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1. Introduction

In 2009, the second and third authors of the present paper proved in [5] that the semi-local
dynamics of first heteroclinic bifurcations associated with ‘slightly thick’ horseshoes
of surface diffeomorphisms usually can be described by the so-called non-uniformly
hyperbolic horseshoes.

In this article, we pursue the studies of Palis—Yoccoz [5] and Matheus—Palis [3] on
the Hausdorff dimensions of the stable and unstable sets of non-uniformly hyperbolic
horseshoes.

In order to state our main result (Theorem 1.4), first, we need to recall the setting of
the work by Palis—Yoccoz [5].

1.1. Heteroclinic bifurcations in Palis—Yoccoz regime

Fix a smooth diffeomorphism gy : M — M of a compact surface M. Assume that pg
and p, are periodic points of go in distinct orbits such that W*(py) and W*(p,) meet
tangentially and quadratically at some point g. Suppose that K is a horseshoe of go
such that ps, p, € K and ¢ € M \ K, and, for some neighborhoods! U of K and V of the
orbit O(g), the maximal invariant set of UUV is K UO(g). In summary, go has a first
heteroclinic tangency at g associated with periodic points py, p, of a horseshoe K.

Let (g/)|t|<z, be a one-parameter family of smooth diffeomorphisms of M generically
unfolding the first heteroclinic tangency of go described in the previous paragraph.
Assume that the continuations of W¥(ps) and W*(p,) have no intersection near g for
—to <t < 0 but have two transverse intersections near ¢ for 0 <t < 1.

Denote by Kg, :=(),cz & " (U) the hyperbolic continuation of K. In our context, it is
not hard to describe the maximal invariant set

Ag =g "(WuV) (1.1)

nez

in terms of K, when —ty <t < 0; indeed, Ay, = Ky when —fp <t <0 and Agy = KU

O(g).
On the other hand, the study of A, for 0 <t < fy represents an important challenge
when the Hausdorff dimension of the initial horseshoe K = Ky is larger than one.

L1t is shown in Appendix A that it is often the case that the particular choices of U and V are not very
relevant.
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In their paper [5], Palis and Yoccoz studied strongly regular parameters 0 <t < fy
whenever Ky, is slightly thick, i.e.,

(d® +d%)? + (max{d®, d°})? < (d° + d°) + max{d?, d°}, (1.2)
where d? and d” (respectively) are the transverse Hausdorff dimensions of the invariant
sets W¥(Kg,) and W"(Kg,) (respectively). In this setting, Palis and Yoccoz proved that

any strongly regular parameter ¢ has the property that Ag, is a non-uniformly hyperbolic
horseshoe, and, moreover, the strongly regular parameters are abundant near ¢t = 0:

1
lim —Leb;i({0 < < e : ¢t is a strongly regular parameter}) = 1.
e—0t €

(Here Leb; is the one-dimensional Lebesgue measure.)

Remark 1.1. This result of Palis and Yoccoz is a semi-local dynamical result; indeed,
Appendix A (by C. G. Moreira and the first two authors of this paper) shows that it is
often the case that U UV can be chosen to be of almost full Lebesgue measure.

We refer the reader to the original paper [5] for the precise definitions of strongly regular
parameters and non-uniformly hyperbolic horseshoes. For the purpose of this article, we
will discuss some features of non-uniformly hyperbolic horseshoes in Section 2.

For the time being, we recall only that non-uniformly hyperbolic horseshoes are
saddle-like sets.

Theorem 1.2 (Cf. [5, Theorem 6] and [3, Theorem 1.2]). Under the previous assumptions,
if t is a strongly reqular parameter, then

HD(W®(Ag,)) <2 and HD(W"(Ay)) < 2,
where HD stands for the Hausdorff dimension. In particular, A, does not contain
attractors or repellers.

As it turns out, this result leaves open the ezxact calculation of the quantities
HD(W*(Ag,)); in fact, Palis and Yoccoz conjectured in [5, p. 14] that the stable sets
of non-uniformly hyperbolic horseshoes have Hausdorff dimensions very close or perhaps
equal to the expected dimension 1+ d;, where d; is a certain number close to d? measuring
the transverse dimension of the stable set of the ‘main non-uniformly hyperbolic part’
of Ag,.

Remark 1.3. The proof of Theorem 1.2 never allows to show that W*(Ag) has the
expected dimension; see [3, Remark 8].

In this article, we give the following (partial) answer to this conjecture.

1.2. Statement of the main theorem

We show that the conjecture stated above is true at least when the transverse dimensions
d? and d? of the stable and unstable sets of the initial horseshoe K, satisfy a stronger
constraint than (1.2).
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Theorem 1.4. In the same setting of Theorem 1.2, denote
(1 —min{d?, d2})(d? + dY)

* dO’dO = S U .
Py dy) max{d?, d9}(max{d?, d%} + d% + d¥ — 1)
In addition to (1.2) (i.e., p*(d°,d%) > 1), let us also assume that the transverse

dimensions d‘? and dg of the stable and unstable sets of the initial horseshoe Ky satisfy

—log |A(ps)| log|n(pu)l }
log |u(ps)| ~ —log |A(pu)l |’
where M(py) and w(py) are the stable and unstable eigenvalues of the periodic point pgy,
respectively, for « = s, u, and

(1.3)

s 7u

B*d’, d% < 1+min{

p*@, dd) > 3. (1.4)

s 7uU

Then, for any strongly regular parameter t, one has
HD(W*(Ag,)) = 1+ds,

where 0 < d; =ds(gr) <1 is a certain quantity close to dé) given by the transverse
dimensions of the lamination R3° of stable curves associated with the well-behaved parts
of Ng, (see [5, pages 12, 13 and 14]).

Remark 1.5. Analogously to [5], there is a symmetry between past and future in our
arguments. Thus, the analog of Theorem 1.4 for the unstable set W*(Ag,) holds after
exchanging the roles of d? and d0.

Remark 1.6. Of course, we believe that conditions (1.3) and (1.4) are not necessary for
the validity of the conclusion of Theorem 1.4, but our proof of this result in Section 3
does not allow us to bypass these technical conditions. We hope to come back to this
issue in the future.

Remark 1.7. Condition (1.3) is automatic in the conservative case (when gog preserves
a smooth area form). Indeed, the multipliers A(py) and w(py) verify A(pg)i(py) =1 in
this situation, so that (1.3) becomes the requirement 8*(d?, d%) < 2 which is always true
when d? +d% > 1.

Similarly, condition (1.3) is automatic if Kg, is a product of two affine Cantor
sets K and K" of the real line obtained from affine maps with constant dilatations
I/L>1 and p > 1 sending two finite collections of £ € N disjoint closed subintervals
of [0, 1] surjectively on their convex hull [0, 1]. In fact, it is well known that the
transverse Hausdorff dimensions of such a horseshoe K, are d? =logt/log(1/2) and
d? =log¢/log i1, so that requirement (1.3) becomes

log(1/A) logu _
logu " log(1/a) |

d’ d°
p*d’,d% < 1+min{ 1+min{d—z), E}
A+ dD
max{d?, d%}

which is always valid when d? +d? > 1.
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In summary, it is ‘often’ the case that condition (1.3) is less restrictive than condition
(1.4) in ‘many’ applications of Theorem 1.4.

Remark 1.8. A natural question closely related to the statement of Theorem 1.4 is: given
a strongly regular parameter ¢, what is the Hausdorff dimension of the non-uniformly
hyperbolic horseshoe Ag, itself? Of course, it is reasonable to conjecture that a
non-uniformly hyperbolic horseshoe A, has the ‘expected’ dimension HD(A,,) = dy +d,.
In this direction, let us observe that Theorem 1.4 implies only that HD(Ag) <1+
min{dy, dy} (since Ag, = W*(Ag,) N WH(Ag,)), but this is still far from the ‘expected’ value
(as dy +d, < 1+min{dy, d,}). We plan to address elsewhere the question of computing
HD(Ay,) for strongly regular parameters ¢.

For the sake of comparison® of conditions (1.2) and (1.4), we plot below (using
Mathematica) the portions of the regions

D ={(d d% €10, 1] x [0, 1] : (d°, d°) satisfies (1.4)}

s U s U
and
PY ={(d, d% € [0,1]1x [0, 1] : (d°, d°) satisfies (1.2)}
below? the diagonal A = {(d?,d?) e R? : 1/2 < d? = d? < 1} (cf. Figure 1).

We have that D occupies slightly more than 3% of PY:
area(D)
area(PY)

These regions intersect the diagonal segment

=0.030136....

A={dd)eR*:1)2<d’=d° <1}

s U

along

PYNA={@dd’ eR?:1/2<d’=d° <3/5)
and

DNA={@d’d eR?:1/2 <d® =d° < 11/21}.
Remark 1.9. The symmetry in Remark 1.5 actually implies that HD(W*(g;)) = 1 +d;
and HD(W*(g;)) = 1+d,, if t is a strongly regular parameter, (d?, d,?) satisfies (1.3) and
(d°, d%) belongs to the region D.

s U

1.3. Outline of the proof of the main result

Recall from the Palis—Yoccoz paper [5] that the stable set W*(A) of a non-uniformly
hyperbolic horseshoe A can be written as the disjoint union of an exceptional part £ and
a lamination with C'*tMP-leaves, Lipschitz holonomy, and transverse Hausdorff dimension
0 < d; < 1 close to the stable dimension d? of the initial horseshoe K.

2In view of Remark 1.7, we can ‘ignore’ (1.3) (in some examples) when trying to compare the restrictions
imposed in Theorems 1.2 and 1.4.
3The other portion is obtained by reflection along the diagonal.
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Figure 1. D (in red) inside PY (in blue).

Hence, the proof of Theorem 1.4 is reduced to show that the Hausdorff dimension of
the exceptional part £ of W¥(A) is HD(ET) < 1 +d;.

By definition, the points of £ visit a sequence of ‘strips’ (Py)ren Whose ‘widths’ decay
doubly exponentially fast (cf. [5, Lemma 24]). In particular, by fixing k € N large and by
decomposing the strip Py into squares, we obtain a covering of very small diameter of
the image of £T under some positive iterate of the dynamics.

It was shown in [3] that the covering of the images of £ in the previous paragraph can
be used to prove that HD(£T) < 2. More concretely, the negative iterates of the dynamics
take the covering of Py back to &' while alternating between affine-like (hyperbolic)
iterates and a fixed folding map. In principle, the folding effect accumulates very quickly,
but if we ignore the action of folding map by replacing all ‘parabolic shapes’ by ‘fat
strips’, then we obtain a cover of £t with small diameter and controlled cardinality
thanks to the double exponential decay of P;’s. As it turns out, this suffices to establish
HD(ET) < 2, but this strategy does not yield HD(ET) < 1+d; (cf. Remark 1.3).

For this reason, in the proof of Theorem 1.4, we do not completely ignore the ‘parabolic
shapes’ mentioned above. In fact, we estimate the contribution of the parabolic shapes
inside the P;’s to the Hausdorff dimension of £ in terms of the derivative and Jacobian
of the dynamics thanks to an analytical lemma (cf. Lemma 3.4) saying that the Hausdorff
measure of scale 1 of the image f(D?) of the unit disk D? = {(x, y) € R2: x24+y2 < 1}
under a Cl-map f:D? — R? is bounded by interpolation of the C%norms of the
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derivative and Jacobian of f. Also, we prove that this estimate is sufficient to derive
HD(ET) < 1+ d; when the double exponential rate of decays of widths of P;’s is adequate
(namely, (1.4) holds). Furthermore, we prove the analytical lemma by decomposing
dyadically f(D?) and by interpreting the d-Hausdorff measure of f(D?) as a L%-norm. In
this way, for 1 < d < 2, we can estimate this L¢-norm by interpolation between certain
L' and L? norms that are naturally controlled by the derivatives and Jacobians of f.

In summary, the novelty in the proof of Theorem 1.4 (in comparison with Theorem 1.2)
is the application of the analytical lemma described above to control the Hausdorff
measure of £,

Remark 1.10. Similar to [3], our main result holds for the same strongly regular
parameters of Palis—Yoccoz [5].

Remark 1.11. The arguments outlined above provide sequences of good coverings of
the stable and unstable sets W*(A) and W*(A) permitting to calculate their Hausdorff
dimensions. However, in relation with Remark 1.8, let us observe that it is not obvious how
to combine these sequences to produce good coverings of the non-uniformly hyperbolic
horseshoe A itself allowing to compute its Hausdorff dimension. In fact, the naive idea
of taking intersections of elements of coverings of W*(A) and W*(A) in order to produce
a cover of A = W5(A)N W*(A) does not work directly because of the possible ‘lack of
transversality’ (especially near £ NE™) that allows for a potentially bad geometry of
such coverings of A.

1.4. Organization of the paper

We divide the remainder of this article into two parts. In Section 2, we recall some
facts from the Palis—Yoccoz article [5]. In Section 3, we prove an analytical lemma
(cf. Lemma 3.4) about Hausdorff measures of planar sets and we apply it to get
Theorem 1.4.

2. Preliminaries

In this section, we review some basic properties of the non-uniformly horseshoes
introduced in [5] (see also [3, Section 2]).

2.1. Strongly regular parameters

Let 0 <gy <K 1<« 1 be two very small constants, and define a sequence of scales
k1 = 8,1”, k € N. The inductive scheme in [5] defining the strongly regular parameters
goes as follows. The initial candidate interval is Iy = [gg, 2e9]. The kth step of induction
consists in dividing the selected candidate intervals of the previous step into |, "] disjoint
candidates of lengths ;4. These new candidates are submitted to a strong regularity
test and we select for the (k+ 1)th step of induction only the candidates passing this

test.
By definition, ¢ € Iy = [go, 2&0] is a strongly reqular parameter whenever {t} = (e Ik,
where Inp D --- D I D ... are selected candidate intervals.
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The strong regularity tests are relevant for two reasons (at least). First, they are rich
enough to ensure several nice properties of ‘non-uniform hyperbolicity’ of Ag, for strongly
regular parameters ¢t € Iy. Second, they are sufficiently flexible to allow the presence
of many strongly regular parameters; by [5, Corollary 15], the set of strongly regular
parameters t € Iy = [&g, 2&9] has Lebesgue measure > go(1 — 3882).

The notion of strong regularity tests is intimately related to an adequate class R(I) of
affine-like iterates attached to each candidate interval I.

In the next three subsections, we briefly recall the construction of R(I).

2.2. Semi-local dynamics of heteroclinic bifurcations

We fix geometrical Markov partitions of the horseshoes K, depending smoothly on g;.
In other terms, we choose a finite system of smooth charts I} x I} — R, C M indexed
by a finite alphabet a € A with the properties that these charts depend smoothly on g,
the intervals /5 and I} are compact, the rectangles R, are disjoint, the horseshoe Ky, is
the maximal invariant set of the interior of R := (J,c 4 Ra and the family (Ky, N Ra)acA
is a Markov partition of K, . Moreover, we assume that no rectangle meets the orbits of
ps and p, at the same time.

Remark 2.1. The intervals I} =[x, x], I* = [y, , y}1, a € A, above can be replaced by
slightly larger intervals JS =[x, —C~ ', x}+C~'], J* =[y; —C~!, yF +C~'] (where
C = C(go) = 1is a large constant) without changing any of the properties in the previous
paragraph. This fact will be used later during the discussion of affine-like iterates.

The Markov partition (Kg, N Ry)qe4 allows to topologically conjugate the dynamics of
gr on K, and the subshift of finite type of A” with transitions

B:={(a.a') € A*: go(Rs) N Ry N Ky, # ).

Furthermore, for each g, with ¢+ > 0, we have a compact lenticular region L, C Ry,
(near the initial heteroclinic tangency point ¢ € M \ K of go) bounded by a piece of the
unstable manifold of p, and a piece of the stable manifold of py;. Moreover, L, moves
outside R for Ny — 1 iterates of g; before entering R (for some integer Ny = No(go) > 2)
because no rectangle meets both orbits of p; and p,. The image L; = gtN O%(L,) of L,
under G := gtN %), defines another lenticular region Ly C R, and the regions g (L),
0 <i < Ny are called parabolic tongues.

Let R := RUUo<i<n, g'(Ly). By definition, the set A, introduced in (1.1) is the
maximal invariant set of R, e, Ag, = yez gl_"(ﬁ).

The dynamics of g, on R is driven by the transition maps

8aa’ = gt|Ramg*1(Ra,) ‘R, mgz_l(Ra’) — & (R)NRy, (a, a/) € B,

related to the Markov partition R and the folding map G = gtN L, : Ly — Ly between
the parabolic tongues.

Qualitatively speaking, the transitions g, correspond to ‘affine’ hyperbolic maps; for
our choices of charts, g,, contracts ‘almost vertical’ directions and expands ‘almost
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horizontal’ directions. Of course, this hyperbolic structure can be destroyed by the folding
map G, and this phenomenon is the source of non-hyperbolicity of A, .

For this reason, the notion of non-uniformly hyperbolic horseshoes is defined in [5] in
terms of a certain ‘affine-like’ iterate of g;. Before entering into this discussion, let us
quickly overview the notion of affine-like maps.

2.3. Generalities on affine-like maps

Let Ig,Iy,1; and I’ be compact intervals with coordinates x¢,yo,x; and y;. A
diffeomorphism F from a wvertical strip

P = {(x0,y0) : ¢~ (y0) < x0 < @ (yo)} C I§ x I

onto a horizontal strip
Q :={(x1,y): ¥ (x) <y <yr@} Iy x I

is affine-like whenever the projection from the graph of F to [f x I] is a diffeomorphism
onto Iy x I7.

By definition, an affine-like map F has an implicit representation (A, B), i.e., there
are smooth maps A and B on [y x I such that F(xo, yo) = (x1, y1) if and only if xo =
A(yo, x1) and y; = B(yo, x1).

For our purposes, we shall consider ezclusively affine-like maps satisfying a cone
condition and a distortion estimate. More concretely, let A > 1, ug > 0, vp > 0 with
1 < ugvyp < A% and Dy > 0 be the constants fixed in [5, page 32]; their choices depend
solely on gg.

An affine-like map F(xg, yo) = (x1, y1) with implicit representation (A, B) satisfies a
(A, u,v) cone condition if

AMAxl+uolAyl <1 and A|By|+volBy| <1,

where Ay, Ay, By, By are the first-order partial derivatives of A and B. Also, an affine-like
map F(xg, yo) = (x1, y1) with implicit representation (A, B) satisfies a 2Dy distortion
condition if

Ox log |Ax|, 0y log |Axl, Ayy, 9y log|Byl, 0x log | By|, Bxx

are uniformly bounded by 2Dy.

Remark 2.2. The widths of the domain P and the image Q of an affine-like map F :
P — Q with implicit representation (A, B) are

|P|:=max|A;| and |Q|:= max]|By].

The widths satisfy |P| < Cmin|A,| and |Q| < Cmin |B,|, where C = C(gp) > 1.

The transitions g, associated with the Markov partition R of the horseshoe Kjg,
are affine-like maps satisfying the cone and distortion conditions with parameters
(A, uo, vo, 2Dg); see [5, Section 3.4].
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Moreover, we can build new affine-like maps using the so-called simple and parabolic
compositions of two affine-like maps.

Given compact intervals [ js., 1 ]”.’, j=0,1,2, and two affine-like maps F:P — Q
and F': P — Q" with domains P C I§ x I and P’ C I{ x I{' and images Q C I} x I}
and Q' C I§ x I} satisfying the (A, uo, vp) cone condition, the map F” = F'o F from
P"=PNF 1 (P) to Q" = QNP is an affine-like map satisfying the (A2, ug, vo) cone
condition (see [5, Section 3.3]). The map F” is the simple composition of F and F’.

Given compact intervals I/S., Il’ﬂ j=0,1, and two affine-like maps Fy: Py — Qo, Fi :
Py — Q) from vertical strips Py C Iy x Iy, P1 C I x I, to horizontal strips Qo C I; X
1, Q1 C I{ x I}, we can introduce a quantity §(Qo, P1) roughly measuring the distance
between Qg and the tip of the parabolic strip G~!(Py) (where G is the folding map); see
[5, Section 3.5]. If

8(Qo. P1) > (1/b)(1P1| +1Qol)

and the implicit representations of Fy and Fj satisfy the bound

max{|(A1)y |, [(ADyyl, [(Bo)xl, [(Bo)xxl} < b

for an adequate constant b = b(gg) > 0, the composition F; o G o Fy defines two affine-like
maps F*:P* - Q% with domains P* C Py and Q% C Q) called the parabolic
compositions of Fy and Fj.

2.4. The class R(I) of certain affine-like iterates

Given a parameter interval I C [gg, 2&9], a triple (P, Q,n) = (P;, Q;, n);es is called an
I-persistent affine-like iterate if P, C R, and Q; C R, are vertical and horizontal strips,
respectively, varying smoothly with r € I, n > 0 is an integer such that g/'|p, : P, — O
is an affine-like map for all t € I and g}"(P;) C R for each 0 <m < n.

Given a candidate parameter interval I, it is assigned in [5, Section 5.3] a class R(I)
of certain I-persistent affine-like iterates verifying seven requirements, (R1)—(R7):

(R1) the transitions gu,u : Ry ﬂgt_l(Ra/) — g (R)NRy, (a,a’) € B, belong to R(I),

(R2) each (P, Q,n) € R(I) is an I-persistent affine-like iterate satisfying the (&, ug, vo)
cone condition and the 2Dq distortion condition,

(R3) the class R(I) is stable under simple compositions,

(R4) denote by Py, respectively Q,, the smallest cylinder of the Markov partition of Kg,
containing Ly, respectively L,; if (P, Q,n) € R(I) and P C Py, then [Ay], |Ayy] <
Ceg for all t € I; similarly, if (P, Q,n) € R(I) and Q C Q,, then |By|, |Byx| < Ceg
forallt el,

(R5) the class R([) is stable under certain allowed parabolic compositions (cf. [5, page
33]),

(R6) each (P, Q,n) € R(I) with n > 1 is obtained from simple or allowed parabolic
compositions of shorter elements,

(R7) if the parabolic composition of (Py, Qo, no), (P1, Q1,n1) € R(I) is allowed, then

8(Qo, P1) = (1/O)(IP1I"+1Q0l' ™)
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where §(Qy, P1) is the distance between Qg and the tip of G™1(Py), C = C(gg) > 1
and the parameter n relates to &g and t via the condition 0 < gg K n K 7 < 1.

Furthermore, [5, Theorem 1] ensures that the class R(I) satisfying (R1)-(R7) is unique.

For technical reasons, we will need to work with extensions of the elements R(I).
More concretely, we consider the intervals JJ, J¥ from Remark 2.1 and we denote
by §:=U,c4 S« the geometric Markov partltlon assoc1ated Wlth smooth charts
JPx J¥ — S,. We say that (P Q n) extends (P, Q,n) € R(I) if (P Q n) is an affine-like
map with respect to S satisfying the ()\. U, vg) cone condition and the 3Dy dlstortlon
condition such that the rebtrlctlon of (P Q n) to R is (P, Q, n). Note that if (P Q n)
extends (P 0, n), then Pisa strip of width < C|P| containing a C~!|P|-neighborhood
of P and Q is a strip of width < C|Q| containing a C~!|Q|-neighborhood of Q (where
C = C(go) = 1), thanks to the cone and distortion conditions.

Proposition 2.3. Fach element (P, Q,n) € R(I) admits an extension.

Proof. Consider the subclass S(I) of R(I) consisting of elements admitting an extension.
We want to show that S(I) = R(I), and, in view of [5, Theorem 1], it suffices to check
that S(I) verifies the requirements (R1)—(R7).

The fact that the transitions g, can be extended was already observed in Remark 2.1.
In particular, S(I) satisfies (R1).

The requirements (R2), (R4) and (R7) for S(I) are automatic (because they concern
geometric properties of (P, Q,n) € S(I) C R(I) themselves).

The condition (R3) for S(I) holds because the simple composition of (Py, Qo, no),
(P1, Q1,n1) € S(I) is extended by the simple composition of the extensions of (Py, Qg, np)
and (P, Q1,n1).

If (Py, Qo, ng), (P1, Q1,n1) € S(I) satisfy the transversality requirement Qg h; P;
(from [5, page 34]) allowing parabolic composition, then their extensions (Py, Qo, no),
(Pl, Q 1, np) verify the same transversality requirement after replacing the constant 2 in
(T1), (T2), (T3) in [5, page 34] by 7/4. From this fact and the discussion of parabolic
compositions in [ Sectlons 3.5 and 3.6], one sees that the parabolic composition of
(Po, Qo, no) and (P1 Q1 np) is an extension of the parabolic composition of (Py, Qo, ng)
and (Py, Q1,n1) € S(I). Therefore, S(I) satisfies (R5).

At this point, it remains to check (R6) for S(I). For this sake, we recall (from [5, Section
5.5]) that R(Ip) consists of all affine-like iterates associated with the horseshoe Ky, . In
particular, S(Iy) = R(Ip) thanks to our discussion so far. On the other hand, if I is a
candidate interval distinct from Iy and S (I~ ) = R(T ) for the smallest candidate interval T
containing I, then we can apply the structure theorem (cf. [5, Theorem 2]) to write any
element (P, Q,n) € R(I) not coming from R(I~ ) as the allowed parabolic compositions
of shorter elements (Py, Qo, no), ..., (Pr, Qk, nx) € R(1~), k > 0. Since S(I~) = R(I~), we
conclude that S(I) verifies (R6). O

2.5. Strong regularity tests

A candidate parameter interval I is tested for several quantitative conditions on the
family of so-called bicritical elements of R(I). If a candidate interval I passes this strong
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regularity test, then all bicritical elements (P, Q, n) € R(I) are thin in the sense that
Pl < 111F. 10l < IIIF,

where 8 > 1 depends only on gg; more precisely, one imposes the mild condition that

1 < B8 < 1+ min{wy, w,}, (2.1)
1 ) 1 y . .
where w; = —% and w, = —% with w(ps), u(py) denoting the unstable

eigenvalues of the periodic points p;s, p, and A(py), A(p,) denoting the stable eigenvalues
of the periodic points py, p,, and the important condition that

(1 —min{d?, d2})(d? + df)

S U

max{d?, d9}(max{d?, d%} + d% + d% — 1)

§°7u

1<B< = p*d°, d%) (2.2)

s U

(cf. [5, Remark 8]).

2.6. Non-uniformly hyperbolic horseshoes and their stable sets

Let us fix once and for all a strongly regular parameter t € Iy = [eg, 2¢0], i.e.,
{t} = (e Im for some decreasing sequence I, of candidate intervals passing the strong
regularity tests. In the sequel, g, = g denotes the corresponding dynamical system.

We define R := J,,ey R(Im), and, given a decreasing sequence of vertical strips Px
associated with some affine-like iterates (Px, Ok, nx) € R, we say that o = (i on Pr is a
stable curve.

The set of stable curves is denoted by RY. The union of stable curves

is a lamination by C'*£P curves with Lipschitz holonomy (cf. [5, Section 10.5]).

The set RY is naturally partitioned in terms of prime elements of R. More precisely,
(P, Q,n) € R is called a prime element if it is not the simple composition of two shorter
elements. This notion allows to write RS := Dy UN,, where N, is the set of stable
curves contained in infinitely many prime elements and DY° is the complement of A

If w e Dy is a stable curve such that (P, Q,n) € R is the thinnest prime element
containing w, then g"(w) is contained in a stable curve o’ := TT(w) € RS°. In this way,
we obtain a partially defined dynamics 7% on R¥ = Dy UNy. The map T+ : DL — RY
is Bernoulli and uniformly expanding with countably many branches; see [5, Section 10.5].

These hyperbolic features of Ty permit to introduce a one-parameter family of
transfer operators Ly whose dominant eigenvalues A4 > 0 detect the transverse Hausdorff
dimension of the lamination 7%3_0, ie., ﬁf has Hausdorfl dimension 1+ d; where d; is
the unique value of d with Ay = 1 (cf. [5, Theorem 4]).

The set {z € W(A) : g"(2) € 7%3? for some n > 0} is the so-called well-behaved part of
the stable set W*(Ay).

Following [5, Section 11.6], we write

Wi () = g " (W (A, )N R))
n=0
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and we split the local stable set WS(A, ﬁ)ﬂR into its well-behaved part and its
exceptional part:

WA R)NR = JW (A, R)NRNg"(RT)UET
n>0
where N
ET={ze W/(A,R)NR : g"(2) ¢ RY for all n > 0}. (2.3)

Since g is a diffeomorphism and the C'*LP-lamination 7%3? has transverse Hausdorff
dimension 0 < d; < 1, we deduce that the Hausdorff dimension of the stable set W*(A)
is the following.

Proposition 2.4. HD(W*(A)) = max{1 +d,, HD(E™)}.

For the study of HD(E1), it is important to recall that the exceptional set £ has a
natural decomposition in terms of the successive passages through the so-called parabolic
cores of vertical strips (cf. [5, Section 11.7]).

More precisely, the parabolic core c(P) of (P, Q, n) € R is the set of points of W*(A, ﬁ)
belonging to P but not to any child* of P. If we denote by C_ the set of elements
(Po, Qo, no) € R with ¢(Py) # @, then

et= U e,
(Po,Qo,n0)€C—
where ET(Py) := ETNec(Poy).
Since (Py, Qo, no) € C— implies that g"(ET(Py)) C QoNL,NET and G(g"(ET(Py)) =
g"otNo(ET(Py)) € Ly NET, we can write

Epy= | £ P,
(P1,Q1.n1)eC—

where ET(Py, P1) 1= {z € ET(Py) : g"0TNo(z) € e(P)}.
In general, we can inductively define

ET (P, ..., P) = U ET(Py. ..., P, Piyy)
(Pey1, Qs 1,nk41)€C—
so that
Er = U EX(Py, ..., P,
(Py,Py,..., Py) admissible

where (Po, ..., Py) is admissible whenever EX(Py, ..., Py) # 0.
The admissibility condition on (Py, ..., Pr41) is a severe geometrical constraint on the
elements (P;, Q;, n;) € R: for example, (Py, Qo, ng) € C—,

max{|P(, 1011} < &) (2.4)

4P’ is a child of P if P’ is the vertical strip associated with some (P’, Q’,n') € R obtained by simple
compositions of (P, Q,n) with the transition maps g, of the Markov partition of the horseshoe K, or
parabolic composition of (P, Q,n) with some element of R (cf. [5, Section 6.2]).
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and, for E =B —nA+1)",

max{|Pj+1],1Q 111} < C|Q;IP (2.5)
for all j > 1 (cf. [5, Lemma 24]).
Hence, by taking 1 < 8 < B, the admissibility condition implies that
B
max(|P;1, 10,1} < &g (2.6)

(for &9 sufficiently small). Therefore, the widths of the strips P; and Q; confining the
dynamics of £t decay doubly exponentially fast.

2.7. Hausdorff measures

leen a bounded subset X of the plane, 0 < d <2, and § > 0, the d-Hausdorff measure
m§ mé(X) at scale § > 0 of X is the infimum over open coverings (U;);e; of X with diameter
diam(U;) < § of the following quantity:

> diam(U)?
iel
In other terms, mj 4(X) is the d-Hausdorff measure at scale 8§ > 0 of X. Observe that

md (U Xa) <D m§(Xa).

aeN aeN

In this context, the Hausdorff dimension of X is

HD(X) := inf{d € [0,2] : m*(X) = 0}.

3. The expected Hausdorff dimension of W¥(A)

By Proposition 2.4, the proof of Theorem 1.4 is reduced to the following.

Theorem 3.1. In the setting of Theorem 1.4, HD(ET) < 1+d.

For the proof of this theorem, we need some facts about the Hausdorff measures of
images of maps with bounded geometry.

3.1. Planar maps with bounded geometry

We start with a lemma about the Hausdorff measure at scale 1 of the image of the unit
disk D? := {(x, y) € R? : x>+ y?> < 1} under a map with bounded geometry:

Lemma 3.2. Let K > 1, L > 1 and f :D?* — R? be a C' diffeomorphism onto its image
such that |Df|l < K and |Jac(f)| := |det Df| < L. Then, there is a universal constant C
(e.g., C = 1701 ) such that for all 1 < d < 2, we have

Zdlam(U Y < C-max{K, Ly 4L4".

(U;) covers f (]I))2
diam(U;)) <2V
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Proof. Fix 0 < g9 < 1 small enough so that f has an extension to the disk ]D)%Jrs() =
{(x,y) € R? : x2+y%2 < (1 4+&9)?}. By a slight abuse of notation, we still denote such an
extension by f.

Given 0 < ¢ < g, let Uyy, = f(IDJ%JrS) and dUj4. be its boundary. For later use, we set

K. = supp IDf|| and L, := supp? [Jac(f)|. For k > 0 integer, let Qk be the collection
+e +e
of squares in the plane of side 1/2% and vertices on Z?/2*. Let C(()E) be the set of squares
Q0 in Qg such that
area(QNUjye) = % -area(Q).

For k > 0, let C,Es) be the set of squares Q in Qy such that Q is not contained in some
Qe C[(g), [ <k and
area(QNUj4s) 2 % -area(Q).

Remark 3.3. In this construction, we are implicitly assuming that U4, = f (D% 1) 18
not entirely contained in a dyadic square Q € |Jjo, Q. Of course, there is no loss of
generality in this assumption; if Uj4e C Q for some Q € Qk, then the lemma follows

from the trivial bound diam(Q)? < \/Ed.

Note that f(D?) is contained in the interior of U;,,. In particular, each point of f(D?)
belongs to some dyadic square contained in Uj4.. Hence, (Ui(e)),-eN = U/fio C,Ee)

covering of f(D?) with diam(Ui(E)) < +/2 and

o) 1 d
. ©)yd ©
> diam(U;)! =3 N <?> ,
i k=0

is a

where N ;8) = (\/E)d#C,EE). By considering this expression as an L¢-norm and by applying
interpolation between the L' and L? norms, we see that

o) © 1 d oo N]Es) 2-d /oo N]Ee) d—1
ZNk <2_k) < (Z 2_k> (Z (2k)2> . (3.1)
k=0

k=0 k=0

We estimate these L' and L? norms as follows. First, we have

()

Yok = WY Y wea©)

k k QEC,Eg)
<SWY 0 Y area(@NUie)
k QEC]E8>
Oarea(Uj+s)
07 - (1+¢)°Ly, (3.2)

<1
<1

for any 1 < d < 2. From the previous estimate, we obtain that Nég) <10 (1 + 8)2 L.
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On the other hand, we claim that there exists an universal constant ¢’ > 0 (e.g.,
¢’ = 1/20) such that for any &k > 0 and Q € Cy, we have
length(3U 4 N Q) = ¢’ /25,
This claim implies

(8)

> e =y Y Zk

k>0 k>0 QGC(F)

< V27T DT length(3U1 1. N Q)

k>0 QECIEE)

< 2(vV2)4¢ Nength(dU 4,)
< 87 (14 6)K,,
for any 1 < d < 2. Hence,

N(s) N(S)
D k>0 2kk N(S) + 2 k=0 o < 10m(14¢)*Ls + 87~ (1 +¢)K,

< (10 + 871 (1 + €)? max{K,, L;}. (3.3)

Thus, in view of (3.3), (3.2) and (3.1), since 0<e <egp is arbitrary and
Ko :=limg_0 K, Lo :=lim,_ L, satisfy Ko < K, Lo < L, the Lemma follows (with
C = 1707 when ¢’ = 1/20) once we prove the claim.

To show the claim, we observe that if length(3Uj4. N Q) < ¢’/2K, then dUi4. N Q is
contained in a ¢’/2¥-neighborhood of dQ (thanks to Remark 3.3). So, the complement
of this neighborhood (whose area is (1 —2¢’)?-area(Q)) is either contained in Uj . or
disjoint from Uj4e. This contradicts the definition of C,Es) if ¢ > 0 is small enough (e.g.,
¢ =1/20). O

After scaling, we obtain the following version of the previous lemma.

Lemma 3.4. Let K >1 and f:D? - R? be a C' diffeomorphism from D? :=
{(x,y) e R? 1 x24+y2 < r2} on its image such that |Df|| < K and |Jac(f)| < L. Then,
there is an universal constant C (e.g., C = 17071) such that for all 1 < d <2, we have

> diam(Up? < € kP4 L

(U;) covers f (]D)2 ;

diam(U)< L2 vi

3.2. Application of Lemma 3.4 to the proof of Theorem 3.1
Consider again the decomposition
£t = U EX(Po,.... Py
(Py,..., Py) admissible
and let us estimate mfk(é”r(Po, ..., Py)). For this sake, recall that the admissibility
condition on (P;, Q;,n;),i =0, ...,k implies that

gn()+N()+~“+nk71+N0 (5+(PO, L Pk))
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is contained in a rectangular region of width C|Qk|@ | Px| and height C|Qk_1|@ (cf.
[5, proof of Proposition 62] and the beginning of [3, proof of Lemma 3.2]).

In order to alleviate the notations, we denote g"|p = F;, G := gNO|Lu7 F® :=Go
Fr_10---0G o Fy, and we write §; :=|Q;| for j =0, ...,k — 1. In this language, we have
that

FOE P, ..., P)) = g"0+N°+"'+nk“+N" (EF(Po, ..., PY)

a-n ﬂ)

is contained in a rectangular region of width C |Qk| |Pk| and height C Sk | - Let us
.. . . . s{-m/2
divide this rectangular region into Ny := C 2% disks of diameters C| Qk| |Pk|7
[Qkl™ 2 | Pkl

and let us denote by Oy the subcollection of such disks intersecting F® (£ (Py, ..., Py)).

Recall that Proposition 2.3 says that the affine-like iterate F; can be extended
to an affine-like iterate I?, with domain f’, in such a way that |F,-| < C|P;| and a

C~ | P;|-neighborhood of P; is included in the domain IN’Z of F;. Given a square S € O,
we have that its pre 1mage under G contains a point of F(k)(5+(Po, ..., Pr)) and its
diameter is C|Qk|7|Pk| Since max{|P|, |Qk|} < C|Qk— 1|ﬁ with /3 > 1 (cf. (2.5)), the
pre-image of S under G is contained in a C~ 1 Qy_1|- nelghborhood of Qk_1, and, hence,

it is contained in Qk 1. Therefore, the pre-image of S under Go Fk 1 contains a point
(-9

of Fk=D(&t(py, ..., P)) and its diameter is < CW Hence, the pre-image of S

under G o fk_l o G is contained in a C~'|Q_s|-neighborhood of Qx_» and, a fortiori, in
Qk_»> whenever

(1—n)
7 |P
C|Qk| | Pr|
| Qk—1]

Since max{| P;|, |Q;|} <101 |E, the inequality above holds when

~(B—mx  G=p 1 1
:3( ) /3_1)>1,1.e.7 5 >§+§

In this case, the pre-image of § under GoFy 1oGoI4~”k_2 contains a point of

< CM0koal

(1
F&=2 (& (Py, ..., Py)) and its diameter is < C % By induction, the pre-image

of S under Go Fy_, oGo-~-on+1 o G is contained in a C~ 1|Qj| of Q;, and, a fortiori,
in Q, whenever
a=m
i 10 T Pl
[OQk—1]...1Qj+1l
Since max{| Pe|, |Q¢l} < 1Q¢—1 |/§, the inequality above holds when

B—n _1 1
> >E+ +,§k Ik

In this case, the pre-image of S under Gofk 1o oGofj contains a point of

< 1Qjl.

FUO(ET(Py, ..., P) and its diameter is < CH

https://doi.org/10.1017/51474748019000185 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000185

322 C. Matheus et al.

In particular, we have that £¥(Py, ..., P) is covered by the pre-images under FO .=
Go kal o---0Go Fo of the disks in O whenever we can take ,E with Z?il E‘Z < 3/2,
ie,B>5 /3. Observe that, from the definitions, such a choice is possible if the quantity
B in (2.1) and (2.2) satisfies B > 5/3. Since assumption (1.3) in Theorem 1.4 says that

constraint (2.1) is superfluous, B can be taken arbitrarily close to
(1 —min{d?, d})(d? +dy)

"= p*d,. dY) =
p s, dy) = max{d?, d9}(max{d?, d0} + d%+d? — 1)

and, hence, the property 8 > 5/3 is ensured by hypothesis (1.4).
Our plan to estimate mglk (ET(Py, ..., P)) is to apply Lemma 3.4 to the image of each

of these disks under the map (F ®)=1 Therefore, let us estimate the Lipschitz constant
and the Jacobian of this map on these squares.

Lemma 3.5. On the disks of the collection Ok, one has

k—1
ac(F9) -1 < o+ T L1
o]

Proof. The Jacobian determinant of an affine-like map from a vertical strip P to a
horizontal strip Q with implicit representation (A, B) is

“lp/101 < AC'B, < CIP)/|Q

< CHIPols ! = Ly

(see Remark 2.2).

By definition, (F(k)) = (Go Fi_jo---0Go 1"::0)717 where G = g™ is the folding map
(a fixed map with uniformly bounded Jacobian) and F; are the affine-like maps g"|p, :
ﬁ, — Q, with |P| C|P;| and |Q,| C|Q;|. Therefore,

~ ~ P,
Jac(F®)™H| = Pac((G o Fy-10---0G o Fo)™h)| < C* H || ol |
1
Since |P;| < C|Q;— 1|ﬁ with B > 1 (cf. (2.5)), it follows that
5t FO) 1y < T2 < ot P ctypse,
Qil [Qk—1]
This proves the lemma. O

Lemma 3.6. On the disks of the collection Ok, one has
IDE T < '8! Gra . 80) ™2 = Ky
Proof. Let uy be a unit vector at a point x; of a disk in Of. We define inductively
yia=G"'p, xj=F ')
and
vjo1=DG  (xjuj, uj=DF " (y))v;.
Observe that ||lvg—1| ~ 1.
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Given an affine-like map F : P — Q, the vector field on Q obtained by pushing forward
by F the horizontal direction on P is called the horizontal direction in the affine-like

sense.
We will prove by induction on j that the following two facts:

lug—jll < CI8; 1 (Bkea .. 8 j)~HHD/2)

and, moreover, if the angle of vx_; with the horizontal direction in the affine-like sense

is at most 8;@, one has
Il < €7 B ... 8) =P/,

For this sake, we consider three cases:
o |lug—jll < 1: this means that the angle of v;_; with the horizontal direction in the
affine-like sense is < C|Qk—1]; in this case, the estimate follows by induction on j.

o |lug—;ll > 1: in this case, we have
lok—j—tll ~ llux—jll < Cl1Qk—j |~ Nlug—js1l
and the angle of vy_;_» with the horizontal direction in the affine-like sense is at most
|Qk—j i—1|1=M/2 (compared with the calculations in [5, page 192]).

o |lux—;ll > 1 and the angle of vi_;_ with the ‘horizontal’ direction is <C|Q— ;-1 |A=m/2
In this case, we have

vk j—all ~ llug—j—11 < C1Qk—j—1] ™2 g .
Since ||ug]l = 1 and |Jvg—1|| ~ 1, this completes the argument. O

By plugging Lemmas 3.5 and 3.6 into Lemma 3.4 for each of the squares Q € O, we

obtain
md (FO~N oy <ord - k7L,

d-n)
where 1 <d <2, K = C (8. 00)" 072, Ly = CHPolsi ), rie = ClQkl 2 |,
and sy = Lgri/ K. This gives

me (EX(Po, ..., P)) < CENy-rfl - K- LY,

where Ny = C 28,9:1’7)/ 2/ ri. This estimate can be rewritten as

Ck| Py|d=1) P 4= Q| @—DI=m)/2
[Qk—1|FD2(|Qk_a] ... |Qp|)B=DU+m/2"

At this point, it is useful to recall that max{|P;|, |Q;|} < C|Qj+1 |/3 for j > 0 (cf. (2.5)),
where ﬂ B(1—n)(1+1)~!is close to the parameter B satisfying constraints (2.1) and
(2.2). Furthermore, assumption (1.3) in Theorem 1.4 says that the constraint (2.1) is

superfluous, so that we can take B arbitrarily close to
(1 —min{d?, d°})(d° + d°)

ax{d?, d%}(max{d?, d0} +d% +d? — 1)

s U

(3.4)

md (ET(Po. ..., Pp) <

B = p*(d°, d° =
m

From these facts, we can use (3.4) to prove the following lemma:
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Lemma 3.7. For an appropriate choice of d = 1 +d0 —o(1), one has

(d— 1)(1 n)

1-d°
(a) md (EX(Po, ..., P)) < CK P97 1| Qxl whenever B*-df) > 5 + 3y

@=DG-m _ 1 __@=d) )
(b) md (ET(Po, ..., P)) < CK|Po|?=N Qx| 2 % %FD  whenever B*-d) <5+
1-d?
2 1)
Proof. By (3.4), our task is to control

[Pl 0y DT
|Qet| TFD2(1Qkal 1 Qo) =T/

for d — 1 =d%—o(1).
On the other hand since |Qx_1] < ClQxalf < -- Ck717j|Qj|ﬂkilij, [Pl <
ﬂ 1
C|Qk—1] andZ] —0 FTT 1/ <—E_1,Weseethat

e if f is close to * and g*-d? > then

+
2 2(/3* 1)’
| P | Q|12

I+n
|Qk—11"2 (1Qk—2l...1QoD) 2

Bdd—(Lm 3455ty oo

< CHQil D 1Ol 2z

(- d°><1+n> <
< Ck|Q |(d—1)(1—77)/2;
o if E is close to B* and B* ~d§) + 2(ﬂ* =g then

| P[4 Qg |5 A-0/2 |Qk|d?“—'7>/2

k
|Qk—1|AFD/2(| Q] ... | Qo) I~ &) +m/2 (b4 =) B0
Ol
ddG-m 1 1)
<chigy TR
This completes the proof of the lemma (for d — 1 = d? — o(1)). O
This lemma enables us to complete the proof of Theorem 3.1.
Proof of Theorem 3.1. Take d =1 +d§) —o(1). The decomposition
et = U EX (P, ..., P,
(Py,..., Py) admissible
the fact that the number of admissible sequences (Py, ..., Qo) with fixed extremities Py
and Qi is < C|Qk| ™" (cf. [5, page 193]), and Lemma 3.7 imply that
md (£%) < > | Pol '~ Qi V=T (3:5)
Py with QO critical,
Qy critical
for all k € N, where
d—1 1 1—d?
_, ifﬂ*~d§)>—+—s
e 27 2(p - 1)
T )3@-1n 1 2—-d) it g o<ty 1—d?
- - T T~ T T~ ~ 1 * X = N
2 26 2B(B—1) U2 2B -1
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By Holder’s inequality, it follows from (3.5) that

1/p 1/q

md (1) < 3 |p|@=Dp T jg|e@—Ccna

P with Q critical Q critical

for any p, ¢ > 1 with %+é =1 (and k € N).
As it is explained in [5, pages 186, 187 and 188], the two series above are uniformly
convergent and, hence,

ml(ET)<C<oo VkeN, (3.6)
for the following choices of parameters:
d—1p=ps~d (3.7)
and
o * 0_ 40
(e(d)—ci’])qZ—H—T‘Ffdu—i-f’\'ds—i-du—l, (38)

where d, o and ps (respectively) are the quantities defined in pages 135 and 138
(respectively) of [5].
Since s — 0 as k — 00, we proved that

HD(ET) <d

for d satisfying (3.7) and (3.8). In particular, our task is reduced to prove that we can
take d < 1+ df,) verifying these constraints.

Note that the value of d verifying (3.7) and (3.8) is already imposed by the extra
relation 1/p+1/q = 1.

More precisely,

0
(i) if p*-d > %—i—%, then e(d) = d%l; therefore, the relations (3.7), (3.8) and
1/p+1/q =1 imply that (d — 1) is close to

=1~ (~+ ! B
do " 2d0+d0—1)

oy 1-d? 3d-1 2—d
(ii) if p* ~d§) < %—i— IFT) then e(d) = 3 > ) 2—15 — 2—/%(—5}1); therefore, the value of
(d — 1) satisfying the constraints above is close to

(d+d° — 1) + 5 + s
=1y~ 26 " 2FF (D)

3, (@+d)-1) 1
2T T oD

(here, we are using that B is close to B*).

In the first case (item (i)), we always have that d — 1 < d” because

—1
- ! d?
—t <d.
dO  2@d%+d0—1) s
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In the second case (item (ii)), the fact that d — 1 < d? is a direct consequence of our
main assumption (1.4) in Theorem 1.4; indeed, a simple calculation reveals that the
inequality

0 0 1 1

0
<d
(d2+d3—-1) s

3 1
2t T oFED

_ 70
is equivalent to 14 % < 3,6*d§,). Since this inequality holds when ﬁ*(d?, d,?) >5/3

(i.e., our assumption (1.4) in Theorem 1.4), the proof of Theorem 3.1 (and Theorem 1.4)
is complete. O

Acknowledgements. We are grateful to the following institutions for their hospitality
during the preparation of this article: College de France, Instituto de Matematica Pura e
Aplicada (IMPA) and Kungliga Tekniska hogskolan (KTH). The authors were partially
supported by the Balzan Research Project of J. Palis, the French ANR grant ‘DynPDE’
(ANR-10-BLAN 0102) and the Brazilian CAPES grant (88887.136371/2017-00).

Appendix A. Large open sets generating non-uniformly hyperbolic
horseshoes by C. Matheus, C. G. Moreira and J. Palis

In this appendix, we show that a non-uniformly hyperbolic horseshoe of an
area-preserving real-analytic diffeomorphism is the maximal invariant subset of open
sets of almost full Lebesgue measure.

More concretely, in our note [2], we proved that the non-uniformly hyperbolic
horseshoes of Palis—Yoccoz [5] occur for many members of the standard family ¢, (x, y) =
(—y +2x 4+ Asin(27x), x) on the two-torus T? = R?/Z2. In fact, it was shown that, for all
k € R sufficiently large, there exists a subset L C (k — #, k + #) of positive Lebesgue
measure such that, for all r € L, the maximal invariant subset A, =(),cz ¢, " (U,) is a
non-uniformly hyperbolic horseshoe for a certain choice of open set U, C T? with total
area, % + 0(](2%).

One of our goals here is to show that the open sets U, above (whose areas are about
9.7% of the total area of the two-torus) can be replaced by open sets of almost full area.

Actually, it is not hard to see that this fact is a consequence® of the following general
statement.

Theorem A.1. Let ¢ : M> — M? be an aperiodic diffeomorphism of a compact surface
M?. Suppose that ¢ possesses a non-uniformly hyperbolic horseshoe A. Then, for each
e > 0, there exists an open set W such that M>\ W has area <¢ and A = Mpez @ " (W).

The proof of this result takes two steps. In Section A.1, we construct an open set of
almost full area whose maximal invariant subset is empty; more concretely, we build a
high ‘Kakutani-Rokhlin tower’ via an elementary probabilistic argument (a la Erdos),

5The maps ¢, are aperiodic for A > 0 because its powers are not the identity (as the origin is a hyperbolic
fixed point), so that the set of periodic points must have zero Lebesgue measure (and, actually, Hausdorff
dimension < 1) by real analyticity.
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so that the desired open set is obtained by deleting the base from the tower. After
that, in Section A.2, we ‘add’ this open set of almost full area to the definition of our
non-uniformly hyperbolic set; since the maximal invariant subset of this open set is
empty, we end up by obtaining exactly the same non-uniformly hyperbolic horseshoe as
the maximal invariant subset of an open set of almost full area.

Remark A.2. After the first version of this appendix was ready, J. Bochi communicated
to us that Theorem A.1 can also be derived (by slightly different methods) from [1,
Theorem 2 and Remark 2].

A.1. Large open sets with empty maximal invariant subsets

Lemma A.3. Under the same assumptions of Theorem A.1, for each € > 0, there exists
N € N and an open set V such that M*\'V has area <¢ and

ﬂ (V) = 0.

Inl<N

Proof. For the sake of simplicity, we restrict ourselves to the case M? = T? = R2?/7?
equipped with the Lebesgue measure, Leb.

Let & > 0 be given and consider N € N large. Since ¢ is aperiodic, the compact set
Ky = {x € M?: ¢"(x) = x for some m < N} has zero Lebesgue measure. Thus, we can
fix 8§ > 0 such that Leb(Vs(K)) < &/2. Furthermore, given such a § > 0, we can choose
8/2 > p > 0 such that if y € M?\ V5(K), then ¢~/ (y) € M?\ V2, (K) for each 0 < j < N.
Finally, given o > 0, we can select i > n > 0 such that if z € M2\ V. (K), then the sets
0/ (B(z,1)), 0 < j < N, are pairwise disjoints.

Given Y ¢ M?\ V5(K), we claim that

N-1

/ Leb [ Y | ¢/ (B(x.m) | dx = Nmn*Leb(¥). (A1)
MA\V,(K) e

Indeed, note that Leb (Ymuj.vz—ol @/ (B(x,n))) = Zj.vz—ol Leb(Y N/ (B(x, n))) for all
X € MZ\VM(K), so that

N-1 N-1
/MZ\WK) ]L=JO ;) v, k) Jy 7B

By Fubini’s theorem, we have

N-1 N-1
Leb Y N (0’ (B(,x, T])) dx = / / XB v (x) dx dy
/MZ\W(K) jL:J() jZ:(:) v I @=7().m)

2\Vu(K)
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Since B(p™/(y),n) C MZ\VM(K) for0 < j < N (becausey € Y C M?\ Vs(K) and n<u),

we get that
N-1 N—-1
f Leb | YN [ /B, m) | dx =) / Leb(B(p™/ (y), ) dy
M2\V,(K) =0 =0 Y
N—-1

= Zme;Zdy =N71172Leb(Y).
j=0

In other terms, we showed (A.1).

Next, we affirm that, for each m € N, there are xy,...,x, € M? such that
m N—1 .
Leb (Mz\Va(K))\U U o/ BGi.m) | < A—aNpH™ (A2)
i=1 j=0

In fact, let us prove this fact by induction: for m = 0, the affirmation is obvious;
assuming that it holds for m, we employ (A.1) with
m N-—1
Y =Y, = (MZ\V5<K>)\ U U ¢/ B, m
i=1 j=0
in order to obtain x,,+1 € M? such that
N-1
Leb [ Y, 0 [ ¢/ (BGons1,m) | = 7 Nn*Leb(¥,y)
=0
and, a fortiori,
m+1N—1

N—-1
Leb (MZ\V,s(K»\ U U ¢/ BGi,m) | = Leb Ym\ U ¢/ (BGms1, )
i=1 j=0 Jj=0

< (1—7Ny*)Leb(Y,,)

so that the induction argument is complete.
Finally, let us construct the open set V satisfying the properties in the statement of
the lemma. In this direction, we apply (A.2) with m := L#anj and we set

m N-—1 m
vi=J ¢ B n))\U B(x;, n).
i=1 j=0 i=1
Since Leb(Vs(K)) < &/2, Leb(U", B(xi,n) <mman?> <1/+/N and, by (A.2),
nNn2

Leb(Y,) < (1 =t Np2)" ~ ¢ /"2 = ¢=VN e have that

& 1
Leb(MA\V) < =+ —— +e VN < ¢
2 JN

Also, ﬂj-v:_()l @/ (V) = ¢ (by definition). This proves the lemma. O
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A.2. Proof of Theorem A.1

Let U € M? be an open set whose maximal invariant subset A = ﬂneZ e "(U) is a
non-uniformly hyperbolic horseshoe associated with an aperiodic diffeomorphism ¢.
Given ¢ > 0, consider the integer N € N and the open subset V C M? provided by
Lemma A.3.
Since A is compact, we can select a neighborhood U of A such that UnszN (p*”(ﬁ) cU.
Let W := U U V. Note that M2\ W has area <& (because V C W). Thus, the proof of
the theorem will be complete once we show that

X:= (e "(W)=A.

nez

Observe that A C X, so that our task is reduced to prove that X C A. For this sake,
we consider x € X. Since m|n|<N o "(V) =0, there exists [n| < N such that ¢"(x) € U,
and, a fortiori, x € U. In other words, we showed that X C U. By invariance, we get the
desired conclusion, namely X C (,cz ¢ "(U) = A.
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