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We study the time-asymptotic behaviour of solutions to the Navier{Stokes equations
for a one-dimensional viscous polytropic ideal gas in the half-line. Using a local
representation for the speci¯c volume, which is obtained by using a special cut-o®
function to localize the problem, and the weighted energy estimates, we prove that
the speci¯c volume is pointwise bounded from below and above for all x, t and that
for all t the temperature is bounded from below and above locally in x. Moreover,
global solutions are convergent as time goes to in¯nity. The large-time behaviour of
solutions to the Cauchy problem is also examined.

1. Introduction

We study the large-time behaviour of solutions to the following initial boundary-
value problem in the half-line,

ut = vx; (1.1)

vt = ¼ x

µ
¼ := ·

vx

u
¡ R

³

u

¶
; (1.2)

cV ³ t =

·
¶

³ x

u

¸

x

+ ¼ vx; (1.3)

together with the initial conditions

(u(x; 0); v(x; 0); ³ (x; 0)) = (u0(x); v0(x); ³ 0(x)); x 2 « ; (1.4)

and the boundary conditions

vj@« = 0; ³ xj@« = 0; (1.5)

where « = (0; 1). The system (1.1){(1.3) describes the motion of a one-dimensional
viscous polytropic ideal gas in « in Lagrangian coordinates, where u, v and ³ are
the speci­ c volume, the velocity and the absolute temperature, respectively, ¼ is
the stress and · , R, cV , ¶ are positive constants.

Since the ­ rst work of Kazhikhov and Shelukhin [13] on the global existence
for the equations of a one-dimensional viscous gas with large initial data, signi­ -
cant progress has been made on the mathematical aspect of the initial and initial
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boundary-value problems for (1.1){(1.3). For initial boundary-value problems in
bounded domains, the existence and uniqueness of global (generalized) solutions
and the regularity have been proved. Furthermore, the global solution is asymptot-
ically stable as time tends to in­ nity (see, for example, [1,2,4,14,16{18,21] and the
references cited therein).

For the Cauchy problem (1.1){(1.4) with « = R and the initial boundary-value
problem for (1.1){(1.5) (in unbounded domains), Kazhikhov and Shelukhin [12,13]
(also cf. [2,6,7,20]) proved that if u0 ¡ 1; v0; ³ 0 ¡ 1 2 H1, u0; ³ 0 > 0 on ·« , and u0,
v0, ³ 0 are compatible with (1.5), then there exists a unique (generalized) solution of
(u; v; ³ ) with u; ³ > 0 such that, for any T > 0,

u ¡ 1; v; ³ ¡ 1 2 L 1 ((0; T ); H1);

ut 2 L 1 ((0; T ); L2);

vt; ³ t; uxt; vxx; ³ xx 2 L2((0; T ); L2);

9
>=

>;
(1.6)

and the regularity holds. The time-asymptotic behaviour as t ! 1 of the solu-
tion has been studied under some smallness conditions on the initial data (see,
for example, [5,8,10,11, 15,19], among others). However, the large-time behaviour
of the solution in the case of large data was not known until 1999. In 1999, the
author [9] used a special cut-o¬ function to derive a local representation for u(x; t)
and the new estimates for ³ (x; t) and ¼ (x; t) to obtain some partial results on the
large-time behaviour of solutions.

The present paper is a continuation of the work [9]. In this paper we improve
the results of [9] on the problem (1.1){(1.5). The improvement is the threefold.
We prove the pointwise boundedness of u(x; t) from below and above for all (x; t)
and the local in x pointwise boundedness of ³ (x; t) for all t. The convergence of
v(x; t) in the H1-norm is shown. The large-time behaviour of ³ (x; t) is obtained.
We point out that Feireisl and Petzeltov´a recently [3] studied the unconditional
stability of stationary ®ows driven by large time-independent external forces for the
system (1.1){(1.3) with the heat conductivity ¶ tending to in­ nity with growing
internal energy. They proved that the global solution converges to the stationary
®ow determined uniquely by the external forces as t ! 1. Moreover, from [3], one
can see how the temperature and external forces in®uence the asymptotic behaviour
of the solution. Unfortunately, here we cannot deal with the case of external forces,
since the boundedness of domains in [3] is essential in the arguments of [3].

To state the main result we de­ ne

u1(t) :=
1

k

Z k

0

u(x; t) dx; ³ 1(t) :=
1

k

Z k

0

³ (x; t) dx; (1.7)

then the main result of this paper reads as follows.

Theorem 1.1. Let k > 0 be an arbitrary but ¯xed integer. Let u0 ¡ 1; ³ 0 ¡ 1,
v0; (v0)x=u0 2 H1 and u0; ³ 0 > 0 on ·« . Then, for the initial boundary-value prob-
lem (1.1){(1.5), we have

¬ 6 u(x; t) 6 ­ for all (x; t) 2 ·« £ [0; 1);

C1(k) 6 ³ (x; t) 6 C2(k) for all (x; t) 2 [0; k] £ [0; 1)
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and
k(u(t) ¡ u1(t); v(t); ³ (t) ¡ ³ 1(t))kH1(0;k) ! 0 as t ! 1; (1.8)

where ¬ , ­ are positive constants independent of t and C1(k) and C2(k) are positive
constants that depend on k but not on t.

Remark 1.2. Theorem 1.1 still holds for the Cauchy problem (1.1){(1.4) with
« = R, when the initial speci­ c volume and initial temperature are even func-
tions and the initial velocity is a odd function. This can easily be veri­ ed by using
the re®ection of solutions and the uniqueness.

In the proof of theorem 1.1, the derivation of pointwise boundedness of u(x; t)
is similar to that in [9]. The estimate of derivatives of v and ³ , however, is di¬er-
ent. In [9], the time-asymptotics of ³ was not obtained due to the lack of spatial
derivative estimates of ³ . In this paper we control ­ rst vt in L 1 ([0; 1); L2

loc) and
³ t in L2([0; 1); L2

loc) by the L 1 ([0; 1); L2
loc)-norm of ³ x, and then ³ x by vt and ³ t

by using the estimate deduced by the second law of thermodynamics and delicate
weighted energy estimates. This process enables us to be able to close the estimate
for vt, ³ t, ³ x, but requires (v0)x=u0 2 H1, and consequently gives the uniform in t
boundedness of the derivatives of (u; v; ³ ) by applying Gronwall’s inequality. From
the boundedness of the derivatives, theorem 1.1 follows. We shall prove theorem 1.1
in x 3. In x 2 we derive uniform pointwise bounds of u(x; t).

Notation 1.3. Let G be a domain in R. Let m > 0 be a non-negative integer and
let 1 6 p 6 1. By W m;p(G) we denote the usual Sobolev space de­ ned over G with
norm k ¢ kW m;p (G), W m;2(G) ² Hm(G) with norm k¢kHm (G), and W 0;p(G) ² Lp(G)
with norm k ¢ kLp(G). For simplicity, we also use the following abbreviations:

Lp ² Lp( « ); Hm ² Hm( « ); k ¢ kLp ² k ¢ kLp( « ); k ¢ kHm ² k ¢ kHm( « ):

k ¢ k stands for the norm in L2( « ). Lp(I; B) (respectively, k ¢ kLp(I;B)) denotes
the space of all strongly measurable, pth-power integrable (essentially bounded if
p = 1) functions from I to B (respectively, its norm), where I » R is an interval,
B a Banach space. For a vector-valued function f = (f1; : : : ; fm) and a normed
space X with the norm kj ¢ kj, f 2 X means that each component of f is in X ; we
put kjfkj := kjf1kj + ¢ ¢ ¢ + kjfmkj.

The same letter C (sometimes used as C(k) to emphasize the dependence of C
on k) will denote various positive constants that do not depend on the time t.

2. Pointwise estimates of u

In this section we prove the uniform upper and lower boundedness of u(x; t). We
begin with the following lemma (the proof of which can be found in [9]), which
embodies the dissipative e¬ects of viscosity and thermal di¬usion.

Lemma 2.1.

(i) There is a positive constant e0, independent of t, such that

Z

«

U (x; t) dx +

Z t

0

Z

«

µ
¶

³ 2
x

u³ 2
+ ·

v2
x

u³

¶
dxds 6 e0 8t > 0; (2.1)
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where

U (x; t) := f 1
2
v2 + R(u ¡ log u ¡ 1) + cV ( ³ ¡ log ³ ¡ 1)g(x; t): (2.2)

(ii) Let ¬ 1, ¬ 2 be two (positive) roots of the equation y ¡ log y ¡ 1 = e0= minfR; cV g.
Then, for i = 0; 1; 2; : : : ,

¬ 1 6
Z i + 1

i

u(x; t) dx;

Z i + 1

i

³ (x; t) dx 6 ¬ 2; t > 0; (2.3)

and, for each t > 0, there are points ai(t); bi(t) 2 [i; i + 1] such that

¬ 1 6 u(ai(t); t); ³ (bi(t); t) 6 ¬ 2; t > 0: (2.4)

Next we derive a local representation of u by using a cut-o¬ function. Let ~x 2 ·«
be arbitrary but ­ xed. Let ~’ 2 W 1; 1 (R) be de­ ned by

~’(x) :=

8
><

>:

1; x 6 [~x] + 1;

[~x] + 2 ¡ x; [~x] + 1 6 x 6 [~x] + 2;

0; x > [~x] + 2;

(2.5)

where [x] denotes the largest integer that is less or equal to x. For simplicity, we
denote I := ([~x] ¡ 1; [~x] + 1) \ « .

We multiply (1.2) by ~’ to obtain [ ~’v]t = [ ¼ ~’]x ¡ ~’x ¼ . Integrating this over (x; 1)
(x 2 ·I) with respect to x, recalling (1.1) and the de­ nition of ~’ and ¼ , we arrive at

¡
Z 1

x

[v ~’]t dy = ¼ +

Z 1

x

¼ ~’x dy = · [log u]t ¡ R
³

u
¡

Z [~x]+ 2

[~x]+ 1

¼ (y; t) dy; x 2 ·I:

(2.6)
We integrate (2.6) over (0; t) with respect to t and then take the exponential on
both sides of the resulting equation to deduce that

1

B(x; t)Y (t)
=

1

u(x; t)
exp

½
R

·

Z t

0

³ (x; s)

u(x; s)
ds

¾
; x 2 ·I; t > 0; (2.7)

where

B(x; t) : = u0(x) exp

½
1

·

Z 1

x

(v0(y) ¡ v(y; t)) ~’(y) dy

¾
;

Y (t) : = exp

½
1

·

Z t

0

Z [~x]+ 2

[~x]+ 1

¼ (y; s) dyds

¾
:

Multiplying (2.7) by R³ (x; t)=· and integrating over (0; t), we infer

exp

½
R

·

Z t

0

³ (x; s)

u(x; s)
ds

¾
= 1 +

R

·

Z t

0

³ (x; s)

B(x; s)Y (s)
ds:

Substituting the above identity into (2.7), we obtain a local representation of u(x; t)
in a neighbourhood of ~x,

u(x; t) = B(x; t)Y (t) +
R

·

Z t

0

B(x; t)Y (t)

B(x; s)Y (s)
³ (x; s) ds; x 2 ·I; t > 0: (2.8)
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Now with the help of the local representation (2.8) and the new estimates for ³ ,
¼ obtained in [9], we are able to derive the uniform bounds on u(x; t).

Lemma 2.2. There are positive constants C1, C2, independent of t, such that

C1 6 u(x; t) 6 C2 8x 2 ·« ; t > 0: (2.9)

Proof. The idea of the proof is the same as that of lemma 2.4 in [9]. The only
di¬erence in the argument is that instead of deriving bounds of u(x; t) for x 2 ·« k

in [9], we derive here upper and lower bounds of u(x; t) for x 2 ·I , and the bounds of
u(x; t) are shown to be independent of ~x. Thus, if we use (2.1), (2.3), (2.4) and (2.8),
replace the interval [k+1; k+2] (respectively, ·« k) in the proof of lemma 2.4 in [9] by
[[~x]+1; [~x]+2] (respectively, ·I), then we obtain, by the completely same arguments
as used for (2.14){(2.24) in the proof of lemma 2.4 in [9], that

C1 6 u(x; t) 6 C2 for all x 2 ·I; t > 0; (2.10)

where C1, C2 are positive constants that do not depend on ~x. In fact, C1, C2 depend
only on the measure of the interval I , i.e. C1 = C1(jI j), C2 = C2(jIj).

In particular, the estimate (2.10) gives C1 6 u(~x; t) 6 C2 for all t > 0. Because
~x 2 ·« is arbitrary and C1, C2 are independent of ~x, we conclude that (2.9) holds.
The proof is complete.

Remark 2.3. From the proof of lemma 2.2, we easily see that if we consider the
Cauchy problem (1.1){(1.4) with « = R, then (2.9) still remains valid.

3. Proof of theorem 1.1

We have proved the uniform lower and upper boundedness of u in theorem 1.1
(i.e. lemma 2.2) in x 2. In this section we apply the results obtained in x 2 and the
weighted energy method to derive bounds for derivatives of (u; v; ³ ). As mentioned
in x 1, we ­ rst estimate vt, ³ t by ³ x and then ³ x by vt and ³ t.

Let Á 2 W 1; 1 (R) be de­ ned by

Á(x) :=

8
><

>:

1; x 6 k;

k + 1 ¡ x; k 6 x 6 k + 1;

0; x > k + 1:

Using lemma 2.1 and (2.9), we can obtain the following lemma, the proof of which
is completely the same as that of lemmas 3.1 and 3.2 in [9], and therefore will be
omitted here.

Lemma 3.1.
Z t

0

max
[0;k + 1]

v2(¢; s) ds;

Z t

0

max
[0;k + 1]

[ ³ (¢; s) ¡ ·³ (s)]2 ds 6 C for all t > 0;

Z

«

u2
x(x; t)Á(x) dx +

Z t

0

Z

«

u2
xÁ dxds 6 C for all t > 0;

where ·³ (t) := ³ (b0(t); t) and b0(t) is the same as in lemma 2.1.
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Now we multiply (1.2) by Áv and integrate the resulting equation over « , inte-
grate by parts with respect to x and use the boundary conditions (1.5) to obtain

1

2

d

dt

Z

«

v2Á dx = ¡
Z

«

µ
·

v2
xÁ

u
+ ·

vxÁxv

u
+ R

³ x

u
Áv ¡ R

³ ux

u2
Áv

¶
dx:

If we integrate the above equation over (0; t), use (2.9), lemmas 2.1 and 3.1, we
obtain

Z

«

v2Á dx +

Z t

0

Z

«

v2
xÁ dxds

6 C

Z t

0

Z k + 1

0

jvxvj dxds + C

Z t

0

Z

«

(j ³ xj + ³ juxj)jvjÁ dxds

6 C + C

Z t

0

Z k + 1

0

µ
v2

x

u³
+ v2 ³

¶
dxds +

Z t

0

Z

«

µ
³ 2

x

u³ 2
+ u2

xÁ + ³ 2v2Á

¶
dxds

6 C + C

Z t

0

max
[0;k + 1]

v2(¢; s) ds + C

Z t

0

max
[0;k + 1]

( ³ ¡ ·³ )2

Z k + 1

0

v2 dxds

6 C for all t > 0; (3.1)

where ·³ ² ·³ (t) is the same as in lemma 2.1. Noting that k is arbitrary, we replace
k by k + 1 in the de­ nition of Á and use (3.1) to obtain

Z t

0

Z k + 1

0

v2
x dxds 6 C 8t > 0: (3.2)

In the sequel we derive bounds of vt and ³ t by ³ x.
Multiplying (1.2) by uvtÁ

3 and integrating over (0; t) £ « , we integrate by parts
and use (2.9) to deduce that

Z t

0

Z

«

uv2
t Á3 dxds + 1

2
·

Z

«

v2
xÁ3 dx

6 C + C

Z t

0

Z

«

f(jvxuxvtj + j ³ xvtj + j ³ uxvtj)Á3 + jvxvtÁxjÁ2g dxds;

which, by the Cauchy{Schwarz inequality and (3.1), as well as lemma 3.1, yields

Z t

0

Z

«

v2
t Á3 dxds +

Z

«

v2
xÁ3 dx

6 C + C

Z t

0

Z

«

f(v2
xu2

x + ³ 2
x + ³ 2u2

x)Á3 + v2
xÁg dxds

6 C + C

Z t

0

Z

«

(v2
xu2

x + ³ 2
x)Á3 dxds + C

Z t

0

max
[0;k + 1]

(( ³ ¡ ·³ )2 + 1)

Z

«

u2
xÁ3 dxds

6 C + C

Z t

0

max
·«

v2
xÁ2

Z

«

u2
xÁ dxds + C

Z t

0

Z

«

³ 2
xÁ3 dxds: (3.3)
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Here, the second term on the right-hand side of (3.3) can be bounded as follows,
using lemma 3.1, Sobolev’s imbedding theorem (W 1;1 ,! L 1 ), and (3.1) and (1.2):

Z t

0

max
·«

v2
xÁ2

Z

«

u2
xÁ dxds

6 C

Z t

0

max
·«

f( ¼ 2 + ( ³ ¡ ·³ )2 + 1)Á2g
Z

«

u2
xÁ dxds

6 C + C

Z t

0

Z

«

( ¼ 2Á2 + j ¼ ¼ xjÁ2 + ¼ 2ÁjÁxj) dx

Z

«

u2
xÁ dxds

6 C + C

Z t

0

Z

«

( ° ¡1 ¼ 2Á + ° ¼ 2
xÁ3) dx

Z

«

u2
xÁ dxds

6 C +
C

°

Z t

0

Z

«

(v2
x + ( ³ ¡ ·³ )2 + 1)Á dx

Z

«

u2
xÁ dxds

+ C°

Z t

0

Z

«

¼ 2
xÁ3 dx

Z

«

u2
xÁ dxds

6 C

°
+ C°

Z t

0

Z

«

v2
t Á3 dxds: (3.4)

Inserting (3.4) into (3.3) and taking ° suitably small, one gets
Z t

0

Z

«

v2
t Á3 dxds +

Z

«

v2
xÁ3 dx 6 C + C

Z t

0

Z

«

³ 2
xÁ3 dxds; t > 0: (3.5)

On the other hand, with the help of lemma 2.1 and (2.9), one has
Z t

0

Z

«

³ 2
xÁ3 dxds 6 C

Z t

0

Z

«

³ 2
x

µ
1

u³ 2
+ ³ 2Á6

¶
dxds

6 C + C

Z t

0

max
[0;k + 1]

( ³ ¡ ·³ )2

Z

«

³ 2
xÁ6 dxds + C

Z t

0

Z

«

³ 2
xÁ6 dxds

and
Z t

0

Z

«

³ 2
xÁ6 dxds

6 C

Z t

0

Z

«

³ 2
xÁ6

u³ 2
( ³ ¡ ·³ )2 dxds + C

Z t

0

Z

«

³ 2
xÁ6

u³ 2
dxds

6 C

Z t

0

½Z

fxj ³ 61g
+

Z

fxj ³ >1g

¾
³ 2

xÁ6

u³ 2
( ³ ¡ ·³ )2 dxds + C

6 C

Z t

0

Z

fxj ³ 61g

³ 2
x

u³ 2
dxds + C

Z t

0

Z

fxj ³ >1g
³ 2

xÁ6( ³ ¡ ·³ )2 dxds + C

6 C + C

Z t

0

max
[0;k + 1]

( ³ ¡ ·³ )2

Z

«

³ 2
xÁ6 dxds:

Therefore,
Z t

0

Z

«

³ 2
xÁ3 dxds 6 C + C

Z t

0

max
[0;k + 1]

( ³ ¡ ·³ )2

Z

«

³ 2
xÁ6 dxds:
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Multiplying the above inequality by 2C and adding the resulting inequality to (3.5),
we ­ nd that

Z t

0

Z

«

(v2
t + ³ 2

x)Á3 dxds +

Z

«

v2
xÁ3 dx

6 C + C

Z t

0

max
[0;k + 1]

( ³ ¡ ·³ )2

Z

«

³ 2
xÁ6 dxds 8t > 0: (3.6)

Next we estimate vt in L 1 ((0; 1); L2
loc). We di¬erentiate (1.2) with respect to t

and then multiply the resulting equation by vtÁ
6 in L2((0; t) £ « ). If we integrate

by parts and make use of (2.9), we deduce

1

2

Z

«

v2
t Á6 dx 6 C ¡ ·

Z t

0

Z

«

v2
tx

u
Á6 dxds

+ C

Z t

0

Z

«

fv2
x + j ³ tj + ³ jvxjgjvtxjÁ6 dxds

+ C

Z t

0

Z

«

fjvtxj + v2
x + j³ tj + ³ jvxjgjvtjÁ5 dxds;

which, by (3.1), yields
Z

«

v2
t Á6 dx +

Z t

0

Z

«

v2
txÁ6 dxds

6 C + C

Z t

0

Z

«

f(v4
x + ³ 2

t + ³ 2v2
x)Á6 + v2

t Á4g dxds

6 C + C

Z t

0

Z

«

f( ³ 2
t + v4

x)Á6 + v2
t Á3g dxds + C

Z t

0

max
[0;k + 1]

( ³ ¡ ·³ )2

Z

«

v2
xÁ3 dxds

(3.7)

for all t > 0. The term
R t

0

R
«

v4
xÁ6 dxds in (3.7) can be bounded similarly to (3.4)

as follows, using (3.1), W 1;1 ,! L 1 and (1.2):
Z t

0

Z

«

v4
xÁ6 dxds

6 C

Z t

0

max
x 2 ·«

f¼ 2 + ( ³ ¡ ·³ )2 + 1gÁ3

Z

«

v2
xÁ3 dxds

6 C + C

Z t

0

max
[0;k + 1]

( ³ ¡ ·³ )2

Z

«

v2
xÁ3 dxds

+ C

Z t

0

Z

«

f ¼ 2Á3 + j¼ ¼ xjÁ3 + ¼ 2Á2jÁxjg
Z t

«

v2
xÁ3 dxds

6 C + C

Z t

0

max
[0;k + 1]

( ³ ¡ ·³ )2

Z

«

v2
xÁ3 dxds

+ C

Z t

0

½Z

«

v2
t Á6 dx +

Z k + 1

0

¼ 2 dx

¾ Z

«

v2
xÁ3 dxds

6 C + C

Z t

0

½
max

[0;k + 1]
( ³ ¡ ·³ )2 +

Z k + 1

0

v2
x dx

¾ Z

«

(v2
xÁ3 + v2

t Á6) dxds: (3.8)
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Inserting (3.8) into (3.7), we thus conclude that

Z

«

v2
t Á6 dx +

Z t

0

Z

«

v2
txÁ6 dxds

6 C + C

Z t

0

Z

«

f ³ 2
t Á6 + v2

t Á3g dxds

+ C

Z t

0

½
max

[0;k + 1]
( ³ ¡ ·³ )2 +

Z k + 1

0

v2
x dx

¾ Z

«

(v2
xÁ3 + v2

t Á6) dxds:

(3.9)

Now, multiplying (1.3) by u³ tÁ
6 in L2((0; t)£ « ), integrating by parts and apply-

ing (2.9), one ­ nds that

C

Z t

0

Z

«

³ 2
t Á6 dxds + 1

2 µ

Z t

0

d

dt

Z

«

³ 2
xÁ6 dxds

6
Z t

0

Z

«

½
¼ vxuÁ6 ¡ µ

³ x

u
uxÁ6 ¡ 6µ³ xÁ5Áx

¾
³ t dxds;

whence
Z t

0

Z

«

³ 2
t Á6 dxds +

Z

«

³ 2
xÁ6 dx 6 C + C

Z t

0

Z

«

f( ¼ 2v2
x + ³ 2

xu2
x)Á6 + ³ 2

xÁ3g dxds:

(3.10)
Using (3.8) and (3.1), we easily obtain

Z t

0

Z

«

¼ 2v2
xÁ6 dxds

6 C

Z t

0

Z

«

v4
xÁ6 dxds + C

Z t

0

fmax
·«

( ³ ¡ ·³ )2 + 1gÁ3

Z

«

v2
xÁ3 dxds

6 C + C

Z t

0

½
max

[0;k + 1]
( ³ ¡ ·³ )2 +

Z k + 1

0

v2
x dx

¾ Z

«

(v2
xÁ3 + v2

t Á6) dxds; (3.11)

while, by lemma 3.1 and (1.3) and (3.11),

Z t

0

Z

«

³ 2
xu2

xÁ6 6 C

Z
max

·«

½µ
³ x

u

¶2

Á5

¾
ds

6 C

Z t

0

Z

«

³ 2
xÁ4 dxds + C

Z t

0

¯̄
¯̄ ³ x

u

¯̄
¯̄
¯̄
¯̄
·

³ x

u

¸

x

¯̄
¯̄Á5 dxds

6 C

°

Z t

0

Z

«

³ 2
xÁ4 dxds + °

Z t

0

Z

«

·
³ x

u

¸2

x

Á6 dxds

6 C

°

Z t

0

Z

«

³ 2
xÁ3 dxds + C°

Z t

0

Z

«

³ 2
t Á6 dxds

+ C

Z t

0

½
max

[0;k + 1]
( ³ ¡ ·³ )2 +

Z k + 1

0

v2
x dx

¾ Z

«

(v2
xÁ3 + v2

t Á6) dxds:

(3.12)
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Substituting (3.11) and (3.12) into (3.10) and taking ° appropriately small, we infer
that

Z t

0

Z

«

³ 2
t Á6 dxds +

Z

«

³ 2
xÁ6 dx

6 C + C

Z t

0

Z

«

³ 2
xÁ3 dxds

+ C

Z t

0

½
max

[0;k + 1]
( ³ ¡ ·³ )2 +

Z k + 1

0

v2
x dx

¾ Z

«

(v2
xÁ3 + v2

t Á6) dxds:

(3.13)

Therefore, (3:6) + (3:9) £ ° + (3:13) £
p

° , with ° appropriately small, yields

Z t

0

Z

«

fv2
t Á3 + ³ 2

xÁ3 + v2
txÁ6 + ³ 2

t Á6g dxds +

Z

«

fv2
xÁ3 + v2

t Á6 + ³ 2
xÁ6g(x; t) dx

6 C + C

Z t

0

½
max

[0;k + 1]
( ³ ¡ ·³ )2 +

Z k + 1

0

v2
x dx

¾ Z

«

fv2
xÁ3 + v2

t Á6 + ³ 2
xÁ6g dxds:

(3.14)

Applying Gronwall’s inequality to (3.14) and using lemma 3.1 and (3.2), we obtain
Z t

0

Z

«

f(v2
t + ³ 2

x)Á3 + (v2
tx + ³ 2

t )Á6g dxds +

Z

«

fv2
xÁ3 + (v2

t + ³ 2
x)Á6g(x; t) dx 6 C

(3.15)
for all t > 0. Hence, from (1.2) and (1.3), (3.15), (3.4), lemma 3.1, and (3.11)
and (3.12), it follows that
Z t

0

Z

«

(v2
xx + ³ 2

xx)Á6 dxds

6 C

Z t

0

Z

«

fv2
t + v2

xu2
x + ( ³ ¡ ·³ )2u2

x + u2
x + ³ 2

x + ³ 2
t + ¼ 2v2

x + ³ 2
xu2

xgÁ6 dxds

6 C 8t > 0: (3.16)

By lemma 3.1, (3.15), (3.16) and the identity
Z

«

³ x ³ xtÁ
8 dx = ¡

Z

«

³ xx ³ tÁ
8 dx ¡ 8

Z

«

³ x ³ tÁ
7Áx dx;

we see that Z 1

0

¯̄
¯̄ d

dt
k(uxÁ4; vxÁ4; ³ xÁ4)k2

¯̄
¯̄ dt 6 C;

which gives
k(ux(t); vx(t); ³ x(t))kL2(0;k) ! 0 as t ! 1: (3.17)

We apply Poincaŕe’s inequality and (3.17) to obtain (1.8). To complete the proof of
theorem 1.1, it remains to prove the upper and lower boundedness of ³ . By (2.3), we
see that ¬ 1 6 ³ 1(t) 6 ¬ 2 for any t > 0. Hence, from (1.8) and Sobolev’s imbedding
theorem, we get

C¡1 6 ³ (x; t) 6 C for all x 2 [0; k]; t > T0; (3.18)
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where T0 is a (large) constant. On the other hand, from the proof in [2,13], we have
1=(CeCt) 6 ³ (x; t) 6 CeCt for all (x; t) 2 ·« £ [0; 1), which, combined with (3.18),
implies the local lower and upper bounds of ³ . This complete the proof of theo-
rem 1.1.
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