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The equations for three-wave interaction describe the resonant, quadratic, nonlinear interac-
tion of three waves. They are obtained as amplitude equations in an asymptotic reduction of
the basic equations of nonlinear optics, fluid mechanics, and plasma physics. These equations
are completely integrable and have been the subject of intensive research in the last years. It
is the purpose of this paper to prove exact estimates between the approximations obtained via
this system and solutions of the original physical system. Although the three-wave interaction
model is believed to describe a number of different physical models we restrict attention to
its application as a model of the resonant interaction of water waves subject to weak surface
tension.

1 Introduction

In this paper we continue our program to justify the use of common models for water
waves. In previous work we have examined the equations appropriate to approximate the
long-wavelength motion of gravity waves [21], and capillary-gravity waves [22]. In this
work we consider the interaction of three wave trains whose frequencies and wave numbers
are in resonance. The equations for the so called Three-Wave Interaction (TWI) are
given by

O7A1 = cg(k1)Ox A1 + iy1 4243,
aTAz = Cg(kz)axAz + iV2A1A3, (11)
07 A3 = cg(k3)0x A3 +ip3A A,

with T € R, X € R, ¢,(kj) € R, y; € R, k; € R, and 4;(X, T) € €. The TWI equations
describe the resonant quadratic nonlinear interaction of three wave packets modulating
some underlying wave trains e/**t®i) These wave trains have to satisfy the resonance
condition

k1+k2+k3=0}’ (12)

w1+ wy +w3=0

with k; € R the spatial wave numbers and w; the temporal wave numbers. It is the purpose
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of this paper to show that the dynamics in the original system behave as predicted by the
equations for the three-wave interaction, i.e. to prove exact estimates between the solutions
of the water wave problem and the approximations obtained by the equations for the
three-wave interaction. In the case of surface water waves moving under the influence
of gravity and weak surface tension, the system for the three-wave interaction has been
considered previously [3, 6, 17]. For a relatively recent survey of both the theoretical
and experimental status of resonant interaction models in the theory of water waves, see
Hammack & Henderson [9].

The quadratic resonant three-wave interaction seems to play a big role in the generation
of capillary-gravity surface waves. For instance, Janssen [10, 11] argues that three-wave
interactions may be important in the wind-induced generation of initial wavelets com-
paring the formal approximations with experimental data [14]. In the resonant case, a
third wave packet of order ()(¢) can be generated out of two wave packets of order (/(¢).
In the non-resonant case only the generation of order (/(¢?) wave packets is possible.
This idea goes back to the beginning of the 1960s [16, 19], based on observations at
the beginning of the last century, and has been reviewed, for instance, in Hammack &
Henderson [9].

Just as with the Korteweg-de Vries or Nonlinear Schrodinger equations, the TWI
equations can be derived as an asymptotic approximation for a number of systems,
including nonlinear optics, plasma physics, and fluid mechanics, especially for internal
waves in two layer fluids, and for surface water waves in case of low surface tension.
See Ablowitz & Segur [2] and Craik [8] and the references therein. Although we restrict
ourselves to the water wave problem due to our particular interest, we believe that the
approximation property holds for the other original systems, too. In fact, we expect that
the analogous theorems may be easier to prove in those cases, because the local existence
and uniqueness theory is simpler.

Equations (1.1) turned out to be completely integrable, and they have been the subject of
intensive research in the last few years (see elsewhere [4, 5, 13, 1] for recent developments in
the x-independent case). Unlike the KdV equations, for example, the complete integrability
of (1.1) cannot be reduced to an integral equation of Gelfand-Levitan type. Instead, one
must solve a Riemann-Hilbert problem.

The water wave problem consists in finding the irrotational flow of an inviscid, incom-
pressible fluid in an infinitely long canal of fixed depth h with impermeable bottom under
the influence of gravity and surface tension. We choose coordinates with x € IR denoting
the unbounded direction in the fluid and with y > —1 the coordinate measuring the fluid’s
(finite) depth. The velocity field of the fluid satisfies Euler’s equations and the fluid fills
the unknown time-dependent domain Q(t) between the bottom {(x,—1)|x € R} and the
free unknown top surface I'(t) = {(x,7(x,t))|x € R} with 5 : R — R. The TWI equations
are approximation to water waves that are small perturbations of a flat surface. As such,
we assume throughout this paper that the fluid surface can be written as the graph of
some function. It follows from our results that if the initial conditions are of the form
described by the hypothesis of Theorem 1.1, then the surface can be written as a graph
at least over the period when the approximation is valid.

Under these assumptions, there exists a potential ¢ : Q(t) — R such that the velocity
field u = (u,v) satisfies u = 0,¢ and v = 9,¢. The potential ¢ and the elevation y of the
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top surface satisfy

0 +0¢=0, in Q) (1.3)
0, =0, fory=—I, (1.4)
O = 0y — (0x17)0x¢p, on I'(1), (L5)
_ _l 2 2 Oxn .
0 = —5((0x¢)" +(8y9)7) + O« 71+(6xn)2] n, on I'(t), (1.6)

where p is a parameter proportional to surface tension. Without loss of generality, we set
the depth of the fluid and the gravitational constant to one. It is well known, and it will
be explained in the next section, that the water wave problem is completely described by
the evolution of the elevation of the top surface # =n(x,t) and the horizontal velocity
component w = w(x, t) = u(x,5(x,t),t) at the top surface.

Then the equations (1.1) for the three-wave interaction can be derived by the following
multiple scaling ansatz. There exist vectors ¢; € € (which depend only upon k; and can
be computed explicitly) such that

w A A
<’1> ~ epi(x, 1) = edj(ex, et)e Ty + e, (ex, et)e T o,
+ eA3(ex, et)e® 0 s 4 c e,

with 0 < ¢ < 1 a small parameter, c.c. meaning complex conjugate, and the spatial and
temporal wavenumbers k; and w; having to satisfy the resonance condition (1.2), and
being related by the linear dispersion relation of the water wave problem

= (k + pk’)tanhk. (1.7)

Notation. We denote Fourier transform by (# u)(k) = ii(k) =
space H* is equipped with the norm |ul g = ([ |i(k)*( 1
lulle; = g 10%ull co. where uflcs = sup,cp lu(x)].

Then our result is as follows.

5= [ u(x)e™™* dx. The Sobolev
k|?)® dk)l/2 Moreover, let

Theorem 1.1 Let s > 6 and choose w; and k; to satisfy (1.2) and (1.7), Then for all Cy, Tp >
0 there exist Cy,e9 > 0 such that for all € € (0,¢) the following is true.
Let Ay, Ay, A3 € C([0, To], (HP*(R, ©))*) be solutions of (1.1) with

sup [A(T)|ps+ < Cy
Te[0,To]

for j=1,2,3. Then there are solutions of the water wave problem (1.3)—(1.6) satisfying

‘ (:) (x,0) — 1 (x, 1)

This theorem also allows us to find the dynamics of the equations for the three-wave
interaction in the water wave problem, since the error of order ((¢*/?) is small compared
with the solution and approximation, which are both of order 0(g).

< G2
(Cg—2)2

sup
te[0,70]
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FIGURE 1. Schematic of the linear dispersion relation and possible quadratic resonances.

It is easy to see that the resonance condition (1.2) can be satisfied for the dispersion
relation (1.7) of the water wave problem for small p > 0, i.e. for small surface tension (see
Figure 1).

In principle, the proof of Theorem 1.1 is based on a simple application of Gronwall’s
inequality. It has been pointed out [15] that such an estimate can be proved on a time
scale (9(%) if the solutions are of order (/(¢), and if the residual, ie. the terms which
remain after inserting the ansatz into the equations of the original system, can be made
sufficiently small, here ¢(¢*). In the present case, we make the residual small by adding
to the original ansatz gy; additional terms that are of higher order in ¢. That these terms
can be chosen is such a way as to make the residual small is proven in Lemma 3.6.
Therefore, the equations for the three wave interaction (1.1) do provide accurate and
useful approximations of the water wave problem. We note that this fact should not be
taken for granted. There are modulation equations (some examples of which are described
in Schneider [20]) which, although derived by reasonable formal arguments, do not reflect
the true dynamics of the original equations.

The difficulties in proving Theorem 1.1 come largely from the inherent difficulties of
the water wave problem, and not from the approximation procedure. So far there is no
direct local existence and uniqueness theory for the Eulerian formulation (1.3)—(1.6) of
the water wave problem, which does not work with analytic initial conditions. Therefore,
to prove Theorem 1.1 we have to work with the Lagrangian formulation of the water
wave problem for which a number of local existence and uniqueness theorems in Sobolev
spaces exist [7, 18, 24, 25, 26, 27]. This formulation will be introduced in the next
section. It has the drawback that several of the variables in this formulation exhibit
secular growth, which is difficult to control over the long time scales we must work with.
To circumvent this secular growth, we apply a method from Schneider & Wayne [22]
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where the KdV-equation has been justified as an amplitude equation for the water wave
problem with weak surface tension.

Notation. Throughout this paper, we assume 0 < ¢ < 1 and denote possibly different
constants by the same symbol C. The j-th component of a vector v is denoted by (v);.
The commutator of two operators L and M is defined as [L, M] = LM — M L.

2 The Lagrangian formulation of the water wave problem

As mentioned in the introduction, there is no existence and uniqueness theory for the
Eulerian formulation (1.3)—(1.6) of the water wave problem in Sobolev spaces. Thus, this
section is devoted to introducing the Lagrangian formulation of the water wave problem,
rewriting this formulation as a quasi-linear system of partial differential equations, and
then stating an existence theorem for solutions of this system that we proved in Schneider
& Wayne [22]. For fixed time t the free surface of the fluid can be written as

) ={(Xi(a1), X2(e, 1)) = (2 + X1(, 1), X2(, 1)) € R}.

It is a Jordan curve which has no intersection with the bottom {(x,—1)la € R}. In
contrast to the Eulerian formulation in the Lagrangian formulation, I' (t) does not have
to be a graph over the bottom. Under the assumptions on the flow which we made in the
introduction the dynamics of the water problem is completely determined by the evolution
of the free surface I'(t), which is governed by (for a careful derivation of the following
system of equations, see Yosihara [27]):
O X1(1+3,X1) + 0, X2 (1 + 07X>) = uR(9,X,0;X) + uS (3,X,0,X), (2.1)
0, X, = A (X)0: X1, (2.2)

where
X (o t) = (X1(o 1), X2(, 1)),
R(3,X,0;X) = =300, X) 7 (1 + 0, X1, X1 + (3,X2)(9;X>))
X (—0,X202X1 + (1 +0,X1)02X:),
S(0,X,03X) = 0(0,X) 7 (=0, X0, X1 + (1 + 8, X1)03X2),
0(0,X) = (1 +0,X1)” + (3, X2))'/%.

The operator #(X) acts linearly on U;=0,X;, but depends nonlinearly on X. It is
related to the Dirichlet-Neumann operator and its existence is a consequence of the
incompressibility and irrotationality of the flow. It is defined by A (X)U; = 0,¢|r«),
where ¢ : Q(t) - R solves (for fixed ¢) the boundary value problem

Ao =0, in Q1),

0,0 =0, fory =—1,

0x¢p =U;, on I'(1t).

The operator #°(X) is of the form A4 (X) = ¢ + ¥1(X), where ' is the linear part of
the operator 2#°(X), and has the Fourier symbol (k) = —itanh(k). The nonlinear part
S1(X)- has certain smoothing properties which are summarized in Appendix A.
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To prove the existence and uniqueness of solutions of (2.1)—(2.2), it is embedded in a
quasi-linear system of PDEs. There are various ways of doing this but we will use the
notation and formulation from Schneider & Wayne [22].

The quasi-linear system we construct is a four-dimensional system for the variables
X1, X5, Uy and V; = 0,U;. All variables are collected in the vector ¥~ = (X1, X5, Uy, V7).
Unfortunately, as explained in Schneider & Wayne [21], the variable X; is unbounded
(in space) and grows rapidly (in time), making the resulting solutions difficult to control
over the long time scales which we need to work with. However, as we also discussed
in that reference, the derivatives of X; do not suffer from this secular growth, and thus
it is advantageous to work with the additional variable Z; = # ¢X; (which for ‘long-
wavelength’ initial conditions behaves like Z; ~ 0,X;.) The reasons for this particular
choice of variables are discussed in more detail in Schneider & Wayne [21, Remark 2.2].
Somewhat surprisingly, the system of equations for the water wave problem can be
rewritten entirely in terms of the four variables (Z;, X, Uy, V7). We define the vectors of
variables W = (Z1, X,,Uy) and #", = (Z1, X», Uy, V7). The vectors # and #", will be in
the spaces #° = H® x H® x H™3/2 and #% = H® x H* x H*73/? x H*73, respectively. We
also abuse notation slightly and do not distinguish between operators which depend on
¥ or W, ie. for instance we will write #'(X) as either A4 (¥") or J (#"), depending
on the circumstances. (Note that it is not immediately apparent that #" can be expressed
in terms of . This is a consequence of the way in which it depends on X}, as explained in
Schneider & Wayne [21].)

2.1 The quasi-linear system

The quasi-linear system for %", = (Z1, X», U1, V1) constructed in Schneider & Wayne [22]
is then given by

0 Z1 =AUy,
0. Xy =AUy +L1(W)UL, 23)
oUr =11, '

0,V =ZL(#)U; + Gs.
We distinguished the relevant linear and quasi-linear terms in the first column on the
right-hand side from the semi-linear ones % 1(#")U; and Gs in the second column. The
exact form of the nonlinear term, Gs, is not important for what follows — all we need is
the fact that it is quadratic and semi-linear, that is, if #", € #7, then for any R > 0 there
exists Cg such that if [|%7. | »s <R,

1Gsl s < CRIV ell3ps

which can be easily verified using the formulas for Gs provided in Appendix B. The
quasi-linear term #(#") will be more important in what follows and it has the form:

LWy = =0, (hoH 00U — LUy — H 00, Uy (2.4)
ho = —p((1 + 0,X1)* + (0,X2)*)*/ (2.5)
3u

hy = ((1+0,X1)(02X2) — (3.X2)(02X1))  (2:6)

(1 +0,X1)* + (8,X2)%)°?
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In Appendix A we summarize the estimates on %1, which imply the semi-linearity of the
remaining term in the second equation of (2.3). Rather than studying (2.3) in detail at
this point we recommend that the reader goes on and we refer back to (2.3) whenever
necessary during the remainder of the proof. For more details and the derivation of this
system, we refer to Schneider & Wayne [22]. In Schneider & Wayne [22] the following
local existence and uniqueness result was proved.

Theorem 2.1 For all s = 6 there exists a Cy > 0 such that for all C, € (0,Cy] we have a
To > 0 such that the following is true. For each initial condition W .o € A3 with | ool s <
C, there exists a unique solution W, € C([0, Tol, #%) of (2.3) with W oli=0 = W ep.

Local existence and uniqueness of solutions of the water wave problem (2.1) and (2.2)
follows indirectly since (2.1) and (2.2) can be identified as a subsystem of (2.3). In particular
not all initial conditions # ", of (2.3) lead to solutions of the water wave problem (2.1)
and (2.2) — only those which have been computed as described above from X|;—g, X2|=0,
and U |,—. Therefore, we introduce the space %, x of functions which satisfy the following
compatibility conditions, i.e. the subset of the phase space of (2.3) in which the solutions
satisfy (2.1) and (2.2).

Definition 2.1 We define the supset €, x of A’ to be those elements of A for which there
exists y; € H® such that

Cpx = {We = (do, b1, 02, $3) | (a) po = A 'oy1, and if
b4 = A (11, 01)¢3 + [0, A (11, $1)]$2 then
b) (1 + 0uy1)p3 + (0up1)(1 + ¢4)
= R (011, 1), 03 (11, 1)) + 1S (Vulx1. 1) D321, D1))-

Note that in the definition of ¢4, the quantity [0, # (1, ¢1)] is a function of ¢, ¢y
and ¢, since as we remarked above, (X, X,) can be re-expressed as a function of
7z = J{g]Xl and X,, and in addition O,y; = ¢, and 0,¢1 = ()1, $1)¢>2. Note further
that if %|;—o € %,x it follows #'(t) € €, x for all t > 0 due to the construction of (2.3).

3 The formal approximation

Our approach to prove Theorem 1.1 is the same as that used in Schneider & Wayne [21, 22],
namely we first derive, via a formal perturbation expansion, equations whose solutions
we believe provide a good approximation to the water wave problem and then prove that
the difference between the approximation provided by the solutions of these modulation
equations and the true solution of the water wave problem remains small for the time
scales of interest. The present section is devoted to deriving the formal modulation
equations for the three-wave interaction model.
We write our approximation in the form of the ansatz:

X
<X1> ~ ep1 + o + Xy (3.1)
2
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with
3
> eajAj(en, et)é
j==3

&P = }?
> ebjAj(ea, et)é
j==3
0

3
];3 &*B(en, e1)&
&YYo = Hf
> EC) (e, et)6

=3
40

3003
Z > 82Bj/(soc,8t)(5”jé”/

j=—3 /==3
&Yy = 33 >

E Z 82Cj/(806,8t)(5aj£7/
/;53 //:453
where & = elki#toit) A, = A_; k; = —k_j, o; = —ow_;, and where k; and o; are chosen
such that the resonance condition (1.2) and the linear dispersion relation (1.7) are satisfied.

Remark 3.1 We note that we do not necessarily expect that (3.1) gives an approximation
to the water wave problem correct to ((¢*). While one can presumably derive refinements
of the TWI-system which describe the (¢)(¢?) terms in X, X». This may involve additional
terms besides B; and C;.

As we show below, the amplitude functions A4; satisfy the three-wave interaction equa-
tions and thus the term ey in (3.1) is precisely the desired approximation in Theorem 1.1.
Note that so long as BY, CY, and Bj,, and Cj, remain of ¢(1) for 0 <t < Ty/e, we can
choose them to have any value we like without altering the fact that the leading order ap-
proximation is ;. We will choose these coefficients to eliminate certain unwanted terms in
the residual and also to simplify the proof of the approximation theorem in the next section.

To derive the equations satisfied by 4;, B, CY, Bj, and Cj,, we insert (3.1) into (2.1)-
(2.2) and expand the resulting equations in powers of ¢. To identify the various terms we
need to know the form of the linear and bilinear terms in #'(#"). For this we use the

following lemma.

Lemma 3.2 The operator 4 (X) possesses the expansion
H(X)Uy = A oUy + B1(X)U;p + So(v)U;.
with

Bi(X)U; = ([X1, # 010, U1) — (X2 + H 0(X2H40))0, Uy
= ([X1, #0103, U1) — (1 4+ #3)(X20,Uy) — H'o([Xa, #0]0.Ur),  (3.2)
SAX)Uy = 0|7 |*)U,. (3.3)
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Proof See Schneider & Wayne [21, Lemma 3.8, Remark 3.9] (based on Craig [7,
Lemma 3.7, p. 827]). O

Remark 3.3 Note that, to compare Lemma 3.2 with the expressions in Schneider &
Wayne [21], we must recall the notation used in that reference. As mentioned in the
previous section in the quasi-linear system (2.3), we replace the variable X by Z; = 4 0 X;.
To rewrite the equations in terms of these new variables we also define the operator

M(Zy,) = [Xq, H o]

whose properties are summarized in Lemma A.4. To express the term 0,X; in terms of
Z1, we also define the operator

My = =0, H o)

which is a map from H**!' to H®. Note that, with the aid of .#;, we can rewrite the
quadratic term in (3.2) as

Bi(W)U\ = M(Z1,0,Uy) — (14 A7) (X20,Uy) — A o([Xa, # 010, Uy),

i.e. as a function of #" =(Z4, X», Uy, V1), rather than as a function of (X1, X»). As explained
in Schneider & Wayne [21], this is true not only of the quadratic term in ¢ (X), but
also of the higher order terms as well, so that we can write #'(X) as A (#"). It is this
observation that allows us to write (2.3) as a quasi-linear system for %" rather than for
V= (X1, X2, Uy, V1).

Remark 3.4 The estimate on %5 in (3.3) is not just formal. If s > 7/2, one has the estimate
| 7200 Ul < CIH 15 | Ut s

See Schneider & Wayne [21, Corollary 3.16].

We expand (2.1)—~(2.2) with the aid of Lemma 3.2, retaining explicitly the linear and
quadratic terms:

02X 4+ 0,X2 — udiXs = B1(X1, Xo) + O(| 7 |P), (3.4)
0 X> — H00. X1 = B2 X1, X2) + O(|7|)*) (3.5)
with

B1(X1,X2) = —(97X1)0, X1 — (3, X2)3; X,
— 3u(0;X1) 0, X — (0, X2)03 X,
—2(0,X1)3, X,

Br(X1,X2) = X1 H 00,0, X1 — H o(X10,0,X1)
—X50,0,X1 — A 'o((X2470)05,0:X1).
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We now turn to the derivation of the three-wave interaction model. If we insert (3.1)
into (3.4)—(3.5), and consider first the terms proportional to ¢6; for j = +1,42,43, we
see that a; and b; must satisfy

—o; ki 4 piki\ (a;\ (0
(i ) (5) =)

which leads to the linear dispersion relation (1.7). Provided (1.7) holds, we can choose

(lj . R 1
(bj) a (J”/o(kj)>’ 37
to satisfy (3.6).

We next consider the terms arising from sy + &>y that are proportional to &2& ;. These
yield:

2iw,6TAj — (l)szJO + «%O(kj)aXAj + lkJCJO

+ 3,uk12-ﬁ/0(kj)6XAj + ,uikj- C;) = nonlinear terms,

i;CY + A o(kj)orAj — A o(k;)dTA;
dA'

(kj)oxA; = nonlinear terms.
To obtain an equation for A; alone, we choose B}):O, and obtain from the second
equation
dAx .
C}) = —id—ko(kj)aXAj + nonlinear terms

and so

A

2iw;0rAj + <9Af0(kj)(1 + 3uk;) + %(kj)(kj + ,uk?))@xAj = nonlinear terms
which is equivalent to

07A;j = c4(kj)OxA; + nonlinear terms,

where ¢, (k;) = %(kj) is the group velocity of wave packets with spatial wavenumber k;.

Finally, we turn to the computation of the nonlinear terms. Our strategy is to substitute
(3.1) into (3.4)—(3.5) and use the coefficients Bj, and Cj, in 2, to eliminate as many of
the terms of ((&?) in the nonlinearity as possible. Making this substitution and equating
the coefficients of &2& ;6 in the linear terms which arise from 2, with the coefficient of
28 j6¢ in the nonlinear term, we obtain the equations:

(-(w,~+w/)2 i(kj+k/)—|—ui(kj—l—kf)3> (Bj/) _ (ﬂj/

. AjA,, 38
—Ho(k; + k) 1 Cje W) e (38)

where the coefficients ;, and y;, are coeflicients whose computation in terms of a;, bj,
w; and k; is straightforward but tedious.
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We consider the equations (3.8) in three groups:

Group I

(j> /) € {(17 1): (29 2)a (39 3)a (_la _l)a (_2’ _2)’ (_3’ _3)
(L _2)(17 _3)7 (_27 1)’ (_35 1)7 (25 _1)5 (_15 2))
(2’ _3)’ (_33 2)9 (3a _2)a (_2’ 3)}

. ot P ik ik k)
For (j,/) taking any of these values, det ( gf)’(:(iz ) l(k’+k/)+1“ ik tkeY'y & 0. Thus, we set B i/
—H olkj+ks

and C;, equal to the (unique) solution of (3.8) in this case.

Group II
(ja /) S {(19 _1)9 (23 _2)3 (39 _3)9 (_19 1)5 (_25 2)7 (_37 3)}
In this case, det( @Fe)" itk +uilks ko))
’ —Holkjtke) v . )
Bisr=7vjs =0, s0 we set Bjy = Cj, = 0 in this case. This is motivated by the fact that the
nonlinear terms for these values of (j,/) are of order (/(¢*), which in turn results from the
fact that the nonlinear terms in the long wave limit (i.e. in the asymptotic limit in which
the KdV-equation is the correct modulation equation) contains at least one derivative.

These derivatives act on functions which vary slowly in time and space, and as a result
these terms are of higher order in &.

= 0 but an explicit calculation shows that

Group III (the resonant terms)
(j’ /) € {(19 2)3 (27 3)5 (17 3)a (_1’ _2)’ (_2’ _3)’ (_1’ _3)}

—((oj+w/)2 i(k;+k()+[li(k‘/+k/)3)
— A olkj+ky) Y ) .
Thus, these terms cannot be eliminated from the nonlinearity, so we set Bj; = Cjy =0

in this case as well.
If we now use the fact that

In this case, det ( =0, but §;, and y;, are nonzero.

6162 =83, £163 = &2, 6263 =61, (3.9)

we see that all terms of order ¢ and ¢ that result from substituting (3.1) into (3.4) and
(3.5) will vanish provided A; satisfies:

01 A1 = cg(k1)0x A1 + iy1A243,
07As = cg(k2)0x Az + ip2A1 A3, (3.10)
01 Az = cg(k3)0x A3 + ip3A1 4z,

with constants y; € R. The explicit formulas for the y;’s in terms of the k; and w; can be
found in Craik [8]. We have y; € R due to the conservation of energy.

For the proof of the Approximation Theorem 1.1, the approximation has to be extended
to the variables Z;, U; and Vi, too. We define ¢¥x, as the first component of (3.1), ¥y,
as the second component of (3.1), ¥y, =0,Py,, and ¥y, = 3> ¥yx,. Recalling the definition
of Z; we define ¥z, = A ¢¥x,.
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Remark 3.5 We have no need for the explicit form of ¥, in what follows, but we note
that by taking advantage of the long-wavelength form of the amplitude functions 4}, B;),
C;), Bj; and Cj,, one can write out an expansion for ¥z, in powers of ¢. For example, the

terms of @(¢) are simply
3

Z sjfo(kj)Aj(soc,st)(fj.
./’;0*3

The approximations to the solution are collected in the vector
SIPZ]
8'PX2
SlPUl
ElPVI

e = (3.11)

This approximation allows us to make the formal error, the so-called residual

Res.(#".) = (Resz, (#.), Resx, (W .), Resy, (W ), Resy, (#.))

with
Resz, (o) =—0,Z1 + AU\,
Resy,(#.) = —0,Xo + AUy + L 1(W)Uy,
RCSU](WL,) = —6TU1 + Vl,
Resy,(#,) =—0,V1 + L(#")U; + Gs

small. By the calculations defining the coefficients 4, B?, C?, Bj,, and Cj,, we have

Lemma 3.6 Fix s> 6. For all C4 >0 there exist Cy, Cres, &9 > 0 such that for all ¢ € (0, &)
the following is true. Let Ay, A5, A3 € C([0, Tol, (H*P*(R, €))?) be solutions of (1.1) satisfying

sup || A;(T)l| s> < Ca

Te[0,T]
for j=1,2,3. Then we have
sup [P0y < sup [P0 < Cy (3.12)
te[0,Ty /€] te[0,To/¢)

and

sup HRCS(E}'P(I))H/: < CResgs/za
te[0,To /€]

where ||it] i) = |0p* ] L1 with p(k) = (1 +k?)!/2.

Remark 3.7 It may be surprising at first sight that we obtain a bound on the residual
of Crese®/? rather than Ce’ that the formal calculation led us to expect. This is simply
a result of the way the L?> norms scale for long-wavelength functions, ie. if 4 € L% and
(:A)(x) = A(ex), then |, Al > = & /> A >. In contrast we have |ufco = | ullco,
and since F (¥, A) = ¢S, (F A) we have il = |¢7' S il 1. The estimate (3.12) is
used, for instance, to estimate |yR|[lgs < Cly|c;[|R|ns without loss of powers in e. See
also Remark A.6.
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4 The error estimates

Now we are ready to formulate our main result. For (2.1) and (2.2) written as the first
order system

0:Z1 = A oUy,

0: X, =AU + L 1(X)Uy, 4.1)

0 Us = —(1 — ML Z1 + (3,X2)H 0 + (0:X2) L 1(X)) " (. X2)(1 + [0, L1(X)1Uy)
—uR(0,X,0;X) — uS(3,X,0,X)]

in the variables collected in #" we show that there exist solutions which behave in
approximately the same way as predicted by the approximation ¢¥ defined in (3.11) and
constructed via the solutions of the equations for the three-wave interaction (1.1).

Theorem 4.1 Fix s>=6. Then for all Cy4, Cy, Ty >0 there exist Cg, ¢y >0 such that for all
¢ € (0,&) the following is true. Let A = (A1, Ay, A3) € C([0, Tol, (H**?)?) be solutions of
(1.1) with
sup [[(A1, A2, A3) || (ms+2pp < Ca
Te[0,To]
and let W'|i—g = ¥ |—o + e’ R|i—o € A with |R|—o|l»» < Co and p = 3/2. Then we have
a unique solution W = eV +¢#R € C([0, Ty/el, #°) of (4.1), which satisfies

sup [|R(?)|[s < Cr.
te[0,Ty /¢

Remark 4.2 Local existence and uniqueness of solutions for (4.1) follows indirectly, since
(4.1) is a subsystem of (2.3), namely the system of all solutions of (2.3) in €, x.

Remark 4.3 Theorem 1.1 is an immediate consequence of Theorem 4.1. The estimates for
the Eulerian variables w = w(x, t) and n = n(x, t) defined by

w(X (o, 1),1) = 0,X (o, 1) and n(Xi1(o,t),t) = Xo(at, 1)

follow in a fashion very similar to that of Schneider & Wayne [21, Corollary 1.5], though
the fast oscillation of the &; with respect to the time scale on which the amplitudes
A; change make it possible to avoid the use of weighted Sobolev spaces here. Given
solutions A = (Ay, A4, A3) € C([0, Tol, (H**?)?) of (1.1), construct ey, + &>y + 2y,
as in (3.1) and then &% as in (3.11). Choose as initial conditions for (4.1) # |0 =
e¥ |—o+¢fR|,—o, and let # =¥ +¢ R be the solution of (4.1) constructed in Theorem 4.1.
Note that X(a,t) = X;(x,0) + fot Ui(a,s)ds. Theorem 4.1 implies that U; =¢¥Py, —l—sﬁRUl,
with f=3/2. Since ¥y, = 0,Px,, equation (3.1) implies that

3 3
Yy, (o, t) = Z elim;)a;A (e, et)é; + & Z a;j0rAj(en, et)8; + (0ol + & @Qpa)1, (4.2)
j==3 j==3
0 0

where (0,1;)1 denotes the first component of the vector 9,1 ;. Note that from the estimates
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on A; (and the fact that 07 A; satisfies (1.1)), we have that there exists C > 0 such that

3
¢ Z ajGTAj(&,st)@“’j < ce?

=3
A0 Hstl

for all 0 <t < Ty/e. (The ‘loss’ of half a power of ¢ is again just a reflection of the way in
which the Sobolev norms scale when evaluated on long-wavelength functions.) Similarly,
I62(0,wo)1 || gset < Ce? and [e2(Qyp2)1 || e+t < Ce¥/?. Thus, combining these estimates with
the bounds on Ry, coming from Theorem 4.1, we see that we can write

3

t t t
/ Ui(a,s)ds = Z s(iwj)aj/ Aj(ea, es)8 j ds + / Ui™(a,s) ds
0 0 0

=3
40

where || fot v, s)ds|lps < C te3/2. Turning our attention to the integral involving A4 j we
see that

t t
1 4
/ AJ(SOC 85)6 i(kjoatwjs) ds = / Aj(EO(, SS), as(ez(kjwrmjs)) ds
0 0 iw;

1 ; ‘ 1 ! ; :
= —Aj(ea, gs)e’(k-f”‘“-f*% — _—8/ OrAj(eo, es)ekirteis) gs. (4.3)
1w lwj 0 ’

Recalling again the estimates on 4;, and the way in which the H® norms of long-wavelength
functions scale, we have

3

t
sZ(iwj)aj/O Aj(e,s)éjds < C(\/5+t£3/2).

j=3
JF0 Hst+l

Combining this with the estimates above, we see that for 0 < t < Ty/e, we have
HXl(-,t)—Xl(-,O)Hsz < C\/E. Thus, by the inverse function theorem the function
Xi(o,t) = o + X1(o, t) has an inverse Xfl(x, t) = x + E(x,t) with

sup [|Z(- 1) < Cofe
te[0,Ty /€]

Thus, if we denote by ey;, the second component of the vector ey, and note that it is
equal to the order ¢ term in ¢¥x, we have

sup [, 0) —epia( 02 < sup (IXa(8) = ewia(, 0 2
€[0Ty /e] (€[0,To /2]

+1X2(,0) = n( 0l ep-2)

= sup ([IX2(50) —epia(5 O 2 + [ Xa( 1) — Xa (X7'¢,0.0) les)
te[0,Ty /¢
< CE% 4 2,

The estimate on w is similar and Theorem 1.1 follows.
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Proof of Theorem 4.1 The proof is very close to that of Schneider & Wayne [22], where the
validity of the KdV and Kawahara equations has been established for long-wavelength
initial data, though as mentioned in the introduction the proof is actually somewhat
simpler here due to the shorter time scales involved.

We write a solution %" = (Z1,X,, U;) of (4.1) as a sum of the approximation ¢¥ and
an error ¢/ % with

eV = (S‘I’ZI,SY’XZ,S'PUI) and &’ 2 = (eﬁRzl,eﬁRXZ,eﬁRU]),
and we write a solution ¥, = (Z1, X, Uy, V1) of (2.3) as a sum of the approximation
eV, = (E'I’Zl,s'l’xz,sll’ulsll’yl) and &%, = (eﬁRzl,a/}sz,8ﬁRU16ﬂRV1).

To control the growth of the solutions in an optimal way, it is advantageous to consider
(4.1) in parallel with (2.3). As we will see, we can use (4.1) to control the low order
derivatives of the solution, and consider (2.3) only to control the highest order derivatives.
We expand the right-hand side of both systems in Taylor polynomials, in (4.1) considering
explicitly only the linear terms, while in (2.3) we must retain explicitly all the quasi-linear
terms.

Throughout the rest of this section, we assume that the following standing hypothesis
holds:

(HS) For all Cg > 0 there exist constants gy > 0 and C > 0 such that the following estimates
hold for all ¢ € (0,&) and t = 0 as long as sup.¢,) [|Z(7)|l#s < Cr.

This assumption will be validated with the energy estimate at the end of the section, and
(HS) should be viewed as boot strap assumption.

If we first insert the ansatz %" = ¢¥ + &’ into (4.1) and expand, identifying explicitly
the linear terms, we obtain

aII{Z| = %()RU]a
atRXz = %ORUl + </1/1) (4‘4)
0:Ruy, = —0,Rx, + ud;Ry, + ",

where with the aid of Lemma 3.2, Remark 3.4 and Remark A.6, we see that provided

(HS) holds:
A 1 llrs < C (el Rl + P12 )% + eCres), (4.5)
1A 2]l s < C(e| R s + &P | R11%s + eCres)- (4.6)

(See also Schneider & Wayne [22, equations (35) and (36)], where similar estimates are
derived.)

Note that we cannot use these equations to control the long-time behavior of the H¥~3/2
norm of Ry, since we would lose regularity. Thus, as we did in previous work [21, 22], we
extend (4.4) by considering also the evolution of V| = 8,U;. To prevent misunderstanding,
we remind the reader that solutions of (2.3) which lie in %, x are also solutions of the
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water wave problem (4.1). Inserting our ansatz %', = ¢¥, + ¢’ %, into (4.1) we obtain

6[RZ| = f()Rw
0:Rx, = A oRy, + /" @7)
atRUl = RV]; .

3Ry, = =0, (hod;# 0Ry,) — had.Ry, — H 00y Ry, + '3,
where we have retained all the quasi-linear terms and where /"3 obeys
1A 3] s < C (el el oy + &8 | Rel3ps + €Cres)

under the standing hypothesis (HS) (and .47, satisfies the same estimate as before).

We also recall that the coefficients hy and h, were defined in (2.5) and (2.6). Solutions of
this system are controlled using the energy function constructed in Schneider & Wayne [22]
and the general outline of what follows is similar to the argument used there. As a first
step, the variable Ry, is estimated in terms of the others. In the second step we construct
a new scalar product E,(-,) for the (Ry,, Ry,, Ry,)-variables. It is equivalent to the usual
H5 = H® x H3/? x H*3-scalar product. We define #, = (Ry,, Ry,, Ry,), the lower part
of #.. The main part of this energy functional is chosen such that in the computation of
%ES(%/,%/) all quasi-linear terms from (2.3) cancel, and we can estimate %Es(%/, A/) in
terms of Ey(%,, Z,). Once this is achieved the desired estimate on the norm of #°, follows
easily from Gronwall’s inequality.

We begin by estimating Rz, in terms of #,. From the first two equations for the error,
it follows that

ORy, — Rz, = Ny

where /"y satisfies (4.5). Integration with respect to time and Gronwall’s inequality yields
the estimate

VCy4, To3C4, Cs3ep > OVe € (0, ¢0) :
sup |[Rz, (t)us < Cs + Cs||R(t) || w5,
(€[0,To /2]

aslong as sup [ Z(t)|n; < Cr.
l’E[O,T()/E]
Recall that we are interested in solutions of (4.7) that lie in %), x, i.c. solutions that are

actually solutions of the original water wave problem. From Definition 2.1, we see that
for #', € €, x we can relate V; = 0,U; to ,uain — 0,X>. Thus, by the implicit function
theorem we obtain

,u@iRXz — aacRX2 = RV1 + e/1/,4
with
A allg—s < C (e 2|5 + € | 215 + €Cres).

In particular, for solutions in %, x, we can estimate the highest derivatives 0; Ry, appearing
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in the following by
—1 -3 —2 -3
03 R, [l < 1 (105 Roa ] 2+ 11857 R [ 2+ 1057474 12).
so we can control | Ry, | gs by |Rx, |12, | Ru, |32, and || Ry, || gs-s-
Given the preceeding estimates, all that remains is to estimate ||Rx,l;2, [|Rv, | gs32,
and | Ry, ||ys-s. For this purpose, we use the energy functional constructed in Schneider &
Wayne [22], whose definition we now recall.

Since the operator .#, = —0,4 75" is self-adjoint and positive, we can take its square
root and find

o, / (4} Ry,)? doj2 = / Ry, (-#,0,Ry,) du
- / R (l12(H oRu, + A1) do (48)
— / (9,Rx,) Ry, dow+ N e,

where
[N etl < C (el R 3 + & 1R 135 + 6Cresl| 2 1)

under (HS). Similarly, we obtain for the positive self-adjoint operator .#3 = uA'y 16; that

0, / (4Y°Ry,)’ duj2 = — / (4O2Rx,) Ry, do+ N o, (4.9)

where /", obeys the same estimates as .4",;.
Next using the evolution equation for Ry, we see that

5, / (Ro,)” do/2 = / Ry, (3:Ry,) do
= /RU] ( —0,Rx, + ,u@iR;Q + JVz) do (4.10)
=— / Ry, (3,Rx,) doc + / Ry, (3)Rx,) do+ N o3,

where ./",3 obeys the same estimates as .A";.

The first two terms on the right-hand side cancel with the corresponding terms in the
time derivatives of [(.#3*Ry,)? do and [(.4Y*Ry,)? de.

We define a pair of skew-symmetric operators, A; and A, related to .#,, namely:

I3 = —H 0y, (4.11)
2= =y =0,4". (4.12)

Recalling the definitions of hy and h, from above, we define:

A = —0,21(hody 1) - —Ida(hady ) - — 13 - . (4.13)
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Then, just as in Schneider & Wayne [22], we treat the quasi-linear terms by introducing
Ry = Z1Ry,, and Ry = 1Ry, and considering
1d
2dt
= (A"Ry, A"l N 3)p2 + (A Ry QAR )z + (A HR03, (A ) Ry) L (414)

(4R ARz + (A Ry, ARy )

where 3r = s— % The detailed calculation to obtain the relation (4.14), i.e. the cancellation
of the quasi-linear terms can be found in Schneider & Wayne [22, Section 2]. With the
estimates for .43 from above, it follows that

(A" Ry, A" 24N 3) 12| < C (e R 1 + &7 171 + Cres |0 ) (4.15)

By the calculations of Schneider & Wayne [22, Section 4], it is known that the time
derivatives 0;(A") and 61(/1’*%) can be estimated as follows

(A"Ry, 0,(A")Ry ) 2| + ’(A"*%RU,GI (A’+%) RU)‘

<C ((AVRV,A’RV)Lz n (/1”% Ry, A Ru)

L2

+(RzRz,) o + (Ra Rys) o +(RupRu,) o3 + (RVI,RVI)HS,J . (4.16)

i.e. these terms can be considered as semi-linear. We need slightly more, however, namely
that these terms are (’(¢). To see why this is so, note that using the form of 4 in (4.13) we
have:
r—1
(A"Ry,0i(A")Ry) 2 =Y (A" Ry, A(8,41(8,h0)0s 2 + A1 7a(D,ha) A Ja) A"~ Ry ) o.
j=0
All these terms are bounded in a very similar fashion — we shall look at one of them
explicitly, and then leave the rest as an exercise.
Consider, for example, (A"Ry, A™1(0,41(d:h9)0,41)Ry) 2. From the formula for hy, we
see that
3ul(1 + M2 Z1 )(M2(0:Z1)) + (02 X2)(0,0,X2)]
[(1+ (M2Z1))? + (8, X2)71%]

— 3#[(1 + ﬂ2Zl )(%2(%/0U1)) + (aaXQ)(a%[j{foUl + fyl(W)Ul])]
- . (417)
(1 + (M2Z1))? + (0,X2)152]

azh() =

Now recalling that Z; = e¥,, + ¢’ Ry, Xo = ¥y, + ¢ Ry, and U, = e¥y, + ¢/ Ry,, we
see that
| A 0,21(Diho)l| L= < C(Crest + &l Rell ez + € | B3y )
under hypothesis (HS). Thus,

(A" Ry, A7 (0,24(9,h0)0221)Ry ) 12| < C(Crestl|Zel s + &l e 55 + € | Rell )

The remaining terms can all be bounded in a similar fashion, and if we take advantage
of the fact that the H® norm of Rz, can be controlled by |/ s, we can combine these
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estimates with (4.15) to obtain

1d

1 r+l
S (R AR )+ (A RO AR ) < C(Crestll ey o2 s 46 |21 ).

With these considerations, we define the energy

B0 = [ (0PRe) + [ (4 Re) + [ (Ro)’

+ (A Ry, A Ry) 2 + (A2 Ry, A3 Ry) .

Recalling that the H® norm of Ry, can be controlled by the L? norm of Ry,, the H*~3/2
norm of Ry, and the H*~ norm of Ry, and recalling that the H® norm of Rz, can be
controlled by all others we see that the scalar product defined by Eq(-,-) is equivalent to
the usual % scalar product, i.e. there exist positive constants ¢; and ¢, and an g >0
such that for all ¢ € (0,¢) we have

1975 < ABS(W 1,9 0) < all W1 (4.18)
Therefore, combining (4.8), (4.9), (4.10), (4.14), (4.15) and (4.16), we see that there are con-
stants C; = C{(Cy, Cres, ¢j), C2 = C3(Cy, Cres, Cr,¢j) and C3 = C3(Cy, Cres, ¢j), such that
%&ES(%(, Rr) < eC1E( Ry, Ry) + sBC2ES(%/,9?/)% + eC3E((Zy, %()%
< eCIE( Ry, Ry) + & CE( R, Ry)? + C3 + eC3E( Ay, Ry).
Applying Gronwall’s inequality shows, for all ¢ € [0, Ty/¢],

t
Ey(%7, %/)(t) < Ey(%0, 2,)(0) + / HHETIT dr - Cae
0
< E(( %, 2,)(0) + C3Toe! TS0 =i 71 Cp,

where we have chosen & > 0 so small that ¢#~1C5(Cg) - c;C% < 1. This yields with (4.18)

that
sup | Zell %, < Cr.
t€[0,Ty /]
This completes the proof of Theorem 4.1 0

5 Conclusion

In this paper, we have proved that the dynamics of three resonant wave packets in
the 2D water wave problem, can approximately be described by the equations for the
so called three-wave interaction. To do so, we established estimates between the formal
approximation obtained via the TWI-system and true solutions of the Lagrangian formu-
lation of the 2D water wave problem.
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There are two natural generalizations of this result. First, the proof of such estimates
for the 3D water wave problem. A major difficulty which has to be overcome in the 3D
case is the proof of a local existence and uniqueness theorem which so far is not available
for the situation considered here.

The second generalization is the justification of the so called four-wave-interaction
system, i.e. the description of four resonant wave packets with spatial wavenumbers k;
and temporal wavenumbers w; satisfying

ki+ky+ks+ks=0 and w1+ wy + w3 +wg =0.

There is a new qualitative difficulty due to the longer time scale, which is (9(8%) in contrast
to @(%) for the TWI-case. We expect that for a proof normal form transforms are necessary
to eliminate the quadratic terms in the Lagrangian formulation of the 2D water wave
problem.
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Appendix A Some estimates on the operator .7 (X)

In this appendix, we summarize several estimates which are used in previous sections. For
more details we refer to Schneider & Wayne [21], and the literature cited there.

As already said the operator #(X) is of the form #'(X)= 4"+ <1(X), where the
operator % 1(X)- has certain smoothing properties. As a rule a term with &{(X)- in front
will have the regularity of X. More precisely, in terms of the variables %~ defined in §2.

Lemma A.1 Fix s>11/2. Then there exist C>0 and Cy>0 such that for
(Z1, Xo) |l gsxus < Cs the operator S (W) = A (W) — Ay satisfies

1L 1) Ullas < CIUA s | Ull s

Proof See Schneider & Wayne [21, Lemma 3.14]. O

Lemma A.2 Assume the situation of Lemma A.1. Then for all s = 6 we have

10(L 1A YUD) s < U |oes (I Uslls + 1Vl o),
1107, 71 (W NU | s < CIY el (WU s + [ Vil o),
10.(L 1 (W VU s=1 < CIH |owes [ Ui [ .

Proof See Schneider & Wayne [21, Lemma 3.15]. O
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In the quasi-linear system commutators [a, #o]- play a big role. As a rule [a, % o]u
smooths u and has the regularity of the function a.

Lemma A3 Letr >0, q > 1/2 and 0 < p < q. Then there exists a C > 0 such that
Ia, # oJullur < Cllalgro [ull ar.
Proof See Schneider & Wayne [21, Lemma 3.12]. O

To avoid the secular growth in the variable X, we introduced the variable Z| = # o X;
and we associated to Z; the operator

MZy, ) = [X1, A o]
which satisfies
Lemma A4 Letr >0, g > 1/2 and 0 < p < q. Then there exists a C > 0 such that
|4 1(a,u) | < Cllall g llu] o
Proof See Schneider & Wayne [21, Corollary 3.13]. O

Remark A.5 ./, is well defined, even though " is not invertible in general, due to the
commutator in its definition.

To express the term 0, X; in terms of Z;, we defined additionally the operator
My = =By (H o)™
which is a map from H**! to H°.

Finally, the operator (1 + .#73)- is infinitely smoothing due to the fact that in Fourier
space its symbol (1 + .#"o(k)?) vanishes with some exponential rate for |k| — co.

Remark A.6 Examining the expression for for ||[a, # ¢]Jul|gr on Schneider & Wayne [21,
p- 1499], (which is expressed in terms of the Fourier transforms of a and u), one also sees
that it can be bounded by

Ia, # olull g < C min (|all i pp) 1l gors @l 18] 1 g—p))» (A1)

where [|f |11y = [(1 + [k|%)®/?|f (k)| dk. One then has a similar bound for |.#;(a,u)| a,
namely

|t 1(a,u) | < € min ([l 1l e, @l e 2]l g —p)- (A2)
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Estimates of this kind were also used in Schneider & Wayne [21] — see, for example,
equation (6.8).

We can use these commutator estimates, along with the expansion in Lemma 3.2 to
obtain an estimate of .%;(#") without the loss of half a power of & usually associated
with the H® norms. Note that if we write & 1(¢¥)U = Bi(¢¥)U + ¥»(¢¥)U, bound the
commutators the expression for B; in (3.2) by the estimates in (A 1) and (A 2), and take
advantage of the fact that (1 4+ #73) is infinitely smoothing, and if we bound %»(e¥)U
by the estimate in Remark 3.4, then we obtain

1) Ullas < Ce||U| g3,

where the constant C depends on the norm of ¥, but is independent of ¢. Similar estimates
hold the inequalities in Lemma A.2. See also Remark 3.7.

Appendix B The quasi-linear system

In this appendix, we give the detailed form of the various terms in the quasi-linear
system (2.3). This form of the water wave problem was derived in Section 2 of Schneider
& Wayne [22], which the reader may consult for additional details. Recall that the
quasi-linear system had the form

0 Z1 =AUy,
0 Xo=H Ui+ L1(W)Uy, (B1)
o,Ui =11,

oVi=2L(#)U; + Gs.

The quasi-linear term £ (#") was discussed in § 2, so here we just give the (long) expression
for G5.

Gs = =G4 + A0, Uy,
Ga = (f3— H)) ™' (Gs + Hs (hof 34 00 Us) + hiai f30;Us + hiaaf3.403,U1)),
Gs = (fi — f24°0)Ga + [(f1 — [2#0), hol(f1 + f24 0)# 00, Uy
+[(f1 = f220), ar(f1 + f240)02U,
+[(f1 = 2 0) mas(f1 + f24 0)# 0B, U
— hoHy A 002Uy — hiai Had2 Uy — hyay Hy 002U,
Gy = Gy — hof>(1+ #§)0 Uy
+ 3007 (f10uf1 + f20.12)f2 (1 + # 3) 02U,
Gy =0, Ui (1 + #75)0,Ur + (1 +8,U2)0,(L1(X)Uy),
+ (0, X2) ([07, Z1(X)| Uy) + (1 + 8,Us) — 0, Uy A 0) A 00, U,
— ud1R(9,X,0;X)0,U — 1d; 5 (3,X,0,X)0,U
— 103, X) 7 (1 + 8, X1)83(S1(X)U1)))
+3u0 7> (= 120,11 + [10:02)[205(L1(X)U)))
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+3pQ 7 ((f10uf1 + f20,2)105(S1(X) V1)),
Hy = fo[H o, f1] - —f2H o[H o, f2] - +f2 (1 + A ) (f2),
Hy = fo[H o, f1] - —f2h o[ H 0. 2] - +F2 (1 + HG)(f27) — (f1 — f2H o) 2L 1(X)-,
hy = 3uQ(0,X)~>,
ho = —p0@,X) ™ = —u(f} + £3) 7",
ar = f10,f1 + f204f2,
ar = (—f20.f1 + f10,12),

fi=fi+1,
f2 = 0,X,
fi=0+08,X1).

The key fact, which the patient reader can verify without difficulty using these formulas
and the estimates on # from Appendix A is that Gs is quadratic, and semi-linear, that
is, if #", € A, then for any R > 0 there exists Cg such that if |||l »; <R,
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