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1. Introduction

Let {2 be a bounded domain in R™, n > 3. Then the classical Hardy inequality says
that
P P
[ul? dz < (p) |Val?,
o lzlP n—p) Jo

which is valid for all u € Wy*(£2), and the constant (p/(n — p))? is the optimal
one. This inequality arises in the analysis of partial differential equations (PDEs)
involving the Laplace operator A = 7 | 82 . So it is natural to seek the validity
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of a similar inequality for general second-order operators on R™ of the form

L= Z aq ()05 .

la]<2

In [2], Adimurthi and Sekar investigated the same problem using the fundamental
solutions, and obtained optimal estimates. The techniques developed therein can
be applied in a variety of contexts. In particular, Adimurthi and Sekar obtained,
among other things, optimal results for the Laplace—Beltrami operator on certain
manifolds and for the sub-Laplacian on the Heisenberg group.

The aim of this paper is to prove the optimal Hardy—Sobolev inequality for the
twisted Laplacian on C™ given by

L= Z Klaz] + )2 + (iay]. - zﬂﬂ (1.1)

which when n = 1 represents the magnetic Laplacian for a single particle in the
plane R? ~ C for the magnetic vector potential A(z) = %(—y, x), z = x + iy, which
corresponds to a constant magnetic field perpendicular to the plane. Similarly,
for n > 1, the twisted Laplacian represents the magnetic Laplacian for a system of
particles in the plane under the influence of a constant magnetic field perpendicular
to the plane.
Setting X; = 0, — %iyj and Y; = 0, + %ixj,l we write
n
2 2
L=-> (X]+Y}) (1.2)

j=1

The twisted Laplacian can be stated explicitly as £ = —A + 1(|z|> + [y[?) +iN,
where iV is the angular momentum operator given by

n
N = Z Y;jOu; — x;0y;). (1.3)

Jj=1

Note that, for n > 1, iN represents the total angular momentum for a system
of n non-interacting particles in the plane. Let V. denote the gradient operator
associated with £:

Veu = (Xqu, ..., Xpu, Y1u, ..., Yyu).

Associated with the twisted Laplacian, there is an interesting convolution struc-
ture, on functions on C": the so-called twisted convolution. Given two functions f
and g on C", their twisted convolution is defined by

fxglz)= . f(z = w)g(w) exp{3ilm(z - w)} dw

f(w)g(z —w)exp{—3ilm(z - w)} dw (1.4)

C‘IL
! In [13], Ratnakumar and Sohani considered the first-order Sobolev spaces defined using X; and

Y}, in the study of global well-posedness, where the notation Ej and ]\7[]- was used for compatibility
with notation in [12]. For notational convenience here we use X; and Yj.
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whenever the integral converges. Unlike the usual convolution on R™, the twisted
convolution has many interesting properties. For instance, if f and g are in L?(C"),
then f x g € L?(C"), which is not the case with the usual convolution (see [14]).
Also it is easy to verify that

S(f xg)=[fxSg (1.5)

for S=X; and Y;, j =1,2,...,n, as defined above.

As in the case of the Laplacian on R"”, the solutions to the initial-value problem
for the basic linear PDEs (for example, the heat, wave and Schrédinger equations)
associated with the twisted Laplacian can be expressed as a twisted convolution.

The magnetic Laplacian naturally arises in the study of a system of particles in
the presence of a magnetic field. There has recently been considerable interest in
the study of the magnetic Laplacian. We refer the reader to the classic paper by
Avron et al. [3], which discusses the magnetic Laplacian for a constant magnetic
field, to a (relatively) new paper by Yajima [16] on the Schrodinger equation for the
magnetic Laplacian and to [11-13], which treat the local and global well-posedness
of the Schrodinger equation for the twisted Laplacian.

The Hardy—Sobolev-type inequality has been investigated for the magnetic Lapla-
cian by many researchers (see, for example, [4,5,8]), as it plays an important role
for Lieb—Thirring bounds and hence for the problem of the stability of matter. We
refer the reader to the interesting paper by Lieb [10].

Most of the results that we have come across deal with magnetic fields decaying
at infinity, such as magnetic fields in L?(R") [4], or Aharanov—Bohm-type magnetic
potential [5] (for which the magnetic field is zero in R™ \ {0}). These inequalities
are also non-optimal (except in [5]). As far as we are aware, there is no literature
on the Hardy—Sobolev-type inequality for the magnetic Laplacian corresponding to
a constant magnetic field.

Here we prove the optimal Hardy—Sobolev inequality for the twisted Laplacian,
which represents a magnetic Laplacian corresponding to a constant magnetic field.
Moreover, in contrast to the usual case, our result is also valid for the plane R? ~ C!,
i.e. n = 1, and the optimal weight arises naturally in logarithmic terms, owing to
the view that the weight should be expressible in terms of the fundamental solution
for the twisted Laplacian.

Laptev and Weidl [8] show that, for certain magnetic fields of Aharanov—Bohm
type in the plane, the logarithmic term in the Hardy—Sobolev inequality can be
dispensed with. Our result in the case n = 1 is in contrast to their result, where
the logarithmic term is natural and cannot be avoided, in view of optimality.

The main result in this paper is the following identity, from which we deduce the
Hardy—Sobolev inequality for the twisted Laplacian.

THEOREM 1.1. Let E be the fundamental solution to the twisted Laplacian on C™.
Then the identity

V. E|)? 2
/ |V cul? +Im i ﬂNu:%/ (' 22| +|Z4|>u|2+ i E|Vv*>  (1.6)

is valid for all u € C(C™), the space of compactly supported smooth functions on
C"™, where v = E~1/?u.
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Note that if u is a real-valued function, then Im(@/Nu) = 0. Also, the last integral
on the right-hand side of the above identity is non-negative. Thus, (1.6) leads to
the following Hardy—Sobolev-type inequality with weight

_ (IVeER | 1P
w(z)—( o + )

COROLLARY 1.2. Let w be as above and N as in (1.3). Then the inequality

1

1/ |u|2w(z)dz</ |V cu?dz
n Cnr

is valid for all real-valued functions u in WE’Q((C”). The weight w(z) is optimal
and never achieved. In particular, the constant i is the best for the above weight
w, and never achieved.

REMARK 1.3. The above corollary is also valid if u € Wﬁl’Q((C”) is purely imaginary
or a complex-valued poly-radial, i.e. of the form u(|z1],...,|zn]), as Im(aNu) = 0
in these cases as well.

In §5 we also prove a weighted version of the Hardy—Sobolev inequality, valid
in a one-parameter family of weighted Sobolev spaces associated with the twisted
Laplacian.

REMARK 1.4. The possibility of an easy derivation of the Hardy—Sobolev inequality
for the twisted Laplacian, from the Hardy—Sobolev inequality for the Heisenberg
group [2], was pointed out to us by the referee. Though it is true that a Hardy—
Sobolev-type inequality can be deduced from the Heisenberg group case, it does
not seem to be the case that the optimal inequality could be obtained that way
(see §6). Our approach is more direct, using the spectral theory of the twisted
Laplacian, and yields the optimal result. We also follow the same philosophy as
in [2], by presenting the weight in terms of the fundamental solution for the twisted
Laplacian.

The plan of the paper is as follows. In the next section, we discuss the spectral
theory of the twisted Laplacian £ and the Sobolev space associated with it. In
§3, we derive a formula for the fundamental solution for the twisted Laplacian,
and prove the corresponding Hardy—Sobolev inequality. Section 4 is devoted to the
optimality question, which requires the study of the precise asymptotic properties
of the fundamental solution and its gradient. Section 5 concerns the Hardy—Sobolev
inequality in the weighted Sobolev spaces, and §6 deals with the connection with
the Heisenberg Laplacian.

2. Spectral theory of the twisted Laplacian

Here we give a brief description of the spectral theory of L. For the materials
discussed in this section we recommend the excellent books by Folland [7] and
Thangavelu [14,15] and the references therein.

The eigenfunctions of the twisted Laplacian £ are called special Hermite func-
tions, as they form a subclass of Hermite functions on C™ ~ R?": ‘special’ because
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they also span L?(C") (see [14]). The special Hermite functions are defined in terms
of the Fourier—Wigner transform. The Fourier—Wigner transform of a pair of func-
tions f,g € L?(R") is a function on L?(C") defined by

V(f,9)(2) = (2m) /2 / e £ (¢ + Lyg(e — Ly)de,

n

where z = z+iy € C". For any two multi-indices p, v, the special Hermite functions
b, are given by

Py (2) = V(hy, hu)(2),
where h, and h, are Hermite functions on R™. Recall that, for each non-negative
integer k, the one-dimensional Hermite functions hj are defined by

(_1)k dk —z?
o ) et

Now for each multi-index v = (v1,.. ., v, ), the n-dimensional Hermite functions are
defined by the tensor product:

hk(l’) =

n

ho(z) = [[hw, (i), 2= (21,...,20).

i=1
A direct computation using the relations

(—dcl + x) hi(x) = (2k + 2)1/2hk+1($)a

(di + x) () = (26) 2By ()

satisfied by the Hermite functions hy, shows that L&, = (2|v|+n)®,,. Hence, D,
are eigenfunctions of £ with eigenvalue 2|v| + n, and they also form a complete
orthonormal system in L?(C"). Thus, every f € L?>(C") has the expansion

f = Z<f7 q)uy>¢/w (21)
v
in terms of the eigenfunctions of £. The above expansion may be written as

f=>_ P, (2.2)

k=0
where
Pkf: Z <fa@;w>¢uV
wlvl=k

is the spectral projection corresponding to the eigenvalue 2k + n. Now, for any
f € L*(C") such that Lf € L?(C"), by the self-adjointness of £ we have Py(Lf) =
(2k +n) Py f. It follows that, for f € L*(C") with £f € L?(C"),

Lf=Y (2k+n)Pf. (2.3)

k=0
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Note that the eigenspace corresponding to the eigenvalue 2k + n is infinite dimen-
sional, as the eigenvalue depends only on the second index, v. However, we can get
a more compact representation for the above expansion. In fact, each Py f has the
compact representation as a twisted convolution:

Pif(z) = (2m) 7" (f x ¢x)(2)

with the Laguerre functions ¢y (2) = L7~ ' (1]2[2) exp{—23[2|?} (see [9,14]). Hence,
(2.2) becomes

f=0@m)™Y X (2.4)

k

Note that ¢y, is a Schwartz class function on C", and so is the twisted translation
T.op(w) = ¢z — w)exp{—3ilmz - w}. Hence, T x ¢y(z) = T(7.¢) makes sense
for any tempered distribution 7' on C™. Since (f X @, ¥) = (f X ¢r x ¥)(0) =
(f, pr X 1), it is easy to see that (2.4) is also valid for any tempered distribution
f, with convergence in the sense of tempered distribution.

Now we introduce the first-order Sobolev space WE’Q((C”) associated with the
twisted Laplacian, which is the same as the Sobolev space considered in [13] for
p=2,m=1.

DEFINITION 2.1. W/2(C") = {f € L*(C"): X, f,Y;f € L*(C"),1 < j < n}, where
X,;,Y; areasin (1.2). Wﬁl’z(@") is a Hilbert space with respect to the inner product

(u,v)e =Y ({Xju, Xj0) + (Yyu, Yjo)).

Jj=1

3. The fundamental solution for the twisted Laplacian

In this section, we construct the fundamental solution for the twisted Laplacian L.
As in the case of the usual Laplacian on R", the Green function for the twisted
Laplacian is also obtained from the fundamental solution, by twisted translation:
if LE = §p, then

K(z,w) = 7.(E(—w)) = E(z — w) exp{—3iIm(z.w)}

is the Green function. In other words, the solution to the equation Lu = f is given
by the twisted convolution

u(z) = f x E(2) = f(w)E(z — w) exp{—3iIm(z.w)} dw.
C’n
This follows from the fact that L(f x E) = f x LE, as can be verified easily in view
of (1.5) and (1.2).
We construct the fundamental solution by simple heuristic reasoning based on

the series expansions (2.3) and (2.4): if a tempered distribution E satisfies LE = dy,
then E = £L718y. Since §y is a tempered distribution, we have the series expansion

50 = (27T)_n Z(s(] X Pk
k=0
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Then E must be given by the tempered distribution (27)~" Y, £7(d % ¢%). By
a formal computation

-1 _ -1, _
ﬁ (50X30k)—50><£ @k—2k+n50><50k
This prompts us to define
—n 1 n
E(z) = E,(2) = (27) E T n(pk(z), z e C". (3.1)

k

Now we show that the function F,, defined above is indeed a fundamental solution
to L. By the self-adjointness of £, for any ) € S(C"), we have (¢, L) = (2k +
n)(@lﬁ 7/1) Hence,

(£Eny) = (Bay £0) = (20) " 3 (o, £4) = @)™ 3 (0,0),
k k
But (¢r, ) = x¢i(0) and Y, ¥ x 1 (0) = 1)(0) as the special Hermite expansion
(2.4) converges uniformly for Schwartz class functions. It follows that (LE,,v) =
¥(0), i.e. LE, = dy as a tempered distribution, and hence verifies that E,, given by
(3.1) is the fundamental solution for the twisted Laplacian on C". Now we prove a
compact representation for F,,.

THEOREM 3.1. The fundamental solution for the twisted Laplacian on C™ is given
by

E,(z) = (4m)™" /000[8<s + 2)]”/2_1 exp{—i(l + 8)|2[*} ds.

Proof. We have already verified that F,, given by (3.1) is the fundamental solution
for L. The key idea in obtaining a compact representation is the following generating
function identity for the Laguerre functions ¢y, (see [14]):

Zrk@k(z) = (l—r)”exp{—iii—gzz}. (3.2)
k

Writing

1
/ ef(2kr+n)t dt
2k +n 0

in (3.1) and using (3.2) we see that
E, = (27r)7”/ et 2(67%)’69% dt
0 0

=2mn)" /000[2 sinh#] " exp{— 1 (cotht)|z[*} dt.

Using the change of variable v = cotht and then s = v — 1, the above could be
simplified further to an expression of the form

E,(z) = (4m)™" /Ooo[s(s +2)]/% ! exp{—21(1 + s)|z[*} ds. (3.3)

Hence, the theorem is proved. O
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REMARK 3.2. Since E, is a radial function, setting E,(z) = G, (r) with r = 3|z|?,
we see that the function G,, satisfies the recursion relation

1672Gpao = G — G, 3.4
-+ n

for n € N. Since B
Go(r) = (477)_267’

using the above recursion relation, we can show that when n is even E, is of the

form A | |2
z
P”(M e"p{w}’

where P, is a polynomial of degree n — 1 given by

TL/2—1 1 .

n Gn—=—Dln—-2—=4) . | .

P, (z) = (4m) E z T Jgn1d,
= Gn=1-j)Y!

Similarly, since G; is the special function given by
Cr(r) = (4m)~! / [s(s + 2)]"/2e=(+o)r g,
0

E,, for odd n could be given explicitly in terms of G; and its derivatives using the
above recursion formula.

Equation (3.3) shows that E,, has a singularity at z = 0 and E,, € C*°(C™\ 0)
with exponential decay near infinity. In fact, we compute the precise asymptotic
behaviour of E,, in proposition 4.3. Interestingly, F,, has the same behaviour as the
Euclidean Laplacian near the singularity z = 0. There is a distinction between the
cases n = 1 and n > 2, as expected.

The identity in the next proposition is at the heart of the main theorem. For
notational convenience we use F instead of FE,, except when the dependence on
dimension needs to be highlighted.

PROPOSITION 3.3. Let E be the fundamental solution to the twisted Laplacian on
C™. Then the identity

1
/’ |Vﬁ’u|2+§/ (ulNug —’LLQNul)

1/ VeEP o
4 Jon B2 o zJ:

is valid for all u € C°(C™), the space of compactly supported smooth functions on
C™, where v = E~1/2y.

ov . y;v 2
&, 4| T

Ov LI
A
Oy, 4

2]. (3.5)

Proof. We essentially follow the idea in [2] using the fundamental solution. Let E be
the fundamental solution for the twisted Laplacian given by (3.3). For u € C°(C"),
let v be the function defined by

uw=EY%, (3.6)
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Then v € C°(C™). To express the derivatives in terms of X; and Y; given in (1.2),
the following observation will be useful:

2 fexp{~$iz -y} o)) = exp{— iz -y} X; [ ),

0 ) . )
a—[exp{%lx cytf(z,y)] = exp{%lx yYif(zy), j=1,2,...,n.
Yi

Thus, rewriting (3.6) as
exp{—3iz - y}u = [exp{—3iz - y}E]? exp{— 1z - ylo

and differentiating with respect to x;, we get

P 4
exp{—3iz - y} X;u = exp{—3iz - y} [%E‘l/%XjE + EY? (av — 1‘%41))] . (371

Taking the square of the absolute value on both sides and replacing v by E~/24

gives
1X,E? w yul 9o .y;
2 2 Bl== %~ X Elv— J 2 . .
X jul® = 3l + o, 4 +Re ”az7+1 [v] (3.8)
Since
U@ — 18|U|2 +ilm (vav>
8y, 2 0, O, )’
by writing
o] ——— .
8| | = X;([v]?) = Fiy;lvl?,
we see that
v T o
vt 4 igglof? = (o) +itm (05 ).
O, O
Thus,
Re (X E|:U§U+ yﬂ:l D 1 Re[X, EX, ([v]2)] — Im [X E1m< g“)].
T Ty

Using this in (3.8) and integrating, we see that

1|X;E?
X 2 _ - J 2 / E
/@' ul /M—EQ P+ [

_ ov
+ %Re/ X,;EX;[v]2 — Im [XjEIm <u8”ﬂ (3.9)
Cn Cn T

v YV
Oz, 4
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Again, on rewriting (3.6) as exp{%iz - y}u = [exp{3iz - y} E]'/? exp{1iz - y}v and
differentiating with respect to y;, a similar procedure will lead to the identity
0 4

1|Y;E?, ,
|Yvu|2:/ e e +/ E
/Cn I cn 4 E2 w0y,

+§Re/ Y;EY;[o — Im [YjEIm <u§“>} (3.10)
Cr Cn

Yi

2
ov . xv

Since X; and Y; are skew-adjoint operators, we have

GEGWE+ [ VEVIE =~ [ P+ V)E.
Cn n (Cn
and hence
Z( X;EX[of? + YjElevP)— / LE |02 = [0(0) ],
j:1 (Cn (Cn n

as LE = §y. Now, since v is a Schwartz class function and F has a singularity at
the origin, (3.6) shows that v(0) = 0.
Thus, summing over j = 1,2,...,n, (3.9) and (3.10) give

1 [ |VCEP
/7L IVLUIQ - Z /(;n E2 |U|2
+/ EZ ov _¥iv ’ ’
"5 Oz, 4
fIm/ Z {XjEIm (va&_}) +Y;EIm (vgﬁﬂ (3.11)
" T j Yj

J
—1/2

@ +i$]‘1}

e, T

Now, writing v = v1 + ive, and using the fact that v = F u, we see that

Im(v0,,0) = v20y,;v1 — v10,, V2
= B (g0, u1 — w10y uz). (3.12)

Similarly,

Im(v0y,0) = v20,,v1 — V10,2
= BN (u20y,u1 — w10y, us). (3.13)

Since Im X; E = —1y;E and ImY; E = 1z, E, it follows that

Imz {XjEIm (v?) +Y;EIm (va&])} = —2(ugNuy —u1Nug),  (3.14)
J

Tj Yj
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with N given by (1.3). Thus, (3.11) reads as

1
/ |VLU|2 + 5/ (ulNug — UgNul)

1 [VcE|?
:1/’ = |u\2+/ EY
J

This completes the proof of proposition 3.3. O

ov . xjv 2
Yj

+

ov  yv ?
AT ~hd
Oq; 4

We now deduce the proof of theorem 1.1 from the identity (3.15).

Proof of theorem 1.1. We first express the last integral in (3.15) in terms of w.
Setting v = vy + ivs, a straightforward computation shows that

x|

J

2

ov . yv
Yj +

o, 4

ov L
R S A
Oy 4

j

2
} — \Vv|2 + %|z|2|v|2 + %(’UgN’Ul —v1Nvg).

(3.16)

Note that the operator N given by (1.3) is a derivation, and N¢ = 0 if ¢ is a
poly-radial function, i.e. a function of |z1], ..., |2,|. Thus, since v = E~/2y, and F
is radial, it follows that Nv; = E~Y2Nu;, i = 1,2. Hence,

(UgNUl — UlNUQ) = E_l(ugNul — ulNug). (317)

Since Im (2N wu) = u1 Nug —uz Nuq, and in view of the above two identities, (3.15)
may be rewritten as

v E2 2
[9eu vt [ avu=t [ (' <8l +'Z4')u|2+/ o2,

which is (1.6), thus proving theorem 1.1. O

Proof of corollary 1.2. Note that Im(aNw) = 0 if u is a real-valued or purely imag-
inary function. Also if w is complex valued and poly-radial on C™, then Nu = 0.
Hence, in these cases, the second term on the left-hand side is zero. Thus, since
the last term on right-hand side is non-negative, the proof follows from the above
identity. O

In the next section, we discuss the optimality and show that the weight we
obtained is also optimal.
4. The optimality of the results

In this section, following [1], we show that the weight

_(IVeEP P
w(z)_( 2

appearing in corollary 1.2 is the best possible and never achieved. In particular, the
constant % for the above weight w is the optimal one and never achieved. We start
with the following.
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DEFINITION 4.1. We say that the weight w in the corollary 1.2 is optimal if a weight
w satisfies the inequalities

1

7/ w(z)|u|2dz<1/ Hj(z)|u|2dz</ |V cu(2)]? dz (4.1)
4 Jen 4 Jen cr

for all uw € W*. Then w = .

DEFINITION 4.2. We say that the weight w in the corollary 1.2 is achieved if the
equality holds for some non-zero function u with

/ IV eul?dz < oc.

Now we prove the following asymptotic estimates for F, and VE,, a crucial
ingredient for the proof of optimality. We write f(z) ~ g¢(z) to indicate that
C1f(2) < g(z) < Caf(2) for some positive constants Cy and Cs.

PROPOSITION 4.3. Let E,(z) be as in (3.3). Then E,, satisfies the following:
En(2) = [|2| 7" + |2 7" P exp{—3|2I*} forn>2, (4.2)

1 1
Ey(z) = |:(|Z|)X|z|>1/2 + log <|Z|>Xz<1/2:| exp{—1/z|*} (4.3)
forzeC", n>1.
Proof. Setting a = 1|z|?> with a change of variable s — s in (3.3) shows that

E,(z) = (4m) "a " Tle™® /Ooo[s(s + 2a)V2 e ds. (4.4)

First, we consider the case when n > 2. Since (s + 2a)"/271 ~ s7/271 4 /21
in this case, we see that

0
|En(z)| ~ a—n-l—le—a/ (8”_2 + Sn/2—1an/2—1)e—s ds
0

s afnJrlefa(l +an/271)
~ (|2 7272 + 27 exp{— |27},

which proves (4.2).

The case n = 1 is more delicate. We need to consider the case of small and large
a separately. For small a, namely 0 < o < % (which corresponds to |z| < %), we
split the integral into three parts and estimate each of them.

(i) For0<s<a,wehaves+2a%aande*3m1asO<a<1—16.Hence,

/ [s(s +2a)]72e " ds ~ 071/2/ sTV2ds ~ 1. (4.5)
0 0

(ii) For @« < s < 1, we have s +2a~ sand e * ~ 1 as s € (0,1). Hence,

1 1 1 1
/ [s(s + 20)] 7 /2e ™ ds ~ / s !ds =~ log () ~ log <> (4.6)
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(iii) Alsofor s > 1, s+2a~=sas0<a< Tlﬁ, which leads to

/ [s(5 4 2a)]"Y%e™ ds ~ / s~le™*ds =~ 1. (4.7)
1 1

From (4.5)—(4.7), we see that

1 1 1
Ei(z) = 1+1log () ~ log () for |z] < 3 (4.8)

|| ||

For o > 1—16, we split the integral in (4.4) into two parts:

oo

! 704/ [8(84-2&)]71/2678(18-1—67&/ [s(s +2a)]"2e* ds
0 «

:Ee

%e’aofl/Q/ 5*1/2e*5ds+e*°‘/ s le 5 ds, (4.9)
0 «

El(Z)

where we used the facts that s+2a =~ « for s € (0, ) and s+2a = s for s € (a, 0).
Since a > =+, the second integral is at most

16°
oo
a~1/? / s 12675 ds.
(e}

Hence, from (4.9) we see that

« o0
Ei(z) Se a2 (/ s71/2e75 ds + / sT1/2e7s ds) Se@q1/2
0 «a

as
oo
/ s~ 1/2e7% ds < 0.
0

From (4.9), we also see that
@ 1/16
Ey(z) > e a™'/? / sT12e75ds > efo‘ofl/z/ s71/2e7 ds.
0 0

The above two inequalities shows that E(z) ~ e~ *a~1/2 for o > %7 ie.

Bi(2) = |2| " exp{—1|2} for|z| > 1. (4.10)
Equation (4.8), together with (4.10), gives (4.3). O

We also need the following gradient estimate for E,, to prove the optimality of
our result. Interestingly, the asymptotic behaviour of the gradient is uniform in all
dimensions.

PROPOSITION 4.4. Let E,(z) be as in (3.3). Then gradient of E,, has the following
asymptotic behaviour:

IVE,(2)] = (|| 7" + |2| ") exp{—1|2[*} foralln > 1. (4.11)
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Proof. Differentiating (3.3) and setting o = §|2|?, with a simple change of variable
as before, yields

IVE,(2)| = |z| exp{—i|z|2}a_"/ s (s 4+ 20)? (s 4+ a)je *ds.  (4.12)
0
Since s 4+ 2a ~ s+ a and (s + a)"/? ~ s™/% + a™/?, we have

a™" / sV (s 4+ 20)" 27 (s 4+ a)]e " ds
0

Q

ogin/ (Snfl +5n/271an/2)efs ds
0

a "+ a—n/2

272"+ [ 77).

Q

Q

Thus, (4.11) follows from (4.12). O
The above two propositions yield the following.

COROLLARY 4.5. Let E,,(z) be as in (3.3). Then VE, /E, has the following behav-

our:
VE
‘ E(i)) el 1o forn>2,
Ei(2) | [ellog(1/]a]) ISt/ T FXz1

Now we proceed to show that the weight w in corollary 1.2 is optimal. For this
we first produce a sequence {u.} of smooth functions with compact support, such
that

lim [ E|Vv.|*>=0,

e—0 Ccn

where v, = E~1/2u,.
For this we choose a smooth function ¢ on R, = (0,00) such that

0 ifz<1
= S 0K (z) < M,
#(z) {1 tras 0SO@

for some constant M. For example, ¢ may be chosen as

- [ o] Vo1 Vs

on the interval [1,2], for an appropriate constant C' for which ¢(2) = 1. Note that
supp ¢ C [1,00) and supp ¢’ C [1,2].

Now choose § = d(g) such that §(g) — 0, €* — 0 and log(1/e)e? — 0 as e — 0.
For example,

_ 2log(log(1/¢))
log(1/2)
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is one such function. For € > 0, define

Yel) = x%(x)aﬁ(lm) (4.13)

Clearly, ¢. € C2°(R.), with suppv. C [g,1/¢]. Also, since 1. = 2 on [2¢,1/2¢]
and since § — 0 as € — 0, we have i.(x) — 1 as e — 0 for z € Ry.

PROPOSITION 4.6. Let v, be as above and define ve(z) = v:(|z|). Then v €
C(C™), and

lim E|Vu.(z)*dz = 0.

e—=0 Jon

Proof. Note that v. € C°(C") since 9. € C°(C™).

O e D E=)

5 5
+ |Z|¢/<Z|>¢<1> + |Z| 2¢<|Z>¢/<1>,
€ € glz| elz| € glz|

Since ¢ and ¢’ are uniformly bounded, using the support properties of ¢ and ¢’ we

see that
E|Vou.(2)?dz < (52/ E(2)|2)?°2 dz+5_2/ E(2)|2% dz
Cn e<|z|<1/e e<|z|<2¢e
+5_2/ E(2)|2|**dz. (4.14)
1/2e<|z|<1/e

We show, using the asymptotic properties of F,, given by proposition 4.3, that each
of the terms on right-hand side of the above inequality tends to zero as € — 0.
First, we consider the case n > 2. In this case

[ B@EPT S [ (el P el
e<|z|<1/e e<|z|<1/e
1/e
S/ (7"_" 4 T2_27L)T25_27“2n_1 exp{—ir2}dr
e
o N G A e i
0

ST(3n+6—1)+I(5),
where we used a change of variable in the third inequality. Since §°I'(§) — 0 as
0 — 0, it follows that the first term on right-hand side of (4.14) tends to zero as

e — 0.
Similarly, using the asymptotic behaviour of E,, near zero, we see that

2e
/ E(z)|z|25 dz < / |z|2_2"+25 dz < / P20 qp < g20+2,
|z|<2e e<|z|<2e €

Hence, the second term on the right-hand side of (4.14) also goes to zero as € — 0.
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Again, using the behaviour of F,, near infinity, we see that

/ B[P < / |22 oxp{— [P} de
1/2e<]|z|<1/¢e 1/2e<]|z|<1/e

1/e
< / pnt20-5 exp{f%rz} dr
1/2¢

1 Ye 26—5
< _ n+26-5 4
~ P { 16¢2 } /1/Qa " "

1

which shows that the third term on the right-hand side of (4.14) also goes to zero
as € — 0. Hence, this proves the proposition for n > 2.

Now we consider the case n = 1. By proposition 4.3 E; ~ log(1/|z|) near the
origin and E; ~ exp{—3|z|*}/|z| away from the origin. Thus, we split the first
integral on the right-hand side of (4.14) as

/ B(2)|2P2d> +/ B(2)|2[2 2 d=
|z|>1/2

e<|z|<1/2

and consider each term separately. Since E; ~ exp{—31|z|>}/|z| away from the
origin, as in the higher-dimensional case, we have

62/ E(z)\z|25_2dz§52/ E(2)|z[*2dz
|z|>1/2 |z|>1/2
S8 [ exp{-hlPYl el 2
|z|>1/2
552/ exp{—irQ}r_1r25_2rdr
1/2

oo
§52/ exp{—1r?}r*2dr -0 ase—0.
1/2

Since Fj = log(1/|z|) near the origin, we see that

1
52/ E(2)|z*72dz < 52/ log () |22 dz
e<|z|<1/2 e<|z|<1/2 |2
1/2 1
< 52/ log ()7“25_27" dr
- r
1
1
< 52/ log <>r25—1 dr
R r

o0
< 62 / se”20% ds
log(1/¢)

< / se” 25 ds.
log(1/<%)
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Since se™2* is integrable on (0,00) and € — 0 as € — 0, it follows that the above

integral converges to zero as e tends to zero. Hence, the first term on right-hand
side of (4.14) tends to zero as € — 0.

Similarly,
26 1
/ E(z) \z|2 dz < 8_2/ log () |2 dz
e<|z|<2e € e<|z|<2e |Z|
2¢e 1
< 5*2/ log <>r1+25 dr
R T
1 2e
< e ?log () / P20 4
€ g
1
< log ()525.
€

Since € — 0 and log(1/€)e2® — 0, the above integral converges to zero as € — 0,
and hence settles the case of the second term. The third term is similar to the
higher-dimensional case:

8_2/ E(2)|2)*™* =0 ase—0.
1/2e<]|z|<1/e

Hence, this also proves the case n = 1. O
The next proposition shows that the weight w in corollary 1.2 is optimal.

PROPOSITION 4.7. The weight w in corollary 1.2 cannot be improved. In particular,
the constant % in corollary 1.2 is the best.

Proof. Let W be a weight satisfying the inequalities in definition 4.1. Then we first
observe that w < w almost everywhere (a.e.). In fact, since C° C WE’Q, the
inequalities in definition 4.1 imply that both w and @ are locally integrable. Also,
since

/ (i — w)|ul2dz > 0

for all u € C°(C™), it follows, using the regularity of the Lebesgue measure and

the smooth version of Urysohn’s lemma, that @ — w > 0 a.e. Note that the same

conclusion holds if the above inequality holds for all poly-radial u € C2°(C™).
Now we show w — w < 0 using proposition 4.6. Let v, be as in proposition 4.6

and set u. = EY/?v,. Note that lim._,o u.(z) = E/?(2) as lim._,ove(2) = 1.
Hence, by Fatou’s lemma and (4.1), we see that

l/ (u?—w)E(z)szliminf%/ (0 — w)|uc|* dz

4 e—0

e—0

< limsup/ [V cuel> = fwlu[*] dz
(Cn

= lim sup E|Vu.|*dz

e—0 Cn
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by the identity in theorem 1.1, and the fact that the u. are poly-radial. By propo-
sition 4.6 the above limit is zero, and hence

1

Z/ (0 —w)E(z)dz < 0.
Since E is non-negative, this gives w — w < 0, and hence the proof. O

The fact that the weight w in corollary 1.2 is never achieved follows from the
next result.

PROPOSITION 4.8. The equality in corollary 1.2 holds if and only if u = 0.

Proof. Suppose that there exists some function u € VV1 2(((:”) for which the equality
in corollary 1.2 holds. Since C$°(C™) is dense Jn I/V1 2(((:”) we can choose a sequence
i of C2° functions such that 4. — v in W ((C") i.e. Vi (e —u) — 0in L% Note
that u. is real valued, purely imaginary or poly—radial, depending on u. Hence, by
corollary 1.2 and remark 1.3, we have

Jim 1 / D~ u?dz < lim [ [Ve(a - wf?dz=0.
e—04 n =0 Jon
Since |2]? < w(z), the above inequality shows that |z|i.(z) — |2|u(z) in L?(C") as
e — 0. Thus, in view of the inequality |Vu(z)| < |Vou(2)| + |2| |u(z)]|, we also see
that Vi (z) — Vu(z) in L?(C") as € — 0.

We can also assume that 4. — v and Vu. — Vu a.e., by taking a subsequence

if necessary. Then ¥, — v and V&, — Vv a.e. on C*, where 0. = E~1/24, and
v = E~'/24. Also, in view of theorem 1.1 and the equality for u in corollary 1.2,
E(2)|Vi.(2)]*dz — 0
Cn
as e — 0.

In view of Fatou’s lemma, we see that

0< E(2)|Vu(2)|*dz < hm E(2)|Vi.(2)]*dz = 0.
Cn Cn
Therefore, Vu(z) = 0, and v(z) is constant for almost every z € C". By corollary 4.5
EY/2 ¢ Wé’Q (C™) and u = E'/?v, which forces u = 0. This completes the proof. [

5. The Hardy—Sobolev inequality in the weighted Sobolev space

In this section, we show that our method also gives the Hardy—Sobolev inequality
that is valid in a one-parameter family of weighted Sobolev spaces associated with
the twisted Laplacian. For a > 0, let Ly ,(C") denote the weighted L? space on
C™ with weight E'1729(z), where E is the fundamental solution for £ given by
theorem 3.1, and let &’ denote the space of tempered distributions on C™. We
define the weighted Sobolev space W , by

nga((C”) = {f S S/C Xjf,}/jf e LQ,Q(Cn)’ _] = 1,2, . ,’ﬂ}.
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For a given u € C°(C") and « > 0, we introduce the function v = v, = E~“u,
as in (3.6). A simple calculation shows that

X,E -1 P
E1720‘|Xju| 2| |2| | El 2a+E 3171)4*1 5 ij
+ ozRe(XjEXj(|v|2)) — 1a(20 — 1)y Ev|* + ay; Im(v0,,0)E,
(5.1)
Y, E - 2
E1’2O‘|Yju|2 2| |2| | El 20 . | By, v ia v

+ ozRe(YjEYj(|v|2)) - 1a(2a — 1)x§E|v|2 — ax; Im(vo,,v)E
(5.2)

Adding the above two identities, integrating and summing over j yields

/ |V cu2 B2 dz

:a2/ lul?>| VBB~ 72> dz

“frxd

+ aZ/ Re{X; EX,[v]2 4+ Y; EY;[v|2} d=
i1 Cn

20 — 1
_ a( Oil )/ |Z|2|u|2El—2a dz

2

axjv—i—l ij +

1
Oy, ia?xjv

+a Z 2)[y; Im(v0,,0) — x; Im(vdy,v)] dz. (5.3)

Writing v = v + ivg, we see that Im(v0;;0) = v20;;v1 — v10,,v2. Now, setting
v; = E~%uy, this leads to the identities

Im(v0,,v) = E_Qa(uQawjul — u10y,us2),
Im(vdy,0) = E72* (u20y,u1 — u10y,us).
Tt follows that the integrand in the last term on right-hand side of (5.3) is
n
EZ[yJ Im(vd,,;v) — ; Im(vd,,v)] = E'**(usNuy — uy Nuy). (5.4)
j=1
The integrand in the second term on the right-hand side is same as
E{|Vol> + X(a = 1)*|z*|v]* + (1 — @) E7**(uaNuy — uy Nus)}, (5.5)
and the third term on the right-hand side is
LEJ? =[o(0)* =0,
([:71,
as LE = dg.
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Thus, (5.3) leads to the identity

E 2 2
/ |V eul?E' 72 dz = / [of VE| +(1- a)|2|] lu|?E'2* dz
CTL n

E? 4

+ E|Vv|2dz+/ B2 (ugNuy — uy Nug) dz,

C’!L n
(5.6)
where we have used the fact that |V E[* = [VE|? + {|z]2.
Setting
VE|?
wa(z) = aQ% +(1- oz)i|z|27

the identity (5.6) leads to a family of Hardy—Sobolev-type inequalities valid in the
weighted Sobolev spaces Wy o(C™).

THEOREM 5.1. Let w,, be as above and let N be as in (1.3). Then the inequality
/ 2w (2) B2 dz < / IV cul2E 2 ds (5.7)
n Cn

is valid for functions u in the weighted Sobolev space W o(C™), 0 < ae < 1, that is,
real-valued, purely imaginary or complex-valued poly-radial functions. Moreover, for
each of the weighted Sobolev space W o(C™), the weight w, s optimal and never
achieved.

Note that, from (5.4), it is clear that (uaNu; —u3 Nug) = 0 if u is real or purely
imaginary, and Nu = 0 when u is poly-radial. Also the weight w, is non-negative
for 0 < a < 1. The fact that the weight is optimal and never achieved follows by
arguments similar to those in the proof of corollary 1.2.

6. Connection with the Heisenberg Laplacian

The twisted Laplacian L is closely connected to the Heisenberg Laplacian

L= =3 (XF+77),

j=1
defined in terms of the generators of the Heisenberg Lie algebra:
Xj :8m_]. +%yj5't, Y/] :ayj 7%5%‘8,5, j=1...,n.

More explicitly, we have —Ly = A, + 1|2|207 + NO,, with N is as in (1.3).
Taking functions of the form u(z,y,t) = f(x,y)e™ ' on the Heisenberg group H"
identified with R™ x R™ x R, we get
Xju(z,t) = e "X, f(z,y) and Yju(z,t) =e Y f(z,y). (6.1)

This leads to the identity Lyu(z,y,t) = e L f(x,y) for u as above.
In view of these relations, it is possible to obtain a Hardy—Sobolev inequality for
the twisted Laplacian C™ from the Hardy—Sobolev inequality for the sub-Laplacian
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Ly on the Heisenberg group H,, but not the optimal one: for u € C°(C™) and
n € C(R), the function

on(ot) = n(  Juto. e € C2(01,)

for each R > 0. Now, the Hardy—Sobolev inequality on the Heisenberg group [2]
gives the inequality

2 2 |2? 2

Since

£\ . 1 .
Vuvr(z,t) =1 (R> e "V eu(x,y) + (3y, —32)u(z, y)ﬁn’ () e M,

2

using the convenient notation v(z,t) = v(z,y,t) we see that
1
4R?

) ()

()Y g

j=1

2
Vavr(z,t)* = [Veu(z)? + 12 [u(2)?

Now, since

(6.2) reads as follows:

fowaenl(®)| e
< [ veuPa(g) 7 (3)

By a change of variable in ¢, and choosing n with [, [n(t)|*dt = 1, (6.3) leads to
an inequality of the form

2 2112
il I

2 1

2
2 2
dzdt—i—/C”XR|z| ()P 5z dz dt.

(6.3)

/ lu(2) Powr(z) d= < / IV u(2)[? dz (6.4)
with weight wr given by

2 2 P
2 n”|n(t)] In'(t)]

- = — dt.

wr(2) Wn,R(Z) |2] /R[|Z|4+R2t2 AR2

Now we show that we can make the weight wr non-negative by a suitable choice
of R. First, observe that

IlggnowR(z) = —oo and ngnoowR(z) =0.
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Tt is easy to see that R — wg(z) has a positive maximum on (0, c0). For this we
set (R) = wpr1/2(z), and the critical point is given by

P 4282 (1)?
0‘@“ﬂ‘4m<c‘éumwm+ﬁPﬁ)
where
O=Amwwa.

Note that the critical point is unique, since the expression inside the bracket is a
monotone function of R, and hence gives the maximum, which is positive. Thus,
for each z, there exists an R = R(1), z) for which wr(2) = wr(y,»)(2) > 0 and (6.4)
yields a Hardy—Sobolev-type inequality.

However, the Hardy—Sobolev inequality obtained in this way has a weight that
depends on the particular choice of 7, and hence it is unclear whether one can
obtain the optimal Hardy—Sobolev inequality in this way.

The correspondence (6.1) also leads to a deduction of the fundamental solution
for £ from the fundamental solution Ey for the sub-Laplacian Ly. In fact, taking
the partial Fourier transform in the ¢-variable in the relation Ly FEy(z,t) = §(z,t) =
5(2)d(t) leads to the identity

(A + IX2[2> +1IAN) B} (2) = 6(2), (6.5)

where Eﬁ‘l denotes the partial Fourier transform in the ¢-variable, evaluated at A,
of the tempered distribution Fy(z,t), which was determined explicitly by Folland
in [6]. Note that

Cn

Bu(zt) = —— "
u(& ) = ey

for the vector field that we consider, with the same constant ¢, as in [6]. Taking
A = 1, this gives the following alternative representation of the fundamental solution

to L:

_ —it
Eu(z, e it dt = ¢, / —_° _____at  (6.6)
R

B(:) = BA(:) = [ e

R
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