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Abstract. We study the dynamics of piecewise affine surface homeomorphisms from the
point of view of their entropy. Under the assumption of positive topological entropy,
we establish the existence of finitely many ergodic and invariant probability measures
maximizing entropy and prove a multiplicative lower bound for the number of periodic
points. This is intended as a step towards the understanding of surface diffeomorphisms.
We proceed by building a jump transformation, using not first returns but carefully selected
‘good’ returns to dispense with Markov partitions. We control these good returns through
some entropy and ergodic arguments.

1. Introduction

Introduced by Anosov and Smale in the 1960s [15], uniform hyperbolicity is at the core
of dynamical system theory. The corresponding systems are well understood since, in
particular, the works of Sinai, Bowen and Ruelle (see, e.g., [23]) and it is now a central
challenge to try to extend our understanding beyond these systems [2]. We propose that
robust entropy conditions provide a way to do this for new open sets of dynamical systems,
by implying a non-uniform but global hyperbolic structure, especially with respect to
measures maximizing entropy (see §1.1 for definitions).

Such invariant probability measures can be thought of as describing the ‘complexity’ of
the dynamics. These measures exist as soon as the dynamics is compact and C* (see [29])
or somewhat hyperbolic [14], although they are known to fail to exist in finite smoothness
for interval maps [5, 32] and diffeomorphisms of four-dimensional tori [27]. Uniqueness
problems are usually much more delicate and can be solved only after a global analysis of
the dynamics which we propose to do under entropy conditions.
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Entropy expansion is such a condition. It requires the topological entropy (see §1.1)
to be strictly larger than the supremum of the topological entropies of all smooth
hypersurfaces. It is robust in the sense that it is open in the C* topology. Entropy-
expanding C® maps T : M — M have a finite number of ergodic and invariant probability
measures maximizing the entropy. Their periodic points satisfy a multiplicative lower
bound:

liminf e oMy e M | T"x =x} >0 (1.1
n—o00,pln
for some integer p > 1 (a period) (see [10, 12] for precise definitions and statements
including other results).
Entropy expansion is satisfied by plane maps of the type (x,y)+> (1.9 —x2
+ €y, 1.8 — y2 + ex) for small € (see [7]). On the interval, the condition reduces to non-
zero topological entropy. In fact, entropy expansion can be understood as a generalization
of some aspects of one-dimensional dynamics. Indeed, the previous results were first
proved by Hofbauer [19, 20] for piecewise monotone maps on the interval and our approach
has built on his techniques [8].
The techniques used in the above-mentioned papers do not apply to diffeomorphisms
(e.g. a diffeomorphism is never entropy-expanding). However, many properties of interval
maps generalize to surface diffeomorphisms so the following are generally expected.

CONJECTURE 1. Consider a C'*€ diffeomorphism (¢ > 0) of a compact surface with non-
zero topological entropy.

The collection of ergodic and invariant probability measures with maximal entropy is
countable (possibly finite or empty) and the periodic points satisfy a multiplicative lower
bound if there exists at least one measure with maximal entropy.

CONJECTURE 2. Consider a C* diffeomorphism of a compact surface with non-zero
topological entropy.

The collection of ergodic and invariant probability measures with maximal entropy is
finite and the periodic points satisfy a multiplicative lower bound.

By a result of Newhouse [29], all C* maps of compact manifolds have at least one
measure of maximum entropy. Also a classical theorem of Katok [22] states that if T is a
C'*¢, € > 0, diffeomorphism of a compact surface M, then the number of periodic points
satisfies a logarithmic lower bound:

lim sup l# log{x e M | T"x = x} = hyop(T),
n—oo N
i.e. a weak version of (1.1).

This paper presents a proof of the analog of Conjecture 2 in the easier case of piecewise
affine homeomorphisms. This replaces distortion of smooth diffeomorphisms by the
singularities of the piecewise affine maps. However, this preserves substantial difficulties.
Indeed, there exist piecewise affine maps on surfaces without a maximum measure
(see Appendix C, although the examples known to the author are discontinuous—or
continuous but piecewise quadratic) or with infinitely many maximum measures (see also
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Appendix C). Thus this setting, beyond its own interest as a simple and rather natural class
of dynamics, is challenging enough to allow the development of new tools which we hope
will apply to diffeomorphisms.

1.1. Definitions and statements. Let M be a compact two-dimensional manifold

possibly with boundary, affine in the following sense. There exists a distinguished atlas

of charts:

° identifying the neighborhood of any point of M with an open subset of {(x, y) € R? |
x>0andy > 0};

° inducing affine changes of coordinates.

These charts are called the affine charts. The phenomena we are considering are

independent of the global topology, so we could in fact restrict ourselves to the special

cases M = T2 or M = [0, 1]

A continuous map 7 : M — M is said to be piecewise affine if there exists a finite
partition P of M such that for every A € P, A and T (A) are contained in affine charts
which map them to polygons of R? with non-empty interiors and 7 : A — T'(A) is affine
with respect to these affine charts. It is convenient to replace the partition P by the
collection P of the interiors of the elements of P. Such a partition P (a partition up to
the boundaries of its elements) is called an admissible partition with respect to T. We drop
the tilde in the sequel.

Let us recall some facts about entropy (we refer to [16, 35] for further information). The
entropy of a non-necessarily invariant subset K C M is a measure of the ‘number of orbits’
starting from K. Recall that the (¢, n)-ball at xe M is {ye M |Vk=0,1,...,n—1
d(T*y, T*x) < €}. The entropy of K is, according to the Bowen—Dinaburg formula [3]:

h(T, K):=1lim h(T, K, e) withh(T, K, €) :=lim sup l logr(e,n, K) (1.2)
e—>0 n—soo N
where r (€, n, K) is the minimal number of (¢, n)-balls with union containing K. The
topological entropy is hyop(T) :=h(T, M).
The entropy of an ergodic and invariant probability measure p can be defined similarly,
according to [22]

h(T, w) :=lim h(T, u,e) with h(T, p, €) := lim sup l logr(e, n, u)
e—0 n—oo N
where r (€, n, () is the minimal number of (e, n)-balls whose union has a p-measure of at
least A, for a constant A € (0, 1) (h(T, w) is independent of 1).
The variational principle states that for T : M — M (in fact, for any continuous self-
map of a compact metric space [35]):

hiop(T) = sup h(T', ) (1.3)
n

where p ranges over the 7 '-invariant and ergodic probability measures.
The following combinatorial expression for topological entropy follows from
observations of Newhouse and will be the starting point of our investigations.
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PROPOSITION 1.1. Let T be a piecewise affine homeomorphism of a compact surface.
The topological entropy of T is given by

hop(T) = lim sup 1 log#{AoN f'A NN A, £01AieP). (14
n—oo N
Remark 1.2. The above entropy formula was also obtained by Sands and Ishii [21] by
different methods.
Misiurewicz and Szlenk [28] established the same formula for piecewise monotone
maps of the intervals.

The proof is given in §2.1.

The variational principle (1.3) brings to the fore the ergodic and invariant
probability measures u such that A(T, u) =sup, A(T, v) = hp(f). We call them
maximum measures. A corollary of the proof of the previous proposition is the following
existence result (compare with the examples in Appendix C).

COROLLARY 1.3. A piecewise affine homeomorphism of a compact surface has at least
one maximum measure.

Our main result, finally established in §5.1, is the following.

THEOREM 1. Let T : M — M be a piecewise affine homeomorphism of a compact affine
surface. Assume that hip(T) > 0. Then there are finitely many ergodic, invariant
probability measures maximizing the entropy (or maximum measures).

We also obtain as by-products (see §§5.2 and 5.3) the following results.

PROPOSITION 1.4. Let T : M — M be a piecewise affine homeomorphism of a compact
affine surface with non-zero topological entropy.  The periodic points satisfy a
multiplicative lower bound.

PROPOSITION 1.5. Let T : M — M be a piecewise affine homeomorphism of a compact
affine surface. Let S be the singularity locus of M, that is, the set of points x which have
no neighborhood on which the restriction of T is affine.

For any € > 0, there is a compact invariant set K C M \ S such that

hop(fIK) > hop(f) — €.

Moreover, f : K — K is topologically conjugate to a subshift of finite type (see [26]).

1.2.  Outline of the proof. We use an alternative approach to the explicit construction of
Markov partitions. We ask less of geometry and use more combinatorics, ergodic theory
and entropy estimates to accommodate the resulting non-uniqueness of representation.
More precisely, we build small rectangles admitting many returns with ‘good properties’
which allows the construction of a jump transformation and establish semi-uniform
estimates, that is, uniform estimates holding on subsets of measures that are lower bounded
with respect to any large entropy measure. The finite number of maximum measures for
the jump transformation follows from the results of Gurevi¢ on countable state Markov
shifts. However, the jump transformation is not a first return map to an a priori defined
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good set. Hence, a careful study of the relation between the jump transformation and the
original dynamics is needed to conclude that the maximum measures of both systems can
be identified. In fact, we analyze more generally large entropy measures, i.e. invariant and
ergodic probability measures with entropy close enough to the supremum.

Let us outline the proof. We start in §2 by introducing the natural symbolic dynamics
of the piecewise affine map using the partition defined by the singularities of 7. We first
show that this symbolic dynamics has the same entropy as 7. This is both a significant
result and a fundamental step in our approach. We then establish that the (local) stable
WS (x) and unstable W"(x) manifolds of points x € M, i.e. the sets of points with the
same past or future with respect to the partition P, are line segments outside of an entropy-
negligible subset. These line segments can be arbitrarily short and their length may vary
discontinuously. However, we prove semi-uniform lower bounds for their lengths and
angles, using the conditional entropy with respect to the past or the future. A corollary of
these bounds is that the boundary of the partition is negligible with respect to all ergodic
invariant probability measures with non-zero entropy.

At this point, one would like to conclude by an argument of the following type. If
there was a large number of maximum measures, then one could find two of them, both
giving positive measure to a set S of points with local stable and unstable manifolds much
larger than the diameter of S. Hence, one could ‘jump’ back and forth between typical
orbits of each of the two measures. However, one could expect such mixing to allow the
construction of a measure with greater entropy, a contradiction. However, establishing the
increase in entropy seems to require estimates that are too fine (of a multiplicative, rather
than logarithmic type). We are thus lead to build a jump transformation with Markov
properties which will reduce the problem to loop counting on a graph, for which these fine
estimates exist (and, indeed, the uniqueness of the maximum measure has been established
in this setting by Gurevic).

Section 3 is devoted to building a Markov structure representing the large entropy
dynamics. We first build arrays of Markov rectangles which contain a significant
proportion of the dynamics. These are approximate rectangles in the sense they contain
open subsets of points with local manifolds that do not cross (‘holes’ in the local product
structure). However, we can ensure that the relative measure of such points is very small.
Our techniques, however, require T to be replaced by some high power TX.

We then define hyperbolic strips following the geometric picture of Markov rectangles
usual in uniformly hyperbolic dynamics. We provide tools to build many such strips around
typical orbits of large entropy measures, using visits to the Markov rectangles while the
stable and unstable manifolds are both ‘rather large’.

These hyperbolic strips are Markov in the sense that they can be freely concatenated
as soon as they end and begin in the same rectangle. However, to obtain a useful
Markov representation from this, one needs an invariant way of ‘cutting’ typical orbits
into concatenations of such hyperbolic strips. A fundamental difficulty arises here: there
exist incompatible decompositions, i.e. which do not admit a common refinement. There
does not seem to be an a priori natural set the visits to which could be used to define
invariantly the above ‘cutting’ .

+ Note that shadowing lemmas a la Katok [22] give comparable results for surface diffeomorphisms. The problem
is to find invariant decompositions.
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We conclude §3 by selecting among hyperbolic strips a subset of admissible strips
to obtain uniqueness in the decomposition of forward orbits (this weak uniqueness will
require a more detailed ergodic analysis in §5). We obtain a notion of good return times
and a Markov structure.

The more technical §4 relates the good return times to geometric and combinatorial
properties involving the visits to the Markov rectangles and their holes. It is shown that
large entropy measures cannot have too large average good return times.

Finally, §5 proves the main results. We lift large entropy measures of 7 to the jump
transformations as finite extensions. Using that the latter is isomorphic to a countable state
Markov shift, a result of Gurevic [17] allows us to conclude the proof of the theorem.

Proposition 1.4 rests on a classical estimate of Vere-Jones [34] on the number of loops of
countable oriented graphs together with a combinatorial argument to transfer this estimate
to periodic points of T'.

Proposition 1.5, the possibility of approximating in entropy of the whole map by a
compact set away from the singularity set, follows from a similar property of countable
state Markov shifts: they are approximated in entropy by finite state Markov shifts
according to Gurevic.

There are three appendices: Appendix A recalls some facts about measure-theoretic
entropy, Appendix B proves a lifting theorem for the tower defined by a return time and
Appendix C gives some examples of piecewise smooth maps.

1.3. Some comments. The results presented here allow an analysis of the maximal
entropy measures of a simple and natural class of dynamics by representing them with
countable state Markov shifts. Along the same lines, one can probably make the
representation more precise to obtain further results, for instance:

° classification by the topological entropy and periods up to isomorphisms modulo
entropy-negligible subsets [4];

° precise counting of isolated periodic points, e.g. the existence of a meromorphic
extension of the Artin—Mazur zeta function as in [12];

° uniqueness of the maximal entropy measure under a transitivity assumption and/or
a bound on the number of maximum measures in terms of the cardinality of the
partition P.

In a slightly different direction, one would like to understand the nature of the symbolic

dynamics of piecewise affine surface homeomorphisms (see §2.1). Is there a tractable

class of subshifts containing these symbolic dynamics, i.e. a class that would do for
piecewise affine surface homeomorphisms what subshifts of quasi-finite type [11] do for
piecewise monotone interval maps?

It would also be natural to apply the techniques of this paper to more general dynamics.
First, piecewise homographic surface homeomorphisms can be analyzed in the same way.
Then one could try to analyze other general classes of piecewise affine maps, especially in
higher dimensions (e.g. uniformly expanding maps or entropy-expanding maps or entropy-
hyperbolic homeomorphisms [13]). Most of these questions are still open despite some
partial results (see, e.g., [9, 25, 33]) and we should stress that new problems appear
immediately. From the point of view of entropy alone:
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. there exist piecewise affine continuous maps on surfaces and piecewise affine
homeomorphisms in dimension three for which the right-hand side of (1.4) is strictly
larger than the entropy (see Examples 1 and 3 in the Appendix C);

. Example 4 in Appendix C is a piecewise affine discontinuous map on a surface with
no maximum measure (one can give a continuous, piecewise quadratic version of
it, see Example 5); however, the author is not aware of examples of continuous
piecewise affine maps without maximum measures.

For diffeomorphisms, the main difficulty with our approach is finding a link between
short stable/unstable manifolds and small entropy, e.g. one would need to relate small
Lyapunov charts to entropy bounds for a smooth diffeomorphism. An analysis of
C! diffeomorphisms with non-zero topological entropy with dominated splitting is in
preparation.

2. Pointwise estimates

2.1.  Symbolic dynamics. We define a symbolic dynamics for the map 7 using some
admissible partition P, that is, a finite collection of disjoint open polygons with dense
union. A key step is showing that d P has zero measure with respect to any u € Pgrg(T),
where ]P’/grg(T) denotes the set of ergodic, invariant probability measures of 7 with
h(T, u) > h.

Definition 2.1. Let P be an admissible partition. x € M is nice if for every n € Z, T"x
belongs to an element A,, of the admissible partition P. The sequence A € PZ thus defined
is the P-itinerary of x.

The symbolic dynamics of (T, P) is

YS:={AecPL|IxeMVVneZT"x c A,}
endowed with the shift map 0 (A) = (An+1)nez-

A standard result (see, e.g., [35]) states that since X is a subshift, it admits at least
one maximal entropy measure. Hence, a ‘close enough’ relation between the invariant
measures of ¥ and T will imply the existence of a maximum measure also for 7. By
the variational principle, we also obtain that 7 and X have the same topological entropy.
The Misiurewicz—Szlenk formula for 7' will then follow. Indeed, for a subshift such as X,
the topological entropy is computed by counting the cylinders, [Ag - - - Ay—1] :={x € |
XQ-+-Xp—1=Ag---A,—_1}, thatis

1
hiop(2) = lim . log#{[Ag - - An—1]1# V| A€ P"}.

Neither T nor its symbolic dynamics is an extension of the other in general, hence it is
convenient to introduce the following common extension:

SXM:={(A,x)e PLx M |VneZT"x € A,} with f(A, x)=(0A, Tx).

The close relation between the measures of 7 and ¥ alluded to above is the following.
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LEMMA 2.2. Bothmapsmi: 2 X M — X andmy : ¥ X M — M are entropy preserving:
for every invariant probability measure . on ¥ X M, h(o, myp) = h(T, mou) = h(f, Ww).
Moreover, m and my induce onto maps between the sets of (ergodic) invariant
probability measures.

In particular, the topological entropies of the three systems are equal by the variational
principle recalled in (1.3).

The proof of the above lemma rests on two geometric/combinatorial properties. The
first is the following observation by Newhouse, which is very specific to our setting (it is
false in higher dimensions or without the invertibility assumption, see Appendix C).

LEMMA 2.3. The multiplicity entropy [6]
1 —
Aot (T) :=1lim sup — log max mult(P", x) with mult(Q, x) :=#{A € Q | x € Q}
n—oo N xXeM
is zero for any piecewise affine homeomorphism of a surface.

The second is a property of linear maps.

LEMMA 2.4. Letd > 1. Foreachn >0, let T, : RY — R be a linear map. Then

1
lim lim sup — log max{#S | VO < k < n diam(Tx—1 - - - T1 TpS) < 1 and
n

€e>0 p—soo

Vx #yeS30 <k <nsuchthat |Tx—1--- T1To(x — y)|| > €} =0.

We leave the easy proofs of Lemmas 2.3 and 2.4 to the reader.

Proof of Lemma 2.2. Lemma 2.3 (respectively Lemma 2.4) implies that for all x € M
(respectively X)), for i = 2 (respectively i = 1),

h(T, n7 x}) =0

(this is the entropy of a subset as recalled in (1.2)). Now, 71 : X X M — ¥ and m3:
¥ X M — M are both compact topological extensions. Hence, one can apply Bowen’s
result [3]:

(T, ) = h(o, mipw) = h(T, map)

for all invariant probability measures ji of ¥ x M. a

2.2. Invariant manifolds and Lyapunov exponents. For a fixed partition P, we have the
following.

Definition 2.5. The stable manifold at A € ¥ is the following set (convex in the
affine charts):
WS (A) = ﬂ T-"A,.
n>1
The unstable manifolds W"(A) are defined by replacing n > 1 by n < —1 in the above
equation.
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The Lyapunov exponents along the stable or unstable direction at A € X are
u : 1 ny/E1l £l s : 1 ny/FL FI
AY(A):= lim —log [(T,)" |l and A°(A):= lim —log (TP IIF
n—+oo n n—>+o0o n

where T') is the affine composition (T'|A,;_1) o --- o (T|Ag) (ifn > 0)or [(T|A_1)o-- -0
(T1AD]7! (if n < 0).

Any nice x € M defines a unique itinerary A and we write W*(x) for W¥(A), A%} (x) for
A4 (A) and so on.

The first goal of this section is the following ‘non-singularity’ result.

PROPOSITION 2.6. Let pu € PO, (T). The following hold:

° w(@P) =0 (in particular, pw-almost every x € M is nice);

° the Lyapunov exponents exist and satisfy \* (x) < —h(T, u) <0 < h(T, n) < 2\*(x)
for p-almost every x € M;

° WS (x) and W" (x) are line segments containing x in their relative interiors int W* (x)

and int W"(x) for p-almost every x € M.

Proof. Let u € ]P’grg(T). As we have not yet proved that almost every x € M is nice, we
have to work in the extension ¥ x M to be able to speak of itineraries, invariant manifolds
and so on. By compactness, there exists an invariant and ergodic probability measure ft of
T:% x M < such that ot = . We have h(T, 1) > 0 by Lemma 2.2.

We first consider the invariant manifolds.

CLAIM 2.7. We claim that for [i-almost every (A, x) € ¥ x M: (i) W"(A) is a line
segment; (ii) x is not an endpoint of this segment.

Proof. To begin with, observe that W%(c A) C T(W*(A)) so that dim(W"(c A))
<dim(W“(A)). As [ is invariant and ergodic, dim(W"(A)) =d [i-almost everywhere
for some d € {0, 1, 2}. Claim (i) above is that d = 1.

Let P be the natural partition of ¥ x M (coming from the canonical partition of X). By
Lemma 2.2, (f, /1) has the same entropy as the corresponding symbolic system. Thus,
h(T, ) = h(T, i, P). Using conditional entropy (see Appendix A) we can compute
h(T, i, P) as Hﬂ(ﬁ|13_) where P~ := V=1 T"P. Observe that A — W¥(A) is P~-
measurable.

We exclude the cases d =0, 2 by contradiction. Assume first d =0, i.e. W*(A) is a
single point x € M for fi-almost every (A, x) € ¥ x M. This implies that

- NS S
h(T. )= Hy(PIP7) = lim —Hy(P"|P7) < hyun(T, P) =0,

a contradiction, excluding the case d = 0.

Now assume d = 2, so ji-almost every W“(A) is the closure of the interior of W (A).
By construction, two distinct unstable manifolds have disjoint interiors. Therefore, there
can only be countably many of them, after discarding a set of zero fi-measure. In particular,
WH*(A) = W*(A) on a set of positive measure for some AL, By Poincaré recurrence,
there exists an integer n > 0 such that 7" (W" (A%) = W*(A9). This implies that 7y /& is
periodic, hence 0 = h(o, 1) = h(YA“, ). The contradiction proves (i).
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We now turn to (ii). If x € aW¥(A), then T (x) € dW* (o (A)). Thus if (ii) is false,
then x € 9W"(A) p-almost everywhere. However, this implies that, for any € > 0 and

any large n,
nh(T, ) = Hy(P"|P7) <log2 + log max #{A € P" | A > x}
<log2+ (hyu(T, P) + €)n.
As hyu (T, P) =0, it would follow that h(f, ) = 0, a contradiction. O

We now turn to the exponents. First they do exist by the classical Oseledets theorem
(see, e.g., [23]).

CLAIM 2.8. For myfi-almost every A € X, the Lyapunov exponents satisfy 1*(A) <0
< M (A).

Remark 2.9. The above result is a consequence of the Ruelle-Margulis inequality
[23, p. 669] once we prove that (9 P) = 0.

Proof. We establish the existence of a positive Lyapunov exponent p-almost everywhere.
The existence of a negative exponent will follow by considering 7~!. Let || - |4 be some
measurable family of norms. Consider the family | - ||’;, A € ¥ defined by

ol = llvlla/IW*(A)|a  forv || W*(A)

where | - |4 is the length with respect to || - || 4 (using the affine structure). As T(W"(A))
D W"(oc A), we have that | T'|E*(A)|’, > 1 (where E“(A) is the unstable direction at
A: the invariant family of directions defined by W*(A)) for u-almost every A € X.
Here T(W"(A)) = W"(o A) u-almost everywhere would imply h(f‘, ) = H@(ﬁ“ﬁ_)
=0. Hence, | T|E"(A) ||’A > 1 on a set of positive measure and

H(A) = / log | T'|E*(B)Il' df1(B) > 0

for p-almost every A € X. a

We finish the proof of Proposition 2.6.

Let pePd (T). Let i be a lift of u to ¥ x M. By Lemma 22, h(T, )
=h(T, n) > 0.

Claims 2.7 and 2.8 prove all of the claims of the proposition except w(d P) = 0.

Now, W¥(A) and W*(A) are line segments p-almost everywhere by Claim 2.7. Their
directions carry distinct Lyapunov exponents by Claim 2.8, hence they must make a non-
zero angle p-almost everywhere. If x € 3 P, then T'x or T~'x would be the end point of at

least one of these line segments, a contradiction. Hence, u(d P) = 0. O

That (0 P) =0 for all ergodic invariant probability measures with non-zero entropy
has the following immediate but important consequence.

COROLLARY 2.10. The partially defined map w : ¥’ — M

(A} =) THA - A4l

n>0
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with ' the subset of ¥ where the above intersection is indeed a single point, defines an
entropy-preserving bijection between the sets of ergodic, invariant probability measures
of T and of ¥ with non-zero entropy.

2.3.  Semi-uniform estimates. ~We obtain now more quantitative estimates, which we call
semi-uniform in the sense that they are uniform on a set of uniformly lower-bounded mass
for all large entropy measures. To state these results, we need the following ‘distortion’
estimate. By compactness of M and invertibility of T,

17" (x).ull

d(T) = sup{log m

xeM, u,veR*\ {0}, |lu| = ||v||} < 0.

PROPOSITION 2.11. For any o < hwop(T)/d(T), there exist ho < hiop(T), 0y > 0 and
Lo > 0 such that for any u € Pgﬁg(T), the following properties occur jointly on a set of
measure at least [wp:

p(x) 1= min d(x, W (x)) = &, @2.1)
a(x) = LW (x), W"(x)) > 6. 2.2)

Here L(W*(x), W¥(x)) is the angle between the two lines defined by W*(x) and W" (x).
We declare a(x) = p(x) =0, if W¥(x) or W (x) fail to be line segments.

Remark 2.12. In fact we obtain a number g < 1 arbitrarily close to one satisfying (2.1).
However, this is not the case for (2.2). We believe that this cannot be done. Indeed, one
can easily build a smooth surface diffeomorphism with non-zero entropy such that for some
s > 0 and h, > 0, there are invariant probability measures with entropy at least 4, such
that the stable and unstable directions make an arbitrarily small angle on a set of measure at
least w,. We do not know whether these measures can be taken to have entropy arbitrarily
close to the topological entropy or if piecewise affine examples exist.

We first prove the lower bound on angles by comparing the distortion with the entropy.

CLAIM 2.13. For any 0 < hy < hop(T), there exists 01 >0 such that the set where

o (x) > 01 has measure at least h1/d(T) for all measures p € IP’gr‘g.

The Ruelle-Margulis inequality applied to (7', ) and (T !, ) (which is valid as 7" is
constant on each element of P and ©(d P) = 0) yields

k”(u)—ks(u«)zlf o IT"()IE" ()|
M

hiop(T) < 5 ) 177 (x)| ES (x)||

dp(x). 2.3)

By continuity there exists 6; > 0 such that, for all u, v € R? \ {0} with Z(u, v) <6y,

17 ) - ull _

forallx e M\ 0P, log <
177(x) - vl

Therefore, setting m := u({x € M : a(x) > 61}):

20(T, ) =m -d(T) + (1 —m) - hy
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so that, assuming h(T, pn) > h:

20(T, w) —hy _ 2h(T, u) — hy hy
m > > > .
= TAdT) —h, — 4 4(T)

This proves Claim 2.13.

CLAIM 2.14. Forany us < 1, there exists £y > 0 such that
forall n e ]P’é?g(T), nw{xeM|d(x, dW"(x)) > £y)) > u3 2.4)

for h3 = hiop(T)(1 — (1 — pu3)/4).

To prove (2.4) let € = (1 — u3)hwp(T)/2 >0, A be a Lipschitz constant for T,
n >log 2 /e be a large integer and r = r (€, n) > 0 be a small number such that

max #{A € P" | B(x, r) N A #0} < LeltmnT.Pyten —ang  #pn < elhop@)ten,
xXe

Let pue Pgﬁg(T), Xo:={xeM|dx,oW"(x)) < A™"r} and denote by u|Xop the
normalized restriction of u to X¢. Using standard facts about entropy (see Appendix A)
we obtain
nh(T, p) = Hy(P"|P7) < Hy(P" v {Xo, M\ Xo}|P™) < H,({Xo, M \ Xo})
+1(X0) Hyjxo (P*|P7) + (1 — (X0)) Hyym\xo (P" | P7)
<log?2+ u(Xp) sup log#{A e P"| AN XgN W*(x) # @}

xeXop
+ (1 = p(Xo)) log #P"
< log2 + u(X0) (hmu(T, P) + €)n + (1 — 11(X0)) (hiop(T) + €)n.

Hence,
1
(T, ) < (1= u(Xo)hop(T) + 1(Xo) hmue(T, P) +€ + . log 2
= htop(T) + 2¢€ — M(XO)(htop(T) = hmue(T, P)).
implying that

hop(T) = h(T, 1) +2€ _ hop(T) = (T, 1) +2¢
htop(T) — hmue(T, P) — htop(T)

using hmu (7, P) =0 and h(T, p) > h3. The claim is proved.

n(Xo) < <l—u3

Proof of Proposition 2.11. Claim 2.13 gives 6y > 0 such that (2.2) holds on a set of measure
at least hop(T)/2d (T) with respect to all measures in PQEEP(T)/Z(T). Claim 2.14 applied

to 7 and T with u3 =1 — hiop(T)/8d(T), shows that for

1 higp(T)
32 d(T)

ho = htop(T)<1 ) > htop(T)/Z,

(2.2) and (2.1) hold jointly on a set of measure at least /(1) /4d (T) with respect to all

measures in Pg{’g(T). O
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3. Construction of the Markov structure

Roughly speaking, the estimates of the previous section allow us to build a collection of
(non-uniform) ‘Markov rectangles’ which will ‘control enough’ of the dynamics to analyze
all measures of large entropy.

3.1. Markov rectangles

Definition 3.1. A (Markov) rectangle is a closed topological disk R contained in an affine
chart and bounded by four line segments, alternatively included in stable and unstable
manifolds, making the unstable boundary, 0 R = ai‘R U 8§R, and the stable boundary,
0°R = 0] R U 95 R, respectively. See Figure 2.

A Markov array is a finite collection of Markov rectangles with disjoint interiors.

Not every passage of an orbit inside a rectangle is useful. We need the following
properties.

Definition 3.2. A point x is controlled by a rectangle R if x is nice, belongs to R and
if W9(x) and W¥(x) each intersects dR in two points. Note that control depends on
the partition P used to define W*(x) and W*(x). If necessary we speak of control with
respect to P.

Here x € R is 10-controlled if, moreover, p(x) > 10 diam R where p was defined
in (2.1); x € R is s-controlled if x is nice, x € R and W*(x) intersects d R in two points.

The set of controlled (respectively 10-controlled, s-controlled) points is denoted by
k (R) (respectively k19(R), ks(R)).

A point is controlled by a Markov array R if it is controlled by one of the rectangles of
the array. We define « (R), k10(R), ks (R) in the obvious way.

Using the previous lower bounds on the lengths and angles of invariant manifolds we
first prove the following lemma.

LEMMA 3.3. There exist numbers hy < hip(T) and o > 0 and a Markov array ‘R such
that for all i € Pgrog(T),
ulk10(R)) > wo.

Our analysis requires the following slightly stronger statement (i.e. we only tolerate
‘small holes’).

LEMMA 3.4. There is j1o > O such that for any €y > 0, there exist a number ho < hiop(T)
and a Markov array R such that for any u € PQPg(T):
o ulk10(R)) > po;

. m(R\ k10(R)) < eopo.

This will be obtained by subdividing the rectangles in the Markov array from Lemma 3.3
into sub-rectangles that are much smaller than most stable/unstable manifolds.

The final twist is that as we replace the partition P by the convex partition P R generated
by P and the Markov array R (see Figure 1), some invariant manifolds may shrink,
say W (x) = Mn>1 T"PR(T—"x) C W*(x), diminishing the set of controlled points.
Indeed, W*( f(x)) C W*(f(x)) when W"(x) crosses the boundary of a rectangle from
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FIGURE 1. The convex partition P refining both P (outside lines) and R (the two quadrilaterals at the center).

‘R before crossing d P (x). We shall see, however, that if these intersections are sufficiently
separated in time, then W*(x) = W"(x) for most points x € R with respect to large entropy
measures. To guarantee that large separation, we use the following construction.

Definition 3.5. If R is an array of Markov rectangles contained in an element of P and

L is a positive integer, then the (R, L)-extension of (M, T, P, R) is (M4, T+, P+, R4),

defined in the following way:

° My=Mx{0,...,L—1};

. Ti(x,k)=(Tx,k+ 1 (mod L));

° P is the finite partition of M, which coincides with a copy of P on each M x {k}
for k # 0 and coincides on M x {0} with a copy of P*;

. R+ ={R x{0}| ReR}.

The conclusion of this section is the following result.

PROPOSITION 3.6. Let (M, T, P) be a piecewise affine surface homeomorphism with
non-zero entropy. There exist wo > 0, ho < hyop(T) such that for any €y > 0, there is a
Markov array R and a positive integer L with the following properties. Fix any L4 > Ly
and let (M4, T4, P+, Ry) be the (R, Ly)-extension of (M, T, P, R).

For each . € ]P’gfg(T), there exists an ergodic invariant probability measure 4 of Ty
with () = u (where w(x, k) = x) such that:
(i) Ly - pi(kr0(R4)) > wos
(i) L4 pu+(R4\k10(R4)) < €o - io.
The above controlled sets are defined with respect to the invariant manifolds relative to Py
(which contains the Markov array R4).

Note that it is enough to prove our results (Theorem 1 and Propositions 1.5 and 1.4) for
some periodic extension.

We now prove Lemmas 3.3 and 3.4 and Proposition 3.6. We begin by the following
lemma.

LEMMA 3.7. Given £y > 0 and 0 < 6y < 27, there exists a finite collection of rectangles
RMD . , RD such that:

https://doi.org/10.1017/50143385708000953 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000953

Piecewise affine surface homeomorphisms 1737

(1) diam(R®) < £/10;
(2) anyx € M with p(x) > £y and L(W"(x), W (x)) > 6y belongs to at least one R,

This easily implies Lemma 3.3 using Proposition 2.11 and observing that the finite
collection of rectangles above can be subdivided by boundary lines such as those of Fact 3.9
below so that their interiors become disjoint, defining the required Markov array R.

Proof of Lemma 3.7. Let
Ki:={xeM|p(x)>Loand L(W"(x), W (x)) > 6p}.

Let {K j}jQ=1 be a finite partition of K, whose elements have diameter less than 6p€y/100
and lie within an affine chart of M. We fix j.

Recall that the collection of closed subsets K of the compact metric space M is a
compact space with respect to the Hausdorff metric:

d(A, B)=inf{e > 0| AC B(B,¢)and B C B(A, €)}

where B(A, €) is the e-neighborhood of the set A, i.e. {x e M | d(A, x) < €}.
The easy proofs of the following two facts are left to the reader.

FACT 3.8. Let A" € (T, P) converge to Ay. By taking a subsequence, W*(A") also
converges in the Hausdorff metric, say to H C M. Then H C W*(A4).

FACT 3.9. Assume that K; is as above. Then there exist two points X1, X2 € K_j, two
non-trivial line segments L1, Ly and two itineraries Al, A? e X(T, P) with the following
properties:

° L; is contained in the boundary of W*(A") as a subset of M ;

° in some affine chart, K j lies between the two lines supporting L and L.

We call (L1, L) a pair of stable boundary lines of K ;.

We now prove Lemma 3.7. Consider two distinct one-dimensional stable manifolds
W*(A) and W*(B) which intersect in a single point p. The point p must be the endpoint
of at least one of them: otherwise, if A, # By, then p € A,, N 3B, and both W¥(A) and
W?*(B) are parallel to the same segment of A, N dB,,. Thus, their intersection contains a
non-trivial line segment.

Observe that if x, y € K;, W"(x) and W"(y), which are line segments, must have
disjoint relative interiors or be parallel and overlapping. Thus,

LW"(x), W*(y)) < 60/50.
As L(W"(2), W5(2)) > 6 for all z € K, we obtain
LWH(x), W (y)) > 0p/2.

Consider a pair of ‘stable boundary lines’ (respectively ‘unstable boundary lines’) given
by Fact 3.9 applied to (T, K;) (respectively applied to (r—1, K;)). Let RY) be the
rectangle bounded by these four line segments; RU) is contained in the intersection of
two strips with almost parallel sides of width < diamK ; and making an angle at least 6y /2.
Hence,

diam(RY) < 5 diam(K ;) /69 < £o/20.

On the other hand, RY) > K, hence Uj RY) 5 K,. O
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Proof of Lemma 3.4. Apply Lemma 3.3 to obtain R, po > 0 and iy < hop(T). Recall that
p(x) is the distance between x and the endpoints of its invariant manifolds (or zero if one
of those is not a line segment).

By Claim 2.14 applied with pu3 :=1 — €guo/2 to T and T, there exist by < hiop(T)
and £1 = £{(egpo) such that

forall u € P! (T), uxeM]|plkx) <} <eoio-

erg

Let us cut each large rectangle R from R into sub-rectangles R’ with diameter at most
£1/10, obtaining a new Markov array R’. Using Fact 3.9 again, we can do this by finitely
many stable and unstable manifolds (or line segments bounding those). Observe that
k10(R") D k10(R) and that the points in R’ \ «19(R’) which have line segments as invariant
manifolds are £1-close to an endpoint of their stable/unstable manifold. Hence,

p(ki10(R)) > u(k10(R)) > o and  w(R'\ k10(R')) < €opo

for all 1« € Py (T). 0

Proof of Proposition 3.6. We apply Lemma 3.4 with €y/2 obtaining ;¢ > 0 (independent
of €p), ho < hwp(T) and a Markov array R. Let PR be the convex partition defined
previously. We go to the (R, Ly)-extension (M4, Ty, Py) of (M, T, P) for some
large integer L4 to be specified. As we have observed, there always exists an ergodic,
T -invariant measure py extending p. After replacing it by its image under (x, i)
(zj, i+ j mod L) for some constant j €{0,1,..., L4 — 1}, we may obtain an
ergodic extension p such that

Ly - py(c10(R) x {0}) = pu(k10(R)) = po.

As the extension is finite-to-one, w4+ has the same entropy as u.
Let x € M. If the unstable manifold for 7',

Wi (x, 0) =) T1PL(T{" (x, 0)),

n>1

is strictly shorter than W*(x) x {0}, then it is bounded by ijL* (y, 0) with y an intersection
point of W* (T_kL+x) for some k > 1, with one of the new boundary segments, /, of PR,
Hence, PKL+(T~Lx) is determined by the past of T~%L+x and I picked among finitely
many choices. Note that this number of choices depends only on P and R but not on L.

A standard counting argument shows that if this happened on a subset of M x {0} with
U-measure at least %eouo . Lj_l, then

h(T, ) =h(Ty, py) < (1 = Seopo)hiop(T) + €(Ly)

where €(L) — 0 as L — oo. This is strictly less than hyp(T) if Ly is large enough
(which we ensure by taking Lo large). So it is excluded for large entropy measures.
The (R, L)-periodic extension (M, T, P4+, R4) has the required properties for all large
integers L . O
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FIGURE 2. From left to right: a rectangle R, an s-rectangle H and a u-rectangle V. The (approximately) red
horizontal (respectively blue vertical) line segments are segments of stable (respectively unstable) manifolds.

3.2.  Hyperbolic strips. The homeomorphism (M, T, P) is some piecewise affine
surface homeomorphism with non-zero entropy and R is some Markov array with
R CP (eventually (M, T, P, R) will be the previously built periodic extension
(M4, Ty, P+, R4+)). We use Figure 2 to define finite itineraries that can be freely
concatenated. This is adapted from uniformly hyperbolic dynamics.

Definition 3.10. A quadrilateral Q u-crosses arectangle R € R if Q C R and its boundary
is the union of two subsegments of the stable boundary of R (the stable boundary of Q)
and two line segments (the unstable boundary of Q), these four segments being pairwise
disjoint, except for their endpoints. An s-crossing is defined similarly.

A u-rectangle is a quadrilateral which u-crosses some rectangle R € R and whose
unstable boundary is made of two segments of unstable manifolds. An s-rectangle is
defined similarly (see Figure 2).

For n > 1, a hyperbolic n-strip (or just n-strip) is an s-rectangle S such that int Tk(S) is
included in some element of P for each k =0, ..., n — 1 and T"(S) is a u-rectangle. A
hyperbolic strip is an n-strip for some n > 1.

We write Pf (x) for ﬂZ:a T—&=a) p(Tkx) (we assume implicitly that x is nice—this
fails only on an entropy-negligible set by Proposition 2.6).

FACTS 3.11. The following is immediate.
(1) A hyperbolic n-strip is necessarily of the form Py (x) for some x € R.
(2)  Two hyperbolic strips are either nested or have disjoint interiors.

We now give some tools to build hyperbolic strips.

LEMMA 3.12. For 0 <m < n, if Py'(x) and Py, (x) are both hyperbolic strips, then so
is Py (x).

This is easy to show using Figure 3. Sufficiently long invariant manifolds allow the
construction of hyperbolic strips from scratch.

LEMMA 3.13. Let x € k10(R) and n > 1 such that T"x € k10(R). Then Py(x) is a
hyperbolic strip.

Observe that the weaker condition x € k (R) N T "k (R) does not imply that P(;’ (x) is
a hyperbolic strip.
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FIGURE 3. Proof of Lemma 3.12: (a) P(;’(x) C P6" (x) C R; (b) the u-rectangle Tm(Pé"(x)) crossing the
s-rectangle Py} (x) (both inside R"); (c) T" P (x) C T™ P (x) CR” (R, R, R" € R).

Toeen b
v

FIGURE 4. Construction of the hyperbolic strip in the proof of Lemma 3.13 (left: time zero around R; right:

time n around R’; approximately (vertical) horizontal lines are segments of (un)stable manifolds; dashed lines

are (pre)images of regular manifolds. The outer (green) ‘diamond’ is L. The central (yellow) rectangle inscribed
in L is the hyperbolic strip.

Proof. See Figure 4. Let R, R’ be the elements of R containing x and T"x. Consider the
diamond (the quadrilateral) L generated by W*(x) and T~"W*(T"x). By convexity, L is
contained in 7! P (x).

Consider one side [uv] of T"L with u ¢ R and d(x, u) > 10 - diam(R"). Let {a}
:=[uv] N 3*R’. We have d(u, v) > d(u, T"x) — diam(R’) > 9diam(R’). Hence, d(v, a)
< diam(R’) < (1/9)d(u, v).

Let (abcd) be the quadrilateral defined by the points of 37" L N9 R’. It u-crosses R’. It
remains to prove that L s-crosses R so that R N T~ Q is the desired hyperbolic strip and
must be Py (x).

It is enough to check that T~"{a, b, c, d} lies outside of R. The map being piecewise
affine, d(T"v, T™"a) < (1/9)d(T "u, T~"v). Hence, d(x, T~"v) > 10 - diam(R), so
T "a is outside of R. The same holds for the pre-images of b, ¢, d. O

COROLLARY 3.14. Letn > 1 be such that Py (x) is a hyperbolic strip and T"x € k10(R).
If m > n satisfies T"x € k190(R), then PO’” (x) is also a hyperbolic strip.

Proof. By Lemma 3.13, P} (x) is a hyperbolic strip. Apply Lemma 3.12 to conclude. O

We need the following technical fact.
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LEMMA 3.15. Let pu be an atomless invariant probability measure. For p-almost every
X € kg(R), for some R € R and all n > 1, the intersection of W*(x) with 0" R is disjoint
from all of the vertices of P", n > 1. In particular, "R N dP"(x) is the union of two
non-trivial segments.

Proof. We proceed by contradiction assuming that the above fails: on a subset of ks (R;)
with positive measure at least one of these intersection points coincides with a vertex z of
the polygon d P"(x) (so W¥(z) = W*(x)). Reducing this subset, we assume the vertex z to
be fixed, say z.

By Poincaré recurrence, there must exist infinitely many n > 0 such that 7"x € W*(z).
Considering two such integers n| < ny, we obtain that 7271 (W¥(z)) C W*(z4). This
implies that all points of W¥(z4) converge to a periodic orbit. Thus, the ergodic
decomposition of © has an atom, a contradiction. O

We show that if x € k;(R), then subsequent visits to k10(R) either give a hyperbolic
strip or a shadowing property which will lead to an entropy bound.

LEMMA 3.16. Letx € ks(R) and0 <m < n be suchthat T"x, T"x € x190(R). Excluding
a set of zero measure of points x, if Py (x) is not a hyperbolic strip then Py'(x) determines
Py (x) up to a choice of multiplicity four.

Proof. We know that W*(x) crosses the rectangle R € R containing x. Hence,
Lemma 3.15 implies that d Py’ (x) N 3" R is the union of two unstable, non-trivial segments:
la, b, [c, d]. Let[a’, b'], [¢’, d'] be their images by T"| P (x). Let Q' be the quadrilateral
generated by them. By convexity Q' C T (P (x)).

Here H := P]'(x) is a hyperbolic strip by Lemma 3.13. We know that Q' and H
intersect. If int H N {a’, o', ¢’, d'} =¥, then Q" would go across H, and Pj'(x) would
be a hyperbolic strip, contrary to assumption.

Thus, at least one of the four vertices a, b, ¢, d determined by Pé" (x) is contained in
int H: this point determines H and therefore Py (x) as claimed. O

3.3.  Admissible strips and good returns. In this section, R is some Markov array with
‘R C P. Hyperbolic strips defined above have no uniqueness property: a point x € «;(R)
sits in an infinite sequence of nested hyperbolic strips. This motivates the following notion.

Definition 3.17. For n > 1, the admissible n-strips are defined by induction on n. A 1-strip
is always admissible. For n > 1, an admissible n-strip S is an n-strip such that for all
1 <m < n such that § is included in an admissible m-strip, 7" (S) meets the interior of no
hyperbolic strip. An admissible strip is an admissible n-strip for some n > 1.

Figure 5 shows a hyperbolic n-strip S (hatched) which is not admissible.

Definition 3.18. Let (M, T, P) be a piecewise affine surface homeomorphism with a
Markov array contained in P.

For a point x € M, the (good) return time is T = t(x), the minimal integer T > 1 such
that both of the following conditions hold:
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FIGURE 5. An example of a non-admissible n-strip S. For some 0 <m < n, S is contained in some m-strip
S’ (hence T™S’ u-crosses) and TS meets the interior of some hyperbolic strip H. The above represents
T™S C T™S' and H. Point x is at the crossing of the stable and unstable lines and point o is slightly below,
on the same unstable line. The four (green) s-crossing rectangles are the maximum hyperbolic strips. In such

a situation, it might be possible to then split the itinerary of S into that of S’ followed by that of H, yielding a
choice for representing the itinerary of any point like o above, at each of its visit to S. Compare with Lemma 3.22.

° x belongs to an admissible 7-strip;

. T (x) € ks (R).

These conditions are defined with respect to some partition containing some Markov array.
If there is no such integer 7, then we set t(x) = co.

Remark 3.19. Note that, at this point, we break the symmetry between the future and
the past.

We shall use repeatedly the following obvious observation.

FACT 3.20. Ifn is the smallest integer such that Py (x) is a hyperbolic strip (equivalently:
Py (x) is an n-strip which is not contained in a k-strip for any k < n; Py (x) does not meet
a k-strip distinct from Pé‘ (x) for any k < n; Py (x) is a hyperbolic strip which is maximum
with respect to inclusion) then Py (x) is an admissible n-strip.

Remark 3.21. One could consider the following changes in the definition of admissibility.
(1) Replacing ‘T™(S) meets no hyperbolic strip’ by ‘7™ (S) meets no admissible strip’
would not change the notion. Indeed, suppose that 7 (S) meets a hyperbolic strip
H. Letk > 1 be the smallest integer such that H is contained in a k-strip, say Hy. The
minimality of k implies that Hy is admissible and Hy D H so that 7" (S) meets Hy.
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(i) Replacing ‘S is included in an admissible m-strip’ by ‘S is included in a hyperbolic
m-strip” would exclude some admissible strips and so would cause a problem in the
proof of the (key) Claim 4.2 (for the proof that kK = n; in the notation there).

Admissibility gives the following uniqueness property. Denote the one-sided symbolic
dynamics by (T, P) = {AgA1 Az ---€ PN | A e (T, P)}.

LEMMA 3.22. A positive itinerary A € 4(T, P) can be decomposed into at most one
way as an infinite concatenation of admissible strips.

Proof. Consider two distinct decompositions of A into admissible strips, that is, no =0
<ny<ny<--- and mo=0<m; <my <---, such that A,, --- Ay, and Ay, ---
Ap;,, are admissible strips for all i > 0. By deleting the identical initial segments, we
can assume that the decompositions differ from the beginning, say n; < mj. It follows
that the admissible m-strip H :=[Ag - - - A,;,] is contained in the nj-admissible strip
[Ag---Ap]. Thus, T"'(H) meets [A,, --- Ap,] which is another admissible strip,
contradicting admissibility. O

4.  Analysis of large return times

In this section (M, T, P) is a piecewise affine homeomorphism with positive topological
entropy. We first analyze the implications of a long return time 7 (x) from a geometric and
then a combinatorial point of view. We then apply this to invariant measures with very
large ‘average’ return times to bound the entropy of these measures.

4.1. Geometric analysis. We analyze geometrically the implications of a large
return time.

PROPOSITION 4.1. Let (M, T, P) be a piecewise affine surface homeomorphism and let
R C P be a Markov array. Let x € ks(R) and let 1 < N < t(x).
Let 0 < N1 < Ny < Ng < N be defined as follows:

° 0 < No < N is the smallest integer such that TNox € k10(R) and Pévo (x) is a
hyperbolic strip (we set Ny := N if there is no such integer);

° 0 < N1 < N is the smallest integer such that TNix € k19(R) (we set Ny := No= N
if there is no such integer);

° 0 < N> < Ny is the largest integer such that TN2x € k19(R) (we set Ny := N1 = Ny
if there is no such integer);

. ni, ..., ny (r >0) are the admissible times, that is the successive integers in

{0<k<N| Pé‘ (x) is an admissible strip}

with the convention n, 41 = N;
° mi1, ..., Misi) (s(i) = 0) are the hyperbolic times, that is, for each i, the successive
integers
{ni <m <njq1| Py (x)isam-strip and T" x € k3(R)}

with the convention mi(;y == m;1 :=n;11 and s(i) = 0 if the above set is empty.
Then PN (x) is determined, up to a choice of multiplicity 4 - 2", by:
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(1)  theintegers N1, Na, r and n;, m;1, mig) for 1 <i <r;

(2)  P(T*x) for k € [0, N\ ] U [[Na, n1[[;

(3)  P(T*x) fork € Ui i, mi1 1 U [misqiy, nii 1\ [0, N1

(Here [[a, b[[ denotes the integer interval with a included and b excluded, etc.)

Proof. The inequality 0 < N1 < N < Ny is checked easily.

We can assume that N1 < N, as otherwise there is nothing to show.

We first claim that Pév '(x) determines Pév 2(x) up to a choice of multiplicity four.

If N1 > Ny, then N1 = Ny = Ny and there is nothing to show. Otherwise N1 < Ny < Ny
and TN1x, TN2x € ik19(R). As Py (x) is not hyperbolic this implies, by Lemma 3.16, the
above claim.

It remains to prove the following claim. O

CLAIM 4.2. Except for an entropy-negligible subset of points x € M, the following holds.
Given some 1 <i <r with s(i) >0, Q := P,Z’” (x) and integers n;, miy, mjs, there are
only two possibilities for P,Z”S (x) (s denotes s(i)).

Proof. Let R, R’ € R be the rectangles containing T"ix, T™ilx and let ¢ be the line
segment through 7" x, directed by W*¥(T"x) and bounded by dR. We first show that
LZ 0.

We have T"x ¢ ky(R) as t(x) >n;. Thus, WS(T" x) does not s-cross R: £ ¢
WS (T" x). There exists k > n; such that T¥~"¢ is not contained in the closure of an
element of P. Take k > 1 minimal. If one had k > m;, then T™i17"i¢ C W*(T™ilx)
(recall that T™i1x € ks(R’)) so that for all k > m;;, T¥~"¢ would be contained in an
element of P, implying ¢ C W¥(T"x), a contradiction. Thus, k <m;; and £ ¢ Q
as claimed.

Disregarding an entropy-negligible set of points x, we can assume that £ divides Q into
two subsets with non-empty interiors, say Q, Q_. There cannot exist stable manifolds
that s-cross R both in Q4 and Q_: by convexity this would imply that W* (7" x) also s-
crosses. Thus, there is an s-rectangle in R disjoint from «;(R) which contains at least one
of Q4+, O_. Let W¥(B) (‘above’) and W*(B_) be the stable manifolds bounding this gap
(recall Fact 3.8). Also at least one of W*¥(BL) (say W*(B4.)) is not contained in Q so the
interior of Q does not meet W*(B.). Thus, Q determines W*(B..): it is the ‘lowermost’
stable manifold ‘above’ Q which crosses R. Likewise W*(B ™) is the ‘uppermost’ stable
manifold ‘below” W*(BT) which crosses R.

By definition, S := P(;”” (x) is hyperbolic. Also m;s € lIn;, nj+1[l is not admissible,
hence there exists 0 < k < m;s < n;41 such that S is included in an admissible k-strip and
TX(S) meets an admissible strip. If k < n;, then the same admissible strip would preclude
the admissibility of Py’ (x) is admissible. The contradiction shows that k > n;. As nj4 is
the smallest admissible time after n;, k = n;.

Thus, 7" (S) meets an admissible strip which must be either ‘above’ W*(By) or
‘below’ W*(B_). This implies that P,'fl.““ (x) meets, and therefore contains, W¥(B+) N R
(for one of the signs £). It follows that O determines P,Z'f s (x), up to a binary choice. O
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4.2. Combinatorial estimates

Remark 4.3. In the remainder of this section, the controlled sets and return times are
understood to be with respect to the partition P and the Markov array R4+ C P4 of some
periodic extension as defined in Definition 3.5.

We extract from Proposition 4.1 the following complexity bound.

PROPOSITION 4.4. Let (M, T, P) be a piecewise affine surface homeomorphism and
let R be a Markov array. Let €, > 0 and let C,, = Cy(€,) < 00 be such that

foralln >0 #(PR)" < Cyelhon(Men,

For each positive integer L, let (M4, T+, Py) be the (L, R)-extension of (M, T, P).

Let L, N>1, M, R, S > 0 be some integers. Consider L =I(N, L, M, R, S) the set
of eylinders (P4 )N (x) for x € kg (R such that, in the notation of Proposition 4.1 applied
to the periodic (L, R)-extension:

° T(x) > N;

° r=Rand#{m;j > No |1 <i<r,1<j<s@)}=S;
° N — N =M.

Let p > R/N. Then

log #1 < (hop(T) + €x)(N — L(S — R) = M + S) + Ks«(p, N)N + (p + 3/N)N log C,

where Ky () and K.(-,-) are universalt functions satisfying K.(p, N) | K«(p) when
N — oo and K. (p) | 0 when p — 0.

The proof of the above result uses the following lemma.

LEMMA 4.5. In the notation of Proposition 4.1:
(1)  ny is the smallest integer such that (P+)8] (x) is hyperbolic and n; < Ny,
2 {nil1<i<r}c{0<k<N|Tix e Ry \k(Rp))

(3) (No<k<N|Tkx exioRp)yCimij |1 <i<randl<j<s())

Proof. By definition n; is the smallest integer such that (P+)81 (x) is an admissible strip
so (1) is just Fact 3.20.

With (P1)y’ (x) being an admissible strip, T}'x € R. We have n; <N so T}'x ¢
kK (R4), proving (2).

The m;; are the times m €]|lnq, N[ (or, equivalently, m € [0, N[ by property (1)) such
that T{"x € k;(R4) and (P+)6” (x) is a hyperbolic, but not admissible, strip. As (PJF)(])VO (x)
is a hyperbolic strip and Tfrvox € k10(R+), Corollary 3.14 gives that No <k < N and
fo € k10(R+) implies that (P+)](‘)(x) is a hyperbolic strip. This strip cannot be admissible
as Tfﬁx € ks(R4) and k < N, hence such k is some m;, proving (3). a

Proof of Proposition 4.4. According to Proposition 4.1, given N, M, R and S, to determine
an element of Z(N, L, M, R, S) we need to specify:

+ Here Ky does not depend on any of the data 7 : M — M, N, M, R, S, L, Cx, €.
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(1) theintegers Ny, Np, ny, ..., ng and m;1, mjzg) fori =1, ..., R;
(2) the itineraries (P+)N1 (%), (P+)'I1V';1(x) (if n1 > N») and (P+)fx_jrll (x);
(3) (PR (x), (P, (x) foreachi =1, ..., r;

(4)  achoice among 4 - 2K,
Observe that N1 < Ny < Ny. Using property (3) of Lemma 4.5 (in particular, that Ny is
some m;;), it follows that

#(U]]mn, mis@ [\ N1, Nz[[) > #<U]]mz'1, mis@i [\ 10, No[[)
i=1 i=1

># | J Imjomy+ LI =S —R(L—-1)>(S—-RL-S
i=1,...,
ll§j<5(?)
m;j>No

recalling the definitions of L and S. Hence, the number of choices for those items is

bounded by:

(M (M) where (%) = a!/b\(a — b)! s the binomial coefficient;
(2-3) CE exp((hiop(T) + €)(N = (S = R)L — M + 5));

4 4.2R

Recalling thatf ()~ (1/v/2ma(T —a))n~"/2e @ as n — o0, ie. log (') < H(a)n
+ C(a) and that k € [0, (n — 1)/2]] > (}) is increasing, the stated bound follows with

Ki(p, N)=3H(p) + plog2+3N~"'log N + N~'log4C(p). O

4.3. Large average return times and entropy. We are going to apply the previous
estimates linking long return times either to visits to the holes (R \ « (R)) or to low entropy.
We show that for a suitable choice of the parameters of our constructions, large entropy
measures have finite average return time.

Recall the good return time t : k3 (R) — N (possibly infinite) of Definition 3.18. We
define 7,(x), n > 1, inductively by 7;(x) = 7(x) and 7,4 1(x) = t(T™™ (x)) (Tp41(x)
=0 if 7, (x) = 00).

The essential supremum of a function f over a subset X with respect to a measure p is

JL-su (x):= inf sup f(x)
Prex/ AL e

where X’ ranges over the measurable subsets of X such that (X \ X”) =0 (X and f are
assumed to be measurable). Our key estimate is as follows.

PROPOSITION 4.6. There exist hy < hyop(T) and Ly < o0 with the following property.
Consider the Markov array R defined by Proposition 3.6. For any integer L, > Ly,
let (M4, Ty, P+, Ry) be the L -periodic extension of Definition 3.5. Then, for each
ue Pgrzg(T+), the good return time with respect to P4 and R, satisfies

1
T (W) = u-supxeR+r*(x) <00 where T,(x) :=lim sup — 7, (x).
n—oo N

T We have f(t) ~ g(¢) if and only if lim;— o f(¢)/g(t) =1 and H(t) = —t logt — (1 — 1) log(1l —1).
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Remark 4.7. We make the following remarks.

(1) That 7.(x) < oo almost everywhere already ensures that almost every point in k (R)
has a good return. However, we need more.

(2)  The proof below does not provide a semi-uniform bound on t, as our estimates below
depend on the speed of convergence of some ergodic averages (see Remark 4.8).

Proof of Proposition 4.6. The first step of the proof fixes a Markov array R and a periodic
extension of 7 and finds a candidate upper bound for 7,.(xt). The second step defines a
language (a collection of words of increasing lengths) with small entropy. The final step
shows that large average return times imply that this language is enough to describe the
measure. A large average can therefore happen only for low entropy measures.

Step 1: The Markov array. We apply Proposition 3.6 and obtain first numbers wg > 0
and hg < hyp(T). We let 0 < €9 < min(hp(T), 1)/200 be small enough so that in the
notation of Proposition 4.4:

Ko,

K (eopo) < 100 top(T). 4.1)

We pick L, to be so large that, for all £ > L,
K 0) < L poo(T 42
«(€opo, £) < 100 top(T). 4.2)

Proposition 3.6 now gives an integer L2(T, €o, L«) > L, and a Markov array R such that
the following holds.

For each Ly > L,, any p € Pgﬁ’g(T) can be lifted to an ergodic invariant probability
measure j4 on the periodic extension (M4, T, P4, R4 ) satisfying

Lipy(kio(R4)) >po and  Lipy(Ry\«k(R4)) < e€opro-

Recall that P denotes the convex partition of M generated by P and R.
We fix €, := (10/100)hyop(T) and define Cy = C*(PR, €4) < 00 as in Proposition 4.4.
Note that C, does not depend on L. Hence, possibly after increasing L, we may

assume that
log C,

Ly>—o——.
(MO/IOO)htop(T)
Fix £, > Ly so large that 3 log Cy /£« < (j10/100)Aop(T).

We omit the sharp subscript in the sequel so that M, T, P, u, o in fact denote
My, Ty, Py, iy, o+ (in particular, L4 g is the original pg). To refer to the original p or
Lo, We write pp, or wop. It will be a convenient exception to continue to write PR for P,)R ’

We let

hy :=max(ho, heop(T)(1 — 0.9L4 o)) < hop(T)

and fix some y € IP’grzg(T) together with p as above. According to the Birkhoff ergodic

theorem, one can find K| C M and L < oo such that

(M \ K1) < eou/(10° log #P™) 4.3)
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and, forall x € K1,

€010

1 k
haly 5 ZHIO < T _
1000 1, . {0<k<n|T*x €exk10(R)} — n(k10(R))

2
foralln > Lo := < (%) .

1
foralln>L;, —-#0<k<n|T'xeR\k(R)} < eopo. (4.4)
n

Remark 4.8. The above L is the only estimate in the proof of this proposition which does
not seem semi-uniform.
Increasing £, if necessary, we assume
£y > (1000/M0)L1

and E(UZZ*) < L+10/100)hop(T)C for g]] ¢ > L.

We set
1000 log #P™
Tmax ‘= —gﬂ*. 4.5)
Ko
To prove that 7, (it) < Tmax, We assume by contradiction that
1
M, = {x ek(R) | limsup —1,,(x) > rmax} has positive p-measure. 4.6)
n—oo N

Step 2: Low entropy language. For each integer £ > 1 we define a set C(£) of PR_words
of length ¢ as
co:= |J cw..... .

L+l =L
k=<€/Tmax

Here C (€1, ..., £x) is the set of all concatenations y; - - - , where each y,, (1 <m <k)
is a word (i.e. a finite sequence) of length |y, | = ¢, satisfying the following requirements.
) Type 1 requirement: y,, is an itinerary from Z(¢,,, L, M, R, S) (in the notation of
Proposition 4.4) with
by >y, Li(S—R)+M-S=> ﬁL_H/,()Em and
100 4.7
min(htop(T), D
200

recall that L g is the original wo, independent on L .

° Type 2 requirement: the sum of the lengths of these segments is less than

L poln;

(L+10/500 log #P)e.
Observe that the union defining C(¢) has at most Z([Z /fmax]) < eL+10/100)hop(TIE (ermg. Tt
remains to bound #C (¢, ..., £,).
By Proposition 4.4, the logarithm of #Z(¢,,, L+, M, R, S) under condition (4.7) is
bounded by

(hop(T) + €) Uk — (L4 (S — R) + M — 8)) + K(eopo, £i)lk + (2R + 3) log C,

Lo 98 2L po
< hmpm(l + ﬁ) (1 - ﬁuuo)ek + =55 Tmop (1)t +3log C,

94
. htop(T)<1 - EL—HLO)ZI{ + 3 log C,

< op(T)(1 = 0.93L 4 o) b, (4.8)
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Hence,

#C (L) < exp((L+10/100)hiop(T)E) x explhiop(T)(1 — 0.93L 4 o) f)
X(#PR)(LJruo/SOOlog#PR)Z < oMt “4.9)

Step 3: Consequence of large return times. We are going to show that, for all x € ¥ (R), all
large enough integers n:

Ty (X) > Tmax - 1 = P79 (x) € C(1,(x)). (4.10)

Observe that this will imply that any ergodic and invariant measure p such that 7, (u)
> Tmax has entropy at most A, using Proposition A.2 with (4.9) and:
° My:={xeM|{n>0]|T "x € M;}is infinite} (recall (4.6));
e g(x):=min{j>i|T /xeM}foralli>I;
° bi(x) :=1,(T~%Wyx) with n a positive integer such that T, (x) > max(a;(x),
Tmax * i)}
concluding the proof of Proposition 4.6. We now prove (4.10).
Let x € k(R). We consider a large integer n such that 7, (x) > tmax - #n. Equation (4.3)
and the ergodic theorem give

#0 <k <7,(x) | TFx ¢ K1} < eoud/(10% log #PT).

T, (x)
Let N :=1,(x) and, for k=0, ..., n — 1, let I; be the integer interval [t (x), Tg41(x)[
and ¢ ;= #1}.
Let By C [[0, n[[ be the set of those integers 0 < k < n such that
€00
#mel, | T" K} > ——¥.
{mel |T"x ¢ 1}_1000 k

The union of those segments [; occupies only a small proportion of [0, N[[:

2
T < 1000 eong 110

< < N
5 eopo 100 log #PR 1000 log #PR

Let By C [0, n[[ be the set of k such that £; < £,. They also occupy a small proportion

’

> s
by <lyn < £y =< =
5 Tmax 1000 log #P

by the choice of Tyx.
Therefore, the segments [y for k € By U By satisfy the type 2 requirement in the
definition of C(£). It is enough to prove that the remaining Iis satisfy the type 1

requirement.
For such segments I, p; :=min{p > 0| TPT%®x ¢ K} satisfies
€0M0
< 1 4.11
P1 = Too0 (4.11)
by the definition of B;. By the definition of B,,
1000 100
b=l >——L) = 5 Lo. (4.12)
Mo €0/4g
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This fulfills the first requirement of (4.7).
Hence, in the notation of Proposition 4.4,

Ny :=min{j > 0| T* M x € k1o(R)} < p1 + Lo < %51« (4.13)

Also, by (4.4) and ¢x — p1 > L:
#j €l + p1, w1 O T/x € R\ k(R)} < eopo(lx — p1).
Hence, using point (2) of Lemma 4.5:
R<r' :=#{jel|T'x e R\ k(R)} < 2e0uols. (4.14)

Note that this implies R < £, - o min(hyp(T), 1)/200, part of the type 1 requirement. It
remains to show the lower bound on L (S — R) + M.
First, similarly to (4.14):

: ' Mo
[#j € I | T/ x € k10(R)} — p(k10(R)) k| < s00%
Setting, again as in Proposition 4.4,

No:=min{j > 0| T*®*/(x) € k10(R) and P/ (T™*Wx) is hyperbolic}

(observe that Ny might be large) and S :=#{m;; > No | i, j} we obtain, using point (3) of
Lemma 4.5,

S>s" =#{j € I(x) + No, er 1 (O | T/ x € k10(R)}.
Also, M := N> — N1 = [Nolx — N1 where
[t :=max{n €0, t[ | T"x € k10(R)}

(we define [¢], :=1t if there is no such integer). To complete our estimate, we consider
two cases.

First case: No < p1+ Li. We use the trivial bound M >0, (4.11), (4.12) and (4.4)

to obtain
s' > #j € [t () + p1 + L1, 1 (O | Tx € k10(R)}
> @,U«o(ﬁk —-p1—L)> @M(ﬂk-
500 500
Hence,
LiS+ M= 8L ol > L oy, 4.15)
500 100

Second case: Ny > p1 + L. Using the definition of pj, K1 and Lo:
s' > u(rio(R)((1 — 1073) (6 — p1) — (1 +107*)(No — p1)).

From (4.11),

998 1001
Pt O — —— No.
st > 1OOOM(Klo(R)) k 1OOOM(Klo(R)) 0

https://doi.org/10.1017/50143385708000953 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000953

Piecewise affine surface homeomorphisms 1751

Hence, using (1001/1000)L 4 u(k10(R)) <1 and M = [Nol, — N1:

L S+ M > 998 ——Liu(kio(R))e 1001L (k10(R))Ng + [No]
+ 1000 + M (K10 k— 1000 +M (K10 0 0lx
998
> — 1000 Lol — (No — [Nole) — Ny

In light of (4.13), to prove that (4.15) also holds in this second case it is enough to show
the following.

CLAIM 4.9. Forany O <t </, t — [t]e < (1o/250)¢.

Proof. We distinguish two cases. First assume that [t], < p; + Lo. Then ¢, the first
visit to x19(R) after [¢],, is bounded by the first visit after p; 4+ Lo, i.e. using (4.13) and
£ = (1000/43) which follows from (4.12):

1000 1 4

t— |t <t =< L —_—
[ Pr+Lot geg Mo = o00H

proving the claim in this case. Second we assume that [¢], > p; + Lo. Then
(1 = po/1000) e (xc10(R))(t — p1)
<#{j el + p1, ) + 11| T/ x € k10(R))
=#{j € [w) + pr, w@) + 11D | T/x € k10(R))
< (1 + po/1000)u(k10(R) (7] + 1 = p1). (4.16)
Sot — p1 < (1 4+3up/1000)([t]c + 1 — p1). Hence,

3 4
t—[tle < 1000“0[ Je+2=< W)MO k>

proving the claim. O

In both cases, (4.15) together with (4.14) implies

98
Li(S—R)+M—-S=> mlﬂwoﬁk (4.17)

This establishes the remaining part of the type 1 requirement on P;ka‘)(x)(x) for all

k € [[0, n[\(B; U By). Hence, P™™ (x) belongs to C(t,(x)), concluding the proof
of (4.10) and of Proposition 4.6. i

From the above proof the following result also holds.

COROLLARY 4.10. We have T : ks(R) — N* has eventually bounded gaps in the sense of
Appendix B with respect to any large entropy measure.

Proof. Given p, a large entropy measure, we fix Tp,x as in (4.5) and we proceed by
contradiction assuming that for each large t > tp,x, there is a set of positive p-measure S
with the following property. For each x € §, there exist sequences of integers ny € Z and
my € N* such that

Ty (T'x) >t -my  and  supinf{|i| | i € [nk, nx + tm (T x)[} < 0.
k

(the case of improper orbits is similar and easier and left to the reader). It is now enough
to apply Proposition A.2 using (4.9)—(4.10) to obtain that A ( f, u) < h7, a contradiction. O
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5. Proof of the main results

We finally prove the main results by building a Markov system from the arbitrary
concatenations of admissible strips and relating it to the dynamics of the piecewise affine
homeomorphism. This is done in the analysis of large entropy measures and then used for
the other claims.

5.1. Maximal entropy measures. We prove Theorem 1 about the finite number of
maximum measures.

Step 1: Tower. Fix a Markov array R as in Proposition 3.6, defining a (R, L4 )-periodic
extension (M, T4+, P+, Ry) of (M, T, P, R). This may only increase the number of
maximum measures as it is a finite topological extension. Let ¥ := X (T4, P+) be its
symbolic dynamics (see Definition 2.1). Corollary 2.10 shows that it is enough to prove
the results for X.

We now build an invertible tower (see Appendix B) 3 over ¥. This is done by defining
areturn time 7 : ¥; — N* for some X, C X.

Definition 5.1. An extended admissible P,-word is a word wy - - - w, over Py such that
[wo - - - wy,] is an admissible strip; wy - - - w,— is the associated admissible P, -word.

For a sequence A € X, we define inductively
t1(A) :=sup{n > 1] Ag - - - A, is an extended admissible word} € N* U {—o0, oo}
and 1,1 (A) = t1 (6N (A)) (or 1, (A) if it was infinite). Let
S.:={AeX|Vn=>1,1,(A) e N}

We tacitly exclude entropy-negligible subsets of points of M, and of X (these
correspond by Lemma 2.10).

CLAIM 5.2. We claim that ¥, coincides with the set of Pi-itineraries of the points
x € ks(R4).

Proof. We know that x has a finite good return time m := t(x) by Proposition 4.6. Let
A € ¥ be its itinerary. Observe that §9:=Aq---A,_; is admissible and T7x € k3(Ry).
By induction, A splits into a concatenation of admissible words S°S'S? - - .. The cylinders
defined by the finite concatenations S - . . § Av,1(x)» k = 0, are hyperbolic strips.

Clearly #1(A) > t(x). Now, if H := (P+)8(x) is hyperbolic with n > m, then H is
contained in S° (an m-admissible strip) and 7" H meets the hyperbolic strip S'. Hence,
H cannot be admissible, proving that #1(A) = t(x) < oo. That #,(A) < oo for all n > 1
follows from invariance. Hence, A € X;.

For the converse, let A € ¥; and denote by x the point with itinerary A. Here
[Ap - - - A;;]is an admissible strip form = t1(A) so Ag € R. If k =1,(A), then [Ag - - - Ax]
is a concatenation of admissible strips, hence a k-strip. As k is arbitrarily large, it follows
that W* (x), the intersection of the previous strips, must cross Ag, proving x € ks(R). O
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By construction, for all A € X, o'l (A (A) € =;. Hence, ¢, is a return time and defines
an invertible tower 7 : ¥ — ¥ in the sense of Appendix B. Moreover, Corollary 4.10
shows that any large entropy measure @ on X (7, P4) has eventually bounded gaps in the
sense of Definition B.2. By Proposition B.3, any such measure can be lifted to > and any
invariant probability measure of 3 is a finite extension of one in (T4, P4) (in particular,
both measures have the same entropy).

It follows also that h(f”) :=sup,, h(co|hS, k) = hiop(X) so that maximum measures of
¥ lift to maximum measures of 7.

To prove the theorem it is therefore enough to show that the tower 3 has finitely many
ergodic measures of maximal entropy.

Step 2: Markov structure. Recall the following definition (see [18] for background).

Definition 5.3. A Markov shift is a space of sequences
2(G):={x¢€ vZ |Vn € Z xp — xp41 in G}

where G is an oriented graph with a countable set of vertices V together with the left
shift o.

We also recall that a graph G as above is (strongly) irreducible if for every (A, B) € V2,
there is a path from A to B on G. A (strongly) irreducible component is a subgraph with
this property maximum with respect to inclusion.

It will be convenient to say that w’ is a follower of w if the two are admissible words
w, w’ in the sense of Definition 5.1, and s being the first symbol of w’, the concatenation
ws is an extended admissible word.

CLAIM 5.4. Let G be the oriented graph with vertices (w, i) where w is any admissible
word and 0 <i < |w| (| - | is the length of the word) and arrows

(w,i)— (w,i+1) ifi+l<|w|, W, w—1)— @, 0 ifw isafollowerofw.
The tower 3 is measurably conjugatet to the Markov shift ¥(G).

Proof. Define p: %(G) — ) by p(x) =(A, w) € ¥ x {0, 1}Z where, if «, =: (wqg - - -
we—1, k), then A, = wy and w, = 1 if and only if kK = 0. Observe that the sequence A thus
obtained is a concatenation of admissible words so A € X. Also, whenever m and n are
two successive integers with w,, = w, =1, A,A,+1 - - - Aj, is an admissible word. Finally
wy,;, = 1 for infinitely many positive and negative integers m. The proof of Claim 5.2 shows
that 0™ A € X, for all such m, so that (A, w) € 3. Thus p is well-defined and is clearly a
measurable conjugacy. O

Step 3: Conclusion

Proof of Theorem 1. We know that G has at most one irreducible component for each
vertex of the type (wp, 0). These correspond to the finitely many rectangles in the Markov
array R. Hence, by a classical result of Gurevi¢ [17], X (G) with h(X(G)) < oo has finitely
many maximum measures, proving the main theorem. O

+ That is, there is a bimeasurable bijection v : S 2 (G) such that ¥ o T=0o0 v.
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5.2.  Number of periodic points. We prove Proposition 1.4 about the number of periodic
points. We use the construction of the proof of Theorem 1. To prove the lower bound (1.1),
it is enough to prove it for 7y, as T is a finite extension of 7. We assume by contradiction
that the number of points fixed under T is such that for any integer p > 1, there is a
sequence ny — oo of multiples of p such that

Nr, (ng)

ng— 00 enkhlop(T) -

In the following we denote (M4, Ty, P+, Ry) by (M, T, P, R).

The starting point is the following estimate for X (G). Consider a maximum measure. It
is carried on one irreducible component. For simplicity, we replace G by that irreducible
component. By Gurevic¢ [17], the existence of a maximum measure for X (G) implies that G
is positive recurrent with parameter R = e ") By Vere-Jones [34], this implies that
the number Ng(n) of loops of length n based at a given vertex satisfies, for some positive
iteger p,

0. (6.1

lim  Ng(n)e hoeMn — p. (5.2)

n—00, pln
Each n-periodic sequence A in the symbolic dynamics % is associated to a closed,
convex set

(Y TiA-; - A

j=0
invariant under T'Y. This set contains at least one point fixed by T which we denote
by 7 (A). It remains to show that 7 does not identify too many points.

Consider 7 from the set X (n) of n-periodic sequences to the set M (n) of n-periodic
T+ -orbits. Our assumption (5.1) implies that, for some sequence m,, — oo (where p|n) this
map is at least m,-to-one on a subset ¥’(n) of X (n) with cardinality at least e”h‘OP(T)/ 3.
We use the following observation.

LEMMA 5.5. Let A', ..., A™ € ¥ be such that 7 (A') = - - - = w(A™) =: x. If the finite

words A6 ce Ail_l,

(D) T*x is a vertex of Py for some O <k <n; or

(2) there exist r > (m — 1)/2 distinct integers 0 <ny < --- <n, <n such that for all
(k, ) with 1 <k <€ <n, T"x lies on the interior of an edge of P.; moreover, if vy
is the direction of the open edge containing T"*x, then the image by T™ ™"k of vy is
transverse to vy.

i=1,...,m, are pairwise distinct, then either:

Proof. Let Af) ce Aihl, i =1, ..., mbe finite words as in the above statement. We show
that the failure of (1) implies (2).

Each word Af) e Ailf] defines an element of P} containing x in its closure so
mult(x, PY) > m. We assume that (1) fails. Observe that:
(i)  mult(x, Pf“) = mult(x, P_’f_) if TXx is in the interior of an element of P, or if, for

all A € P¥,
PETE(ANB(x,€)) C B forsome B € P; and € > 0;

(i) mult(x, P < mult(x, PX) +2.
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Observation (ii) uses that 771 is a piecewise affine surface homeomorphism so the preimage
of an edge may locally divide into at most two subsets of at most two of the elements of P_’fr
touching x. This implies that mult(x, P}) <1 +2#{0<k <n | T_]ﬁx is on an edge of Py }.
The lemma follows. O

Proof of Proposition 1.4. Only const - n points of T, can satisfy assertion (1) in the above
lemma. AS hmu(T+, P+) =0, their preimages in ¥'(n) are in subexponential number.
The remainder of X'(n) corresponds to points x whose orbit stays off the vertices of P
and which admit distinct sequences A’ € X/(n),i =1, ..., m, with 7 (A") = x.

Given such an x, fix 0 <nj <--- <n, <n as in point (2) of the lemma. Pick j such
that 0 <njy1 —n; <2n/(m, —1). Thus, Tj:jx is a vertex of P"i+1~"*l The number
of such vertices, for given n, is bounded by const - #Pi"/ mn=1) Taking into account the
choice of 7, the number of such xs is bounded by e2/mn)(hop(T)+En for a1 large n. Thus,
for large multiples n of p,

#X(n) < 3#X/(n) < 3@/ hop(M+en 4 3,en

As m;, — 00, this contradicts the Vere-Jones estimate (5.2), proving the lower bound (1.1)
and Proposition 1.4. O

5.3.  Entropy away from the singularities. Proposition 1.5 is a corollary of the proof of
Theorem 1 using the following result.

PROPOSITION 5.6. (Gurevi€ [17]) Let G be a countable, oriented graph. Let Gy C G
C - - - be a non-decreasing sequence of finite subgraphs exhausting G: any vertex and any
arrow of G belong to G, with n large enough.

Then lim,_; oo htop(Gn) = hmp(G)-

Proof of Proposition 1.5 In the proof of Theorem 1, one has shown that there is a
countable oriented graph G such that the corresponding countable state Markov shift whose
maximum measures have entropy /op (7).

Let G, be the finite subgraph defined by keeping only the vertices and arrows of G
which are on a loop of length at most n and based at one of the finitely many symbols
representing an element of the Markov array. The sequence G, exhausts G. The above
proposition therefore ensures that, for any € > 0, there is some Gy with topological entropy
at least hop(T) — €.

The projection of this subshift is a compact invariant subset K of M which contains
only points with infinitely many visits to the controlled set « (R) in the future and in the
past. If K met the singularity lines of T, there would be such a point x with the additional
property that Tx € dW*(Tx) or T~'x € W(T~'x). However, this would prevent any
future or past visit to k¥ (R), a contradiction.

Finally, the above construction makes the isomorphism with ¥ (G, ) obvious (it is indeed
one-to-one as K does not meet the boundary of P), but the latter is a subshift of finite type
as G, is finite. d
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A. Appendix. Bounds on metric entropy

We recall (see, e.g., [1]) some standard notation and facts about entropy and a few
consequences: (X, B, ) is a probability space; H, (P):=—) ,.pu(A)log u(A)
denotes the mean entropy of a partition (we leave implicit all measurability assumptions).
For Y C X, (u|Y)() := (u(¥Y))" (- N'Y) (zero if u(Y) = 0). For a sub-o-algebra A of
B, the conditional entropy is

H,(P|A) :=/ - Z 1alog E(14]A) dp,
X Aep
where E(-|.A) is the conditional expectation with respect to (.
First, if P is a partition, ¥ C X and A is a sub-o-algebra of A, then
H,(PVv{Y, X\ X}HA)
<H,({Y, X\ X}A) +pu()Hyy(PlA) + n(X \ Y)Hyx\v)(PlA). (A.D)

Second, the entropy of a measure can be computed as the average of the entropies given
the past. More precisely, we have the following statement.

LEMMA A.1. Let u be an invariant probability measure for some bimeasurable bijection
T : X — X. Let P be a finite, measurable partition. Then

h(T, p, P) =/ - Z 14 log E(14|P7) p(dx) (A.2)
X Aep

where with P~ is the past partition generated by T" P, n > 1.
In particular, if N(n, x, P) =#{P6171(y) |ye X and P:olo(y) = P:;o(x)} where
Pb(x) := (Ap)a<n<p with T"x € A, then

h(T, u, P) 5/ llog N, x, P) u(dx). (A3)
xn

Proof. For (A.2), see, e.g., [30, Ex. 4(b), p. 243] for entropy as an average of conditional
information.
Observe that

E(1xlog E(AA|PT)[P7)(x) = E(14|P7)(x) log E(1A| P )(x).

Hence, the integrand in (A.2) can be replaced by the above right-hand side. Equation (A.3)
now follows from the standard bound:

- Z E(AIP7)(x)log E(141P7)(x) <log#{A € PN AN W"(x) #0). O
AepPN

In combination with Rudolph’s backward Vitali lemma [31, Theorem 3.9, p. 33], this
yields the following convenient estimate.
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PROPOSITION A.2. Let u be an ergodic, o-invariant probability measure on A% with
finite alphabet A. Assume that there exist a measurable family of subsets W(A~, £) C P*
(for A~ € AZ*, £ > 1) with cardinality bounded by Ce"t and a subset 2o C AZ of
positive measure such that, for all A € Xy, there are sequences of integers a; = a;(A),
b;i = b;(A), i > 1 (depending measurably on A) satisfying
(1) limj 0 bj — a; = 00;
(2) sup; inf{|k| | k € [[a;, b; ]I} < oo;
) AyAgy1---Ap 1 €W( - Ay 2441, b — a;).
Then

h(o, u) < H.

Condition (2) above means that the intervals [[a;, b;]] do not escape to infinity: they all
intersect some [—R, R] for some R large.

Proof. To apply Rudolph’s backward Vitali lemma, we need
a;(A) <0< b;(4) (A4)

for all large enough i, for all A € ¥(. By passing to subsequences, depending on A, we can
assume the existence of the (possibly infinite) limits lim;_, o a; (A), lim;_, o b; (A) for all
A € ¥g. Assume, for instance, that lim; @; (A) = —oo and lim; oo b; (A) < O for almost
every A € X, the other cases being similar or trivial. By assumption, inf; b; (A) > —oo for
all A € ¥y. Restricting X¢ we can assume that this infimum is some fixed number b € Z.
Replacing £y by o™"?:0 34 ensures that (A.4) holds.

The Rudolph lemma implies that for any € > 0, for p-almost every A, for all large
enough integers n, one can find a disjoint cover of a fraction at least 1 — € of [[0, n[
by at most en intervals [[a;, b;]] such that A, --- Ap, € W( -+ Ay,—2A4,—1, bi — a;)
Applying (A.3) with

N(A, n) < ( " >eH" X #A".
2en

gives that h(o, u) < H + 3¢ log € + € log #.A. We conclude by letting € — 0. O

B. Appendix. Tower lifts
We study towers from a point of view closely related to that of Zweimuller [36]. Let T
be an ergodic invertible transformation of a probability space (X, u) and let B be a
measurable subset of X. A return time is a function 7 : B — N* := {1,2, ..., 00} which
is measurable and such that 7% (x) € B for all x € B with 7(x) < oo (but 7 is not
necessarily the first return time).

We are interested in lifting 7'-invariant measures to the following invertible tower:

X :={(x,w)eX x{0,1}%|w,=1 = T"x € Band
T(T"x) =minfk > 1 | oppx = 11} X, (B.1)

with f“(x, w) = (Tx, o(x)) and X « 18 the set of (x, w) with only finitely many ones either
in the future or in the past of w.
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Observe that
(x, ), (x, ) € X and w, = w,, = 1 forsome n = forall k > n, wy = wy. (B.2)

Here ()A( , ]A”) is an extension of a subset of (X, T') through 7 : X — X defined by
7(x, w) =x.

Remark B.1. The jump transformation 77 :{x € B|t(x) <oo} — B is defined by
T7(x) :=TT™(x). It is closely related to T. Indeed, T7 is isomorphic to the first return
map of Ton[l]:= {(x,w) € X | wp = 1} so any T-invariant probability measure gives by
restriction and normalization a T *-invariant probability measure (see [36]).

Such lifting requires that T be ‘not too large’ (see [36] where the classical integrability
condition is studied). Our condition is in terms of the following ‘iterates’ of t:
the functions 1, : B — N*, m > 1, are defined, as before, by 71 :=7t and t,41(x)
= T(T™™ (x)) if 7,,(x) < 00, Tyu41(x) := 00 otherwise.

Definition B.2. We say that x € X has an improper orbit if
nx):={neN|T"xeBandVm > 1, 1,,(T " x) < 00} is finite. (B.3)

We say that x € X has 7-gaps for some 0 <t < oo if x has an improper orbit or if there
exist two integer sequences (ny)ren and (my)ren, mgx > 0 for all & > 0, such that

forall k > 0, 7, (T"*x) > max(t - my, k) and

sup min{|i| | i € [nk, ng + T, (T"x)]} < 00.
k>1

A measure has eventually bounded gaps, if for some t < 0o, the set of points in X with
t-gaps has zero measure.

Note that t(7"x) = oo, for a single n, implies that x has 7-gaps for any ¢t < oo.

PROPOSITION B.3. Let T : X — X be a self-map with a return time t : B — N*. Then:

° every T-invariant ergodic probability measure | with eventually bounded gaps can
be llfted to a T-invariant ergodic probability measure on X;
° any T-invariant, ergodic probability measure [i is a finite extension of the T-

invariant measure 7 ([1).

Proof of Proposition B.3. We first prove the existence of a lift for  like above. We follow
the strategy of [36] and [24] (which was inspired by constructions of Hofbauer) and define
the following non-invertible tower to obtain a convenient topology:

X::{(x,k,r)eXxNxN|EIyeBr(y):r, k<1:andx:Tky},
T(x, k,t)=Tx),k+1,0)ifk+1<¥, (T(x),0, t(T(x))) otherwise.
For any integer K, we write Xk :={(x,k,1)eX |k=K)}, 5(51( = kaK Xi and
define 7 (x,k, t)=x. Observe that 7 oT =T o7 and that ()A(, YA“) is a natural

extension of ()~( , f) through (x, w) — (x, k, £) with k > 0 minimal such that w_; = 1 and
{= r(T_kx). Hence, it is enough to lift u to X.
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Fix ¢ < oo such that the set of points of X with 7-gaps has zero pu-measure. Let fig be
the probability measure defined by

o({(x, 0, t(x)) | x € A}) = u(A) for all Borel sets A

(sets disjoint from those above have zero fip-measure). We have 7 (i9) = p but, except in
trivial cases, Ty Lo 7 Lo SO we consider

1 n—1
~ ~k ~
MUn = — Z Mo
=0
and try to take some accumulation point 2. We identify [, with its density with respect
to floo, the o-finite measure defined by

foo({(x, k, T(T™*x)) |x € Aand k < T(T % x)}) = w(A N {r > k})
for all Borel sets A C B and all k > 0. As 7 (fi,) = u, we must have
—de” <1.
dileo
Using the Banach—Alaoglu theorem, i.e. the weak star compactness of the unit ball of

L>®(fiso) as the dual of L'(fis), we obtain an accumulation point of the fi,, i.e. a
measure & on X with dji/d[ix < 1 such that, for some subsequence n; — o0,

forall f e L' (fiso), Jim /fd;lnszfd;l. (B.4)

Observe that /i is T-invariant: indeed, (B.4) together with the T-invariance of x implies
thatdfi o T~'/dji < 1 whereas i o T~ (X) = ji(X) so the previous inequality must be an
equality fi-almost everywhere.

This invariance and the ergodicity of p implies that 7 = o for some 0 <« < 1. It
remains to prove that (it # 0 so that it can be renormalized into the announced lift of w.
Assume by contradiction that 7 = 0. Hence, for any L < oo,

1 ~ ~
f Ly, ditn, =f —#0 <k < | TH(x, 0, 7(x)) € R ) dpp — 0.
= ng -
So, possibly for a further subsequence,

1 - ~
—#{0<k <ng| Tk(x, 0,7(x)) e X<} - 0 p-almost everywhere. (B.5)
ni

Now,
#0<k<n| Tk(x, 0, 7(x)) € Xo} < €n => ten(x) > n.

Hence, (B.5) implies that x (in fact, any of its preimages in the natural extension) has
t-gaps for all ¢+ > 0, contradicting the assumption on u.

We now show that any T -invariant, ergodic probability measure /i is a finite extension
of 1 := 7 (f1). By definition of X, ([1]) > 0 where [1] = {(x, ) € X : wp = 1}. Assume
that there is some positive measure subset S C X , and some number K of measurable
functions:

o', 0K s {0, 1}
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0
(a) b)

FIGURE 6. Geometry of: (a) a continuous piecewise affine map with (7, P) > hiop(T) =0; (b) a
discontinuous piecewise affine map with no maximum measure.

such that, forall x € S, (x, @' (x)) € X, »' (x) # @/ (x) fori # j and, forall j =1, ..., K:

lim l#{0 <k <n|ol,(x)=1}=a(1)).

n—o0o n

If K-a([1]) > 1, then, for almost every x € S, there exist two distinct indices j,
j e{l,..., K} and arbitrarily large integers n; — oo such that a)ink (x) = a)j_./nk (x).
However, this implies ol (x) = w’ ,(x) by (B.2). The contradiction proves K < [L([l])_1 <
00: [1 is a finite extension of L. O

C. Appendix. Examples
C.1. Positive multiplicity entropy

Example 1. (Buzzi [6]) There exists a continuous, piecewise affine surface map (M, T, P)
with (T, P) > 0 and hp(T) = 0.

Consider some triangle ABO in R? with non-empty interior and let M, A’, B’ be the
middle points of [AB], [AO], [BO] (see Figure 6(a)). Let T be affine in each of the
triangles 7o := AM O and 71 := BMO with T(0)=0,T(A)=T(B)=A',T(M)=B'
so that T: ABO — ABO is conjugate to (8, r) — (1 —2|6|,7/2) on (—1, 1) x (0, 1).
Take P = {19, 71} as the admissible partition.

We have hpu (T, P) =log 2 (because all words on {79, 71} appear in the symbolic
dynamics and the corresponding cylinders contain O in their closure). On the other hand,
the only invariant probability measure is the Dirac supported by O, hence hp(T) =0 as
claimed.

Example 2. (Kruglikov and Rypdal [25]) There exists a piecewise affine homeomorphism
(M, T, P)withdim M =3 and hpu(T, P) = hyp(T) > 0.

Let ([0, 113, T, P») be a piecewise affine homeomorphism with non-zero topological

—

entropy. Consider the pyramid M := [0, 1]*> where A denotes the convex subset of R3
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generated by O := (0, 0, 0) and A x {1}. Define T : M — M as the piecewise affine map
with partition P := {Z\ {O}]| A€ Py} such that T(O)=0, T(x,y,1)=(Tr(x,y),1)
for each vertex (x,y) of P,. Observe that hyp(T) = hiop(12) and that T has an
obvious measure of maximal entropy carried by the invariant set [0, 1]* x {1}. Finally,
considering 7" around (0, 0, 0) it is easy to see that Amui (T, P) = hiop(12) = hiop(T).

Example 3. There exists a piecewise affine homeomorphism (M, S, P) with dim M = 3,
hmult(sa P) > 0 and htOp(S) =0.

Define S from the previous example T by S(x, y, z) := T (x, y, z)/2 on the pyramid M
so that 0 is a sink. To make S onto, add a symmetric pyramid M~ whose summit is a
source.

C.2. No maximal entropy measure

Example 4. There exists a piecewise affine surface (M, T, P) discontinuous map T such
that there is no maximum measure. More precisely, there exists a sequence of invariant
probability measures w, with

lim h(T, wy) = hiop(T) >0
n—0oo

but u, converges weakly to an invariant Dirac measure.

Remark. The above formulation excludes trivial examples like 7 : [0, 1] — [0, 1] with
T(x)=1/4+4+x/2 for x > 1/2 and T(x) =x 4+ 1/2 for x < 1/2 which has no invariant
probability measure.

Let T be a piecewise affine map defined on the triangle XY O with O = (0, 0),
X=(-2,2)andY =(2,2). Let A=(—1,1), B=(1,1) and M = (0, 1), and A" = A2,
B’ = B/2 and M’ = M2 (see Figure 6(b)). We require that:

(1) T|XYBA is the identity;

2) T:AMO — A'B'OisaffinewithA+— A", M — B, O — O;

B T:MBO—YXOisaffnewithM+—Y,B— X,0+ O.

It is easy to see that hop(T) =log 2. We claim that sup,, 2(T, ) =log2. Clearly the
supremum is bounded by A (f). Conversely, for any & < log 2, one can find an invariant
measure on the full shift (o, {0, 1}Y) such that w([1X]) =0 for some K = K (h) < oo
with h(o, n) > h. It is then easy to construct an isomorphic 7T'-invariant measure (with
support included in y < yo for any given 0 < yp < 1), proving that sup,, h(T, ) > log 2.
The equality follows from /Ap(T) = log 2. The same observations allow the construction
of the sequence 1, with the claimed properties.

On the other hand, assume that p is an invariant and ergodic probability measure
with A(T, u) =2. Here p must be supported on y < 1. Hence, the map 7 that sends
a point of R? to the ray from the origin that contains it maps (T, i) to (f, T.u) where
f:0—1-2|6| on [—1, 1]. The fibers of 7 are contained in line segments originating
from O on which T is linear, hence they have zero entropy and 7 is entropy-preserving [3].
This implies that m,u is the (1/2, 1/2)-Bernoulli measure. Using, say, the central limit
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theorem, we obtain that, for p-almost (x, y) € AB O, there exists a positive integer n such
that

n  |logy|

2 2log2

so that T (x, y) € XY BA for some m < n, contradicting the invariance of the measure:
there is no maximum measure.

#HO<k<n| ffr@x, y) <1/2) <

Example 5. There exists a continuous, piecewise quadratic surface map T such that for
any invariant probability measure pi:

h(T, n) <sup h(T, v).
v

On the rectangle [1, 2] x [—1, 1], consider T (x, y) := (x, Tx(y)) with

x(2—x)
2
x(2—x)
-
For each 1<x <2, [—1,1] is mapped into the Ty-forward invariant segment
[—x(2 —x)/2, x(2 — x)/2] on which T has constant slope x. Hence, hp(Ty) =log x
for x # 2. Clearly, T (2, y) = (2, 0) 80 hiop(T2) = 0.

—x|y| if|y|<2—x,
Tx(y) =
otherwise.

C.3. Infinitely many maximal entropy measures

Example 6. There is a piecewise affine continuous map (respectively homeomorphism)
of [0, 1]%> (respectively [0, 1]*) with uncountably many ergodic invariant probability
measures with non-zero, maximal entropy.

Indeed, such examples are trivially obtained from piecewise affine maps on [0, 1] or
homeomorphisms on [0, 1]> with non-zero topological entropy by taking a direct product
with the identity on the unit interval. It is the low dimension (one for maps, two for
homeomorphisms) that prevents the existence of such indifferent factors and ensures the
finite number of maximum measures under the simple condition of non-zero topological
entropy.
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