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Abstract  Let f be a holomorphic self-map of the unit ball in dimension 2, which does not have an
interior fixed point. Suppose that f has a Wolff point p with the boundary dilatation coefficient equal
to 1 and the non-tangential differential df, = id. The local behaviours of f near p are quite diverse, and
we give a detailed study in many typical cases. As a byproduct, we give a dynamical interpretation of
the Burns—Krantz rigidity theorem. Note also that similar results hold on two-dimensional contractible
smoothly bounded strongly pseudoconvex domains.
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1. Introduction

Consider a holomorphic self-map f of B? := {(21,22) € C?: |21]? + |22|? < 1}, which does
not have an interior fixed point. It is well known that there exists a unique boundary
point p, called the Wolff point, such that the iterates f* converge uniformly on compact
subsets to p (see e.g. [2]). We will always assume that the non-tangential limit of df,
exists at p and denote it by df, (see e.g. [1,3]). Let A <1 be the boundary dilatation
coefficient of f at p (see e.g. [8]).

When A < 1or A =1but df, # id, the situation is much better understood (see e.g. [6]
and the references therein). Therefore, we will focus on the case where A = 1 and df, = id.
The main purpose of this paper is to give a detailed local analysis in many typical cases,
which shows very diverse behaviours of f near p.

Suppose that f has e; = (1,0) as its Wolff point and df., = id. We need the following
notions of regularity of f at e; (cf. [6,9]). (See also [4,5], where universal holomorphic
models and iteration properties are established with no regularity assumptions at the
Wolff point.)
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We say that f belongs to C™(e1), m > 2, if it can be written as

f(z1,20) = <zl + Z cjkzg(zl - l)k +e1(21, 22),

2<j+k<m
2t Y dusda- D ratum) gl - L)),
2<j+k<m
Similarly, we can define C"™"¢(e;), 0 < € < 1, by assuming ¢; = O(||(21 — 1, z2) /™).
The order of f is defined as
min{j + k : ¢jr # 0 or d; # 0}.

Note that, by the Burns-Krantz rigidity theorem [11], the order of f # id is either 2 or 3.
We say that f belongs to D™ (ey), m > 2, if it can be written as

f(z1,22) = (zl + Z cing(z1 — D + e (21, 20),

JHk>2,j+2k<m

Zo + Z djpzh(z1 — DF + 62(z1,22)>, e = o(|z1 — 1|™/?).
J+k22,j+2k<m

Similarly, we can define D™*¢(e;), 0 < € < 1, by assuming ¢; = O(|z; — 1|/(™+9/2). One
can readily check that C?™(e;) C D?™(e1) C C™(e1).

Let o be the Cayley transform which sends the unit ball to the Siegel upper half-plane
H? := {(z,w) € C*: Imw > |2|?} and e; to the origin, i.e.

(Zaw):U(zlaz2):( =2 '1_Z1).

].+Zl7 Z].+Zl

Set F := 0 o f oo ~!. Then, the regularity of f at e; naturally translates to the regularity
of F' at 0. And one can readily check that for f € C™(e1) we have

F(z,w) = (z—i— Z a0k + € (z,w), w+ Z bj;czjwk—1—6’2(2,11)))7 (1.1)

2<j+k<m 2<j+k<m

where ¢ = of[|(z,w) ™).
For our purpose, it is more convenient to work in the right half-plane Hy := {(z,y) €
C?: Rex > |y|?}. Set

(Z‘,y) = @(sz) = (_iwa _Z)a
and F := ¢ o F o™, Then, from (1.1), we have

F(l‘, y) = (I‘ + Z (_1)j+1ik+1bjkxkyj + é71 (‘T7 y)7
9<ith<m

gt Y (—1) I Ragaty + e2<x,y>), (1.2)
2<j+k<m

where €; = o(||(z,y)||™).
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A local study near the Wolff point on the ball 763

Consider the automorphism of Hy of the form

(w0) = vl = (5. 2),

r T

which sends the origin to the infinity. Set G :=1 o F o '. Then G has oo as an
attracting fixed point. Denote (uy,v,) = G™(u,v).
Recall that the well-known Julia’s lemma (see e.g. [16]) says that the holosphere

|1—2’1|2

E = B2 ——
(@) = {1 ems

<a}, 0<a<l,

is invariant under f. One can readily check that this implies that G leaves F(R) invariant,
where

1
E(R) = {(u,v) €Hy: Reu> [v|*+ R}, R= ~> 1.

This fact will be used throughout the paper when estimating the higher-order terms.
In this paper, we give a detailed analysis of the asymptotic behaviour of f near the
Wolff point. Our main results are as follows.

Theorem 1.1. Let f be a holomorphic self-map of the ball B> with Wolff point e,
and df., = id. Assume that f € D°(e;), where f has order 2 and is non-degenerate at e;.
Let G be the associated self-map of the right half-plane Hy with oo as the Wolff point.
Then, the following cases can occur:

1) wy ~ 1y +int, v, ~v, t € R\{0}, 7, = o(n), rn > |v|?;
2) wp ~ 1y +int, v, ~vlogn, t € R\{0}, v € C\{0}, r, = o(n), r, > log®n;

3) Up ~ Ty 4 int, v, ~veFOBT gt e R\{0}, v € C\{0}, r,, = o(n), rn, = |v|?;

5) Up ~n, vn~n5,528>0;

6) u, ~n, v, ~slogn, s > 0;

(1)
(2)
3)
(4) up ~n, vy, ~s,s>0;
()
(6)
(7)

Uy ~ MM, Uy ~ ViIimn, m>0,1>1>0.

Theorem 1.2. Let f be a holomorphic self-map of the ball B2 with Wolff point e; and
df., =id. Assume that f € D7(e1) and f has order 3. Let G be the associated self-map of
the right half-plane Hy with co as the Wolff point. Then, the following cases can occur:

(1) up ~ v/, vy ~s,s>0;

(2) un ~ /n, vy ~n¥, 3 >5>0;

(3) up ~/n, v, ~slogn, s> 0;

(4) up ~ /mn, v, ~ Vimn, m>0,1>1>0.
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Remark 1.3. Similar results hold for holomorphic self-maps of two-dimensional
contractible smoothly bounded strongly pseudoconvex domains.

Remark 1.4. When f has order 2 and is degenerate at the Wolff point, the local
dynamics are more complicated and we do not have a complete classification at this
moment (cf. Remark 3.3).

In §2, we study order 2 maps and prove Theorem 1.1. In §3, we study order 3 maps
and prove Theorem 1.2. In §4, we study order 4 maps and give a dynamical interpreta-
tion of the Burns—Krantz rigidity theorem. In §5, we give a brief discussion of strongly
pseudoconvex domains.

2. Order 2 maps

Assigning weight 2 to w (respectively, ) and weight 1 to z (respectively, y), we say that
the term 27w (respectively, z¥y7) is of weighted order 2k + j. Denote by O, (m) terms
with weighted order at least m.

By [10, Theorem 3.1, 10, Remark 3.2], we have the following.

Lemma 2.1. Let F' be a holomorphic self-map of the Siegel upper half-plane with the
origin as its boundary fixed point and dFy = id. Assume that F' € D?(0) and the order
of F' is 2. Then

F(z,w) = (2 4+ a112w + agaw? + az02® + O (4),
w + bopw? + ba1 22w + byoz? + Oy (5)), (2.1)
with Imbgo > 0, Imay; > 0, and
Im bo2(2Im a1y — Imbgy) > (Reaq; — Rebgz)?. (2.2)

We say that F is non-degenerate at 0 (i.e. f is non-degenerate at ej) if boz # 0.
Otherwise, we say that F' is degenerate at 0. It will be clear that the non-degeneracy
is preserved under the normalization below (Lemmas 2.2 and 2.3).

It is well known that the group ® of automorphisms of H? fixing the origin consists of
the following two types of map (see e.g. [17]):

do(z,w) = (Ne2, \2w), A>0, 0 R,
and

$1(z,w) = (

zZ+aw w
1—2iaz — (r +ila]?)w’ 1 — 2iaz — (r + i|al?

)w>’ acC, reR.

We can use the group ® to normalize F'(z,w) as follows.

Lemma 2.2. Let F' be as in Lemma 2.1, with Im by, = 0. Then, under ¢, F' can be
normalized as

F(z,w) = (2 + (t +is)zw + yw? + O(3), w + tw? + O(3)), (2.3)
wheret € R, v =0 if s #0, and v = agpq if s = 0.
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Proof. From (2.2) and Imbgy = 0, we get that Reai; = Rebpa. Set a11 =t +is. Set

(2, w") = ¢1(z,w) and F' = ¢ 0 Fo¢;'. Then one can readily check that F'(z/,w’)
takes the form

F'(Z w') = (&' + (t +i8)2'w + (age — isa)w? + O(3), w' + tw? + O(3)).
If s # 0, then setting a = aga/is we get v = 0. If s = 0, then v = aps. O

Lemma 2.3. Let F' be as in Lemma 2.1, with Imbge > 0. Then, under ¢, F' can be
normalized as

F(z,w) = (2 + a112w + yw? + O(3), w + bpaw? + O(3)), (2.4)

where v = 0 if and only if ags = 0 and a11 = bge. Under ¢q, F' can be further normalized
as

F(z,w) = (2 + (s +ia)zw + fw® + O(3), w + (t +i)w* + O(3)), (2.5)
where s, t € R, 8 > 0 with 8 = 0 if and only if v = 0, and a > % with o = % only if s = t.

Proof. Set (2',w') = ¢1(z,w) and F’ = ¢1 o F' o ¢ '. Then one can readily check that
F'(/,w") takes the form

F'(Z w') = (2 + a1 2'w' + (age — alay — be2))w + O(3), w' + boaw’ + O(3)).

It is obvious that age — a(a;; — boz) = 0 for all a if and only if ags = 0 and a;; = bps.
Now assume that Tmbgy > 0. Set (2", w”) = ¢o(2’,w') and F” = ¢ o F' o ¢7'. Then

one can readily check that F" (2", w") takes the form

F”(ZH,’LU”) —_ (Z” + >\72a11z"w" + 7/\73 ei0w112 4 0(3), w” 4 /\—2b02w112 4 0(3))
Thus, taking A = (Im by )'/? and # = —Argy when v # 0, and § = 0 when v = 0, one gets
the desired normal form. Note that & = Imaqq/Imbg2, and thus by Lemma 2.1 we have
a > 1/2 with a = 1/2 implying Rea;; = Rebgs, i.e. s = t. O

By Lemma 2.1 and (1.2), we can write F as

F(m, y) = (x+ iboox?® + barxy?® — ibsoyt + 0.,(5),
Yy +iazy + apar® + azoy® + Oy (4)). (2.6)

Then G takes the form
1 V2 oot
G(u,v) = (u(l - Zboga - bglﬁ + zme + p(u, v)),

v

, 1 1 S
U<1 +i(a11 — boz)a +ao -+ (aso — b21)u2 + Zb40u3> + V(Uav))
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where
and

For (u,v) € E(R) with R large, one can readily check that

1, v) = 0(i) v, v) = 0<i> + O<vlu> 2.7)

In this section, we always assume that F' is non-degenerate at 0. And, for simplicity,
we first assume that agg = b1 = byg = 0. ~
First, consider the case Im bgo = 0. Then, by Lemma 2.2, we can write I’ as

F(z,y) = (x4 itz® + 0, (5), y + (it — s)zy + vz + Oy (4)), t#0.

Thus, G takes the form

Glu,v) = (u (1 - z’t% + u(u,v)), v<1 - 3% + ’yu1v> + V(u,v)). (2.8)

Since for |u| large, p(u,v) = o(1/u), we have
Imu, ~—nt, Reu, =o(n). (2.9)

If s = 0, then G takes the form

G(u,v) = (u (1 - it% + p(u, v)), v(l + a02u1v> + u(u,u)).

If age = 0, then from (2.7), we have
vp ~v. [Theorem 1.1(1)] (2.10)
If ap2 # 0, then from (2.7) and (2.9), we have
1ap2

Un logn. [Theorem 1.1(2)] (2.11)

If s # 0, then G takes the form

Glu,v) = (u (1 - it% + u(u,v)),v(l _ si) +u(u, v)).

From (2.7) and (2.9), one can readily check that

logv,, ~logv + z( - ; log n> [Theorem 1.1(3)] (2.12)
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Remark 2.4. Consider the following holomorphic automorphism of H?:
T(z,w) = (z,w+1t), teR\{0}.

Then, conjugating with the Cayley transform which sends (1,0) on dB? to (0,0), 7¢
induces a holomorphic automorphism f; of B? with (—1,0) as its Wolff point. Conjugating
f: with the Cayley transform which sends (—1,0) on dB? to (0,0), we get the following
holomorphic automorphism of H? with (0,0) as its Wolff point:

z w
Fiz,w) = (1 —tw’ 1 —tw)'

The corresponding G (u,v) is of the form
Gi(u,v) = (u — it,v).

From the structure of the isotropy group ®, we know that F}(z,w) are the only auto-
morphisms of H? tangent to the identity at the origin. Therefore, we will say that
holomorphic self-maps F of H?, whose associated map G has asymptotic behaviour as in
Theorem 1.1(1), are of automorphic type. All other holomorphic self-maps of H? are
of non-automorphic type. This dichotomy is similar to the one-dimensional case (cf.
[7]), where the notion of a hyperbolic step is used. For instance, for a typical orbit of
automorphic type of the form (u,,v,) ~ (1 +int,0), one can readily check that the limit
of the Kobayashi distance between (uy,v,) and (tp4+1, Upt1) 18

1, Va4t
L n[ﬁ[z((umvn)a(un-&-lﬂvn"rl)) = 92 HW;

which is positive for ¢ € R\{0}.
Next, consider the case Im bgo > 0. Then, by Lemma 2.3, we can write F as
P(a,y) = (@+ (~1+ i)a® + 0u(5), y+ (~a+ishay + fa® + Ou(4), 620, a> 1.

Thus, G takes the form
Gluw) = (w(1+ar +p0)), w1400+ 5 + v(u,0) (213)
u,v) = | u a—+p(u,v) ), v " o v(u,v) |, .

where Rea=1and Reb=1—-a < %

Remark 2.5. In [6], Bayart gave three examples to illustrate the diverse behaviours
of G near infinity: [6, Example 5.13] corresponds to taking a =1, = % and b= 0 in
(2.13); and [6, Example 5.14] corresponds to taking a =1, b= X and § =0 in (2.13).
Note, however, that [6, Example 5.12] is not a self-map of Hs, and it can not be modified
by only changing the coefficients to exhibit the desired behaviour. See the discussion at
the end of this section.

https://doi.org/10.1017/50013091520000152 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091520000152

768 F. Li and F. Rong

Assume that a and b are real. Then a = 1, b < %, and we have

1 1 1
= 1+ — 1+0- — . 2.14
o) = (14 2 4w} o(102 450 ) 4otn). @1y
Since for |u| large, p(u,v) = o(1/u), we have

Uy ~ N (2.15)

For the estimate of |v,|, we consider the following three typical cases.

Case 1. b < 0. Since for |u| large, v(u,v) = o(1/u,1/vu), we have

wmofin (Ze0) Lo(22)), 16

From (2.16), we have

Rev; = Rev + Re <ﬁ4;bv)+o<v 1). (2.17)

u'u
Since u, ~ n, we have Rev; > Rew if §+ bRev > 0, i.e. Rev < —3/b, and Rev; < Rew
if 8+ bRewv > 0, i.e. Rev > —(/b. Therefore, we get

lim Rew, = —%. (2.18)

n—r oo

From (2.16), we also have

2Re (u(Bv + blof?) O<U2 11).

|uf? w'u

2.19
. (219)

o1 = o] +

Since u, ~ n, we have |v1| > |v| if BRev + blv|? > 0, i.e. [v|*> < —(B/b)Rew, and |v1] < |v]
if BRewv + blv|? < 0, i.e. |[v]? > —(B/b)Rewv. Therefore, we get

hm,wnF+—éRew1:O. (2.20)

n—00 b

Combining (2.18) and (2.20), we get

lim v, = —%. [Theorem 1.1(4)] (2.21)

n—oo
Remark 2.6. Under the conditions a = 1 and b # 0, F' takes the form
F(z,y) = (z —2° + O(3),y + (b — Day + Bz* + O(3)).

One can readily check that [1: —3/b] is a non-degenerate characteristic direction for F
at (0,0) with director equal to —b (see e.g. [15]).

Case 2. b > 0. In this case, (2.17) and (2.19) still hold.
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From (2.17), we have Rev; > Rev if 8+ bRev > 0, i.e. Rev > —f/b, and Rev; < Rev
if 54 bRewv > 0, i.e. Rev < —§/b. Therefore, we get 1i_>m |Re v,,| = o0 and
n—oo

1 1
Rev; = Rev(l +b— —l—o()).
u u

|Re vy | ~ n. (2.22)

From (2.19), we have |vi| > |v] if BRev + blv|? > 0, i.e. |v]? > —(B/b)Rev, and |v1| <
o] if BRev + blv|? <0, i.e. [v]? < —(B/b)Rewv. Therefore, we get lim |v,| = 0o and
n—oo

1 1
vy | = v|<1+b +0(>).
u u

[Un| ~ nb. (2.23)
Combining (2.22) and (2.23), we get

Hence, we have

Hence, we have

v, ~n®.  [Theorem 1.1(5)] (2.24)

Case 3. b =0 and § > 0. In this case, we have

U1 :v+ﬂ+o<1>. (2.25)
u u

Since u,, ~ n, we get
vy, ~ Blogn. [Theorem 1.1(6)] (2.26)
Note that if lim,, e (|vn|?/|un]) = 0, then v?/u? = o(1/u) and v*/u?® = o(1/u), hence
the above discussion is still valid without assuming ¢ =d =e = 0.
We next consider the case where lim,, o (|vn|?/|un|) > 0. Note that this implies that

lim;, 00 [Un| = 00 and 1/uv = o(1/u). We only consider the case where ¢, d and e are
real. Then, from (2.13) and (2.7), we have

1 V2 vt 1
(Ul,’Ul) = <u<1—|— a +Cﬁ —|—d$ +O(’U,>)7

1 2 4 1
v(1+4b=+em+d—+o(-])). (2.27)
m u? u3 U
Thus,
2 2 2 4
vi _v” , o gL 1
w <1+ <(26 1)+ (2e —¢) " +du2)u +0(u>>. (2.28)

Set y=2e—¢, 6§=20—1, w=2%/u and L(w)=dw?+~yw+ 6. Anticipating
limy, o0 (V2 Jup) = 1 with 0 < 1 < 1, we need

L()=0, L(w)>0 for0<w<l, L(w) <0 forw > 1.
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Thus, we get

e~ — 2 _
§<0, d<0, ~%>d4ds, —L VQZl Aoy, (2.29)

Note also that lim,, (v /u,,) = [ implies that u,, ~ (1 + ¢l + dI?)n. Thus, we need
m:=1+cl+di* > 0. (2.30)
Therefore, for b, ¢, d and e satisfying (2.29) and (2.30), we have the estimates
Up ~mn, v, ~VIimn. [Theorem 1.1(7)] (2.31)

Example 2.7. Set b = i c=4,d=—-8and e = %. Then v =5, 6 = —% and L(w) =
—8w? + 5w — 3 has a positive root | = %. Thus, (2.27) takes the form

1 v? vt 1
(Ul,’Ul) = (U<1+ a +4? 78@ +O<u)>,
v 4du  2u? @\ ’

Up ~ N, Uy~ 4] —.

and we have the estimates

3. Order 3 maps
By [10, Lemma 3.3], we have the following.

Lemma 3.1. Let F' be a holomorphic self-map of the Siegel upper half-plane with the
origin as its boundary fixed point and dFy = id. Assume that F' € D7(0) and the order
of F' is 3. Then

F(z,w) = (2 4+ a1pzw? + agzw® + az1 2w + a502° + O (6),
w + bozw® + bao2®w? + ag1 2w + beo2® + 04 (7)), (3.1)
with Im bys = 0, and
%bog S Re a2 S %bogg, (3b03 — 2Re a12)(2Re a12 — b03) Z ].6(1111 CL12)2.

We say that F' is non-degenerate at 0 (i.e. f is non-degenerate at ey) if bz > 0. If
bos = 0, then we say that F' is degenerate at 0. Unlike the order 2 case, we can actually
show that F' must be non-degenerate if F' is not the identity map.

Lemma 3.2. Let F' be as in Lemma 3.1 with O being its Wolff point. Then F' is
non-degenerate at 0.

Proof. Write F(z,w) = (Fi(z,w), Fa(z,w)) and g(w) := F3(0,w). Then F(0,w) =
(F1(0,w), g(w)) with Img(w) > |Fy(0,w)|?> > 0. Thus, g is a holomorphic self-map of
{Imw > 0} with w = 0 as its boundary fixed point.
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Suppose that F' is degenerate at 0. Then we have g(w) = w + O (7) = w + 0o(3) near
w = 0. By the Burns—Krantz rigidity theorem, we must have g(w) = w.

Write  f(z21,22) = (f1(21,22), f2(21,22)) =0 Lo F(z,w) oo and h(z) := fa(z1,0).
Then one can readily check that g(w) = w gives f1(z1,0) = 21. Since f is a holomorphic
self-map of the unit ball, this implies that limsup, | [h(21)] = 0. By the maximum
modulus principle, we get h(z1) = 0. But this means that all points with zo = 0 are fixed
by f, a contradiction. O

Remark 3.3. A similar argument to that used in Lemma 3.2 shows that in the order
2 case bpe and bgz can not both be zero in (2.1).

As in the previous section, we can normalize F(z,w) using ® as follows.

Lemma 3.4. Let I be as in Lemma 3.1 with 0 being its Wolff point. Then, under ¢4,
F' can be normalized as

F(z,w) = (2 4 ajpzw? + yw® + O(4), w + bozw® + O(4)), (3.2)
where v = 0 if and only if ags = 0 and a12 = bg3. Under ¢q, F' can be further normalized
as

F(z,w) = (z + (a +is)zw® — ifw® + O(4), w+ 2w’ + 0(4)), (3.3)
where s € R, 8 > 0 with = 0 if and only if v = 0, and i <a< % with o = i or% only
if s =0.

Proof. Set (2',w') = ¢1(z,w) and F’ = ¢1 o F o ¢7'. Then one can readily check that
F'(z',w") takes the form

F'(Z w') = (2 + a122'w? + (ap3 — a(arz — boz))w’™ + O(4), w' + bosw + O(4)).

It is obvious that aps — a(a12 — bos) = 0 for all a if and only if ags = 0 and aj2 = bos.
Note that bpz > 0 by Lemma 3.2. Set (2", w") = ¢o(z',w’) and F” = ¢y 0 F' 0 g7 ".
Then one can readily check that F”(z”,w”) takes the form

F”(Z”,U)N) _ (ZN + /\74(1122//11)”2 JF’Y)\iS eiGMHS + 0(4)7 w// + /\74b03w"3 4 0(4))
Thus, taking A = (2bo3)'/* and 0 = —Argy — 7/2 when v # 0 or # = 0 when v = 0, one

gets the desired normal form. Note that o = Reaj2/2bps, and thus by Lemma 3.1 we
1

have % <a< % with a = 7 or % implying Im a2 =0, i.e. s =0. [l
By Lemma 3.1 and (1.2), we can write F' as
F(z,y) = (x — bosx® + ibyoa®y® + byyay® — ibgoy® + 0., (7),
y — a12x’y + iagza® + iaz1xy® + asoy’ + 0 (6)). (3.4)
By Lemma 3.4, F takes the form
F(z,y) = (x — %x?’ + baox®y? + baray® + beoy® + O,,(7),
y — (a+is)z’y + Ba° + asizy” + ds0y° + Ow(6)), (3.5)
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Suppose s = 0. Then G(u,v) takes the form

1 02 4 o5
G(u,v) = (U<1 + B} +a1$ +CL2E +a3$ +M(U,U)>,

1 1 15} v? vt v
U(1+<2—a>u2+vu2+b1uB+b2u4+a3u5 —|—Z/(U,U) b (36)
where
v 1 w3 Wb W7
u(uvv)o(u?”u?”zﬂ7u5’u6>7
and

Set b= % — «. Then —i <bh< i. Consider first the case a1 = as = a3 = by = by = 0.
Then G(u,v) takes the form

G(u,v) = (u(l + %% +ﬂ(u,v)>,v(l +b% —|—ﬁmlﬂ> +V(u,v)>.

Set z = u?. Then G(u,v) induces G(z,v) of the form

. 1
G(z,0) = <z+1+,&(z,v),v+bz + 8- +17(z,v)), (3.7)
where
. v 1 v v D
/,L(Z,'U) = O<Zl/2’ 21/23 ?7 23/2 22)7
and

02 v 1 ot WS vs)

Therefore, by the discussion in the previous section, we have the following cases.

Case 1. —i <b<O.

B

Zn T, Up [Theorem 1.2(1)]

Case2.0<b§i.

Zy ~n, v, ~n’. [Theorem 1.2(2)]

Case 3. b=0and 8 > 0.
Zn ~n, v, ~ Blogn. [Theorem 1.2(3)]

Note that if lim,, o (|vn|?/|un|) = 0, then v2 /u? = o(1/u?), v*/u* = o(1/u?) and v° /u® =
o(1/u?); hence, the above discussion is still valid without assuming a; = as = a3 = b; =
by = 0.

https://doi.org/10.1017/50013091520000152 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091520000152

A local study near the Wolff point on the ball 773
Let us next consider the case where lim,, oo (|v,|?/|un|) > 0. Note that this implies

that lim,, o |v,| = 0o and 1/vu? = o(1/u?). We only consider the case where a1, as, as,
by and by are all real. Then, from (3.6), we have

G(u, ) I LML
u,v) = | u - ta— ftas— +as— +o| =
’ 2 u? LB 2t 3B u?) )’

1 V2 v? v0 1
v(l+bu2 +b1$ +b2¥ +a3$ +O<u2>)>.

Thus,

2 2 2 4 6
v v 1 v v v 1 1

—=—11 2b— - 2by —a1)— + (200 —az)— — = — |-
u o w ( " (( 2) @ —a) u + (262 a2)u2 +a3u3>u2 +0(u2)>

Set co = 2b— %7 c1 =2by —ay, ¢y =2by—ay, w=v*/u and L(w)= azw?®+ cow? +
c1w + co. Then, for a positive root [ of L(w) with L'(l) < 0, we have lim,,_, o (v2 /u,,) = L.
Note that ¢y < 0. Then, it is easy to see that such an [ exists only if a3 < 0 or ag = 0 and

¢ < 0 and it is unique. For such an [, we get the following estimates:

Zn ~mn, m=142(a; +ay+az)l >0,

vy ~ 2/ ly/mn, 0<1<1. [Theorem 1.2(4)]

Remark 3.5. In [13, Example 4], Huang gave a family of holomorphic self-maps of
B? with (1,0) as the Wolff point as follows:

21+ a(l — )2 %2
_ ’ ; > 0.

Then one can readily check that f(z1, z2) induces F(z,w) of the form

F(z,w) = (2(1 + 4aw® + O(3)), w(1 + daw* + O(3))).

4. Order 4 maps

By the well-known Burns-Krantz rigidity theorem (see [11]), we know that the only
holomorphic self-map of the unit ball tangent to the identity at the Wolff point of order
greater or equal to 4 is the identity. In this section, we give a dynamical interpretation
of this rigidity phenomenon.

For this purpose, suppose that there exist holomorphic self-maps of the unit ball tangent
to the identity at the Wolff point of order equal to 4 which is not the identity. Then,
similar to Lemmas 2.1 and 3.1, we have the following lemma, whose proof we defer to the
appendix.
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Lemma 4.1. Let F be a holomorphic self-map of the Siegel upper half-plane with the
origin as its boundary fixed point and dFy = id. Assume that F' is of order 4. Then

F(z,w) = (2 + a132w® + aggw® + O(5), w + bosw* + O(5)), (4.1)

with Im bo4 > 0, Im b04 > 21111(113, asp) = 41 = Ao = 0 and b50 = b41 = b32 = bGO = b51 =
bro.

By Lemma 4.1 and (1.2), we can write F' as
F(z,y) = (x — iboax® — bogwy? + ibsox®y* + be12y® — ibsoy® + 04 (9),
y — ia132%y — agaxt — asex’y® + ias xy® + a70y7 + 0, (8)). (4.2)

In this section, we only consider the case Im bys > 0. For simplicity, we assume that by,
and ai3 are purely imaginary and bsg = bys = bg1 = bgg = a2 = a51 = ayo = 0.

Since Imbgy > 2Imay3, by a scaling of the form (z,y) — (ax,\/ae'y) with a >0,
F takes the form

F(z,y) = (z+ 22t + 0,(9),y + az’y — Bz* + 0,(8)), (4.3)

where o < % and # > 0 with g = 0 if and only if a9y = 0.
Then G(u,v) takes the form

Glu,v) = (u(l—g;—&—o(:?))),v(l— (}@&-ém(é,%))). (4.4)

Set b= 3 — . Then b > &. Set z = —u®. Then G(u,v) induces G(z,v) of the form

é(z,v)(z<1+i+o<i>),v+bzJrﬁiJrO(i,vlz)). (4.5)

Therefore, we have the estimates z, ~ n and v, ~ n’. Thus, we get u, ~ n'/3¢e™/3 or
Wy, ~ nl/3e=im/3,

Since the limiting behaviour of w,, is not unique, there is more than one attracting
basin at the Wolff point, which is impossible since the whole B? is the attracting basin.

Remark 4.2. For order 5 or higher maps, a similar analysis will provide the same
contradiction.

5. Strongly pseudoconvex domains

In this section, let D be a two-dimensional contractible smoothly bounded strongly
pseudoconvex domain and f a holomorphic self-map of D without any interior fixed
point.

First, it is known that the Wolff-Denjoy theorem holds on D (see e.g. [14]). Thus,
there exists a unique Wolff point p on the boundary of D for f. Moreover, a version of
Julia’s lemma in terms of small and large horospheres holds on D at p (see e.g. [1,14]).

https://doi.org/10.1017/50013091520000152 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091520000152

A local study near the Wolff point on the ball 775

Second, it is also known that the Julia-Wolff-Carathéodory theorem holds on D (see
e.g. [3]). Thus, the non-tangential differential of f at p, df,, exists. We assume that
df, =id.

__Third, by [12], there exists a holomorphic embedding p of D into B2 such that p(D) N
B2 = ¢; and p(D) is tangent to B? at e; with p(p) = e;. Set Q = p(D).

Finally, [10, Theorem 3.1, 10, Lemma 3.3] are stated for holomorphic maps between
two strongly pseudoconvex domains, using the Chern—Moser normal forms. However, for
holomorphic self-maps of a strongly pseudoconvex domain, the Chern—Moser components
cancel each other and thus Lemmas 2.1 and 3.1 also hold on .

Therefore, a similar local analysis can be carried out on (2, yielding a version of
Theorems 1.1 and 1.2 for two-dimensional contractible smoothly bounded strongly pseu-
doconvex domains. Since the proof of Lemma 3.2 depends on D = B2, we need to add
the assumption of non-degeneracy in Theorem 1.2 in the generalized version.

Appendix A

In this appendix, we prove Lemma 4.1.
First, we recall two lemmas from [10], adapted to our setting.

Lemma A.l. Let p(z1,22) be a weighted homogeneous polynomial of degree d
in (z1,72) € R? with weight (v1,v2), ie. p(t"ixy,t"2x9) = tip(z1, 7). Let 7 be a real
function satisfying

r(@1, x2) = o(|z1|Y" + |z |Y"2)Y), (21, 32) = (0,0).

Suppose that p(z) + r(x) > 0 for © = (x1,x2) in a neighbourhood of 0. Then p(x) > 0.
Furthermore, if po(x1,x2) is the non-trivial bihomogeneous component of p of minimal
degree in 1 (or in x3), then also po(x) > 0.

Lemma A.2. Letp(z,2) =), prz"z%* be a homogeneous real-valued polynomial of
degree d for z € C. Assume that p(z,z) > 0 in a neighbourhood of 0. Then,

(1) if d is odd, then p = 0;
(2) ifd is even, then ps > 0 for s = d/2;
(3) if d = 2s and ps = 0, then p = 0.

Now, we prove Lemma 4.1. Write

F(Zaw) = (fl(zaw)7f2(z,w)) = (Z + ij(zaw>7 w + ZQj(z’w)>7

j=4 Jj=4

where p;(z, w) and ¢;(z, w) are homogeneous of degree j. Write w = u + iv.
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Since F maps H? into itself, we must have
Im fo(z,w) > |fi(z,w)|* when Imw > |z|*.

This implies that

Z Im g;(z,u +1i|z]?) > 2 Z Re (2pj(z,u +1i|2|?)) + ij(z, u+i|z]?) 2. (A1)
j>4 j>4 j>4
Considering weighted order 4 terms in (A.1) and applying Lemma A.1, we have
Im (bs2*) > 0,
which clearly implies that
byo = 0. (A.2)
Considering weighted order 5 terms in (A.1) and applying Lemma A.1, we have
Im (b502°) + Im (b31 (u + i|2|*)) > 2Re (aq022?).
Applying Lemma A.1 again, we have
Im (b3y2%u) > 0, (A.3)
and
Im (bsp2°) 4 Im (ibs1 2%|2]%) > 2Re (a4022%). (A.4)
From (A.3), we have
bs1 = 0. (A.5)
Combining (A.4) and (A.5) and applying Lemma A.2, we have
bso =0, aso=0. (A.6)
Considering weighted order 6 terms in (A.1) and applying Lemma A.1, we have
Im (bgo2%) 4 Im (by1 2* (u + i]2]?)) + Im (bao2? (u + i|2]*)?)
> 2Re (a5022°) + 2Re (az122° (u — i|2]?)). (A.7)
Applying Lemma A.1 again, we have
Im (b 2*u?) > 0, (A.8)
and
Im (bgo2%) 4 Im (iby1 2%|2|%) > 2Re (@s0|2|*2*) — 2Re (iaz1|2|*2?). (A.9)
From (A.8), we have
bao = 0. (A.10)
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Applying Lemma A.2 to (A.9), we have

Im (b@oZG) = O7 (All)
Re (iaz1222%) = 0, (A.12)
and
Im (ib41255) = 2Re (550225). (Al?))
From (A.11) and (A.12), we have
bﬁo = O, az1 = 0. (A14)

Putting (A.10) into (A.7) and applying Lemma A.1, we have
Im (byg 2*u) >0 (A.15)

From (A.15), we have
by = 0. (A.16)
Combining (A.13) and (A.16), we have

aso — 0. (A17)
Considering weighted order 7 terms in (A.1) and applying Lemma A.1, we have

Im (b702") 4 Im (bs12° (u + i]2|?)) + Im (b322> (u + i|2]?)?) + Im (b3 2(u + i|2|*)?)
> 2Re (a6022°) 4 2Re (ag1 22* (v — i]2|?)) + 2Re (@92222 (u — i|2]*)?). (A.18)
Applying Lemma A.1 again, we have
Im (byzzu®) > 0,

which implies that
bis = 0. (A.19)
Putting (A.19) into (A.18) and applying Lemma A.1, we have

Im (b3p2%u?) > 2Re (G9222%u?),
which, by Lemma A.2, implies that
bso =0, am =0, (A.20)
Putting (A.20) into (A.18) and applying Lemma A.1, we have
Im (bs12°u) > 2Re (a4122%u),
which, by Lemma A.2, implies that

b51 == O7 41 = 0. (A21)
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Putting (A.21) into (A.18) and applying Lemma A.1, we have
Im (b792") > 2Re (dgo22°),
which, by Lemma A.2, implies that
bo =0, agy = 0. (A.22)
Considering weighted order 8 terms in (A.1) and applying Lemma A.1, we have
Im (bgo2®) + Im (b612° (u 4 i[2]?)) + Im (bagz* (u + i|2|?)?)
+ Im (boz 2% (u + i[2]?)?) + Im (boa (u + i|2]*)*)
> 2Re (a7022") + 2Re (a5122° (u — i|2]?))

+ 2Re (a3227° (u — i]2]*)?) + 2Re (a1322(u — i|z[*)?). (A.23)

Applying Lemma A.1 again, we have
Im (bgqu*) > 0,

which implies that
Im b()4 > 0. (A24)

Putting u = t|z|? into (A.23) and applying Lemma A.2, we have
Im (boa (t +i)*) > 2Re (a13(t —14)3). (A.25)
Writing out (A.25) into a polynomial of ¢, we have
Im bost* + (4Rebos — 2Reay3)t® — (6Imboy — 6Im ay3)t?
— (4Re by — 6Reay3)t + (Imbgy — 2Im ay3) > 0. (A.26)
From (A.24) and (A.26), we have
Imbgy > 2Imaq3. (A.27)

Combining (A.2), (A.5), (A.6), (A.10), (A.14), (A.16), (A.17), (A.19), (A.20), (A.21),
(A.22), (A.24) and (A.27), Lemma 4.1 is proven.
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