R?, and let u be a function defined in a tubular neighbourhood of 6.
We define u|y+- by

Vx €€, ulg=(x) = lir(l)l+ u(x £ tn(x));
t—
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moreover if u is differentiable, we define 0,u|4+ and O.u|4= by
Vx € €, Oplg(x) = lirél+ Vu(x + tn(x)).n(x),
t—

Ot g+ (x) = lirgl+ Vu(x + tn(x)).nt(x),
t—
where .’ denotes the Euclidean scalar product of R?.

Let T be the torus R/Z. Since I' is a smooth closed curve of R? of length 1, it is
parameterised by its curvilinear coordinate:

I={¥0),0ecT).

Let x be the curvature of I', and let f be a smooth 1-periodic and positive function. For
sake of simplicity, we suppose that 1/2 < f < 3/2. Choose dj such that

1
0<dy < —. 1.2
0 < 2w (12

For any ¢ € (0,dy) such that?> f(0) = f(1/¢), the rough boundary I’ is taken to be
I'.={P.(0)="(0)+¢f(0/e)n(0), 6 € T}.

The closed curves %, and %, are defined by
o =1{0} xT, % ={(f(y)y),VyeT}.

The exterior normal to % is denoted by ng, and ng, is the exterior normal to %:

o) e G
CoN0 T T TR\ '

Define now the couple (4°,a°), where A° is a continuous vector field and a° is a constant
vector, which are given by the unique solution of the following problem:

AA°=0,in R x T\ (% U %), (1.4a)
500 A’ g+ — 0wOuA ¢ = (0 — 00)n,. (1.4b)
onmOnA|r — 010,44y = —(0m — 004, (14c)
A" >, 0 4° > . d (1.4d)

Remark 1.2 The existence and the uniqueness of the couple (A°,a°) is discussed in
Lemma 2.2. This couple leads to the definition of the boundary-layer corrector (see The-
orem 4.1) and enables us to write our approximate transmission conditions.

2 For sake of simplicity, we deal with periodic roughness. Since I, is a closed continuous curve,
¢ is necessary 1/N, where N is an integer. All along the paper this assumption holds.
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We denote by D; and D, the two following vectors:

1 1 1
D1 = (60 — ) { /O FO)dyng, + /0 Ao(f(y),y)dy] +(on—o1) /0 A0, y)dy — aod

and
1 1
Ds = (6, — 00) UO A (), »)f (v) dy —/0 fy)dy ( (1) )] '

Let u® be the unique solution to the following problem:

A’ =0, in 2°U D', (1.5a)
O_Oanuoh”r = 016,1u0|r7, (15b)
wlre =u'lr-, (1.5¢)
oo = g (1.5d)
And define u' by
Au' =0, in 2° U 2, (1.5¢)
0, u° 0,u°
oot |+ = o0~ — Dy - [ " Ir+ +D,-0, " Ir+ , (1.5f)
aruo‘]"-F azuo‘]"-F
0, u°
ulp+ = ullp- +d°- ot Ir+ , (1.5g)
6tu0\p+
ulloq = 0. (1.5h)

In the following remark, Remark 1.3, we discuss the existence and uniqueness of the
potentials u° and u'. However, in order to shorten the paper, we leave it to the reader to
prove the two following assertions.

Remark 1.3 (Existence and uniqueness of the potentials u® and u') We just give here the
sketch of the proofs.

e With g € H*'/2 for s > 0, it is well known that the function u° exists and is unique in
H'(Q). Moreover, u® has the following regularity:

W), € H' (), for w € {2°,2").

e Observe that if u' exists, it is obviously unique. Suppose now that g € H3/>*5 with s > 0.
Hence 9,u°|r, and 0,u°|p+ belong to HY?*S(I'), and therefore there exists G € H'™5(2")

such that
0 anuo|l“-‘r
G‘F =a - 0 .
a[i/t |1"+
Define vs by vt = u' in 2° and vl = u' +G in Z'. Then using the variational formulation

of the problem satisfied by vl and applying straightforwardly the well-known Lax—Milgram
theorem we infer the existence and the uniqueness of vy in H(Q), and therefore u' exists
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and is unique. Moreover using the same argument as Li and Vogelius (see the Appendix,
p. 147, of [9]) and since G € H'*(2"') we infer

ull, € H'(w), for o € {2°,2").

Our main result is presented in the next theorem.

Theorem 1.4 Suppose that g belongs to H"/*(0Q). Let W be
W o= u® — (u® + eu).

Then, for any domain wy and w; respectively compactly embedded in Q\ ' and in 2" and
for any s €]1,2] there exist &g > 0 and C > 0 such that for any ¢ € (0, &),

141
Wl Et (o) /s,

< Ce
IW 1) <

C
C81+1/S.

Remark 1.5 It is possible to give the precise behaviour of u® in a neighbourhood of I' with
the help of boundary-layer correctors (see Theorem 4.1).

Remark 1.6 Observe that the influence of the curvature appears in the definition of u', while
no curvature was present at the first order for a weakly oscillating thin layer [11]. Actually
if no oscillation occurs in the thin layer, i.e. if f is constant, then A° is independent on y

and equals
0
o
AY)°
where
0 if x<0,
gy — 0, .
A = {2 i 0<x<y,
Mf if x> f,
Om

e

and A =

Then we easily obtain
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Hence we obtain the following approximate transmission conditions for u':

Aul =0, in 2° U P, (1.6a)

(70671”1 |I”r = alanul |I“’ + (00 - O'm)fatzu()'F*a (16b)

W = ullr- + 227" 8,00 s, (1.6¢)
m

u'lae =0, on 0Q, (1.6d)

which are the transmission conditions given in [11, 12].

2 Preliminary analysis
2.1 The equivalent problem in a tubular neighbourhood of I

It is convenient to write problem (1.1) in a smooth tubular neighbourhood Q% of I,
given, for some distance dy satisfying (1.2), by

Qb ={z e R? dist(z,T) < dy}.
Denote by I'_;, and I'y, the closed curves respectively defined by
g, =02%"ng', r,=02%n%°
We consider the following Steklov—Poincaré operators:

Ly Hl/z(r—do) - H_l/z(r—do):
Lo HY(Iy) — HV3(Iy,),
T H'Y2(0Q) — H™VA(I'y,).

Using the convention of the direction of the normals (see Notation 1.1), we define the
operator ¥ by

Vo € HVXI_y), Z1(¢)

>

r —dg

" n

where u is the harmonic function in Q \ (2° U Q%) equal to ¢ on I'_y,. The operator £y
is defined by

Vo € H'A(Iy,), Lo(¢) = — =

where u is the harmonic function in Q \ (2! U Q%) equal to ¢ on I'y, and vanishing on
0Q. Similarly .7 equals:

Vi e H'20Q), 7() = — =

where u is the harmonic function in Q \ (2! U Q%) equal to y on dQ2 and vanishing
on I'y,. Moreover the operators .7, % and %, satisfy the following inequalities, for a
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dp-independent constant C:
Vg € Hl/Z(GQ), ‘gg‘H—W(UU) <C ‘g‘Hl/z(aQ) > (2.1a)
Vue H'/X(Iy,), |$0u\H,1/2(%) <C ‘“|H1/2(rdo)’ (2.1b)

Yu € Hl/z(r—do)a |$1U‘H71/2(r_ ) <C ‘u|H1/2(r_dO)- (2.1¢)

do
Furthermore, the following coercivity inequalities hold:
2
Vue HYX(I'y), (ZLou, Wrar,) = C ‘”'H‘/z(ﬂio)’ (2.1d)
Vue H'A(I ), (Lwu)pr,,=C \uﬁ,l/z(%). (2.1¢)

Problem (1.1) is then equivalent to

V- (Vi) =0, in Q%, (2.2a)
6nu8|pt,0 + $0u£|pd0 = —ﬂg, on Fd(), (22b)
Ontt’|r_yy — L1, =0, on I'_y,. (2.2¢)

2.2 The problem in local coordinates

Denote by @ the smooth diffeomorphism
V(1,0) € (—do.do) x T,  ®(n,0) = ¥ (0) + nn(0).

Since dy < 1/||x]|-, the open neighbourhood of I denoted by Q% can be parameterised
as follows:

Q% = {®(1,0), (1,0) € (—do,do) x T}
For ¢ > 0, Q% is split into the three subdomains, namely Q!, Q" and Q°, which are
defined with the help of the smooth 1-periodic function f:

Q' = {@(n,0). (1,0) € (=do,0) x T},

QI = {@(1f(0/2),0), (1.60) € (0.¢) x T,

Q) =0t \(@uey).

Let O = (—dy,do) x T and denote respectively by ¢!, @ and (¢° the domains:

0" = (—dp,0) x T,
0y ={(nf(0/2),0) € (0,¢) x T},
0° =0\ 0T om,

We also denote by Q° and (¢° the respective domains Q \ Q' and ¢ \ ©'. Define the
oscillating curve y, by

Ve = {(sf(g/e)’ 9)’ 0 e ’E}
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We write y° = {s} x T for any s € R. The Laplacian written in (1, 0)-coordinates equals

1 1 1
— o 0 + o ().

We also need the normal derivatives on I and I'; in (1, 0)-coordinates. In the following,
the notation V, y denotes the derivative operator:

Oy
Voo = .

Let u be defined on @, and define v on (—dy,dy) x T by

App

v(ns 0) € (_dO’ dO) X Ts U(’/]’ 9) =1uo ¢(777 6)
The following equalities hold, for a sufficiently regular function u:

an”|[“ = anv‘n=03
an”‘rdo = 0y0ly=dy»

a"u|ldo = 0,0|y=—d,

and

Ontllp, =

! 1'(60/2)
Vi game Y e = ezt |

Ve

Moreover, we define the bounded linear operators Ay : H'/?(y%) — H~1/2(y%) and
Ay H2(y=b) — H=1/2(p=d) as follows:

(Ao@, ) = (Lo(@o @ 1), pod™), Vo,peH N,
(A19.p) = (ZLi(@o @), po o), Veo,peH (™).

According to (2.1), there exists an e-independent constant C > 0 such that

Yue H'VX(T),  (dou,u) 2 = C luljpn (2.3a)
Yu e HYA(M),  (Ayu,u)pom) = C lulfp - (2.3b)

It is convenient to denote by dFvl,, the following quantity:

! 0/ "H |

b _
W= s g T T g

With this notation, we can write our initial problem (1.1) in local coordinates. Denoting
by v® the solution to problem (1.1) in (5, #)-coordinates,

¥ =ufod.
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Then v* is continuous and satisfies

Ayov® =0, in 0" UOTU Y, (2.4a)
(1 + dor)0yv°ly=dy + AoV*ly=dy = —(Tg) 0 @, (2.4b)
(1 = dor)0v*|y=—ay — A10°[y=—4y = 0, (24¢)

with the following transmission conditions:

a0 O, v°| . = aw 007, (2.4d)

Om 6,11)8|'1:0+ =gy 6,71;”\”:0, . (2.4e)

2.3 Preliminary result
Denote by C the infinite cylinder R x T. Split C into the three subdomains Yy, Y,, and
Y; defined by
Y, = (—o0,0) x T,
Y, = {(nf(0),0), ¥(n,0) € (0,1) x T},
Yo=R xT\ (Yl UYm).
The closed curves ¢ and %, are defined by

(60={0}XT, fgl={(f(y),y),Vy€T}

Remember that the normals to the respective curves %y and %, which are respectively
denoted by ng, and by n¢,, are defined by (1.3). We also introduce the piecewise constant
function & : C - R by

01 in Y1,
Vix,y) € C, &(x,y)={0on in Yy (2.5)
() in Y().

Notation 2.1 I[n this paper, we use the following notation:

o % por(R xT) is the space of the periodic square-integrable functions in the second variable,
which decay exponentially when the first variable goes to infinity.
e For any function g € L*(T) (respectively g € L>(R x T)) we denote by {8 }rez (respect-

ively {8k(x)}kez ) the coefficients of the Fourier expansion of g (respectively g(x,-)), that
is

gy) = Z/g\kezmky (respectively g(x,y) = Z’g\k(x)e%iky)'
kezZ keZ
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Lemma 2.2 Let F belong to & pe-(R x T), and suppose that there exist

M > supyer [f ()], € >0, oo € [0,2n[ and a family {Pk(x)}kez of regular functions defined
on |x| > M satisfying

|pi(x)

< Celoklx=M) for x> M,
Ip(x)] < C

|
| e OkIHM) - for x < —M, (2.6)

such that F has the following Fourier expansion on |x| > M :

F(x,y) = > F(M)pi(x)e KMty -y x> M,
keZ*

F(x,y) = > F(=M)pi(x)e™ tMe2mhy -y x < — M.
keZ*

Let ¢ and vy be two smooth functions respectively defined on €y and €, such that
[ oo+ [ oo+ [ stnrddy =o
%o A RxT

Then there exists a unique couple (o, a), where o, is a continuous function and a is a constant,

such that
Adao=F,in YUY, UY,, (278.)
006;1O(|f€;r = O'man“|%’1’ + v, (2.7b)
Gman‘x‘(gar = alan“|%’0’ + o, (2.7¢)
o0 —ys0 0, 0 >y 100 a. (2.7d)

Moreover, o decays exponentially for x tending to —oo, and o — a decays exponentially for
x tending to +oo.

Proof To prove this lemma, we rewrite problem (2.7) in the finite strip [—M, M] x T. The
solution o can be written as a Fourier expansion:

y) = 3 wulx)e .

keZ

Replacing o by its expansion in (2.7) and according to the hypothesis on F we infer

do(x) =0p(M) forx =M,

~v [ Fu(M) [ —dzlke|(t—M) ﬁk(M)/ o 2rlkl(e—M)
ak(x)—(ak(MH | e a— 280 [ piorar

T +
— 1}1&‘]\;')/ aopk(t)e—4rc\k\(t7M) dt - =M for v > M, k£ 0
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and

&Q(X) =&0(—M) for x < —M,

. . Fo(—M) [~M Fo(—M) [~M
A(x) = (ock(—M) + ’;(n”d ) pk(t)e4nlk\(t+M) dt — il(n|k| ) / pe(?) dt) e 2Hkl(x+M)
Fu(—M) [*

o Dr(£)e KM gy p=2mKICEM)  for v < Mk 0.
T —00

Let us now introduce the operators 2 : H'/*>(T) - H~'/*(T) and
Frts Ry - HY(T) — LA(T) by

Vue H'(T), 2u(y)=2r_ [k[ie™,
keZ* o
-1 _ ; —4n|k|(t—M) ~ niky
Yue H (T)’ «@Mu(y) = I;Z* (/[\\4 pk(t)e ! dt) ujpe }, (28)
-M
Yue H W), Z_pu(y)= Z </ pr(t)e kM) dt> ek
kez® -

Because of hypothesis (2.6) these operators are well defined. We infer the following mixed
boundary condition on x = M:

axadx:M + Qo"x:M = _%MF|x:M~ (29)
Similarly, on x = —M we obtain
axa‘x:—M - ’@qu:—M = %—MF‘X:—M' (210)

Problem (2.7) is then equivalent to problem (2.11), written in the strip [—-M, M] x T,

Aow=F,in (YUY, UYy)N[-M,M] xT, (2.11a)
annod(gl* = aman(x‘(tﬂ’ + v, (211b)
omOnttlgr = 010y + @, (2.11c)

with the mixed boundary conditions

Oxt|y=m + 2otlxop = —ZmF|x=u, (2.11d)
axO(|x=7M - a@a|x=fM = %7MF‘X=7M' (2116)

The variational formulation of (2.11) is then

Yo e HY([-M,M] xT), o (a,v) = B), (2.12)
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where <7 and A are given by

o (u,v) =/ eVa.Vodxdy + o9 < 20|x=pm, Vlx=pm >
[—M,M]xT
+ 01 < 20 x=—M, Vlx=—m >,

Bv) =— / GF(x,y)o(x,y)dxdy — ¢(o)v(o)do — / p(o)v(o)do
[-M,M]xT %o %,
— 0o / ZuF(M,y)o(M,y)dy — o1 / HE-mF(—M,y(—M,y)dy.
T T

The continuity of % on H!([—M, M] x T) and of &/ on (H'([—M, M] x T))? easily come
from calculations in the Fourier variable. From the Poincaré inequality we also deduce
that .« is coercive on H'([—M, M] x T)/IR.

On the other hand, from the hypothesis on F, we infer

)
/ Flx.y)dy dx = / ( / F(x,ymy) dx =0,
[M,+oo[xT M T

and similarly

/ F(x,y)dydx = 0.
]—00,—M]xT

We also have
[ awrornay = [ @ urmyay=o.
which gives
A(1) =0.

So we have a unique solution of (2.12) up to an additive constant, and we can choose
this constant such that

/ s(—M, y)dy = Go(—M) = 0.
T
We then have
o = Go(M) = / «(M, ) dy.
T

The exponential decay of & —a at 400 and of o at —oo come from the expressions of @ (x)
for k + 0. U

Remark 2.3 Suppose that for |x| large enough F equals F(x,y) = Fi(x, y)Fa(x), where F;
is a harmonic function and F, is such that

3 C>0and &€ [0,2n] such that |Fa(x)| < Ce®N, V¥ x

(for example if F, is polynomial). Then F satisfies obviously the hypothesis of Lemma 2.2.
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3 Formal asymptotics
3.1 Zeroth-order approximation

Let v° be the continuous ‘background’ solution defined by

Ay00° =0, in 0' U 0",
(1 4 dor)dy°ly=dy + Aot°|y=d, = —(Tg) 0 @,
(1 — dOK)aqUOM:_dO - Alvo|n:—d0 = O’

0'06,11.70‘,,=0+ = 0'16,11)0‘,]=0—.

A classical regularity result implies that for g € H*(0Q), the potential v° belongs to H'(Q),
and moreover it has H*"!/?-regularity in ¢! and in (°. In this section, we suppose that g
is as regular as necessary so that the involved quantities are well defined. Rigorous proof
of the formal asymptotic expansion is performed in the next section.

Denote by w° the error v* — v°. This continuous function is the unique solution to

Ayow° =0, in 0" U 0°,

(1 4 dor)d,w°ly=ay + AoW°|y=a, = 0,

(1 — doi)d, W' |y=—gy — AW’ }y=—g, = O,
6063w0|vs+ = omafwoh,; + (om — GO)GfUOIW,
O'ma,1W0|;1:0+ = 0'16,1W0\,,:0— + (g0 — 0111)arlvo|'1=0+’
w’a = 0, on Q.

Since we are interested in the derivation of terms up to order 1, we throw away all the
terms which are a priori of order smaller than ¢2. This approximation will be rigorously
justified in the next section.

Using the explicit expression for the normal derivative on 7., we infer

_ 1— 8Kf(0/8)/(1 + (f/(e/g))z) + 0(82) [(1 + SKf(Q/S))anU()l%

" VI+[(0/e)

—f(0/e)(1 — exf(0/e) + O())d90°,]. (3.1)

®.0
0,0

A Taylor expansion in the n-variable implies

0yl = 0y0°ly=o+ + &£ (0/2)0;0° =0+ + O(&?),

390°l,, = 090°ly=o+ + £f(0/6)3; gr°lyo+ + O(&%).
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From the above equalities, we infer

1 !
a:&vo‘yc = 76’7v0|7’:0+ - f

VItUR NI
Kf 1
“{ NETas Kl ~ T e

a()UO|,7:()+

1 0 f 2.0
" (1 Ty (f')2> S v e
f'f o } 2
00" [y=o+ ¢ + O(e7), (3.2)
e
where f and f’ are regarded as functions of g Since
6,2]1;0\,,=0+ = —;ca,,vo|y,=0+ — 651,70|,1=0+
and on writing
s = L (f > ,
VI+(G7 A\
we infer
[0070"], = (50 — 0, (0/2).V,.00° =0+
ne,(0/¢)

+é&(o0 — O'm){Kf(H/&)(H'(f/(g/?f))z
24 (f1(0/5)
L+ (f'(6/

2

— 16/, (9/8)-50V;,,900|n=0+} +0(). (3.3)

Observe also that

[061100] n=0 = (00 - O-m)n’go(6/8)-V;1,0U0|11=0+-

We now define the vector field A° from which we will obtain the boundary-layer corrector

of order 0. From
0
/ ng, (o) do —/ hg,(0)do =
% %o 0

and Lemma 2.2, there exists a unique couple (4°,a°) (where A° is a continuous vector
field and a° a constant vector) such that

AA°=0,in R x T\ (o U %)),

O-OanAO‘fgl+ - 0m6nA0|‘€I’ = (O-m - O-0)”% 5

O-manlélo|(6‘6r - 61611A0|‘€5 = _(Gm - GO)”%@:

0 0 0
A x—o—w Oa A x—+o0 A
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We define now the boundary-layer corrector of order 0, v, on @ by

o e (A%(n/e,0/e) —a®) - Vyoo°lp+, if n >0,
UBL(’?:Q) - .
eA%n/e,0/¢) - VW,QUO‘]”r, if n <O.

Remark 3.1 Using the equations satisfied by A°, we observe that A° decays exponentially
for x — —oo, and similarly A° — a® decays exponentially for x — oo.

From equality (3.1) with v° replaced by v%,, we deduce

G%%L L= <16AO _f’@AO> “V, 00° o+
n Ve /714_(1./)2 ax /714_(]./)2 ay 7, n
f' 0 0 0
—e————=(A"—a’) - 0V, V" |y=0+
L+ (2 e
0A°

+8Kf<[(1 + (f/)2)71/2 —(1+ (f/)2)73/2] =

ot

HIA+ T2+ A+ ()T oy

) Voo +O).

Taking into account the fact that

vl M e e
R N Y S V) SCUN VA N P

we obtain
[00vs1], = (0 — o), * Viov'ly=o+ + e(om — o0)
X \/I—JZW(AO —d%)- aovn,vvolnzm + 8Kf<1j(f/)2 [aagj:)] .
—(om — 00)?1%"%) V00" =0+ + O(&%). (3.4)

Therefore, using (3.3) and (3.4) we infer

0
(o0 (0° +v3.))] ,, = (00— “m)s{"f(o%g)))z (n% + 2 { o4 ] > - V,,00° [0+
€1

T+ (0)z Go—om || OX
— <fné1 + 1Jfr(mz(fﬁ) — a0)> : amﬁuo} +0(&%). (3.5)

On the other hand, for any v regular enough, we have

J
A, g0 = 020 + 02 1 -2 _ 12 K o v——1 3.
.00 vt v + (1 +nx) Jogu + 1+ nx nv (1 +nk) ov
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Now from the equation satisfied by 4° we obtain

0A° 2K + nPk? (10°4°
A,,,gng = Za -agvn,guo|n=0+ — 11 10 (g o -V,,,guo|ﬂ=0+
0A° k  0A°
+2§ . 69V,7,91;0|n=0+> + ma . Vn,gyo‘n=0+
ni’  0A°
~ ey ay et eor +0C)
which gives, when applied with n = xe,
04° a24° 04° ~
Ayovh, =K (ax - 2xay2> Vot ly=o+ + 2§ =99V, 00° =0+ + O(e), (3.6)

where O(g) denotes any function of order ¢ when |57| /¢ is bounded and decays exponentially
for ||/ tending to infinity.

3.2 First-order approximation

For a function u defined in (¢° U @', we denote by [u]],, the jump of u across y,:
[u]|“,'g = u‘y; - u|y‘:

Using equalities (3.3), (3.4) and (3.6) we deduce that the function Wy defined by Wy =
v® — (0 + vy, ) satisfies

n 0

-, =
& &

0
Aﬂ,o WO = K(@)Gl (Z, 8) . V}1,000|17=OJr + G2 (

(14 dor)dy WPl—gy + AoW°l—ay = g
(1 — do)dy WOly——iy — MW Olyeay = 5.

) ~09Vy.00°[y—o+ + O(e),

with the following transmission conditions:

Goaf Wo‘yj' - O-maf Wo‘y,f = b[K(H)BI(H/b) : VW,OUO‘VJ=0+ + BZ(G/é) . aﬁvn,ﬁvo‘n=0+]y
Gman I/VO‘n:OJr - 616,1 W0|n:0* =0

and

WO, =0, [W°lly=0 = ea” - Vy00°ly=0-,
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where Gy, G, B; and B, are given with the help of (3.5) and (3.6) by

0 2 40
G1:_<6A ) aA)7

x 0y?
04°
Gy =—2——
2 ay 2
ezl =)
B = ————— (00— aung, +2 o= | ),
L+ (2 ° ox Jg,

— (00— ow) (1, + ——L (40—
By = (09 m)<fnél+ gl a))

and

g8+ = _(1 + dOK)aﬂvOBL(nOa 0) - AO(UgL|i1:110)>
g6 = —(1 — dox)d, v (10, 0) + A1 (VY [y=—no)-

We now define the following vectors, for k = 1,2:

D, = / &Gy dxdy +/ By do, (3.7
RxT (6"1

with & defined in (2.5). Simple calculations give
1 1
Dy =(00 — o) UO f(y)dyng, + /0 A(f(y)y) dy]

1
+ (om—o1) / A%0,y)dy — 0%
0

1 1 0
/ AL () dy — / f(y)dy< )1
0 0 1

Ayov' =0, in 0" U (°,
(I+ dOK)anvl|n=do + AOUI|;7=d0 =0,

(1 — dor)d, 0" [y=—gy — 410" [=—g, = O,

and

D, = (Gm - 00)

Define v! by

with the following transmission conditions:

1 1
606,71) |,1:()+ — 0'1@,71) |,7:()— = KD1 . V,?,()U\f;:m + Dz . 6(;V,7,(;v|2:0+,
Ul|i1=04r - Ul|i1=0* = aO : (Vr]ﬁvo) |;7=O+-

Denote by w! the following quantity:

wl=wo— gl
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Since we have
ovvl,, = ng, - Vyov'ly=or + O(e),

and since 9,v'|,—0+ = ng,.V,ov'|,—o+, w' satisfies

AV,,HWI = K(@)G] . Vq,HUO‘nzoJr + G2 : aHVn,GUOM:O* + O(S)a
(1 + dok)dyw' |y—ay + AW |y—dy = Lo
(1 — dor)d,w' =gy — 41w [y = g6,

with the following transmission conditions:

[002w!] =& (K(0)B1(0/2).V, g0 ly=o- + Ba(0/£).00V,00"]y=0+)
- 8(60 - O-m)n% -Vl1,91)1|i’[=0Jr + 0(82)5
= — ¢ (k(0)D1.V,00°y=o+ + D2.09Vyy.00°|y—0+)

[a@nwlhzo

+ 8(60 — am)nrgo.Vn,ovl |,1:0+
and
[Wl]‘yC =0, [W1]|q:0 =0.

We now introduce the two following problems defined in R x T. For j = 1,2, let (47, a'/)
with A/ continuous satisfy

A4Y = G, in R x T\ (69U %)),
O-OanAl’”%’T - O'manAl’j‘(ﬁf = Bj,
0-ma”ALj|(€o+ - O-lanAl’j‘%'a = —Dj,

-1 1j 1,j
AJ —x——00 Oa A x40 A /.

According to Lemma 2.2 and Remark 2.3 and using (3.7) it is clear that the above
problems are well posed. Define now the boundary-layer corrector of order 1 on ¢ by

Vi >0,
vpL(n,0) =& (x(0)[A" (n/2,0/8) — a™'] - V g0°]y—o+
+ [A42(n/e,0/¢) — a"?] - 09V, 90°ly—o+
+ [4%(n/e,0/e) — a°] - V,y 90" [—0+),
Vn <0,
vpL(n,0) =& (x(0)A" (n/e,0/¢) - V,y g0°ly—o+
+ A" (/e,0/¢) - 09V 0t° =0+ + A°(n/2,0/€) - V0! y—o+).
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4 Justification of the expansion

Suppose now that g belongs to H/2(dQ). Then v° belongs to H*(¢°) and H*(¢'). Hence
we can differentiate the function W! = W% —ev! — vk, which therefore satisfies

AyoW' = F,(n,0), in 0' U O™ U °,
(1 + dOK)éf?Wwf?:do + A0W1|ﬂ:do = gi-ﬁ-’
(1— dOK)anW1|'1=*d0 - A1W1|'1=*do = gi—s

with the following transmission conditions:

P 1 (] 1 2 pe
000, W'|,x = 00, W'l,- + &R,
1 1 2
am@,, W ‘,,=0+ = 016,7 |44 ‘nzo— +¢ RE

and

1 1
W |/,+ = W |”/;9

W1|,1=o+ = W1|,7=of + sz(Kal’l.V,,,gvo|,1=o+ + a1>2.aev,,,gv°|,,=o+ + aO.V,,,gul|,1=0+).

The function F, is smooth with respect to the y-variable, while it is square-integrable in
the O-variable. Moreover it satisfies

Ce, if n < ce,

‘ L decays exponentially for 5/¢ tending to infinity,
which implies that for all s € [1,2] there exists ¢; > 0 such that
| Fell ooy < cse! T8, (4.1)

Simple calculations lead to the following estimates:

IR{l 12, < C, (4.2a)
IR3 |20y < C, (4.2b)
—Go/e, (4.2¢)

—_
Q

|g§i |L2(yi‘{0) < C

Theorem 1.4 is a straightforward consequence of the following theorem.

Theorem 4.1 For any s €]1,2] there exists ¢; > 0 independent of ¢ such that

19 g + 1 oy < 524
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Proof To prove the estimate, we write the problem satisfied by W! in local coordinates.
We consider a function p € H*(0') such that

1,1 0 1,2 0 0 1
p=kKa’ .V,Lgv ‘,7:0+ +a- .agvn,gv |y,:0+ +a .V,wl) |,7:()+ on 5 =0,

op=0 on 5 =0,
p=0,p=0 on n=—d,

and we set
wl=w'+ azpl(m,

where 1,1 denotes the characteristic function of @'. Then W1 is continuous and satisfies

AW = F,(n,0), in 0" U 0,

Ay oW = F,(n,0) + 24, p, in O,

(1 4 dor)dy Way + AoW |ty = €51
(1 — dor)dy W y=iy — MW y—ay = g1
G0 W'+ = 0,08 W'~ + &R,

G0y WO, —0+ = 610, W°),=o- + &*R5.

Now multiplying the main equations by (14 nK)e and integrating by parts, we infer the
following variational formulation for Wle H! (0):

/O’DV,%(-)VAVI : Vy,,(a(P‘}‘O'() < AOWl,(p > 4o < A]Wl,(p >
o

=—/ o(1 4+ nx)F.p — o’ /(1+m< 2.0PP + 0 /d gi+<p—01/dgi<p
p40 y~

\/ + srcf + (')
)2
where D is the diagonal matrix with elements 1 + nx and 1/(1 + nk).
Taking ¢ = wi, using inequalities (4.1) and (4.2) and using also a result of Bonder
et al. [5], since the amplitude and the period of the oscillations of I'] have the same order,
we infer the result. Ol

lw—fwa, Vg € H'(0),
70

Remark 4.2 Since the boundary-layer corrector vk, is of order & in L*(0) we infer that
for any s €]1,2]

0

[v* — 0 — 0%, — et 120y < Cse' 5.

5 Conclusion

In this paper, we have proved the efficiency of our transmission conditions to tackle the
numerical difficulties inherent in the geometry of a rough thin layer. Even though we have
considered here the periodic case, the same analysis with much more tedious calculations
can treat the quasi-periodic case.
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The main feature of our result is the following: unlike the case of the weakly oscillating
thin membrane (see [11]), if the period of the oscillations of the rough layer is similar to its
thickness, then the layer influence on the steady-state potential cannot be approximated
by only considering the mean effect of the rough layer.

Actually, if we were to consider the mean effect of the roughness, the approximate
transmission conditions would be these presented in (1.6), by replacing f by its average
f. Observe that our transmission conditions (1.5) are very different, since they involve the
curvature of I' and the normal and tangent derivatives of u°. More precisely, denote by
ii' the first-order approximation of the mean effect of the layer. Then according to (1.6)
ii! satisfies

At =0,in 2°U 2!, ullpe =0, on 3Q,
~ ~ A2
aoénu1|p+ = alanul|p7 + (o9 — am)ffﬁtuohw,
00 —Om

e = - + ———"F0,u’|r+,
O-WI

while we remember that the ‘real’ first-order u! satisfies

Au' =0, in 2°U 2", u'lsg =0,

0,u°| 0,u°|
0-0611141‘1Ur =016;1“1|1"* — kD - ( 1 0r+> +D2'6,< i 5

U |1*+ atu0|p+

anu0|F+
u1r+=u1|r+ao~< .

azu0|r+

The motivation of this work comes from a collaboration with Schlumberger to model
silty soils. However we are confident of the importance of such results in other research
areas, for instance in the mathematical study of radiation patterns created by periodic
structures of phased-arrays antennas. These antennas are formed by the superposition
of a great number of identical electromagnetic horns, and very slight changes in the
above analysis would lead to the appropriate transmission conditions. We conclude this
paper by illustrating our theoretical results with the numerical simulations obtained by
Ciuperca, Perrussel and Poignard and presented in [6]. The mesh generator Gmsh [7] and
the finite-element library Getfem++ [13] have been used to perform simulations.

The computational domain Q is delimited by the circles of radius 2 and of radius 0.2
centred on 0, while 2! is the intersection of  with the concentric disc of radius 1. The
rough layer is then described by f(y) =1+ % sin(y). One period of the domain is shown
Figure 3(a). The Dirichlet boundary data are identically 1 on the outer circle and 0 on
the inner circle.

The conductivities ¢, o1 and o, equal 3, 1 and 0.1 respectively. The computed coeffi-
cients’ issued from problem (1.4) are given in Table 1.

The numerical convergence rates for the H'-norm in 2! of the three errors u® — u°,
0 O —eu' as ¢ goes to zero are given Figure 4. As predicted by the

W —u® —eu! and ut —u

3 The convergences at the infinity in problem (1.4) are exponential, and hence it is sufficient to
compute problem (1.4) for x| < M, with M large enough to obtain a° with a good accuracy.
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(a) One period. (b) Error order 0. (c) Error order 1.

FIGURE 3. (Colour online) Representation of one period of the domain and the corresponding
errors with approximate solutions u’ and u® + eu' for & = 2r/30. Please note that the error in the
rough layer should not be consisdered because a proper reconstruction of the solution in it is not
currently implemented.

100 s S R ; ..........................

107!

+=+ QOrder 0

+~ =+ Estimated exponent: 0.83
= QOrder 1

= =+ Estimated exponent: 1.8 |-
= Order 1, mean effect

= =+ Estimated exponent: 1.19

1071

|u — uapp”Hl(Ol)

FIGURE 4. (Colour online) The H'-error in the cytoplasm versus ¢ for three approximate solutions.
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Table 1. Coefficients issued from problem (1.4). T hree significant digits are kept.

0 0 1 1 2 2
ap a; D D; Dj D;

19.3 0 0 0 —0.0499 —3.87

theory, the rates are close to 1 for order 0 and for order 1 with the mean effect, whereas

0 1

the rate is close to 2 for the ‘real’ order 1 equal to u* —u’ —eu'.
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