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This paper is mainly concerned with the global asymptotic behaviour of the unique
solution to a class of singular Dirichlet problems —Au = b(z)g(u), u >0, x € Q,
u|pn = 0, where Q is a bounded smooth domain in R", g € C1(0, c0) is positive and
decreasing in (0, c0) with lim,_,+ g(s) = oo, b € C*(Q2) for some a € (0,1), which is
positive in €2, but may vanish or blow up on the boundary properly. Moreover, we

reveal the asymptotic behaviour of such a solution when the parameters on b tend to
the corresponding critical values.
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1. Introduction

This paper is concerned with the global asymptotic behaviour of the unique classical
solution to the following singular Dirichlet problem:

—Au =b(z)g(u), u>0, x €, ulgg =0, (1.1)

where () is a bounded smooth domain in R", A is the usual Laplacian operator,
b satisfies

(b1) be C*(Q) for some a € (0,1) is positive in  and g satisfies
(g1) g€ C*0,00) is positive and decreasing in (0, 00) with lim,_,q+ g(s) = oo.

For convenience, we denote by v the solution to the following problem:
Pt q
/ Tt V>0 (1.2)
0 9(7)

We note from (gq) that

Y(t) — 0 if and only if ¢— 0,

1.3
P(t) — oo if and only if ¢ — oo. (13)
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Optimal global asymptotic behaviour of the solution 1117
The basic model of problem (1.1) is

—Au=b(z)u™", u>0, z€Q, ulpg =0, (1.4)

where v > 0.
Problem (1.4) arises naturally in the study of the following nonlinear heat
equation (see [19]):

{ b(x)uy = uPAu, (z,t) € Q x (0,00);

(1.5)
u(z,t) = up(z), (x,t) € Qx{0}UIN x (0,0),

where p > 1, up(z) =2 0, € Q and uplgg = 0.
If one considers a solution u of problem (1.5) of the form u(z,t) = T'(t)v(x), then

~T'(t) = coT P (1), (1.6)
—Av = cob(z)v' P, (1.7)

where ¢g > 0, (1.6) has a unique global positive solution in (0,c0) (for given initial
data) and tends to zero as t — co. We note that (1.7) is exactly the equation in
problem (1.4). Using the maximum principle and known results for problem (1.4),
it is rather easy to establish the global existence and regularity of solutions to
problem (1.5).

Problem (1.1) has been discussed by many authors and in many contexts; see,
for instance [1-3,5-7,9-25,27-38] and the references therein.

The following are some basic results.

For b € C*(Q) with b(x) > 0, x € Q, when g satisfies (g;), Fulks and Maybee
[13], Stuart [28], Crandall et al. [10] derived that problem (1.1) has a unique
solution u € C?*%(Q) N C(£). Moreover, they established the following result (the-
orems 2.2 and 2.5 in [10]): if 1 € C[0, 0] N C?(0, 8] (o > 0) is the local solution
to the problem

— P (t) =g(e1(t), w1(t) >0, 0 <t <do, ¢1(0) =0, (1.8)
then there exist positive constants ¢; and ¢y such that
11 (d(@)) < ulz) < capr(d(x)) near 99, (1.9)

where d(x) = dist(z, 09), x € Q.
In particular, when g(u) = u™"7, v > 1, u satisfies

e (d(2) ) Cu(x) < ea(d(z))? ) near H9. (1.10)

In [21], by constructing a pair of global subsolution and supersolution, Lazer and
McKenna proved that (1.10) still holds on 2 and w has the following properties:

(i)  if v > 1, then u is not in C1(Q);
(i2)  wis not in H} () if and only if v > 3.

It is worth noting that the classical solution of problem (1.4) is not a weak solution
in the case of v > 3.
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Berhanu et al. [3] further proved that there exists ¢g > 0 such that

ww) (a7
(@) 2= 1)

< co(d(z)) VA v e Q.

When the function g¢: (0,00) — (0,00) is locally Lipschitz continuous and
decreasing in (0, 00), Giarrusso and Porru [15] showed that if g satisfies the following

conditions:

(801) Jy 9(s)ds = oo, [ gs)ds < oo;
(go2) there exist positive constants ¢ and M with M > 1 such that

Gi(s) < MG1(2s), Vs € (0,0), G1(s):= /00 g(T)dr, s >0,

then the unique solution u to problem (1.1) has the property

lu(z) — 2(d(x))| < Cod(x), Vze,

where Cj is a suitable positive constant and ¢ € C[0,00) N C?(0, 00) is the unique

solution of

w2 (t) ds

o V2Gi(s)

t, Vt>0.

(1.11)

When b € L>®(£2), b > 0 almost everywhere and b > 0 on some sets of € of positive

measure, del Pino [24] shows that

(i1) for all ¥ > 0 there exists a unique solution u € C1*(Q) N C(Q) to problem

(1.4);
(iz) assume that b satisfies

b(x) < O(d(z)) for almost every x € ,

for some bounded function O : [0,00) — R such that

1 P
/ <@(s)|) ds < oo for some p > 1,
0

sY

then

crd(z) < u(z) < cod(z) in 9,

and |Vu(x)| < Cy in Q, where ¢, ¢c2 and Cy are positive constants.

For convenience, we denote

(b2) there exist 0 € R and positive constants b; (i = 1,2) such that

b1 (d(x))™7 < b(z) < bo(d(z))™°, =zl
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When b is a nonnegative bounded measurable function, which satisfies (bg) with
o <0, Gui and Lin [19] (theorem 2.1) further established the following results to
problem (1.4).

(ip) If —o —~ > —1, then (1.12) holds.
(iz) If —o —~ = —1, then there exist positive constants c;, co and ¢3 such that

e1d()(cs — n(d(@))) /1 < () < c2d(@)(cs — n(d(@))/O+), z e Q.
(i3) If —o —~ < —1, then there exist positive constants ¢y, co such that
c1(d(@)) B 04 Cufa) < ea(d(z))®/ 0 e q.

For convenience, let A\; be the first eigenvalue and ¢; € C1(Q2) N C?T%(£2) be the
corresponding eigenfunction of the problem

—Ap = Aop, x €, ¢|aQ =0. (1.13)

It follows from the Hopfs maximum principle that V¢q(z) # 0, Vo € 09, and
there exist dp > 0 and positive constants ¢; (i = 1,2) such that

|Voi(z)| >0, Vo € Q5,;  c1d(z) < ¢1(x) < cod(w), Vo € Q, (1.14)

where V¢ (z) is the gradient of ¢ (x) and Q5, = {x € Q : d(x) < do}.
Without losing generality, let

max ¢y () < exp(—pu), (1.15)
e

where g > 1 is given as in the following (bs).

In this paper, we show the optimal global asymptotic behaviour of the unique
solution to problem (1.1) for more general g under the following local structure
conditions:

(g2) there exists Cy > 0 such that

S dr
lim ¢ —— =—-Cy
S_l)%lJr g (8)/0 g(T) g
(g3) there exists £; > 0 such that

* dr
limg's/—:—E.
A

We also give some results with regard to the nonexistence of classical solutions
to problem (1.1). Moreover, we reveal the asymptotic behaviour of such a solution
when the parameters on b tend to the corresponding critical values.

Some basic examples of g in (gz2) and (g3) are

(i1) When g(s) =s 7 with vy >0 and s >0, Cy = E; = v/(1 + 7). Moreover,

() = (1 + ,y)t)l/(lJr’Y) and — tg/(¢(t)) = ﬁ, Vi > 0. (1.16)
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(iz) When g(s) = s~ with 74 > 0 and s € (0,1), Cy = 71 /(1 + 71). Meanwhile,
when s is large, g(s) = s772 with 9 > 0, E; = 72/(1 + 72). Moreover, ¢(t) =
(1 4+ 1)) 47) for sufficiently small ¢ > 0, and 1 (t) 2 ((1 4 2)t)/(1+72) a5
t — o0.

(i3) When g(s) = (—1Ins)" with 44 >0 and s € (0,1/3), Cy = 0. Meanwhile,
when s is large, g(s) = (Ins)~72 with v, > 0, E; = 0.

(i4) When g(s) = exp(s~ ) with v; > 0 and s € (0,1), Cy = 1. Meanwhile, when
s is large, g(s) = exp(—s??) with v, > 0, E, = 1.

(is) When g(s) = s~ with 74 > 0 and s € (0,1), Cy = 71 /(1 + 71). Meanwhile,
when s is large, g(s) = (Ins)™ 7 with 72 > 0, E, = 0.

(i) When g(s) = s~ with 44 > 0 and s € (0,1), Cy =1 /(1 4+ v1). Meanwhile,
when s is large, g(s) = exp(—s72) with 75 > 0, B, = 1.

(i) When g¢(s) = (—1Ins)” with 74 >0 and s € (0,1/3), Cy = 0. Meanwhile,
when s is large, g(s) = s with y2 > 0, E; = 72/(1 + 72).

(i) When g(s) = (—1Ins)” with 44 >0 and s € (0,1/3), Cy = 0. Meanwhile,
when s is large, g(s) = exp(—s7?) with y2 > 0, £, = 1.

(ig) When g(s) = exp(s~ ") with y; > 0 and s € (0,1), Cy = 1. Meanwhile, when
s is large, g(s) = (Ins)™72 with v, > 0, E, = 0.

(i10) When g(s) = exp(s~ ") withy; > 0and s € (0,1), C, = 1. Meanwhile, when
s is large, g(s) = s772 with 2 > 0, E; = v2/(1 + 72).

We notice that (iz)—(i1p) are new.

A complete characterization of g in (g2) and (gs) is provided in lemmas 2.7
and 2.8.

Our main results are summarized as follows.

THEOREM 1.1. Let g satisfy (g1)—-(g3) and b satisfy (b1).

(i1) If b satisfies the additional condition that
(bs) there exist 0 > 2 and positive constant by such that

b(x) = bi(p1(x))"7, z €,

then problem (1.1) has no classical solutions.

(i2) Let b satisfy (b2). If
c=1 and C;>0 or o€ (1,2), (1.17)
then problem (1.1) has a unique classical solution u, satisfying
P(ER2=0)71017 (@) Sue(w) SY(&2-0) el (@), (118)

where ¥ is given as in (1.2), & and & are positive constants with & < &s.
Moreover, we have lim,_,o- mingeq, ty(x) = 0o and

b\ U () . Uy () b\
<c> St @ o)) SIS U o)) S () ’
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uniformly for x € Qq, which is an arbitrary compact subset of ), where

Co = max (Moi(2) + [V (2)[?) (1.20)
and
co = min (Aigi (@) +[Vor(@)]). (1.21)

In particular, when E, =1

T C.) B

o—2-P((2-0)7h)

(i) If20+2C,(2 — o) < 3, thenu, € H}(); and u, does not in H}(Q) provided
2 +20,(2 o) > 3.

Vo € Q.

REMARK 1.2. The existence and uniqueness of solutions to problem (1.1) follows
from theorem 4.1 in [33].

From (1.16), we show that (3.6) (in the following proof of theorem 1.1) holds for
an arbitrary £ > 0,0 € (1 —,2) and =2 — o, ie.

y—1+o

(1= 8+ B¥ER ) (@) Vo (@) = v

Vi (x)]? >0, =€Qs,.

Thus, we obtain the following results directly.

COROLLARY 1.3. When g(s) = s~ 7, s > 0 with v > 0 in theorem 1.1, we have

(i1) If b satisfies (bg), then problem (1.4) has no classical solutions.
(i2) Ifb satisfies (bz) with o € (1 —~,2), then problem (1.4) has a unique classical
solution u, satisfying

My (61(2))" < up(z) < My(d1(2))?, z€Q (1.22)
and
uy € C(Q), (1.23)
where 0 = (2 — o) /(1 +7), 0C,m:T = by, Ocoy MI+T = by, with

Co = max (Mgi(z) + (1= 0)|Von ()|

and

¢ =min (Mg (@) + (1~ 0)| V61 () ).

€

Moreover, there hold

b i )
Al 22 e () =
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and

bi(1+7) 1/(1+7) o s
< — 20)
( o < l;m glf ((2 o) ug(x)>

< limsup ((2 - 0)1/(1+7)ug(x))

o—2~

i

1/(1+7)
< (52(1 + ’Y))
co

uniformly for x € Qq, which is an arbitrary compact subset of 2.

In particular, when n =1, Q = (=R, R) for some R > 0, if the condition (bg) is
replaced by

(by)  b(x) = b(r) = bo(R* — %)= (by > 0) and 20 +~ =3,

then

bo 1/(1+7) ) o1 )o
wo = () -

is the unique solution to problem (1.4).
(i3) u, € HY(Q) if and only if v+ 20 < 3.

When b is in a borderline case near the boundary 92, we have the following result.
THEOREM 1.4. Let g satisfy (g1)—(g3) and b satisfy (b1).

(i1) If b satisfies the additional condition that
(by) there exist p < 1 and positive constants by such that for x € Q

b(x) = bi(d1(2)) > (= In(g1(2))) ™", 2 €,

then problem (1.1) has no classical solutions.
(i2) If b satisfies the additional condition that
(bs) there exist p > 1 and positive constants b; (i = 1,2) such that for x € Q

bi(¢1(x)) (= In(1(2))) ™ < b(w) < ba(¢a(x)) 7 (— In(¢(2))) 7,

then problem (1.1) has a unique classical solution u,, satisfying

D& —1)7H=n(g1(2)))' ") < wplz) <Y(&alp— 1) (= n(d(2))' ™),
(1.24)

where &3 and &4 are positive constants with &3 < &4.

Moreover, we have lim,,_1+ mingcq, u,(z) = oo and

(Z’1>1_E9 <liminf— @) e @) o (b2>1_E9 (1.25)
Cy SO (- ) S e (- S\ n

uniformly for x € Qq, which is an arbitrary compact subset of . Where C1 and c;
have given as in the following Corollary 1.5.
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In particular, when E, =1

: () _
(Ve R

From (1.15) and (1.16), we show that (3.11) (in the following proof of theorem 1.4)
holds for an arbitrary £ > 0 and p > 1, i.e
(1= p(=In(ou(2))) " +
x U(€(n—1)7"

(b’fi”( 1n<¢>1<x>>>1) [Vér(@) >0, near 9.

Thus, we obtain the following results directly.

(1 = 1)(=1In(¢s(2))) ™"
(= In(¢1(2)' NIV (@)

COROLLARY 1.5. When g(s) = s~ with v > 0 in theorem 1.4, we have
(i1) If b satisfies (by), then problem (1.4) has no classical solutions
(i2) If b satisfies (bs)

, then problem (1.4) has a unique classical solution u,
satisfying for x € Q

(—In(¢1())) (p—=1)/(1+7) S up(z) < MH(_ln((bl(m)))f(p,fl)/(l«}’y)

(1.26)
where
72 1A+ /4 149 /(1+7))
Cu -1 ’
1/(147) /(1+7))
1 +
. — , 1.27
= <c ) <u ) aan

a
||
{O\;x:

(A1¢1 <1 _ ey

T @) ) @)
cu = r;gn(1¢1<> (1= 22 i) ) 190

Moreover, lim,,_,1+ mingcq, u,(x)

xr) = 00, and
1/(1
L () 1/(147)
(I+7) hmmf(( -1)
01 pu—1+

un(2))
b, \ 11+
< limsup(( — 1)V, (2)) < (1 4+ 7)Y+ () ,
u—1+

C1
uniformly for x € 1, which is an arbitrary compact subset of )

The outline of this paper is as follows. In § 2, we give some preliminaries. The proofs
of theorems 1.1 and 1.4 are provided in §3
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2. Some preliminaries

In this section, we present some basics of Karamata regular variation theory in
order to show not only the complete characterization of g in (g1)—(gs) but also the
exact behaviour near zero and infinity of ¢ in (1.3).

Incidentally, Cirstea and Radulescu [8] first introduced the theory to study the
boundary behaviour of large solutions of semi-linear elliptic equations.

DEFINITION 2.1 [26, definition 1.1]. A positive continuous function g defined on
(0, s0], for some sg > 0, is called regularly varying at zero with index p € R, denoted
by g € RV Z,, if for each £ > 0,

fim g(&s)

s—0t g(s)

= &P (2.1)
In particular, when p =0, g is called slowly varying at zero.

Clearly, if g € RV Z,, then L(s) := g(s)/s” is slowly varying at zero.
Some basic examples of slowly varying functions at zero are

(i1) every continuous function on (0, sp) which has a positive limit at zero;
(iz) (—1Ins)” and (In(—1ns))?, v € R, s € (0,1/3);
(i3) exp((—Ins)7), 0<y<1,s€(0,1).

PROPOSITION 2.2 (Uniform convergence theorem [26, theorem 1.1]). If g € RV Z,,
then (2.1) holds uniformly for & € [c1, ca] with 0 < ¢1 < ca. Moreover, if p < 0, then
uniform convergence holds on intervals of the form [c1,00) provided g is bounded on
[c1,00); if p > 0, then uniform convergence holds on intervals (0, cs] for all co > 0.

PROPOSITION 2.3 (The Karamata representation theorem) [26, theorem 1.4]. A
function L is slowly varying at zero if and only if it may be written in the form

L(s) = I(s) exp (/ @ dT) . s e(0,50], (2.2)

where the functions | and y are continuous and for s — 07, y(s) — 0 and I(s) — co,
with ¢y > 0.

DEFINITION 2.4 ([26], p. 7). We call that

A SO
L(s) = coexp (/ y(T)dT) , s €(0,s0], (2.3)
s T
is normalized slowly varying at zero, and
g(s) = s"L(s), s € (0,s0), (2.4)
is normalized regularly varying at zero with index p (and denoted by g € NRV Z,).

Equivalently, a function g € NRV Z,, if and only if

/

g € C*(0, 5] for some sg > 0 and lim 59 (5)
s—0t g(s)

=p. (2.5)
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PROPOSITION 2.5 [4, proposition 1.3.6]. If functions L, Ly are slowly varying at
zero, then

(i1) LP for every pe R, ;L +caly (1 20, ca >0 with ¢; +¢2>0), L- Ly,
Lo Ly (if Li(s) — 0 as s — 07, are also slowly varying at zero.

(iz) For everye >0 and s — 07, s°L(s) — 0 and s~ °L(s) — oc.

(i3) ForpeR and s — 0T, In(L(s))/Ins — 0 and In(s"L(s))/Ins — p.

PROPOSITION 2.6 (Asymptotic behaviour), [4, propositions 1.5.8 and 1.5.10]. If a
function L is slowly varying at zero, then for so >0 and s — 0T

(in) Jo TPL(T)dT = (14 p)~'s' TP L(s),  for p> —1;
(i) [P°7PL(r)dr = (—p—1)"'s'PL(s), for p<—1.

Similarly, for a positive continuous function f defined on [Sp, 00), for some Sy > 0,
we can give the definitions of regularly varying and normalized regularly varying
at infinity and present some basic properties. Here we omit them.

LEMMA 2.7 [36, lemma 2.2]. Let g satisfy (g1).

(i1) If g satisfies (gz2), then Cy < 1.

(iz) (g2) holds with Cy € (0,1) if and only if g€ NRVZ_., with v > 0. In this
case v = Cy/(1 — Cy).

(i3) (g2) holds with Cy =0 if and only if g is normalized slowly varying at zero.

(i) If (g2) holds with Cy = 1, then g grows faster than any s~P (p > 1) near zero.

(is) If g € C?%(0,s0) for some so >0 and

" )
g"(s) >0, Vse(0,s0); sl_l>%1+ W ,

then g satisfies (g2) with Cy = 1.
Similarly, we have the following results.

LEMMA 2.8. Let g satisfy (g1)-

(i1) If g satisfies (gs), then By < 1.

(iz) (gs) holds with E, € (0,1) if and only if g is normalized regularly varying at
infinity with index —v with v > 0. In this case v = E4/(1 — Ey).

(i3) (gs3) holds with E4 = 0 if and only if g is normalized slowly varying at infinity.

(ia) If (gs) holds with E, = 1, then g grows faster than any s=P (p > 1) at infinity.

(is) If g € C*(Sp, <) for some large Sy > 0 and

g"(s) >0, Vs € (Sp,); SEHQOW =1, (2.7)

then g satisfies (gs) with Eg = 1.

For completeness, we give its proof.
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Proof. By using (g1), we show that

S d
0</ A s s,
0

(1)~ g(s)
ie.
0<g(s)/osgd:_)<s, Vs > 0. (2.8)
Thus
. Sdr
sli%l+ 9(8)/0 o) 0 (2.9)
(il) Let

I(s) = —¢'(s) /OS 9(277—)7 Vs > 0.

Integrating I(¢) from 0 to s and using integration by parts, we obtain by (2.9)

that

/SI(t)dt— fg(s)/Sd—T+s Vs >0

0 0 9(7) 7 ’
i.e.
°d CI(t)dt
oo S dr/or) _ | Sawdr
s s
It follows from the I’Hospital’s rule that
’d
0< tim YD dT/00) I(s)=1-E,. (2.10)
85— 00 S §—00

So (i1) holds.
(iz) When (gs) holds with E, € (0, 1), it follows from (2.10) that

by 96 96 fodr/e(m) 1 gls) Jydr/e(n) 1B,
s—00 sg/(s) $—00 5g/(5) fOS dT/g(T) Eg P s Eg )

i.e. g is normalized regularly varying at infinity with index —E,;/(1 — E,).
Conversely, when g is normalized regularly varying at infinity with index —v with

v >0, e limso 59'(5)/g(s) = —y and there exist positive constant Sp > 0 and

L, which is normalized slowly varying at infinity such that g(s) = S*VIA/(S), s €
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(Sp, o). By using the result similar to proposition 2.6 (i1), we have

— lim_g'(s) / Cdr L sg(s) L 9(s) o dr/g(n)

570 o 9(7) s—oo g(s) s—oo P
— 5 lim OV / WLy (7)) dr = —— — B,
7 Jim s 1) [ (L) = o = B

(i3) By Ey = 0 and (2.10), one can see that

i 290 _ 290V /()
) T e g(s) I dr/g(r)

= (2 [ ;3)) i g [ 5 =0

i.e. g is normalized slowly varying at infinity.
Conversely, when ¢ is normalized slowly varying at infinity, i.e. lims_,o sg’(s)/
g(s) = 0, it follows by (2.8) that

g(s) fos dT/g(T)

S

0< <1, Vs>0,

and

=0.

§— 00

K d / S d
lim ’(s)/ ATy 390)968) Jo dr/9(T)
o 9(r) s g(s) s
(i4) By E4 =1 and the proof of (iz), we show that lim, .. g(s)/sg'(s) =0, i.e.
lims_,o 89" (8)/g(s) = —oo. Consequently, for an arbitrary p > 1, there exists Sy > 0
such that

—4'(s)
9(s)

Integrating the above inequality from Sy to s, we obtain

>(p+1)s7t, Vs> 8.

In(g(Sp)) —In(g(s)) > (p+ 1)(Ins —In Sp), Vs > So,

i.e.

p+1
0<g(s)s? < M, Vs > S.
s

Letting s — oo, we show that g grows faster than any s=? (p > 1) at infinity.
(i5) By a direct calculation and the I’'Hospital’s rule, we show that

(s) /OSdT = lim Jodr/o(r) _ lim RUC) . ~1.

R A oo S P ) o e p

§—00

LEMMA 2.9 [36, lemma 2.3]. Let g satisfy (g1) and (g2). Then we have
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(i1) ©'(t) =g((t), »(t) >0 for t>0, ¥(0)=0, ¢'(0):=limy_ o+ '(t) =
limg o+ g(¢(t)) = 00, and " (t) = g((t))g' (¥ (1)), t > 0;

(i2) limy o+ tg(¥(t)) =0, lim; o+ tg' (Y(t) = —Cy and limso&tg'(Y(§t)) =
—Cy holds uniformly for & € [c1,co] with 0 < ¢1 < ¢2;

(i3) Y€ NRVZi ¢, andy' € NRVZ _¢,.

Similarly, we have the following result.
LEMMA 2.10. Let g satisfy (g1) and (gs). Then we have

(il) hmtﬂoo w(t) = 00y

(iz) limy—oo tg’(¥(t)) = —E4 and limy_o Etg'(V(Et)) = —E4 holds uniformly for
& € e, co] with 0 < ¢1 < ca;

(iz) v is normalized regularly varying at infinity with index 1 — Eg, and ¢’ is
normalized regularly varying at infinity with index —FE.

LEMMA 2.11 [21, lemma]. Let © be a bounded smooth domain in R™. We have

/(d(x))’\ dr < o
Q
if and only if A > —1.

LEMMA 2.12 [33, theorem 4.1]. Let b satisfy (b1). If g satisfies (g1), then problem
(1.1) has a unique solution u € C***(Q) N C(Q) if and only if the linear problem

—Av(z) =b(z), v>0, 2€Q, vjgg =0, (2.11)
admits a unique solution vy € C2(2) N C(Q).
LEMMA 2.13. Let b satisfy (b1).

(i1) If b satisfies (bg), then problem (2.11) has no solutions in C*T*(€2) N C(Q).
(i) If b satisfies (byg), then problem (2.11) has no solutions in C*T(Q2) N C(Q).

Proof. (i1) Let v, = Moe™P(¢1(x))¢, x € Q, where p,e € (0,1) and My = b1 /Cy,
here Cj is given as in (1.20). By using (1.15) and ¢ > 2, we have that
(01(2))7 2 < (d(2))™7, z€Q

and
—Au(2) = Moe' 7P (91(2))"* (Mot (2) + (1 = )|V (2)[?)
< MoCos'"(1(2)7 % < bi(n(2)) 77 < b(a), @€
ie. v, = Moe P(¢1(x))¢ is a subsolution to problem (2.11) in Q. Thus, if v were a
classical solution to problem (2.11), it would then follow from (g7) and the maxi-

mum principle that v(z) > Moe P (¢1(x))%, Vo € Q. Since € € (0,1) is an arbitrary
constant, we show that

lim v(z) = 400, Vze.

e—0

This is a contradiction. Thus, problem (2.11) has no classical solutions.
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(iz) Lete € (0,1) be an arbitrary constant with —In(¢1(z)) > 1+¢, x € Q. By
using ¢ < 1, we show that

mln( 161(2) + (1= (1 +€)(=In(¢1(2)))"H)[Ver(2)]) >0,

z€Q
and

(=In(¢1(2))) "7 < (= In((¢2(2))) 7", zeQ
Let v, = Mie P(—In(¢1(x))) "=, = € Q, where p € (0,1) and M; satisfies

M,y maX(/\1¢>1( )+ (1= (=In(¢1(2)))"H)|Ver(2)*) = br.

zeQ
We have from a direct computation that
—Auv, () = Mie' P (= In(h1(2))) " (¢1(2)) 7
< (Agi(a) + (1= (1 +e)(=In(61(2)) ") [Vor(2)?)
bi(—In(¢1(2))) " (¢1(2) 7> < bz), weQ,

ie. v, = Mie P(—1In(¢1(x))) "¢ is a subsolution to problem (2.11) in 2.

The rest of the proof is similar to (i1) and the proof is omitted here. O
3. Global asymptotic behaviour

In this section, we prove theorems 1.1 and 1.4.
Firstly, we introduce a sub-supersolution method with the boundary restriction
to the following more general problem:

—Au = f(z,u), u>0, x€Q, ulgpg =0, (3.1)

where f(z,s) is locally Holder continuous in 2 x (0,00) with exponent « € (0,1)
and continuously differentiable with respect to the variables s.

DEFINITION 3.1. A function u € C?+(Q2) N C(Q) is called a subsolution to problem
(3.1) if
_A@ < f('rau)v u > 07 S Qa M|QQ =0. (32)

DEFINITION 3.2. A function @ € C***(Q)NC(Q) is called a supersolution to
problem (3.1) if

—AG > f(x,a), @>0, z€Q, uon=0. (3.3)

The basis for our subsequent discussions is the following lemma, which is
formulated in terms of supersolution and subsolution.

LEMMA 3.3 [12, lemma 3]. Suppose problem (3.1) has a supersolution @ and a
subsolution w such that u < on Q, then problem (3.1) has at least one solution
u € C*T(Q)NC(Q) in the order interval [u, ).
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For convenience, let

U(t) = —tg' (¥(1)), t>0, (3.4)

we show from lemmas 2.9 and 2.10 that ¥(¢) is positive and bounded on (0, c0).
Next, we prove theorem 1.1.

Proof of theorem 1.1. The result (i) follows from lemmas 2.12 and 2.13 (i)
directly.
(iz) Let 8 =2 — 0. It follows from lemma 2.9 (iz) and (3.4) that

lmw(EsTr) = lm W(EFT6]() = Gy (3:5)

holds uniformly for £ € [c1, 2] with 0 < ¢1 < ¢a.
From (1.14), we show that there is a sufficiently small §; € (0,0¢), which is
independent of £ € [cq, ¢2], such that for = € Qj,,

(1= B+ PR 6} (2)))[V (2)* > 0. (36)
Moreover, we have from lemma 2.10 (iz) that

0<inf ¥(t) < U(t) <supP(t) < oo, t>0.

>0 t>0
Denote
0
V(500 (), dx) < 5,
U(z) = 5 (3.7)
sup ¥ (1), d(z) > —1;
t>0 2
and
0
U6 (), dla) <
Y(z) = 5 (3.8)
nf (1), d(r) > 2.

Let i, = (&0 167 (x)), = € Q, where &, satisfies

& inf (Migi(@) + (1= B+ BL(@))|Véu(2)]*) = b
By using (bz) and a direct computation, we show that for 2 € Q2

— Aty (z) = E677 (2)g(Y(E267107 () (M2 (x) + (1 - 3
+ B (&8¢ (2))) Ve (2)]?)
> baoy % (2)g(1(E87167 () = b(z)g(us(z)),

ie u, = w(ggﬁ*1¢f(x)) is a supersolution to problem (1.1) in .
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In a similar way, we can show that u, = w(ﬁlﬁ_lqbf(m)) is a subsolution to
problem (1.1) in €2, where &; satisfies

&rsup (Mt (z) + (1= B+ B¥(2)) [V (2)*) = by

z€Q
Obviously, 4 > u on (2. Hence lemma 3.3 and remark 1.2 imply that problem
(1.1) has a unique solution u, € C?T*(Q) N C(Q) in the order interval [u, ], i.e.
(1.18) holds. Using lemma 2.10 (iz), we show that
lim ¢(§3) — gl—Eg7
G ()
holds uniformly for £ € [c1, c2] with 0 < ¢1 < ¢2, and thus
92 _ —1,42—0 1-E,
lim P(&( ‘7)1 (51_0 (2)) _ <b2> , VzeqQ,
=2 P((2-0)71e7 7(2)) €0
i.e. (1.19) holds.
(i3) Note that when L is slowly varying at zero, we have

50 <oo if p> -1,
/ s L(s)ds (3.10)
0

(3.9)

=00 if p< -1

In fact, when p > —1, let py € (—1, p), using proposition 2.5 (iz), we show that
lim,_,g+ sP7P°L(s) = 0, and there exists a sufficiently small § € (0, sp) such that
sP=PL(s) <1, Vs e (0,9]. It follows that

S0 S0 5 S0
/ sPL(s)ds = / sPOsPTPOL(s)ds < / sP0ds +/ sPL(s)ds < oo.
0 0 0 5

Similarly, we can show [;° s”L(s)ds = oo provided p < —1.

In addition, from lemma 2.9, we show that t(t)g(¢(t)) is normalized regu-
larly varying at zero with index 1 —2C, and v(t)g(¢(t)) = t'~2Cs L(t), here L is
normalized slowly varying at zero.

So

(61(2)) (27 (2))g(b (6377 (x))) = ¢8I T2 L (927 ().
Since u, € H3(Q) if and only if
- /Q o (2) Aty (2)d = / Vi (2) P = / b(2) o (2)g (g (),

we show from (bg), (1.14), (1.18), (3.10) and lemma 2.11 that

b()ue (2)g(uq(x))dz
Q

< by /Q(qbl (€))7 (&2(2 = 0) 716177 (2))g($(&1 (2 — 0) 191 (2)))dz
< 00

provided (2 —o)(1 —2Cy) > o — 1.
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Similarly, since
by / (61(2)) 7D (€1(2 — 0) 1627 (1)) g ($(€2(2 — 0) L6277 () dz

< [ (@) uol)gtue (@)de < [ Bapua(@lue(e))de,
one can see that
| Mo @)g(ua (@) = o0
Q
provided
2-0)1-2Cy) <o—1.
The proof is finished. U
Finally, we prove theorem 1.4.

Proof of theorem 1.4. The result (i1) follows from lemmas 2.12 and 2.13 (i2)
directly.
(iz) Tt follows from (1.15) that

—In(¢y(z)) > p, Vre.

Let @, = ¥(&a(p — 1) 7 (= 1In(¢1 (2)))'7#), x € Q, where &, satisfies
gomin (3103 (2) + (1~ (= In(or(2)))
+ (1= 1)(= (1 (2))) ™ inf W) Vo (@) ) = b

Since

lim (1= (= In(61 ()" + (1 = 1)(~ In(61 2)))

d(x)—0
U(alp = 1) (=61 (@) ) =1

holds uniformly for &4 € [c1, ¢a] with 0 < ¢ < es.
We show that there is a sufficiently small §; € (0,dp), which is independent of
€ € [e1, 2], such that for @ € Qs

(Vo ()P (1 = p(=In(dr ()" + (1 = 1) (= In(¢s (2))) "
X (€ — 1)~ (= In(p1(2)) 7)) > 0.
It follows that for x €
Mgt () + (1= p(= (g1 ()" + (= 1) (= In(¢s(z))) "
X W(E(p — 1) " (= In(d1(2))) )|V (2)]* > 0.

(3.11)
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By using (bs) and a direct computation, we have that for z € Q
— A, () = &4(61(2)) (= (61 (2))) g ((€aln — 1) 7H (= (91 (2))'))
% (Med(@) + (1= (= n(@1(@)) ™" + (1= (= In(é1(2)) "
X Wl — )7 (= (@1 (@) 7)) [Vor(@)?)
ba(61(2) 2 (= (61 (2))) 9@ (Ealin = )™M (= In(91(2))' ™)

2 bo
> b(x)g(a(z)),

Le. u, = (& —1)" (= In(¢1(z)))'~#) is a supersolution to problem (1.1) in ©.
In a similar way, we can show that w, = ¢(3(u — 1)~ (= In(¢1(x)))'7#) is a
subsolution to problem (1.1) in Q, where &5 satisfies

§3 max (M(/ﬁ(x) + (1 — pu(=1n(¢1(2)) 7
+ (1= D(=(u(@)) " sup (1) ) Vo1 () 2) = br.
t>0

Obviously, @, > u, on Q. The rest of the proof is similar to that of theorem 1.1
and the proof is omitted here. O
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