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The connection between the discrete and the continuous coagulation—<ragmentation
models is investigated. A weak stability principle relying on a priori estimates and
weak compactness in L' is developed for the continuous model. We approximate the
continuous model by a sequence of discrete models and, writing the discrete models
as modified continuous ones, we prove the convergence of the latter towards the
former with the help of the above-mentioned stability principle. Another application
of this stability principle is the convergence of an explicit time and size discretization
of the continuous coagulation—{ragmentation model.

1. Introduction

Coagulation and fragmentation processes arise in the dynamics of cluster growth
and describe the mechanisms by which clusters can coalesce to form larger clusters
or break apart into smaller pieces. In the simplest coagulation—fragmentation mod-
els, the clusters are usually assumed to be fully identified by their size (or volume
or number of particles), which might be either a positive real number (continuous
models) or a positive integer (discrete models), depending on the physical context.
Though the relationship between the discrete and the continuous models has been
considered by some authors (see the survey paper [11, p. 127] and [1,5,6,36]), their
analysis is either performed at a formal level [1,11] or their approach is restricted
either to a particular fragmentation model (scaling technique [36]) or to the coag-
ulation model (via measure-valued solutions) in [6]. The aim of this paper is to
provide a rigorous setting for the formal analysis performed in [1,11] under general
assumptions on the coagulation and fragmentation coefficients. A related approach
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motivated by the study of a numerical scheme is developed in [5] for the coagulation
equation with very restrictive assumptions on the coagulation coefficients.

The coagulation—fragmentation models we consider in this paper describe the
time evolution of the cluster size distribution as the system of clusters undergoes
binary coagulation and binary fragmentation events. More precisely, denoting by
C, the clusters of size z with z =y € Ry = (0,+00) or z =4 € N\ {0}, the basic
reactions taken into account herein are

C.+Cy o2, C,+. (binary coagulation)
and
C, M C,_ + C, (binary fragmentation),

where a and b denote the coagulation and fragmentation rates, respectively, and
are assumed to depend only on the sizes of the clusters involved in these reactions.

In the continuous setting, denoting by f(t,y) the size distribution function at
time ¢, the continuous coagulation—fragmentation equation (hereafter referred to as
the CCF equation) reads

% =Q(f), (t,y) €(0,+00) xRy, (1.1)

F0,9)=f"(y).  yeRy. (12)
Here, the coagulation—fragmentation reaction term Q(f) is given by

Q(f) = Q1(f) — Q2(f) — Qs(f) + Qa(f), (1.3)
with

QW =3 [ a'y =156

0

[NO) I )

Q2(f)(y) = /0 oy — o) dy' (),

Qs(F)(w) = L) F (). with L(f)(y) = /0 T aly. ) i) dy,

Qu()(y) = /0 T b )y + o) dy.

The meaning of the different contributions to the reaction term Q(f) are the
following. Q1 (f) accounts for the formation of clusters Cy by coalescence of smaller
clusters and Q2 (f) for the breakage of clusters Cy, into two smaller pieces. The term
Qs3(f) describes the depletion of clusters Cy by coagulation with other clusters,
while Q4(f) represents the gain of clusters Cy as a result of the fragmentation of
larger clusters.

In the discrete setting, the size distribution function ¢;(t) of clusters of size
i € N\ {0} (or i-clusters) at time ¢ > 0 obeys the following system of discrete
coagulation—fragmentation equations (hereafter referred to as the DCF equations),

dCZ‘

i Qi(c) in (0,+00), ¢;i(0) =M, (1.4)
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for ¢ > 1, where

Qi(c) = Q1,i(c) — Q2,:(c) — Q3,i(c) + Qus(c),
with

i—1
1
Qui(e) = 3 D dijcioics
j=1
Q2i(c) = 5 > bisjscis
Qs.i(c) = Li(c)c;, with Li(c) = Z a; jCj,
j=1

Qu,i(c) = Z b; jCitj-
j=1

The reaction terms @y ;(c) have a similar meaning to that of Qx(f), k € {1,...,4}.
In fact, the DCF equations (1.4), (1.5) were originally derived by Smoluchowski [30,
31] without the fragmentation term (b; ; = 0) to describe the coalescence of colloids
moving according to a Brownian movement. It had subsequently been extended to
the continuous setting by Miiller [26] (see also [11] for a more detailed historical
viewpoint). Since then, both the DCF and CCF equations have been used in a
wide variety of physical and biological situations, including aerosol physics (rain
drops formation, etc.), polymer chemistry, astrophysics (formation of the stars and
the planets), hematology or population dynamics (animal grouping). The choice
of the size range (N \ {0} or R4 ) is then peculiar to the scale of the phenomenon
to be described, but also depends on the desired level of description (so that both
equations may be used to model the same phenomenon but at different scales). It
thus seems to be relevant to investigate precisely the connection between the two
approaches.

We now present the main idea upon which our approach is built. We actually
adapt a method introduced for the Boltzmann equation in [25] (see also [28] and the
references therein for further developments) and show that solutions to the DCF
equations satisfy a ‘modified’ CCF equation. More precisely, let us start with a
solution ¢ = (¢;) to the DCF equations (1.4), (1.5). For any sequence (¢;) of real
numbers (decaying sufficiently rapidly for large values of i € N), we have

d oo 1 oo
T Z Civi = 5 Z (@ijeic; — bijCivi)(Pit; — i = ©;5)- (1.6)
i=1 i,j=1

Note that (1.6) is a weak formulation of the DCF equations (1.4), (1.5) and may
be taken as the definition of a (weak) solution to the DCF equations (1.4), (1.5).

In order to interpret (1.6) as the weak formulation of a ‘modified’ CCF equation,
we introduce some notations. We fix € € (0, 1) and define

oo

felty) =D at)x (v) (1.7)

i=1
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and
oo i oo b
ac(y) = D = WGW), b)) = D IEWNG), (1)
ij=1 ij=1

for (t,y,y’) € R, where we have set
Af = [(l - %)57 (l + %)E)v Xf = ]-Afv 121 (19)

Next, for ¢ € D(R), we define the sequence (p.) of functions by

1
Z%xz o = —/ ¢(y) dy. (1.10)
e A
Finally, for any e-step function g, that is, g is a measurable function from R to R
such that
= Zgixf(y), gi € R, (1.11)
we define
T(9)(w,9) = D g WX, (v:y') € RL. (1.12)
ij=1

Let us emphasize here that T.(¢)(y, y’) must be seen as an approximation of g(y+y’)
(see lemma 4.1 below).

With these notations, we are in a position to write an alternative formulation
of (1.6) in terms of the new functions fe, ac, b and ¢., which reads

G| reear=g [ [ b )@ o) o - ) vy (113
Here and below, we use the following notation:

9=9),9 =9() and ¢"=gy+vy).

We first prove that, under some growth conditions on a;; and b;j, (f:) lies in a
weakly compact subset of L!((0,T) x R, ) for each T > 0. Consequently, there exist
f €Ll ([0,00) x Ry) and a subsequence of (f.) (not relabelled) such that

fo — f weakly in L*((0,T) x Ry) for each T € Ry. (1.14)
Now, if there are some functions a and b such that
a: —a, b.—b ae. and weakly in L{ (R?%), (1.15)

we are able to pass to the limit in (1.13) and obtain that f satisfies

d >~ _ 1 > >~ ! 1 1" / !
T | tew=g [T s —brer - - oy (1.16)

in D'([0, +00)) for any ¢ € D(Ry). In other words, f is a (weak) solution to
the CCF equation (1.1)—(1.3). To be more precise, we actually proceed as follows.
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Given coagulation and fragmentation rates a and b, we construct a family of dis-
crete kinetic coefficients (af ;) and (b5 ;) in such a way that (1.15) holds and thus
establish the expected connection between the DCF and CCF equations. In fact, as
for the Boltzmann equation, the underlying idea is somehow a stability principle;
the weak L'-compactness of sequences of solutions to the CCF equation is also
enjoyed by sequences of solutions to suitable perturbations of the CCF equation.
In particular, the DCF equations (1.4), (1.5) are such a perturbation. Further-
more, it turns out that an Euler explicit time discretization of the DCF equations
also fits into the framework developed in this paper and the convergence of this
scheme towards a solution to the CCF equation is studied below. Let us mention at
this point that, although several numerical simulations of the CCF equation have
been performed with various deterministic or stochastic numerical methods (see, for
example, [3,10,14,18,24,27,29] and the references therein), convergence proofs have
only been supplied recently and we refer the reader to, for example, [8,13,14,17,29]
for the analysis of stochastic algorithms. As for deterministic numerical schemes,
the only result we are aware of concerns a time-explicit Euler scheme for the dis-
crete coagulation equations (b; ; = 0), which is shown to converge for bounded
coefficients (a; ;) [29]. Within our approach, such a restriction is not necessary and
the convergence of the time-explicit scheme presented below is valid under fairly
general assumptions on the kinetic coefficients a and b.

Let us now briefly outline the contents of the paper. The construction of the
sequence of DCF equations approximating the CCF equation is described in the
next section, where our convergence results are also stated. Let us emphasize here
that, besides the connection between the DCF and the CCF equations, we also
establish new existence results for the CCF equation as a byproduct. The a priori
estimates guaranteeing the weak compactness of (f.) in L! are gathered in § 3, while
the passage to the limit is performed in §4. As already mentioned, our approach is
quite general and we discuss several extensions in the next sections. In § 5 we show
how a similar approach allows us to obtain the convergence of a time-explicit Euler
scheme. In the remaining sections we outline how one can handle other classes of
coagulation and fragmentation rates (§6) and how our method may be applied to
the coagulation—{ragmentation equations with diffusion (§7). We finally discuss in
the appendix the equivalence between two seemingly different notions of solutions
to the CCF equation.

2. Main results

Throughout the paper we make the following symmetry and growth assumptions:

a(y,y) =a(y,y) and bly,y)=0b"y), (v,y)<ER]; (2.1)
0<aly.y), byy)<AL+y)(1+y), (1y)eR] (2.2)

Note that (2.2) is physically natural for the coagulation rates and encompasses
unbounded fragmentation rates. In fact, it can be slightly relaxed (see §6). Under
the sole bound (2.2), we do not know if the analysis presented herein is still valid.
Furthermore, it is an open problem to prove the existence of a solution to (1.1)—
(1.3) under the two assumptions (2.1), (2.2). One actually needs to make some
additional structural assumptions on a and b [15, 16, 19], or to impose stronger
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growth conditions [12,33]. Here, we relax the assumptions made in [33] and make
the following growth assumption. For each R € R, there holds

/ b /
lim  sup _a(y,y) = lim sup _(y,y):

/ / / / 0. (2.3)
y'—=+tooye(o,R) Y Y —=toyco,R) Y

For example, equation (2.3) holds if the kinetic coefficients satisfy

a(y,y'),b(y,y') < AQ+y*)(1 + (¥')*)

for some A € Ry and a € [0, 1).
We also assume

e Li(Ry):= L*(Ry; (1 +y)dy) and is non-negative a.e. (2.4)

We may now introduce the approximating DCF equations of the CCF equation.
We fix ¢ € (0,1) and define the discrete kinetic coefficients af ; and b5 ; for i, > 1
either by

1 1

ai ;== / a(y,y')dy'dy, b5, == / b(y.y') dy'dy, (2.5)
& Jasxas & Jasxas

or by

a; ;= eal(ei, ej), v, = eb(ei, ej) (2.6)

if a and b are continuous functions. In both cases, it readily follows from (2.1)—(2.3)
that the discrete kinetic coefficients satisfy the symmetry condition

a;j=a5,; and bf; =105, i,j€N\{0}, (2.7)

2] J»t

and the growth conditions

0<aj, b <Ae(l+ei)(l+ej), 4,5=1, (2.8)
and
€. c
lim — = lim —=L =0, i>1. (2.9)
j—+oo j Jj—+oo ]

We also define the discrete initial data ¢™¢ by
) 1 )
;" == / ffly)dy, i>1. (210)
€ Jas

Notice that, by (2.4), we have

i<z [T 21
i=1 0
and
s de< [T rwa 212
i=1 0
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We then consider a solution ¢® = (¢§);>1 to the DCF equation with kinetic coef-
ficients (af ;) and (b7 ;) and initial datum c;". As established in [21,32], such a
solution ¢ exists and satisfies

D i (t) <> e, t>0. (2.13)
=1 =1

We are now in a position to introduce the continuous formulation of the discrete
quantities ¢, af ;, b ; and define the new functions f. by (1.7) (with ¢f instead
of ¢;) and a., b by (1.8) (with af ;, bF ; instead of a;j, b; ;). Notice that, with
these notations, a. and b. satisfy (2.1) and the growth conditions (2.2) and (2.3)
uniformly with respect to ¢ € (0, 1). Namely, for any R € R, there exists a bounded

function wr (M), which decreases to zero as M — +oo and such that

€ / bE /
sup  sup %jy) + sup sup M <wgr(M) (2.14)
v>Myc(O,R) Y y>Mye(O,R) Y
and
a: —a, b.—b ae. and weakly in L{S (Ry). (2.15)

Notice also that f. satisfies
/ fet,y)dy =) c§(t) and / felt,y)ydy =) ics(t). (2.16)
0 i=1 0 i=1
Before stating our result, let us make precise the notion of a solution to (1.1) to

be used in the sequel.

DEFINITION 2.1. Assume that a and b satisfy (2.1), (2.2). We say that f = f(t,y)
is a weak solution to the CCF equation (1.1)-(1.3), with the initial datum f*
satisfying (2.4), if

0< feL®0,T;L}(R;)) foreach T € R, (2.17)

and (1.1) holds in D’([0, +00) x Ry), that is,

/OOO /OOO faa—zf dydt+/ooo (0, ) dy = /OOO /OOO Q(f)e dydt (2.18)

for any ¥ € D([0, +00) x R4).

Note that the boundedness assumptions (2.2) and (2.17) guarantee that the reac-
tion terms Qy(f) belong to L((0,T) x (0, R)) for any k € {1,...,4}, T € Ry and
R € Ry. In particular, the last term in (2.18) makes sense.

Another possible definition of solution is the following.

DEFINITION 2.2. Assume that a and b satisfy (2.1), (2.2). We say that f = f(t,y)
is a mild solution to the CCF equation (1.1)-(1.3), with the initial datum f*
satisfying (2.4), if

0< fec(0,400); LY(Ry))NL®(0,T; LI (Ry)) foreach T € Ry,  (2.19)
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with f(0) = fi* and (1.1) holds in the mild sense; for 0 < to < t;, there holds

ftr) = f(to) = [ QUG D acin Ry, (2.20)

C

Here again, equation (2.20) makes sense thanks to the bounds (2.2) and (2.19). At
first glance, it may seem that being a mild solution in the sense of definition 2.2 is a
stronger notion of a solution than being a weak solution in the sense of definition 2.1.
In fact, we prove in the appendix that these two notions are equivalent.

Our first result makes precise the connection between the DCF and CCF equa-
tions.

THEOREM 2.3. Assume that a and b satisfy (2.1)-(2.3) and that f™ satisfies (2.4).
The family (f.) of approzimate solutions being defined above, there exists a weak
solution f to the CCF equation (1.1)—(1.3), with the initial datum f™, such that,
extracting a subsequence if necessary,

fe — f weakly in L'((0,T) x Ry) for each T € Ry. (2.21)

Obviously, if the weak solution to the CCF equation (1.1)—(1.3) is unique, it is
the whole family (f.) that converges. This is, in particular, the case when

a(y,y') < K(L+y)?(L+y)"?
/y(l +y)Pb(yy — o) dy < K(1+y)"?
0
for (y,y') € R% and some constant K > 0 [34]. Another uniqueness result may be
found in [12].
REMARK 2.4. We have actually the stronger convergence
fe— [ ([0, Thw— L' (Ry))

for every T € R, where C([0,T];w — L'(R,)) denotes the space of weakly contin-
uous functions from [0, 7] in L!(Ry).

The conditions made on a and b may be relaxed in several directions and we
refer to §6 for precise statements. A case of some particular interest is the case of
sublinear coagulation coefficients, namely

a(y,y') < Ao(l+y+y), (v.¢)€R], (2.22)
for some Ay > 0. In this case, we have the following result.

THEOREM 2.5. Assume that a and b satisfy (2.1), (2.2) and (2.22) and that f'* sat-
isfies (2.4). With the kinetic coefficients (a5 ;) and (b5 ;) being still defined by (2.5)
or (2.6), we denote by ¢® a solution to the corresponding DCF equations (1.4),
(1.5), with initial datum ¢ = (™) given by (2.10) satisfying

D ic(t) = ™, te0,+00) (2.23)
=1 i=1
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(the existence of such a solution follows from [4]). Putting

oo

folty) =) X W), (ty) €RI,

i=1

as before, there exists a weak solution f to the CCF equation (1.1)—(1.3) with the
initial datum f™ such that, extracting a subsequence if necessary,

fe — f weakly in L'((0,T) x Ry; (14 y)dtdy) for each T € R, (2.24)
and - -
/O ft.y)ydy = /O ™ ylydy  fort>0. (2.25)
Here again, the convergence (2.24) may be improved to
fe= [ mC(0,Thw— L' (Ry; (1 +y) dy))

for every T' € R4. A byproduct of theorem 2.5 is the existence of solutions to the
CCF equation satisfying (2.25) under only assumption (2.4) on the initial data fi.
Stronger assumptions on fi* are required in the analysis of [12] and theorem 2.5
thus extends the results of [12] for fragmentation coefficients satisfying simultane-
ously (2.2) and the growth conditions of [12].

3. A priori estimates

In this section we consider the family of discrete kinetic coefficients (af ;) and (b5 ;)
defined by (2.5) or (2.6). We are going to establish several estimates on f. defined
by (1.7), which are uniform with respect to e > 0 and ultimately imply that (f.) lies
in a weakly compact set of L. Let us emphasize here that the estimates derived in
this section are valid under the sole assumptions (2.1) and (2.2) and, in particular,
do not rely on (2.3). We put

M= /Ooo () +y) dy.

In the following, we denote by C' any positive constant depending only on A and
M. The dependence of C' upon additional parameters will be indicated explicitly.

LEMMA 3.1. For anyt > 0, there holds

/0 fe(t,y)ydy < 2M. (3.1)

Proof. By (2.11), (2.13) and (2.16), we have
[ rtama=2Y iw <2y <2 [
0 i=1 i=1 0

whence (3.1). O
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LEMMA 3.2. ForT € Ry, R€ Ry andt € [0,T], we have

R
/0 J(t,y) dy < C(T, R). (3.2)

Proof. Let m be the integer such that me < R < (m+ 1)e. We infer from (1.6) and
the non-negativity of bf ; and ¢ that

m+1 0o m+1 oo
£
dt E ec; < 5 E ” C; j Litj<mt1 — Licmer — ]<m+1) +e E E b” itj
t,j=1 =1 j=1

m-+1

oo
E ecy, E bS -
k=1

—1

It follows from (2.8) that, for any k >

m-+1 m—+1
Z b5y <A e(l+ei)(1+ck) < Cr(l+ck).
i=1

Therefore, we have

d m-+1 m—+1
dtZECf CRZECk 1+¢k) < (Z 5c§—0—2M>.
i=1

k=1

Using the Gronwall lemma yields

m-+1 m-+1 )
Y e (t) KCR,T) D ec™* (3.3)
i=1 i=1

for any ¢ € [0, 7] and we conclude, thanks to (2.12) and (2.16). O

LEMMA 3.3. Let & € C!([0,+00)) be a non-negative convex function such that
@(0) =0, ¢'(0) =1 and &' is concave. If

Ly [T o) dy < . (3.4
there holds R
| ottty < o R)Eo +a1) (35)
for eacht € [0,T], T € Ry and R € R,.
Proof. We first recall that the properties of @ imply that
ud' (v) < B(u) + P(v), wu,v=0. (3.6)

Indeed, owing to the convexity of @ and the concavity of @', we have v®'(v) < 2P(v)
by [20, lemma A.1], and the convexity of @ further entails that

ud' (v) < B(u) — P(v) + v¥ (v) < D(u) + D(v).
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We denote again by m the integer such that me < R < (m + 1)e. We infer
from (1.4), (1.5), (3.6) and the non-negativity of af ., b5, and ¢ that

7,70 Vi,
dm+1 m-+1
e D ed() <e Z () + Q1.:(c) ¥ (cf)
i=1
m—+1i1—1 m+1 oo
1
\Egzzafmfjcjél €)+5zzbwz+y¢/ (c?)
=1 j=1 =1 j=1
m—+1i1—1
\%Ezzafm )+¢( ))J
=1 j=1

(e’ m+1

FED Y Hai(@(1) + ().

Since we have

sup a;; <C(R)e and  sup b5, , < C(R)e(l +¢k),
ij<m+1 i<m+1l

by (2.8), for any k > 2, we get

73, sy <o (5 o) (8 )

=1

+C(R) (i e(1+ gk)c;> <m§ e(B(1) + @(cg))> .

k=1 i=1

Therefore, using lemma 3.2 (and, more precisely, equation (3.3)) and equations
(2.16) and (3.2), we obtain

d m-+1 m—+1
T Z ed(c5) < C(T, R) (; ed(c5) + (R+ 1)@(1))
for any t € [0, 7], from which we deduce that
m-+1 m-+1 )
> ed(ci(t) < C(T, R) (@(1) + g@(c;“v€)>
i=1 i=1
by the Gronwall lemma. Finally, the Jensen inequality ensures that
m-+1 m—+1
Z m E Z / fm y) sz,
i=1
and thus
R m-+1
[ etaay<ey. o) < CTR@O) + Lo
0 i=1
which completes the proof of (3.5). O

https://doi.org/10.1017/50308210500002080 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500002080

1230 P. Laurencot and S. Mischler
LEMMA 3.4. There ezist f € L2, ([0,+00); LY(Ry)) and a subsequence of f. (not
relabelled) such that, for any T € R4,

fo = f weakly in L'((0,T) x R,). (3.7)

Proof. Since fin € L'(R,), it follows from a refined version of the de la Vallée—
Poussin theorem [9,23] that there exists a function @ fulfilling the assumptions of
lemma 3.3 and such that @(r)/r — +oo as r — +oo and

/ O(fM)dy < oo.
Ry

Gathering lemmas 3.1, 3.2 and 3.3, we conclude that

sup sup{ | asnra [ ’ ¢(fe)dy} < oo (3.5)

>0 [0,T]

for any R € Ry and T' € R4, which implies that (f.) lies in a weakly compact subset
of L*((0,T) x (0, R)) by the Dunford-Pettis theorem. We deduce that there exists
f = 0 such that (3.7) holds true. Moreover, thanks to (3.8), f € L>(0,T; L1(Ry)).

O

We now state a fourth a priori bound which will be useful to pass to the limit
in the (quadratic) coagulation terms.

LEMMA 3.5. For anyT € Ry, R € Ry and ¢ € L*°(0, R),

R
/ f-Coy)(y) dy  is bounded in W (0,T). (3.9)
0

Proof. We define the sequence 95 from v by (1.10) and denote by m the integer
such that me < R < (m + 1)e. We infer from (2.8) that

R
ol RO

d m-+1

dt Zl ewe
m+11

<e D Qi)
=1

m—+1 oo oo m+1
< el (30 S at i+ ek E )
i=1 j=1 k=1 =
00 m+1
<%Allwllm{<z 1+sz)c> Z sk)ci<2(1+5€)5>}
=1 k=1 =1

and the right-hand side of the above inequality is bounded in L>°(0,7) by lem-
mas 3.1, 3.2 and equation (2.16). O
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Combining lemma 3.5 and (3.8), we obtain the convergence of (f¢) towards f
in a stronger topology. Notice, however, that this stronger convergence will not be
used in the proof of theorem 2.3.

COROLLARY 3.6. The convergence (8.7) may be improved to
fe— f incC([0,T);w— L'(Ry)). (3.10)

Proof. Fix R € R,. On the one hand, (f-(t)) lies in a weakly compact set of L'(0, R)
by (3.8). On the other hand, lemma 3.5 ensures that (f.) is weakly equicontinuous
in L1(0, R) at every t € [0,7] (in the sense of [35, definition 1.3.1]). Consequently,
according to a variant of the Arzela—Ascoli theorem (see, for example, [35, theo-
rem 1.3.2]), the sequence (f.) is relatively compact in C([0,T];w — L*(0, R)). This
last fact and (3.8) then entail (3.10). a

4. Passing to the limit

The proof of theorem 2.3 is split into two steps. We consider a function ¢ €
D([0,40) x Ry) and define the e-step function ¢ (t) by (1.10) for each ¢ > 0.
We first infer from (1.4) and (1.5) that f, satisfies the following equation:

/OOO /OOO feaasie dydt+/ooo £(0)¢-(0) dy

1 oo oo oo , ) /
- _5/0 /O /O (acfefl = bTo(f))(Te(pe) — e — ¢L) dydy'dt.  (4.1)

STEP 1 (convergence results). We prove several convergence results, which will be
needed to pass to the limit in (4.1). We begin with two elementary convergence
results for test functions.

LEMMA 4.1. The sequence (p.) satisfies
Ye =@ strongly in L°°(R32), (4.2)
Te(pe) = {(ty.y) = oty +y)}  strongly in Lo([0,+00) x R).  (4.3)
Proof. For any fixed t,y,y’ € Ry, we have

To(pe)(t,y,9') — @ty + 4]

Z X5 (W)X (y) = / ¢(t,2) — oty +y') dz

1,j=1
< sup ‘QD(t,Z) _QD(t,y—.—y/)‘
ly+y' —z|<2e
Oy
< 2 sup 8_(t’ z)
and (4.3) follows. Assertion (4.2) may be proved in the same way. O
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LEMMA 4.2. For any ¢ € C}(RY), we define two functions S-(v) and S(¢) in
L>(R%) by

s =Y w@t [ [ seeha, @)

fo—g X 45
Sw)e2) = [ vtz =y (45)
There holds
S () £=0, S() strongly in L"O(Rf_). (4.6)

Proof. Fix (t,z) € Ri, € > 0 and let k be the integer such that
(k—3)e<z< (k+3)e
Either £k =0 or k =1 and
|(S= () = S, 2)| = [S@)(E, 2)| < 2|9 Lo

Or k > 2, and we easily compute
z k—1
1 ! !
(S() = Sc()(t.2) = | vtz —y,y)dy =D~ | V(yy) dydy
0 j=1 k—j %45

e/2 z

k—1/2)e

+Z [ ez = v - vte. o= esen)dy

k—1
1
€ k= j)esej) = ) dydy’.
+jz=;5//Ai_ij§(w(t’( Je,ej) = v(t,y.y')) dydy

This implies that

sup [(S(¢) = Se(¥)(t 2)| < @Yl + 2LV L~ )e,

(t,z)e]Ri_
where L > 1 is such that supp¢ C [0, L — 1]3. Then (4.6) readily follows. O

Let us recall the following lemma, which is a classical consequence of the Egorov
and Dunford—Pettis theorems (see, for example, [22, lemma A.2] for a proof).

LEMMA 4.3. Let U be an open subset of R™, m > 1, and consider two sequences
(vn) in LY(U) and (w,) in L= (U) and two functionsv € L*(U) and w € L=(U)
such that

v, — v weakly in L*(U),

|lw,| <C  and w, —w a.e.
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for some C > 0. Then
lim |Jv,(w, —w)|[zr =0 and wvow, — vw weakly in L' (U).
We are now in a position to prove convergence results for the sequence (fe).

LEMMA 4.4. The sequence (f.) satisfies the following conditions. For any T € R
and R > 1, we have

f(t)f=(ty') = F(t,y) f(ty))  weakly in L'((0,T) x (0,R)?),  (4.7)
T.(fo)(ty,y') = ft.y+y')  weakly in L'((0,T) x (0, R)?) (4.8)

R %)
'T.(f.)dy' | dy < C(T, R). ,
[sou%/o </O y'T(fe) y> y < C(T,R) (4.9)

Proof. We split the proof into three steps.

and

STEP 1 (we prove (4.8)). On the one hand, let @ be the function introduced in the
proof of lemma 3.4. Denoting by m the integer such that R € AZ , we have, for any
t€0,T],

/ / ))dy'dy = Z @(cf+j)52

1<4,57<m
2m m
<D )

k=2j=1

<(R+1) Zm d(ct)e

k=2

2(R+1)
<C(R) /0 (1) dy

2(R+1) _
C(R,T) /O B(f) dy.

Since (r)/r — +o00 as r — 400, the above estimate implies that (T.(f.)) lies in a
weakly compact subset of L'((0,7) x (0, R)?).
On the other hand, fix 1 € D(R?) and compute

/ / / (fo ) dyf dydt = / Z o [ [ ety ayayar
—1 Afo?
0o 00 k—1 1
=/ ZECiZ—// Y(t,y,y') dy'dydt
0 p—2 j=1° T X5

- /Ooo /OOO F-S. () dzdt, (4.10)
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where S.(v) is defined by (4.4). From lemmas 3.4, 4.2 and 4.3, we deduce that

/OOO /OOO feSe(w)dzdtﬂ/Ooo /OOO FS(¢) dzdt, (4.11)

where S(1) is defined by (4.5). Finally, combining (4.10), (4.11) and the change of
variables (y,y') — (y,z =y +y'), we get

/ / / (o) dy dyd == /OOO /OOO /OOO fty+y)d(ty,y') dy'dydt.

This exactly means that T.(f:) — f(y+v’) in the sense of distributions and there-
fore (4.8) follows from the weak L' compactness previously established.

STEP 2 (we prove (4.9)). Let m be the integer such that R € A%, ;. We just have
to compute

/()R</Oooy/T5(fe)dy/> ’ili//gxm T.(f)(y. o) dydy’

=1 j=1

3
A

N\
Mz T

e + i)y

S
Il
—

.
Il
—

m-+1

Z ke, Z €
k=1

R+1>/ yf. dy
< (T, R)

8

for any ¢ € [0, T] by lemma 3.1.

STEP 3 (we prove (4.7)). We first claim that, for any ¥ € L>((0,T) x (0, R)?),
there holds

R R
/ fl'dy =% / S dy’ strongly in L'((0,T) x (0, R)). (4.12)
0 0
Indeed, from lemma 3.5, we know that (4.12) holds true for any function 1 of the
form

N
Dy, y) =Y un(y )on(t,y). (4.13)

n=1

Now, if 4 is an arbitrary function in L>=((0,T) x (0, R)?), there exists a sequence
(1o ) of functions of the form (4.13) such that ¢, — v a.e. and weakly in L>((0,7T") x
(0, R)?). Therefore,

R
H /O L= f ' dy

s

R
<H/O (F — )l dy

T R R
+ sup/ / / |fL = fl" =] dy'dydt,
Lt € 0 0 0
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T R R
<sup/ / / L= Fll’ — ] dy'dydt
Lt € 0 0 0

for every o > 0. A variant of lemma 4.3 (see, for example, [22, lemma A.1]) then
ensures that the right-hand side of the above equation converges to zero as a — 0
and thus (4.12) holds true for any v € L*>((0,T) x (0, R)?). Now, for a given
€ L=((0,T) x (0, R)?), it follows from (3.2), (4.12) and lemma 4.3 that

' Rfe Rféw dy' ) dydt <= "’ fody ) dydt,  (4.14)
0 0 0 0

which exactly means that (4.7) holds. O

whence

lim sup
e—0

R
' /0 L~ f dy

STEP 2 (passing to the limit in (4.1)). Thanks to the previous analysis, we now
have all the necessary tools to pass to the limit in equation (4.1). We consider
¢ € D([0,+00) x Ry.) with supp ¢ C [0, L —1]2 for some L > 1 and recall that (. (t)
is the e-step function defined by (1.10) for ¢ > 0. Let T € R4 and R € R. On the
one hand, we have

T R R
/O /O /() [aefefgl - beTg(fe)][Te(gpe) — Pe — 90/6} dydy/dt
T R R
=0, L b — o — O dydy/dt,  (4.15
/o/o/o[aff e = = ¢ldydy'dt, (4.15)

where we have used (2.15) and lemmas 4.1, 4.4 and 4.3, with first v, = f. f!

we = ac[Te(pe) — pe — ¢L] and next v, = Te(fe) we = be [T, (905) e — PL]-
On the other hand, for R > L,

’ / / (0T (f2) — acfof?) (e + 1) dydy/
R3\[0,R]?

< z/OL (/: 0l Lo dy’) dy + 2/0L (/: bT.(f.)p. dy’) dy

ac(y,y' o *
<2 sy |2 >]||so||m | v [Cysay
y<L,y">R Yy 0 0
be(y,y' Lopee
+2  sup —5(/ )||¢||Loo/ / y'Te(f.)dy'dy — 0, (4.16)
y<L,y'>R Yy o Jo

as R — 400 uniformly with respect to ¢ € (0,1), thanks to (2.14), (4.9) and
lemmas 3.1 and 3.2. Note that a similar argument yields

] / / (bf" — af )+ &) dydy’ (4.17)
R2\[0,R]2

as R — oo.
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Finally, for R large enough, we have

/0 /0 (@efof! — bTo(f)(Tolpe) — 0 — L) dydy’
R R
- / / (@efof! — bTo(f))(Tolpe) — s — L) dydy’
0
/ / (0-Te(fe) — acfef!) e +ol) dydy/.  (4.18)
R3\[0,R]?

As a conclusion, gathering (4.15), (4.16), (4.17) and (4.18), we are able to pass
to the limit in (4.1) and obtain that f satisfies (2.18); f is thus a weak solution to
the CCF equation (1.1)—(1.3) and the proof of theorem 2.3 is complete.

5. A time-explicit Euler scheme

We define an explicit time and size discretization for the CCF equation (1.1)—(1.3)
and prove that the sequence of approximate solutions converges to a solution of the
CCF equation (1.1)—(1.3).

Throughout this section we assume that the kinetic coefficients a,b € C(R?)
satisfy (2.1), (2.2) and (2.3) and we fix an initial datum f™* satisfying (2.4). We put

M= [Tasnstwan

We will index our approximations by k& € N\ {0}. For k¥ > 1, we denote the time
discretization step by Ay, the size discretization step by e, the number of time-
steps by N and the number of size cells by J, > 2.

For k > 1, we put

ak . 5ka(i5kaj5k) if max {lvj} < Jka (5 1)
"I 0 if max{i,j} > Ji '
and
bk . Ekb(iEk,jEk) if ¢ + 5 < Jg, (5 2)
0 if i+ 5 > Jy. '
We define ¢™* = (¢™") by
. 1 .
gt == fMy)dy, ief1,...,2J:}, (5.3)
€k JASk

where AS* = [(i — g)ik,(l+ Dex), i = 1. If f" € C(R;), we may also choose
Ak = f’“(zek) for i € {1,...,2Jx}. In both cases, we have

2J
k i .
frk = Zc‘“’“ Py) S M in Li(Ry)

as soon as €,Jp — +o0 as k — +o0o.
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We next consider the following system of 2J; difference equations,

n+1,k n,k

S TG Q™) 0<n< Ny—1, (5.4)
Ay
&t =t (5.5)
for i € {1,...,2J;}, where we have set ¢™* = (¢"");51, with ¢/"* = 0 for i > 2.Jj,

and Qj(+) defined as Q;(-) with (af ;), (bf ;) instead of (i ;), (bi ;).
We finally put, for each n € {0,..., Ny — 1},

2Jk
felt,y) = chk Sk(y) if t € [nAg, (n+ 1)Ag). (5.6)

With this notation, we may state our convergence result.

THEOREM 5.1. There exists k = k(A, M) such that, for any sequences (Ay), (),
(Jk), (Ni) satisfying

Ak,ik — 0, Eka,Aka — +00 (57)
and
Ak(Eka)B, AkEka exp(GANkAk) S K, (58)

the sequence (fi) defined by (5.6) is a sequence of non-negative functions that lies
in a weakly compact subset of L*((0,T) x Ry) and is bounded in L>(0,T; L1 (R4))
for each T € R,.. In addition, up to the extraction of a subsequence, (f}) converges
weakly in LY((0, T) xR, ) towards a weak solution f to the CCF equation (1.1)—(1.3)
foranyT € R;.

A possible choice is

1 1 - kIn(k)
— — — |5/ N, = .
= €k Jk ; k 04

Observe that (5.8) strongly couples the admissible choices of the time and size dis-
cretizations and implies somehow that keeping a large number of equations (i.e. Ji
large) requires a very small time-step Ay. This fact was already pointed out in [18],
where some instabilities in the numerical simulations are reported when the time-
step Ay is too large with respect to Ji. Theorem 5.1 thus provides quantitative
information on this point. Let us further mention that, in [29], Ji is taken to be
infinite, but the convergence of the scheme is restricted to bounded coagulation
coefficients.

The proof of theorem 5.1 is very similar to the proof of theorem 2.3. We first
establish the non-negativity of the function f; for & > 1, together with the weak
compactness in L' of the sequence (f3). Without loss of generality, we may assume
that e J, > 1 for k > 1.

Ay =

LEMMA 5.2. The sequence (fi) satisfies

fk(tvy) =20 fOT' (tvy) € Ri—
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and, for any T > 0,

sy / Felty) (1 +y) dy < (5.9)

Proof. 1t follows from the symmetry property (2.1), (5.1), (5.2) and (5.4) that

DO =Py = 3O Y (al i T = b el ) (i — i — ;) (5.10)
i=1 ij=1

for any sequence (¢;) of real numbers. Taking ¢; =4, i > 1, we clearly get

2 ch?k =¢? Zicin’k < 2/ yf™(y) dy. (5.11)
i=1 i=1 0
We next claim that
>0 for any n € {0,..., Ny} and i > 1 (5.12)
and
ngc”k < C(A, M) exp {6AnA}. (5.13)

We proceed by induction. First, equations (5.12) and (5.13) are obviously true for
n = 0. We next assume that (5.12) and (5.13) hold true for n’ € {0,...,n} for some
n € {0,..., N, —1}. We fix my > 1 such that 1 € A% and proceed as in the proof
of lemma 3.2 to obtain that

my+1 my+1

Z Ek(c?/+1’k — c?/’k) < 6AAk< Z Ekc?/’k + 2M>

i=1 i=1

for any n’ < n, where we have used (2.2), (5.11) and the non-negativity of c?/’k for
0 < n/ < n. The discrete Gronwall lemma then yields

mp+1

Z Ekc" F < C(A, M) exp {64An' Ay}

for any n’ < n+ 1, whence (5.13) for n’ € {0,...,n+ 1}.
On the other hand, either ¢!™* = 0 if i > 2J; or i < 2J) and (5.4) and (5.12)
for n yield

C?+17k2{1_Ak< sz JJ+Za1JJ >} '7k’
with

b) Z by g S AL+ 2Jken)? Jeer < 9A(Jrer)?
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by (2.2) and

Z af,jcy’k < (1 + 2Jper) Z(l + Ekj)EkC?"k
Jj=1 =

< 3AJkeR(C(A, M) exp {6AnAL} + 2M)

< C(A, M)JkEk exp {6AN]€A]€}
by (2.2), (5.11) and (5.13). Consequently,

IR > 11— C(A, M)AL((Jrer)® + Jrer exp {6ANL AL} > 0

7

thanks to (5.8) and the induction argument is complete. We have thus proved that
(fx) satisfies fr = 0 and

sup/ et y)(1+y)dy < Cr
0,71 J0

for any k > 1. O

In order to establish that (fy) lies in a weakly compact subset of L*((0,T) xR, ),
we proceed as in lemma 3.3. We first recall that (2.4) and a refined version of the
de la Vallée—Poussin theorem [9,23] ensure that there exists a function @ fulfilling
the assumptions of lemma 3.3 and such that &(u)/u — 400 as u — 400 and

/ O(f™)dy < +o0.
R4

LEMMA 5.3. For every T € Ry and R € Ry, there exists kr such that

R
sup/ D(fr(t,y)dy < C(T,R) fork > kp. (5.14)
[0,7] /0

Proof. We omit the index k for simplicity. Let m be the integer such that me <
R < (m + 1)e. Since @ is convex, we infer from (5.4) and the non-negativity of
(ai’j), (bz,j) and (C»L) that

m-+1
> e(@(cth) - o(e))
=1
m—+1
<e Y (G —end ()
1=1
m—+1i1—1 m+1 oo
<38 DD aji gl (G A DD b 0 (.
i=1 j=1 i=1 j=1
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On the one hand, thanks to (3.6), (5.9) and the monotonicity of @, we have

m—+1i1—1
DO aiset @ (G
=1 j=1 S
CAY Y1+ )1+l e @)
1
CAY el bR ) + o1+ <li — ))ei)
- J’r;—}—l m-+1
com{Y s+ e+

But the concavity of @’ entails that ¢'((R +2)u) < (R +2)®’(u) for u > 0, whence
D((R+ 2)u) < (R + 2)2@(u). Consequently,

m+1i—1 m+1 m+1
Yo i G (et < T>Z () + C(T,R) S o
=1 j=1 =1

On the other hand, combining the above argument with the one used in the proof
of lemma 3.3, we obtain

m+1 oo m—+1

C(T,R)
n+1 c 1 )
SO hier () <o) D o +)+T'
=1 j=1 =1
Therefore,
m—+1 m-+1 m-+1
> b)) KACT) > ed(ft) + AC(T, R) + (1+ AC(T, R)) > e®(c}),
i=1 i=1 i=1
m+1 m+1
1+ AC(T, R) AC(T,R)
3 17_1—}—1 < n )
;5 A YN Z €+ Tacm)

and we have A,C(T') < 1 for k large enough by (5.7). We may then use the discrete
Gronwall lemma and argue as in the proof of lemma 3.3 to conclude that (5.14)
holds true. O

Finally, the functions fj; being discontinuous with respect to time, a weaker
version of lemma 3.5 is available, namely,

R
/ fe(Cyy)¥(y)dy  is bounded in BV (0,T)
0

for any ¢ € L*°(0,R), R€ Ry and T € R,.
We are now in a position to proceed as in §4 to pass to the limit as k — 400
in the equation satisfied by fx, which reads, for ¢ € D([0,+o0) x R4) and k large
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enough,

T [e'e) _ Ay oo
/ / Lo Taer gy 4 / / FF o (¢, ) dydt
Ag J0 k 0 0

T [e9) oo
1
w3 | [ @ = BT )T (0) = = L) e =0

where
[e9) k [e's} k
no_ A5 5 ep ek () b AN bi,j Ek Ek (!
a(y,y) = ZECONG ) by = > ZEG WG ),
i,j=1 4,j=1

and ¢, (t) is the eg-step function defined by (1.10), Ta, @e, (t,y) = @, (t — Ak, y)
for (t,y,y') € R3.
6. Other kinetic coefficients

In this section we discuss several extensions of theorem 2.3 under various assump-
tions on the coagulation and fragmentation rates and first consider the case of
sublinear coagulation coefficients as described in theorem 2.5. In that case, the
kinetic coefficients do not necessarily satisfy the growth condition (2.3), which is
used to control the behaviour of f. for large values of y in the proof of theorem 2.3.
Fortunately, it turns out that the assumption (2.22) provides such a control and
the following lemma is actually the only new ingredient needed for the approach
developed previously to work.

LEMMA 6.1. Let @ € C([0,+00)) be a non-negative and piecewise C2-smooth con-
vez function such that #(0) = 0, '(0) > 0 and &' is concave. Under the assumptions
of theorem 2.5, if

My = /OOO D(y) f™ (y) dy < o0, (6.1)
there holds -
| st <cm. tep, (62
where C(T) depends only on A, M, &, Mg and T.
Proof. 1t follows from (6.1) that

T2 Bl = LS af s (B((i-+ 9)2) — Blic) — B(52)

’L] 1
1 :
- 5 Z 0,7 z+] (Z +j)€) (16) - @(]5))
Observe first that the convexity of @ and @(0) = 0 ensure that

P((i +j)e) = P(ie) + 2(je), 47> 1,
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and recall that the properties enjoyed by @ warrant that @ satisfies

Y +9)(@y+y) - 2(y) — 2(y)) < 2(y2(¥) + ¥ 2 (y)) (63)
for (y,y’) € R% [20, lemma A.2]. In addition, equation (2.22) yields
o

< Ae(U+(i+j)e), 4,5 =1

Owing to (6.3), the symmetry of af; and the non-negativity of b ; and ¢*, we

deduce
d (e’ 1 (e’
s Z (ie)cfe < <3 Z c5(jed(ic) + ieP(je))
=1 z,j=1

(2 e(1 +ie)e; > (2 @(@'5)855)

Thanks to (3.1) and (3.2), we finally obtain

dtz¢ ie)cie < T)Z@ (ie)cie,

whence, by Gronwall’s lemma,
> dlie)ci (te < O(T) Y d(ie)c™%, t€[0,T]. (6.4)
i=1 i=1
Now the convexity of @ and the concavity of @’ entail that
D(u+v) < P(u) +v(P'(0) + (u+v)?"(0)), wu,v >0, (6.5)
and thus, since @ is increasing, we have
D(y) < Dlie + 2e) < P(ie) + C(P)(1 + i) (6.6)
and
P(ic) < P(y + ) < B(y) + C(D)(1 + &i) (6.7)
for any y € A:. Consequently,
/ b(y) fe(t,y) dy < EZC (ie) + C(P)(1 + €i))
0 i=1
< C(T,®)e Z A" (1 + gi 4 B(ie))
i=1

<C(T,9) /O Tty B(y) dy,

which completes the proof of lemma 6.1. O
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The above computation is formal, as the series might not have the required
convergence properties. A rigorous justification may be performed by replacing @
by @g, defined by

B B(y) if y € [0, R],
Pr(y) = {@’(R)(y — R)+®(R) ifye[R,+0),

which enjoys the same properties, and then pass to the limit as R — 4oc0.

Proof of theorem 2.5. Since y — yf"(y) belongs to L'(R,.) by (2.4), we use once
more a refined version of the de la Vallée-Poussin theorem [9,23] to deduce that
there exists @ satisfying the requirements of lemma 6.1 and such that @(u)/u — +oo
as u — +o0 and

/0 " () () dy < +oo.

On the one hand, the estimates of §3 yields the weak compactness of (fe) in
L'((0,T) x Ry) for each T € R,. On the other hand, the superlinearity of &
at infinity and lemma 6.1 imply the uniform integrability at infinity of (f.) in
L'(R.;ydy). Therefore, (f.) is weakly compact in L*((0,T) x Ry ; (1 +y) dtdy) for
each T € R,, whence (2.24). This, in turn, allows us to proceed as in §4 to perform
the limit & — 0. In addition, since ¢° satisfies (2.23), we have

[ fteway =Y i = 3 i = [ o)z ) dy,
0 i=1 i=1 0

with

I°(y) = Z ix; (y).

Since |Z¢(y) — y| < 3¢ — 0 for any y > 0, the assertion (2.25) readily follows. O

Another situation in which theorem 2.5 holds is the so-called strong fragmentation
case [7,16]. More precisely, when the kinetic coefficients satisfy

aly,y) SAL+y*(1+y)* and bly,y) > B(l+y+y)™’

for some « € [0,1] and 8 < 2(1 — ), the existence of a solution to the DCF and
CCF equations, satisfying (2.23) and (2.25), respectively, follows from [7] and [16],
respectively. Combining the moment estimates in [7,16] and the proof of theorem 2.3
ensures that theorem 2.5 holds true in that case, too.

As a final example, let us consider the case of multiplicative coagulation coeffi-
cients, which includes, in particular, the case a(y,y’) = yy’. More precisely, assume
that a satisfies

ry)r(y) < aly,y') < Ar(y)r(y), (y.y) € RZ, (6.8)

for some non-negative function r and there is a positive function § € L>°(R) such
that B(y) — 0 as y — +oo and

by, y') <Bly+y), (y,y)€RL. (6.9)
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In that case, theorem 2.3 is still valid with the same proof except that one has to
control rf. for large values of y, since a does not necessarily satisfy (2.3). Such a
control is supplied by the multiplicative structure (6.8) of a as there holds

/OT ([” rwsy dy>2 w<om(R s (60))

R+1

for T € Ry and R > 1 with

rf =Y rixi and T§=E/A5r(y)dy7 i> 1.
=1 i

i

7. Spatially non-homogeneous models

As already mentioned, the convergence of the family of solutions of the DCF equa-
tions to a solution of the CCF equation relies on a weak stability principle. The
above convergence result introduced in a spatially homogeneous setting is thus likely
to be extended to a spatially non-homogeneous setting in a framework where such a
stability result is available. Such a theory has been developed recently in [22] for the
diffusive continuous coagulation—fragmentation equation and we present now, with-
out proof, an example of an available convergence result. We refer to [22] for details,
as well as for other assumptions on the coagulation and fragmentation coefficients
(such as a detailed balance condition) for which convergence from the discrete to the
continuous coagulation—fragmentation equations could also be obtained. The well
posedness of the diffusive CCF equation is also investigated in [2] with a different
approach.

In the non-homogeneous setting considered here, the clusters are assumed to
move in an open bounded subset 2 of RY, N > 1, with smooth boundary 942,
according to Brownian movement or diffusion (thermal coagulation). The diffusion
coefficient d = d(y) € C(Ry+) > 0 is assumed to be only size dependent and the
diffusive CCF equation reads

8tf - d(y)Azf = Q(f)a (t,l‘,y) € (Oa +OO) X {2 % R4, (71)
Onf =0, (t,z,y) € (0,400) x 002 x R4, (7.2)
F0,2,9) = f™(x,y),  (2,y) € 2 xRy, (7.3)

where Q(f) is still defined by (1.3).
Assume now that, in addition to the symmetry and growth conditions (2.1), (2.2)
and (2.3), the following monotonicity condition holds,

ay,y—vy') <aly,y) fory=>y >0, (7.4)

and that the coagulation process dominates the fragmentation process in the fol-
lowing sense,

b(y',y —¢) < Aay',y) + B(y') forany y >y' >0, (7.5)
where A is a non-negative constant and B is a non-negative function such that

BeL'(Ry) and y~— yB(y) € L=(Ry). (7.6)
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We finally consider an initial datum fi satisfying
e LY (2 xRy; (1 +y)dady) is non-negative a.e. (7.7)

The above assumptions on d, a, b and f™ then ensure the existence of a weak
solution to (7.1)—(7.3) [22, theorem 2.6].

We next introduce a sequence of diffusive DCF equations as follows. For ¢ € (0, 1),
the kinetic coefficients are still given by (2.5) and we put d5 = d(ie),

) 1 .
() = 2 / fo(e,y)dy, we
€ Jas

with A5 = [(i — $)e, (i + )) for i > 1. We then denote by ¢ = (c);>1 a solution
to the diffusive DCF equations

Opc; — d5 A5 = Q5(cf) in (0,400) x £2, (7.8)
Onc; =0 on (0,+00) x 912, (7.9)
£(0) = ™F in 2 (7.10)

for ¢ > 1, where ¢ = ¢§(¢t,2) > 0 denotes the local concentration of clusters of
size 1. The existence of ce follows from, for example, [21] (see also the references
therein for a more precise account of the existence results for the diffusive DCF
equations). We finally put

oo

FEltry) =Y o)X (y), (to,y) € Ry x 2x Ry

i=1
THEOREM 7.1. Under the above assumptions, the family (fe) lies in a weakly com-
pact subset of LY((0,T) x 2 x Ry) for each T € Ry and, up to the extraction of a
subsequence, f. — f weakly in L*((0,T) x 2 x R), where f is a weak solution to
the diffusive CCF (7.1)-(7.3).
Acknowledgments
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Appendix A. Weak and mild solutions

Assume that the kinetic coefficients a and b enjoy the symmetry condition (2.1)
and the growth condition (2.2) and consider an initial datum satisfying (2.4).

LEMMA A.l. For any weak solution f of (1.1)-(1.3) (in the sense of deﬁmtwn 2.1),
there exists f c Y 1/‘3([0 T); LY) for any T € Ry such that f = f a.e. in R2 and
f satisfies f( ) = f and, for any t; >ty =0,

Fltry) — Flto.y) = /Qf><sy>ds for a.e.y € Ry (A1)

In other words, f is a mild solution to (1.1)-(1.3) in the sense of definition 2.2.
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Proof. We fix ¢ > 0 and a non-negative function ¢ € D(R,) such that ||o||z1 = 1.
We next define

1 /¢
pe(t):gp<g>a fe = *¢ pe, Qe:Q(f) *t Pe- (AQ)
It readily follows from (1.1) that f. satisfies
D f=. nD(0,400) xR, (43)

Furthermore, the bounds on f and (2.2) imply that, for any 7' € Ry and R € Ry,
we have

Qk(f) € L=((0,T); L*(0, R)). (A4)
We deduce from (A 3) and (A 4) that, for any ¢ € L (R4 ) with compact support
n [0, +00),

d oo oo
< /O Jobdy = /O Qbdy in D'([0, +00)). (A5)
But since - -
m/ fobdy = (/ fwdy> 1 02 € C([0, +00)), (A6)
we also have, for any t; >ty >
/ fo(t)pdy — / J- (o) dy = / / Q.4 dydt. (A7)

Consider now T' > t; > tg > 0 and R > 0. On the one hand, we choose

¥(y) = sgu(fe(t1, y) — fe(to,y))Lpo,r
in (A 7). This gives
R

R
/ 5:(1) = F-)l Ay < 1~ ol s / Q)] dy,

and we notice that ||g.||z: = 1, while definition 2.1 and (2.2) yield

/OR |Q(f)dy < %{/OR /OOO aly, v) f(t ) f(t,y) dydy’
+ /oo f(t,z)/min(z’R) b(y,z —y) dydz}

SA{IFOI (LB s + (1 + R)*)}
C(T)(1 + R)?

rolw

<
<

for t € [tg,t1]. Therefore,

oo

[e'S) R
/ \fe(t1)—fe(to)\dy</ \fe(t1)—fe(to)\dy+/ |[fe(t1) — fe(to)| dy
0 0 R

2
C(T)[tr = tol(1+ B?) + = sup [ F(£)]111,
(0,71
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and the choice R = [t; — to\_l/B leads to

I £(t0) = fe(to)llr < C(T) [t — b/, (A8)

Now the definition of f. warrants that (f.) converges towards f in L'((0, T)xR ).
Consequently, there is a subsequence of (f.) (not relabelled) such that

fe(t") - f(t") in Ll(R+)

for every t € [0,T]\ Z, where Z is a subset of [0,7] with zero measure. Putting
f(t,-) = f(t,-) for t € [0,T]\ Z, we infer from (A 8) that

[ f(t1) = fto)|r < C(T)[tr — to]*/?

for any to € [0,T]\ Z and ¢, € [0,T]\ Z and we may thus extend f by continuity to
a function of C%/3([0, T]; L*(R..)), which we still denote by f. Clearly, f = f a.e.
in ]@3_ and it follows from definition 2.1 that f also satisfies (2.18). The continuity
of f and (2.18) then allow us to conclude that f(0) = fi* and f satisfies (2.20). O
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